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Abstract

Outputcodingis a generalmethodfor solving multiclassproblemsby
reducingthemto multiple binary classificationproblems. Previous re-
searclon outputcodinghasemployed,almostsolely, predefinedliscrete
codes Wedescribeanalgorithmthatimprovesthe performancef output
codesby relaxingthemto continuouscodes. The relaxationprocedure
is castasan optimizationproblemandis reminiscentof the quadratic
programfor supportvectormachinesWe describeexperimentswith the
proposedlgorithm,comparingt to standardliscreteoutputcodes.The
experimentakesultsindicatethatcontinuousrelaxationsof outputcodes
oftenimprovethegeneralizatioperformanceespeciallyfor shortcodes.

1 Intr oduction

Theproblemof multiclasscategorizationis aboutassignindabelsto instancesvherethela-
belsaredravn from somefinite set. Many machindearningproblemsincludea multiclass
catgyorizationcomponenin them. Examplesfor suchapplicationsaretext classification,
optical characterecognition,medicalanalysis,and objectrecognitionin machinevision.
Therearemary algorithmsfor the binary classproblem,wherethereareonly two possible
labels,suchas SVM [17], CART [4] and C4.5[14]. Someof them canbe extendedto
handlemulticlassproblems.An alternatve andgeneralapproachs to reducea multiclass
problemto amultiple binary problems.

In [9] DietterichandBakiri describech methodfor reducingmulticlassproblemsto multi-
ple binaryproblemsbhasedn errorcorrectingoutputcodeg ECOC).Their methodconsists
of two stages.In thetraining stage a setof binary classifierss constructedywhereeach
classifieris trainedto distinguishbetweertwo disjoint subsetf the labels. In the classi-
ficationstage gachof thetrainedbinary classifierds appliedto testinstancesanda voting
schemas usedto decideonthelabel. Experimentaivork hasshovn thatthe outputcoding
approachcanimprove performancean a wide rangeof problemssuchastext classifica-
tion [3], text to speectsynthesis[8], cloud classification1] andothers[9, 10, 15]. The
performanceof outputcodingwasalsoanalyzedin statisticsand learningtheoreticcon-
texts[11, 12, 16, 2.

Most of previouswork on outputcodinghasconcentratedn the problemof solving multi-
classproblemausingpredefinedutputcodesjndependentlyf thespecificapplicationand
thelearningalgorithmusedto constructhebinaryclassifiers Furthermorethe“decoding”



schemeaassignghe sameweightto eachlearnedbinary classifier regardlessof its perfor

mance Last,theinducedbinary problemsaretreatedasseparat@roblemsandarelearned
independently Thus, theremight be strongstatisticalcorrelationsbetweenthe resulting
classifiersgspeciallywhenthe inducedbinary problemsaresimilar. Theseproblemscall

for animprovedoutputcodingscheme.

In arecenttheoreticalwork [7] we suggesteé relaxationof discreteoutputcodesto con-
tinuouscodeswhereeachentry of the codematrix is arealnumber As in discretecodes,
eachcolumnof the codematrix definesa partition of the setof the labelsinto two subsets
which arelabeledpositive (+) andnegative (—). Thesignof eachentryin the codematrix
determineghe subsetassociatior(+ or —) andmagnitudecorrespondso the confidence
in this association In this paperwe discussthe usageof continuouscodesfor multiclass
problemsusinga two phaseapproachFirst, we createa binary outputcodematrix thatis
usedto train binary classifieran the sameway suggestedby DietterichandBakiri. Given
thetrainedclassifiersandsometraining datawe look for a moresuitablecontinuouscode
by castingthe problemasa constrainedptimizationproblem.We thenreplaceheoriginal
binary codewith the improved continuouscodeandproceedanalogousiyto classify new
testinstances.

An importantpropertyof our algorithmis that the resulting continuouscode can be ex-
pressedasa linear combinationof a subsetof the training patterns. Since classification
of new instancess performedusingscalarproductsbetweerthe predictionsvectorof the
binary classifiersandthe rows of the codematrix, we canexploit this particularform of
the codematrix and usekernels[17] to constructhigh dimensionalproductspaces.This
approactenablesanefficientandsimpleway to take into accountorrelationshetweerthe
differentbinaryclassifiers.

The restof this paperis organizedasfollows. In the next sectionwe formally describe
the framawork thatusesoutputcodingfor multiclassproblems.In Sec.3 we describeour
algorithmfor designinga continuouscodefrom a setof binaryclassifiers We describeand
discussxperimentswith the proposedapproactin Sec.4 andconcludein Sec.5.

2 Multiclass learning using output coding

Let S = {(z1,v1),---, (Zm,ym)} beasetof m training exampleswhereeachinstance
x; belongsto adomainX’. We assumewithout lossof generalitythateachlabely; is an
integerfrom thesety = {1, ..., k}. A multiclassclassifieris afunction H : X — ) that

mapsaninstancer into anelementy of ). In thiswork we focuson aframework thatuses
outputcodesto build multiclassclassifiersfrom binary classifiers. A binary outputcode
M is a matrix of sizek x [ over {—1, +1} whereeachrow of M correspondo a class
y € Y. Eachcolumnof M definesa partitionof ) into two disjoint sets.Binary learning

algorithmsare usedto constructclassifierspnefor eachcolumnt of M. Thatis, the set

of examplesnducedby columnt of M is (z1, My y,), - - ., (Tm, My,y,,). Thissetis fedas

training datato a learningalgorithmthatfinds a binary classifier In this work we assume
thateachbinary classifierh; is of theform b, : X — R. Thisreductionyields! different

binaryclassifiershy, - . ., h;. We denotethe vectorof predictionsof theseclassifierson an

instancer by h(z) = (hy(z), ..., h(z)). We denotetherth row of M by M,..

Givenanexamplez we predictthe labely for which therow 1, is the “most similar” to
h(zx). We useagenerahotionof similarity anddefineit throughaninnerproductfunction
K : R' x R - R. Thehigherthe valueof K (k(z), M,) is the more confidentwe are
thatr is the correctlabel of = accordingto the setof classifiersh. Note that this notion

of similarity holds for both discreteand continuousmatrices. An exampleof a simple



similarity functionis K (@,7) = @ - 0. It is easyto verify thatwhenboththe outputcode
andthe binary classifiersareover {—1, +1} this choiceof K is equivalentto picking the
row of M which attainsthe minimal Hammingdistanceo h(z).

To summarize the learning algorithm receves a training set .S, a discreteoutput code
(matrix) of sizek x [, and hasaccesdo a binary learningalgorithm, denotedZ. The
learningalgorithm L is called! times,oncefor eachinducedbinary problem. The result
of this processs a setof binary classifiersh(z) = (h1(),. .., (z)). Theseclassifiers
arefed, togetherwith the original labelsys, .. .,y to our secondstageof the learning
algorithmwhich learnsa continuouscode. This continuouscodeis thenusedto classify
new instancesby choosingthe classwhich correspondo a row with the largestinner

product. The resultingclassifiercanbe viewed as a two-layer neuralnetwork. The first

(hidden)layer computesh; (z), . . . , h; (z) andthe outputunit predictsthe final classby

choosingthe labelr which maximizesK (h(x), M.,.).

3 Finding animproved continuouscode

We now describeour methodfor finding a continuouscodethatimproveson a givenen-
sembleof binary classifiersh. We would like to note that we do not needto know the
original codethatwasoriginally usedto train the binary classifiers.For simplicity we use
the standardscalarproductasour similarity function. We discussat the endof this section
moregenerakimilarity functionsbasedon kernelswhich satisfyMercerconditions.

The approachwe take is to castthe codedesignproblemas a constrainecoptimization
problem.Themulticlassempiricalerroris givenby

es(OLL ) = S [H() # il

where [r] is equalto 1 if the predicater holdsand 0 otherwise. Borrowing the idea
of soft mamins [6] we replacethe 0-1 multiclasserror with a piecewise linear bound
max,{h(z;) - My + by, »} — h(z;) - My, whereb; ; =1 —§; ;,i.e.,itisequall if i = j
and1 otherwise We now getanupperboundonthe empiricalloss

m

Z[max{h (€5) - My + by, »} — B(zs) - M, ] )

i=1

1
s(M,h) < —
m
Putanotherway, the correctlabel shouldhave a confidencevaluethatis larger by at least
onethanary of the confidencegor therestof the labels. Otherwise we suffer losswhich

is linearly proportionato thedifferencebetweertheconfidencef thecorrectlabelandthe
maximumamongthe confidence®f the otherlabels.

Definethe l;-norm of a code M to be the l,-norm of the vectorrepresentedby the con-
catenationof M'srows, |[M||3 = [|(My,..., My)|l5 = X5, ; M?; , where > 0 is a
regularizationconstantWe now castthe problemof finding a goodcodewhich minimizes
theboundEg. (1) asa quadraticoptimizationproblemwith “soft” constraints,

. 1 "
mimre  SAIMIE+ Y&
i=1

subjectto:  Vi,r @ & + h(z;) - My, — h(z;) - My > by . 2

Solvingtheabove optimizationproblemis doneusingits dualproblem(detailsareomitted



dueto lack of space).The solutionof thedual problemresultin thefollowing form for A/
M, = Z h(x:) Byir = i) (3)

wheren; . arevariablesof thedualproblemwhichsatisfyVi,r : n; , > 0and)_, 7, = 1.

Eq. (3) implies that whenthe optimum of the objective functionis achieved eachrow of

the matrix M is a linear combinationof h(z;). We thus saythatexamplei is a support
patternfor classr if the coeficient (3, » — 7:,») of h(z;) in Eq. (3) is non-zero. There
aretwo casedor which examplei canbe a supportpatternfor classr: Thefirst is when
y; = r andn; , < 1. Theseconccasds wheny; # r andn; », > 0. Putanotheway, fixing

i, we canview n; » asadistribution, 7j;, over thelabelsr. This distribution shouldgive a
high probability to the correctlabely;. Thus,anexample: “participates”in the solution
for M (Eq.(3)) if andonly if 7; is notapointdistribution concentratingon thecorrectlabel
y;. Sincethe continuousoutputcodeis constructedrom the supportpatternswe call our
algorithmSPOCfor SupportPatternsOutputCoding.

Denoteby 7; = 1,, — ;. Thus,from Eq. (3) we obtainthe classifier

H(z) = arg max {n(z) - M,} = arg max {ZTM [h(z) ﬁ(mz)]} ) (4)

Note that solutionas definedby Eq. (4) is composedf innerproductsof the prediction
vectoron a new instancewith the supportpatterns. Therefore,we cantransformeach
predictionvectorto somehigh dimensionainnerproductspaceZ usingatransformation
é : R' - Z. We thusreplacethe innerproductin the dual programwith a generalinner

productkernel K thatsatisfiedMercerconditiong[17]. FromEq. (4) we obtainthe kernel-
basedtlassificatiorrule H (x),

H(z) = argmax {Z i, K (h(z), B(w,))} (5)

The ability to usekernelsasa meansfor calculatinginnerproductsenablesa simpleand
efficientwayto takeinto accountorrelationdetweerthebinaryclassifiersForinstancea
secondbrderpolynomialof theform (1 + M)z correspondo atransformatiorio afeature
spacethatincludesall the productsof pairsof binary classifiers.Therefore the relaxation
of discretecodesto continuouscodesoffersa partial remedyby assigningifferentimpor-

tanceweightto eachbinary classifierwhile takinginto accountthe statisticalcorrelations
betweerthe binaryclassifiers.

4 Experiments

In this sectionwe describeexperimentswve performedcomparingdiscreteandcontinuous
outputcodes We selecteaightmulticlassdatasetssevenfrom the UCI repository andthe
mi st datasetvailablefrom AT&T 2. Whenatestsetwasprovided we usedthe original
split into training and test sets,otherwisewe used5-fold crossvalidationfor evaluating
thetesterror. Sincewe ranmultiple experimentswith 3 differentcodes;7 kernelsandtwo
base-learnersye usedasubsebdf thetrainingsetfor mi st ,| ett er ,andshutt| e. We
arein the proces®of performingexperimentswith the completedatasetandotherdatasets
usingasubsebf thekernels.A summaryof datasetss givenin Table1.

Lhitp://wwwics.uci.eddmlearn/MLRepositorytm|
Zhttp://lwww.research.att.cofiyann/ocr/mnist



Name No. of No. of No. of No. of
TrainingExamples TestExamples Classes Attributes

satimage 4435 2000 6 36
shuttle 5000 9000 7 9

mnist 5000 10000 10 784
isolet 6238 1559 26 6

letter 5000 4000 26 16
vowel 528 462 11 10
glass 214 5-fold cval 7 10
soybean 307 376 19 35

Tablel: Descriptionof thedatasetsisedin experiments.

We testedthree differenttypesof codes: one-against-al{(denoted‘id”), BCH (a linear
error correctingcode),andrandomcodes.For a classificatiorproblemwith & classesve
settherandomcodeto have aboutl0log, (k) columns.We thenseteachentryin thematrix
definingthe codeto be —1 or +1 uniformly at random.We usedSVM asthe basebinary
learningalgorithmin two differentmodes: In the first modewe usedthe margin of the
vectormachineclassifierasits real-valuedprediction. Thatis, eachbinary classifierh; is
of theform h;(xz) = w-z+b wherew andb aretheparametersf theseparatindnyperplane.
In thesecondnodewe thresholdedhepredictionof theclassifiersh; (x) = sign(w-xz +b).
Thus,eachbinaryclassifierh; in this cases of theform h; : X — {—1,+1}. For brevity,
we referto theseclassifiersasthresholded-SVMsWe would like to notein passingthat
this settingis by no meanssuperficialastherearelearningalgorithms suchasRIPPER[5],
thatbuild classifiersof this type. We ran SPOCwith 7 differentkernels:homogeneouand
non-homogeneoysolynomialsof degreel,2, and3, andradial-basis-functionéRBF).

A summaryof theresultsis depictedn Figurel. Thefigure containsfour plots. Eachplot
shaw the relative testerror differencebetweendiscreteand continuouscodes. Formally,

the heightof eachbaris proportionalto (e — €.)/es Wheree; (e.) is thetesterrorwhen
using a discrete(continuous)code. For eachproblemtherearethreebars,onefor each
type of code(one-against-allBCH, andrandom). The dataset@replottedleft to right in

decreasingrderwith respecto the numberof training examplesper class. Theleft plots
correspondo theresultsobtainedusingthresholded-SVMasthe basebinary classifierand
right plots shav the resultsusingthe real-valuedpredictions.For eachmodewe shawv the
resultsof bestperformingkernelon eachdatase{top plots) andthe average(over the 7

differentkernels)performancgbottomplots).

In general,the continuousoutput code relaxationindeedresultsin an improved perfor
manceover the original discreteoutput codes. The most significantimprovementsare
achieved with thresholded-SVMasthe basebinary classifiers.On mostproblemsall the
kernelsachieze someimprovement.However, thebestperformingkernelseemso beprob-
lem dependentimpressve improvementsareachievedfor datasetsvith alargenumberof
training examplesper class,shut t | e beinga notableexample. For this datasethe test
erroris reducedfrom an averageof over 3% whenusingdiscretecodeto an averagetest
error which is significantly lower than 1% for continuouscodes. Furthermoreusing a
non-homogeneousolynomial of degree3 reduceghe testerror rate down to 0.48%. In
contrastfor thesoybean datasetwhich contains307 training examplesand19 classes,
noneof thekernelsachievedary improvementandoftenresultedn anincreasen thetest
error. Examiningthetrainingerrorrevealsthatthegreatethedecreasén thetrainingerror
dueto thecontinuousoderelaxationtheworsetheincreasen the correspondingesterror.
This behaior indicatesthat SPOCoverfittedtherelatively smalltrainingset.
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Figure 1: Comparisorof the performanceof discreteand continuousoutputcodesusing
SVM (right figures)andthresholded-SVMleft figures)asthe baselearnerfor threedif-
ferentfamiliesof codes.Thetop figuresshaw the relative changein testerrorfor the best
performingkernelandthe bottomfiguresshawv the relative changein testerror averaged
acrosssevendifferentkernels.

To concludethis sectionwe describean experimentthat evaluatedthe performanceof the
SPOCalgorithmasa function of the lengthof randomcodes.Using the samesettingde-
scribedabove we ran SPOCwith randomcodesof lengths5 through35 for the vowel
datasetandlengths15 through50 for thel et t er dataset.In Figure 2 we show the test
errorrateasa function of the the codelengthwith SVM asthe basebinarylearner (Sim-
ilar resultswere obtainedusingthresholded-SVMasthe basebinary classifiers.)For the
| et t er datasetve seeconsistentindsignificantimprovementsof the continuouscodes
over the discreteoneswhereador vowel datasethereis a majorimprovementfor short
codesthat decayswith the codes length. Therefore sincecontinuouscodescanachiere
performancecomparable¢o muchlongerdiscretecodesthey may sene asa viable alter
native for discretecodeswhencomputationapower is limited or for classificatiortasksof
large datasets.

5 Discussion

In this papemwe describedaindexperimentedvith analgorithmfor continuougelaxationof
outputcodesfor multiclasscateyorizationproblems.Thealgorithmappearso beespecially
usefulwhenthe codesareshort. An interestingquestionis whetherthe proposedapproach
canbegeneralizedy calling the algorithmsuccessiely on the previouscodeit improved.
Anotherviabledirectionis to try to combinethe algorithmwith otherschemdor reducing
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Figure2: Comparisorof the performanceof discreterandomcodesandtheir continuous
relaxationasa functionof the codelength.

multiclassproblemsto multiple binary problemssuchas tree-based:odesand directed
agyclic graphg13]. We leave thisfor futureresearch.
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