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Abstract

Outputcoding is a generalmethodfor solving multiclassproblemsby
reducingthemto multiple binary classificationproblems. Previous re-
searchonoutputcodinghasemployed,almostsolely, predefineddiscrete
codes.Wedescribeanalgorithmthatimprovestheperformanceof output
codesby relaxingthemto continuouscodes.The relaxationprocedure
is castasan optimizationproblemand is reminiscentof the quadratic
programfor supportvectormachines.We describeexperimentswith the
proposedalgorithm,comparingit to standarddiscreteoutputcodes.The
experimentalresultsindicatethatcontinuousrelaxationsof outputcodes
oftenimprovethegeneralizationperformance,especiallyfor shortcodes.

1 Intr oduction
Theproblemof multiclasscategorizationis aboutassigninglabelsto instanceswherethela-
belsaredrawn from somefinite set.Many machinelearningproblemsincludeamulticlass
categorizationcomponentin them. Examplesfor suchapplicationsaretext classification,
optical characterrecognition,medicalanalysis,andobjectrecognitionin machinevision.
Therearemany algorithmsfor thebinaryclassproblem,wherethereareonly two possible
labels,suchasSVM [17], CART [4] andC4.5 [14]. Someof themcanbe extendedto
handlemulticlassproblems.An alternativeandgeneralapproachis to reducea multiclass
problemto amultiple binaryproblems.

In [9] DietterichandBakiri describeda methodfor reducingmulticlassproblemsto multi-
plebinaryproblemsbasedonerrorcorrectingoutputcodes(ECOC).Theirmethodconsists
of two stages.In the training stage,a setof binary classifiersis constructed,whereeach
classifieris trainedto distinguishbetweentwo disjoint subsetsof the labels.In theclassi-
ficationstage,eachof thetrainedbinaryclassifiersis appliedto testinstancesandavoting
schemeis usedto decideonthelabel.Experimentalwork hasshown thattheoutputcoding
approachcan improve performancein a wide rangeof problemssuchas text classifica-
tion [3], text to speechsynthesis [8], cloudclassification[1] andothers[9, 10, 15]. The
performanceof outputcodingwasalsoanalyzedin statisticsandlearningtheoreticcon-
texts [11, 12, 16, 2].

Mostof previouswork onoutputcodinghasconcentratedontheproblemof solvingmulti-
classproblemsusingpredefinedoutputcodes,independentlyof thespecificapplicationand
thelearningalgorithmusedto constructthebinaryclassifiers.Furthermore,the“decoding”



schemeassignsthesameweight to eachlearnedbinaryclassifier, regardlessof its perfor-
mance.Last,theinducedbinaryproblemsaretreatedasseparateproblemsandarelearned
independently. Thus, theremight be strongstatisticalcorrelationsbetweenthe resulting
classifiers,especiallywhenthe inducedbinaryproblemsaresimilar. Theseproblemscall
for animprovedoutputcodingscheme.

In a recenttheoreticalwork [7] we suggesteda relaxationof discreteoutputcodesto con-
tinuouscodeswhereeachentryof thecodematrix is a realnumber. As in discretecodes,
eachcolumnof thecodematrix definesa partitionof thesetof thelabelsinto two subsets
whicharelabeledpositive ����� andnegative ���	� . Thesignof eachentryin thecodematrix
determinesthe subsetassociation( � or � ) andmagnitudecorrespondsto the confidence
in this association.In this paperwe discussthe usageof continuouscodesfor multiclass
problemsusinga two phaseapproach.First, we createa binary outputcodematrix that is
usedto train binaryclassifiersin thesameway suggestedby DietterichandBakiri. Given
thetrainedclassifiersandsometrainingdatawe look for a moresuitablecontinuouscode
by castingtheproblemasaconstrainedoptimizationproblem.Wethenreplacetheoriginal
binary codewith the improvedcontinuouscodeandproceedanalogouslyto classifynew
testinstances.

An importantpropertyof our algorithmis that the resultingcontinuouscodecanbe ex-
pressedasa linear combinationof a subsetof the training patterns.Sinceclassification
of new instancesis performedusingscalarproductsbetweenthepredictionsvectorof the
binary classifiersandthe rows of the codematrix, we canexploit this particularform of
the codematrix andusekernels[17] to constructhigh dimensionalproductspaces.This
approachenablesanefficientandsimpleway to take into accountcorrelationsbetweenthe
differentbinaryclassifiers.

The restof this paperis organizedas follows. In the next sectionwe formally describe
theframework thatusesoutputcodingfor multiclassproblems.In Sec.3 we describeour
algorithmfor designingacontinuouscodefrom asetof binaryclassifiers.Wedescribeand
discussexperimentswith theproposedapproachin Sec.4 andconcludein Sec.5.

2 Multiclass learning usingoutput coding

Let 
�� � ��
�����������������������
������������ be a setof  training exampleswhereeachinstance
"! belongsto a domain # . We assumewithout lossof generalitythateachlabel �$! is an
integerfrom theset %&� ��' ����������(�� . A multiclassclassifieris a function )+*,#.-+% that
mapsaninstance
 into anelement� of % . In thiswork wefocusonaframework thatuses
outputcodesto build multiclassclassifiersfrom binary classifiers.A binary outputcode/

is a matrix of size (1032 over
� � ' ��� ' � whereeachrow of

/
correspondto a class�546% . Eachcolumnof

/
definesa partitionof % into two disjoint sets.Binary learning

algorithmsareusedto constructclassifiers,onefor eachcolumn 7 of
/

. That is, the set
of examplesinducedby column 7 of

/
is ��
 � � /38:9 ;=< ��������������
 � � /38:9 ;�> � . Thissetis fed as

trainingdatato a learningalgorithmthatfindsa binaryclassifier. In this work we assume
thateachbinaryclassifier? 8 is of theform ? 8 *@#A-CB . This reductionyields 2 different
binaryclassifiers?��D�������=��?FE . We denotethevectorof predictionsof theseclassifierson an
instance
 by G?H��
��I�J�K?�����
��=����������?FEL��
��L� . We denotethe M th row of

/
by G/ON .

Givenanexample 
 we predictthe label � for which therow G/ ; is the“most similar” toG?H��
�� . We useageneralnotionof similarity anddefineit throughaninner-productfunctionP *QB E 03B E -RB . The higherthe valueof
P ��G?S��
���� G/ON � is the moreconfidentwe are

that M is the correctlabel of 
 accordingto the setof classifiersG? . Note that this notion
of similarity holds for both discreteand continuousmatrices. An exampleof a simple



similarity function is
P � GT � GU �	� GTWV GU . It is easyto verify thatwhenboth theoutputcode

andthebinaryclassifiersareover
� � ' ��� ' � this choiceof

P
is equivalentto picking the

row of
/

which attainstheminimal Hammingdistanceto G?H��
�� .
To summarize,the learningalgorithm receives a training set 
 , a discreteoutput code
(matrix) of size (X0Y2 , and hasaccessto a binary learningalgorithm, denotedZ . The
learningalgorithm Z is called 2 times,oncefor eachinducedbinary problem. The result
of this processis a setof binary classifiersG?H��
��[�\�K?�����
��=����������?FE]��
��L� . Theseclassifiers
are fed, togetherwith the original labels � � �������=��� � to our secondstageof the learning
algorithmwhich learnsa continuouscode. This continuouscodeis thenusedto classify
new instancesby choosingthe classwhich correspondto a row with the largestinner-
product. The resultingclassifiercanbe viewed asa two-layerneuralnetwork. The first
(hidden)layer computes? � ��
��=����������? E ��
�� and the outputunit predictsthe final classby
choosingthelabel M which maximizes

P ��G?^��
�����G/ N � .
3 Finding an impr ovedcontinuouscode
We now describeour methodfor finding a continuouscodethat improveson a givenen-
sembleof binary classifiersG? . We would like to note that we do not needto know the
original codethatwasoriginally usedto train thebinaryclassifiers.For simplicity we use
thestandardscalar-productasoursimilarity function.We discussat theendof this section
moregeneralsimilarity functionsbasedon kernelswhichsatisfyMercerconditions.

The approachwe take is to castthe codedesignproblemasa constrainedoptimization
problem.Themulticlassempiricalerroris givenby_�` � / ��G?"�a� ' �b !dcH� e e )Y��
 ! �gf�h� !ji i �
where

e e k i i is equal to
'

if the predicate
k

holds and l otherwise. Borrowing the idea
of soft margins [6] we replacethe 0-1 multiclasserror with a piecewise linear boundmon�p N � G?S��
 ! � V G/ N �rq ;tsu9 N �	�vG?S��
 ! � V G/O;�s , where q ! 9 w � ' �Ox ! 9 w , i.e., it is equal l if yz�v{
and

'
otherwise.We now getanupperboundon theempiricalloss_�` � / � G?"�}| ' �b !~cH� � mon�pN � G?S��
 ! � V G/ N �Yq ;tsu9 N ��� G?H��
 ! � V G/O;�sK� � (1)

Putanotherway, thecorrectlabelshouldhave a confidencevaluethat is largerby at least
onethanany of theconfidencesfor therestof thelabels.Otherwise,we suffer losswhich
is linearlyproportionalto thedifferencebetweentheconfidenceof thecorrectlabelandthe
maximumamongtheconfidencesof theotherlabels.

Definethe 2j� -norm of a code
/

to be the 2j� -norm of the vectorrepresentedby the con-
catenationof

/
’s rows, � / � �� ���D� G/ ����������� G/X� ��� �� ��� ! 9 w / �! 9 w � where ���Al is a

regularizationconstant.We now casttheproblemof findinga goodcodewhichminimizes
theboundEq.(1) asaquadraticoptimizationproblemwith “soft” constraints,m��d�"� 9 � '� �I� / � �� � �b !dcH�S� !

subjectto : ��yt�LM�* � !���G?H��
�!�� V G/ ; s ��G?S��
"!u� V G/XNg� q�! 9 N � (2)

Solvingtheaboveoptimizationproblemis doneusingits dualproblem(detailsareomitted



dueto lackof space).Thesolutionof thedualproblemresultin thefollowing form for
/

G/ON � b ! G?H��
"!:�=�Kx ; s 9 N ����! 9 N ��� (3)

where�$! 9 N arevariablesof thedualproblemwhichsatisfy ��yt�LM[*��$! 9 N�� l and � N ��! 9 N � ' .
Eq. (3) implies thatwhenthe optimumof the objective function is achievedeachrow of
the matrix

/
is a linear combinationof G?S��
�!:� . We thussaythat example y is a support

pattern for class M if the coefficient ��x ; s 9 N �r��! 9 N � of G?S��
�!:� in Eq. (3) is non-zero.There
aretwo casesfor which example y canbe a supportpatternfor classM : The first is when� ! �hM and � ! 9 N�� ' . Thesecondcaseis when � ! f�hM and � ! 9 N ��l . Putanotherway, fixingy , we canview � ! 9 N asa distribution, G� ! , over the labels M . This distribution shouldgive a
high probability to the correctlabel � ! . Thus,an example y “participates”in the solution
for
/

(Eq.(3)) if andonly if G� ! is notapointdistributionconcentratingonthecorrectlabel� ! . Sincethecontinuousoutputcodeis constructedfrom thesupportpatterns,we call our
algorithmSPOCfor SupportPatternsOutputCoding.

Denoteby G� ! � G ' ;�s � G� ! . Thus,from Eq.(3) we obtaintheclassifier,

)X��
���� n��L��m�nDpN � G?S��
�� V G/ N$¡ � n��L�zmon�pN£¢ b ! � ! 9 N�¤ G?H��
�� V G?H��
 ! �:¥F¦.� (4)

Note that solutionasdefinedby Eq. (4) is composedof inner-productsof the prediction
vector on a new instancewith the supportpatterns. Therefore,we can transformeach
predictionvectorto somehigh dimensionalinner-productspace§ usinga transformationG¨ *FB E -�§ . We thusreplacetheinner-productin thedualprogramwith a generalinner-
productkernel

P
thatsatisfiesMercerconditions[17]. FromEq.(4) weobtainthekernel-

basedclassificationrule )X��
�� ,
)X��
���� nD�t�zm�nDpN ¢ b ! � ! 9 N�Pª© G?H��
�����G?S��
"!u��« ¦ (5)

Theability to usekernelsasa meansfor calculatinginner-productsenablesa simpleand
efficientwayto takeinto accountcorrelationsbetweenthebinaryclassifiers.For instance,a
secondorderpolynomialof theform � ' � GT GU � � correspondto a transformationto a feature
spacethat includesall theproductsof pairsof binaryclassifiers.Therefore,therelaxation
of discretecodesto continuouscodesoffersa partialremedyby assigningdifferentimpor-
tanceweight to eachbinaryclassifierwhile taking into accountthestatisticalcorrelations
betweenthebinaryclassifiers.

4 Experiments
In this sectionwe describeexperimentswe performedcomparingdiscreteandcontinuous
outputcodes.Weselectedeightmulticlassdatasets,sevenfrom theUCI repository� andthe
mnist datasetavailablefrom AT&T � . Whena testsetwasprovidedwe usedtheoriginal
split into training andtestsets,otherwisewe used5-fold crossvalidation for evaluating
thetesterror. Sinceweranmultipleexperimentswith ¬ differentcodes,­ kernels,andtwo
base-learners,weusedasubsetof thetrainingsetfor mnist,letter, andshuttle. We
arein theprocessof performingexperimentswith thecompletedatasetsandotherdatasets
usingasubsetof thekernels.A summaryof datasetsis givenin Table1.®

http://www.ics.uci.edu/¯ mlearn/MLRepository.html°
http://www.research.att.com/¯ yann/ocr/mnist



Name No. of No. of No. of No. of
TrainingExamples TestExamples Classes Attributes

satimage 4435 2000 6 36
shuttle 5000 9000 7 9
mnist 5000 10000 10 784
isolet 6238 1559 26 6
letter 5000 4000 26 16
vowel 528 462 11 10
glass 214 5-fold cval 7 10
soybean 307 376 19 35

Table1: Descriptionof thedatasetsusedin experiments.

We testedthreedifferent typesof codes: one-against-all(denoted“id”), BCH (a linear
errorcorrectingcode),andrandomcodes.For a classificationproblemwith ( classeswe
settherandomcodeto haveabout

' lz±~² � � ��(F� columns.Wethenseteachentryin thematrix
definingthecodeto be � ' or � ' uniformly at random.We usedSVM asthebasebinary
learningalgorithm in two differentmodes: In the first modewe usedthe margin of the
vectormachineclassifierasits real-valuedprediction.That is, eachbinaryclassifier? 8 is
of theform ? 8 ��
�����³ V 
H�´q where³ and q aretheparametersof theseparatinghyperplane.
In thesecondmodewethresholdedthepredictionof theclassifiers,? 8 ��
����hµ �d��� ��³ V 
z��q=� .
Thus,eachbinaryclassifier? 8 in this caseis of theform ? 8 *$#¶- � � ' ��� ' � . For brevity,
we refer to theseclassifiersasthresholded-SVMs.We would like to notein passingthat
thissettingis by nomeanssuperficialastherearelearningalgorithms,suchasRIPPER[5],
thatbuild classifiersof this type.WeranSPOCwith ­ differentkernels:homogeneousand
non-homogeneouspolynomialsof degree

'
,
�
, and ¬ , andradial-basis-functions(RBF).

A summaryof theresultsis depictedin Figure1. Thefigurecontainsfour plots.Eachplot
show the relative testerror differencebetweendiscreteandcontinuouscodes.Formally,
theheightof eachbar is proportionalto � _�· � _�¸ �L¹ _�· where _�· ( _�¸ ) is the testerrorwhen
usinga discrete(continuous)code. For eachproblemthereare threebars,onefor each
typeof code(one-against-all,BCH, andrandom).Thedatasetsareplottedleft to right in
decreasingorderwith respectto thenumberof trainingexamplesperclass.Theleft plots
correspondto theresultsobtainedusingthresholded-SVMasthebasebinaryclassifierand
right plotsshow theresultsusingthereal-valuedpredictions.For eachmodewe show the
resultsof bestperformingkernelon eachdataset(top plots) andthe average(over the ­
differentkernels)performance(bottomplots).

In general,the continuousoutput coderelaxationindeedresultsin an improved perfor-
manceover the original discreteoutput codes. The most significant improvementsare
achievedwith thresholded-SVMasthe basebinary classifiers.On mostproblemsall the
kernelsachievesomeimprovement.However, thebestperformingkernelseemsto beprob-
lemdependent.Impressive improvementsareachievedfor datasetswith a largenumberof
training examplesper class,shuttle beinga notableexample. For this datasetthe test
error is reducedfrom an averageof over ¬�º whenusingdiscretecodeto an averagetest
error which is significantly lower than

' º for continuouscodes. Furthermore,using a
non-homogeneouspolynomialof degree ¬ reducesthe testerror ratedown to lF� »$¼,º . In
contrast,for thesoybean dataset,which contains¬�l�­ trainingexamples,and

'�½
classes,

noneof thekernelsachievedany improvement,andoftenresultedin anincreasein thetest
error. Examiningthetrainingerrorrevealsthatthegreaterthedecreasein thetrainingerror
dueto thecontinuouscoderelaxationtheworsetheincreasein thecorrespondingtesterror.
Thisbehavior indicatesthatSPOCoverfittedtherelatively smalltrainingset.
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Figure1: Comparisonof the performanceof discreteandcontinuousoutputcodesusing
SVM (right figures)andthresholded-SVM(left figures)asthe baselearnerfor threedif-
ferentfamiliesof codes.Thetop figuresshow therelative changein testerror for thebest
performingkernelandthe bottomfiguresshow the relative changein testerror averaged
acrosssevendifferentkernels.

To concludethis sectionwe describeanexperimentthatevaluatedtheperformanceof the
SPOCalgorithmasa functionof the lengthof randomcodes.Usingthesamesettingde-
scribedabove we ran SPOCwith randomcodesof lengths ¾ through ¬$¾ for thevowel
datasetandlengths

' ¾ through ¾Dl for theletter dataset.In Figure2 we show the test
errorrateasa functionof thethecodelengthwith SVM asthebasebinary learner. (Sim-
ilar resultswereobtainedusingthresholded-SVMasthe basebinary classifiers.)For the
letter datasetwe seeconsistentandsignificantimprovementsof the continuouscodes
over thediscreteoneswhereasfor vowel datasetthereis a major improvementfor short
codesthat decayswith the code’s length. Therefore,sincecontinuouscodescanachieve
performancecomparableto muchlongerdiscretecodesthey may serve asa viable alter-
native for discretecodeswhencomputationalpower is limited or for classificationtasksof
largedatasets.

5 Discussion
In thispaperwedescribedandexperimentedwith analgorithmfor continuousrelaxationof
outputcodesfor multiclasscategorizationproblems.Thealgorithmappearstobeespecially
usefulwhenthecodesareshort.An interestingquestionis whethertheproposedapproach
canbegeneralizedby calling thealgorithmsuccessively on thepreviouscodeit improved.
Anotherviabledirectionis to try to combinethealgorithmwith otherschemefor reducing



5 10 15 20 25 30 35
35

40

45

50

55

60

65

code length

er
ro

r 
%

vowel Discrete  
Continuous

15 20 25 30 35 40 45 50
6.5

7

7.5

8

8.5

9

9.5

10

10.5

code length

er
ro

r 
%

letter Discrete  
Continuous

Figure2: Comparisonof the performanceof discreterandomcodesandtheir continuous
relaxationasa functionof thecodelength.

multiclassproblemsto multiple binary problemssuchas tree-basedcodesand directed
acyclic graphs[13]. We leave this for futureresearch.
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