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Chapter 1

Affine Grassmannians

1.1 The Grassmannian AG(k,n) of Affine Subspaces

In this section, we show that the Grassmannian AG(k,n) of k-dimensional affine subspaces
of R™ arises as the homogeneous space SE(n)/S(E(k) x O(n — k)), in terms of a transitive
action of SE(n) on AG(n, k).

Recall that a nonempty k-dimensional affine subspace A of R” is determined by a pair
(ap, U), where ag € R™ is any point in A and U is a k-dimensional subspace of R called the
direction of A, with

A=ay+U={ay+u|ueU}.

Two pairs (ag,U) and (b, U) define the same affine subspace A iff by — ag € U (in fact, U
consists of all vectors of the form b — a, with a,b € A).

The subspace U can be represented by any basis (ug,...,ux) of vectors w; € U, and so
A is represented by the affine frame (aq, (u1, ..., ug)).

Two affine frames (ag, (u1,...,ux)) and (bg, (v1,...,vx)) represent the same affine sub-
space A iff there is an invertible k£ x k matrix A = (\;;) such that

k
vj = Z/\ijuia 1<j<k,
i=1
and if there is some vector ¢ € R* such that

k
bo = ag + E CiU;.
i=1

Note that (A, c) defines an invertible affine map of R*.

A basis (ug, ..., ug) of U is represented by a n x k matrix of rank &, say A, so the affine
subspace A is represented by the pair (ag, A), where ap € R™ and A is a n x k matrix of rank

3
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k. The equivalence relation on pairs (ag, A) is given by
(ao, A) = (bo, B)

iff there exists a pair (A, c¢), where A is an invertible k£ x k& matrix (A € GL(k,R)) and ¢ is
some vector in R*, such that

B=AA and by =aqy+ Ac.

Using Gram-Schmidt, we may assume that (ug,...,u;) is an orthonormal basis, which
means that the columns of the matrix A are orthonormal; that is,

ATA =1,.

Then, in the equivalence relation defined above, the matrix A is an orthogonal k£ x k matrix
(A € O(k)).

Definition 1.1. The (real) affine Grassmannian AG(k,n) consists of all k-dimensional affine
subspaces of R" (1 < k < n).

In the special case k = 1, the affine Grassmannian AG(1,n) consists of all affine lines
in R™. This is already a topologically complicated space (more complicated than projective
space RP"1).

The (linear) Grassmannian G(k,n) consists of all k-dimensional (linear) subspaces of R™
(1 < k < n). By linear duality between a finite-dimensional vector space and its dual,
G(k,n) is isomorphic to G(n — k,n).

There is a relationship between the affine Grassmannians and the linear Grassmannians.

Indeed, we have
AG(k,n)=Gk+1,n+1)—G(k+1,n).
This is because G(k + 1,n + 1) corresponds to the projective subspaces of dimension
k in RP". In R™"!, there is a bijection between the set G(k + 1,n + 1) — G(k + 1,n) of
linear subspaces V' of dimension k£ + 1 that are not contained in the hyperplane of equation
Zpt1 = 0, and the set AG(k,n) of k-dimensional affine subspaces of R", given by

V'-)VﬂHl,

where H; is the affine hyperplane in R**! of equation x,, ;1 = 1. The (k+1)-dimensional linear
subspaces contained in the hyperplane z,,; = 0 correspond to the k-dimensional projective
subspaces of RP" “at infinity” (if we choose the hyperplane z,, 11 = 0 as the hyperplane at
infinity in RP"). As a consequence of the equation AG(k,n) = G(k+1,n+1)—-G(k+1,n),
the space AG(k,n) is an open subspace of the set of k-dimensional projective subspaces of
RP", and thus is not compact. Observe that if 0 < k < n — 1, then

An—k—1,n)=Gn—kn+1)—G(n—k,n)
= Gk+1,n+1)—G(k,n),
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so A(k,n) is not isomorphic to A(n — k — 1,n), except in the trivial case where n = 2k + 1.

When n =2 and k£ = 1, we have
AG(1,2) = G(2,3) — G(2,2) = G(1,3) — G(0,2) = RP? — {one point},

so AG(1,2) is homeomorphic to the result of deleting one point from the projective plane
RP?, a space homeomorphic to an open Mobius strip (a Mobius strip with its boundary
removed). No wonder AG(1,2) is hard to deal with!

Recall that the Euclidean group E(n) consists of all invertible affine maps (Q,u), with
Q@ € O(n) and u € R", and that the special Euclidean group SE(n) consists of all invertible

affine maps (Q,u), with @ € SO(n) and v € R™. As usual, we represent an element (Q, u)
of E(n) (or SE(n)) by the (n+ 1) x (n + 1) matrix

Q u
0 1)”
with R” embedded in R*™! by adding 1 as (n + 1)th coordinate.

Definition 1.2. Define an action of the group SE(n) on AG(k,n) as follows: if A €
AG(k,n), for any affine frame (ag, A) representing A (where AT A = 1), for any (Q,u) €
SE(n), then
(@, u) - A= (Qao +u, QA).
We need to check that the above action does not depend on the affine frame (ag, A)

chosen for A. If (by, B) is another affine frame of A (with BT B = I,), then there is some
orthogonal matrix A € O(k) and some vector ¢ € R* such that

B=AA and by =ag+ Ac,
and since ) € SO(n) we have

Qby = Qao + QAc,
@B = QAA,
(QA)TQA=ATQTQA= ATA= 1,
(QB)'QB=B"Q'QB=B'B =1,
which shows that (Qag + u, QA) and (Qby + u, QB) are equivalent via (A, c), since QB =

(QA)A and Qby +u = Qag+u-+ (QA)c. Therefore, the action of SE(n) on AG(k,n) defined
above does not depend on the affine frame chosen in A.

The above action is transitive.

Indeed, if (ag, A) and (by, B) represent two affine subspaces, where AT A = I;, and B B =
I}, then by Gram-Schmidt, we can extend the columns of A into an orthonormal basis A’
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of R", and similarly we can can extend the columns of B into an orthonormal basis B’ of
R™. But then, the matrices A" and B’ are n x n orthogonal matrices, and by changing the
sign of their last column if necessary, we may assume that det(A’) = det(B’) = 1, where the
first k£ columns of A’ still define the same subspace as the k columns of A, since the first
k < n columns are identical, and if £ = n, the nth columns have opposite signs. If we let

Q= B'(A)" and u = by — Qag, we have (Q,u) € SE(n), and
(Q, U) . (CL(), A,[lk]) = (an + b() - an, QA/[lk’]) = (bo, B,[lk‘]),
this is because
A= (A A), B =(B B,

and since A’ is orthogonal (so is B’), AJ A; =0 and A] A; = I}, so we have

QA'[1.k] = B'(A)T A'[1..k]

Al
(B B ( A2T> A,
= (B1A] + B Aj) A
— BIATA, + BAT A,
— B, = B'[L.K|

Therefore, our action is transitive.

Next, we determine the stabilizer of the affine subspace defined by the affine frame
(0, (e1,...,€ex)), where ey, ..., e are the first k canonical basis vectors of R™. This affine
subspace is also represented by (0, P, 1), where P, ; is the n x k matrix consisting of the first
k columns of the identity matrix [,,; namely

_(
P = <0n—k,k> '

Proposition 1.1. The stabilizer of the affine subspace defined by (0, P, ) is the group H =
S(E(k) x O(n — k)) given by the set of matrices

Q
0 Q € O(k), R€ O(n—k), det(Q)det(R) =1, u € R
0

0
H = R
0

=~

Proof. For any (P, z) € SE(n), we have
(P,z)-(0,P,x) = (PO+ 2, PP, ) = (2, P[L..K]).

In order for (z, P[1..k]) to represent the same affine subspace as (0, P, x), there must be some
pair (A, c) where A € O(k) and ¢ € R*, so that

P[1.k| =P, x)A and z=P, ¢
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The vector P, ;c is obtained from ¢ by adding 0 as the last n — k coordinates, and the matrix
P, 1A is obtained from A by adding n — k rows consisting of the vector (0, ...,0). Therefore,
—_——

k
the last n — k coordinates of z must be zero, and the last n — k rows of P[1..k] must be zero

rows. Since P is an orthogonal matrix, it must be of the form

A O
r=(o %)
with R € O(n — k). Since det(P) = 1, we must have det(P) = det(A)det(R) = 1, and the

proposition follows with @) = A. n

As a consequence, as a homogeneous space, the grassmannian of affine subspaces GA(k, n)
is isomorphic to SE(n)/S(E(k) x O(n — k)).

1.2 The Grassmannian AG°(k,n) of Oriented Affine
Subspaces

An oriented affine subspace (other than (}) is an affine subspace A = ag + U where U is a
linear subspace with a chosen orthonormal basis (uq,...,u;) which defines the orientation
A. What this means is that if (vy,...,v;) is another orthonormal basis of U, if A is the
n x k matrix whose columns are (ug,...,u;) and if B is the n x k matrix whose columns are
(vi,...,vx), then there is a rotation A € SO(k) such that

B = AA.

The difference with unoriented affine subspaces is that if A = a¢9 + U is an unoriented
affine subspace, then we only require that A € O(k), and so we may have det(A) = —1, in
which case (ug,...,ux) and (vy,...,v;) do not have the same orientation. This leads to the
following technical definition.

Definition 1.3. A real oriented affine subspace of dimension k (in R",1 < k < n) is an
equivalence class of the set of pairs (ag, A), where ap € R™ and A is an n X k matrix with
orthogonal columns, which means that AT A = I, under the equivalence relation on pairs

(ag, A) and (by, B) with ATA = BT B = I, given by
(a0, A) = (bo, B)
iff there exists a pair (A, ¢) with A € SO(k) and ¢ € R¥, such that
B=AA and by =aqy+ Ac.

The space of oriented affine subspaces of dimension £ is the Grassmannian of oriented affine
siubspaces, AG°(k,n).
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The reader should check that for £ = 1, the set of oriented affine subspaces (ag, A) with
ag = 0 is the sphere S"~!. In contrast, the set of nonoriented affine subspaces (ag, A) with
ag = 0 is the projective space RP"™!. The affine Grassmannian AG°(1,n) is the space of
oriented affine lines in R".

Next we would like to define a transitive action of SE(n) on AG°(k,n) (1 < k < n),
but this time there is no transitive action of SE(n) on AG°(n,n). The problem is that
AG°(n,n) consists of two n-dimensional oriented spaces R’} and R”, corresponding to the
choice of an orthonormal basis as orientation. These two subspaces are not equivalent,
because an isometry that maps an orthonormal basis of R’} to an ortthonormal basis of R”
must have determinant —1. In the sequel we exclude this case an assume that 1 < &k < n.
Our goal is to show that if 1 < k < n, then as a homogeneous space, the grassmannian of
oriented affine subpaces GA°(k,n) is isomorphic to SE(n)/SE(k) x SO(n—k). Observe that
AG°(n,n) is isomorphic to O(n)/SO(n).

Definition 1.4. Define an action of the group SE(n) on AG(°k,n) with 1 < k < n, as
follows: if A € AG(k,n), for any affine frame (ag, A) representing A (where ATA = I3,), for
any (Q,u) € SE(n),

(Q,u) - A= (Qao + u, QA).

The proof that the above action does not depend on the affine frame (ag, A) chosen for
A is the same as in the unoriented case, because if

B=AA and by=ay+ Ac, A€ SO(k),

then
QB =QAA, A €SO(k),

which shows that (Qag + u, QA) and (Qbg + u, QB) are equivalent via (A, c). Therefore, the
action of SE(n) on AG°(k,n) defined above does not depend on the affine frame chosen in
A. The above action is transitive if 1 < k < n.

Indeed, if (ag, A) and (by, B) represent two oriented affine subspaces, where ATA = I,
and B' B = I, then by Gram-Schmidt, we can extend the columns of A into an orthonormal
basis A" of R™, and similarly we can can extend the columns of B into an orthonormal basis
B’ of R™. But then, the matrices A" and B’ are n x n orthogonal matrices, and by changing
the sign of their last column if necessary, we may assume that det(A’) = det(B’) = 1, where
the first £ < n columns of A" are equal to the first £ < n columns of A (and similarly for B
and B’ who have the first identical £ < n columns). The rest of the proof is the same as in
the unoriented case.

Next, we determine the stabilizer of the oriented affine subspace is represented by (0, P, 1),
where P, is the n X k matrix consisting of the first £ columns of the identity matrix I,;;

namely
_( I
g = (On—k,k> '
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Proposition 1.2. If 1 < k < n, then the stabilizer of the oriented affine subspace defined by
(0, Py k) is the group Hy = SE(k) x SO(n — k) given by the set of matrices

Q 0 u
H= 0 R 0||QeSO(k), RcSO(n—k), ucR"
0 0 1

Proof. For any (P, z) € SE(n), we have
(P,z)-(0,P,x) = (PO+ 2, PP, ;) = (2, P[1..k]).

In order for (z, P[1..k]) to represent the same oriented affine subspace as (0, P, ;), there must
be some pair (A, c) where A € SO(k) and ¢ € R*, so that

P[1.k]| =P, x)A and z=P, ¢

The vector P, yc is obtained from ¢ by adding 0 as the last n — k coordinates, and the matrix

P, x A is obtained from A by adding n — k rows consisting of the vector (0,...,0). Therefore,
k

the last n — k coordinates of z must be zero, and the last n — k rows of P[1..k] must be zero

rows. Since P € SO(n), it must be of the form

A O
P(o B

with R € O(n — k), and since det(P) = 1 and det(A) = 1, we must have det(R) = 1, and so
R e SO(n — k). O

As a consequence, if 1 < k < n, as a homogeneous space, the grassmannian of oriented
affine subpaces GA°(k,n) is isomorphic to SE(n)/SE(k) x SO(n — k). The grassmannian of
oriented affine subpaces GA°(n, n) has two elements and so it is isomorphic to O(n)/SO(n).

1.3 The Grassmannians AG(k,n) and AG°(k,n) as
Reductive Homogeneous Spaces

In this section, we show that the Grassmannian AG(k,n) (1 < k < n) and AG°(k,n)
(1 <k < n) are reductive homogeneous space with a simple reductive decomposition se(n) =
h & m. In fact, there is an involutive automorphism o of SE(n) whose fixed subgroup
SE’ is exactly the group H = S(E(k) x O(n — k)) introduced in Section 1.1, and A(k,n)
is isomorphic to SE(n)/S(E(k) x O(n — k)). If 1 < k < n, the group SE] = H, =
SE(k) x SO(n — k) is the connected component of SE” containing the identity, and A°(k, n)
is isomorphic to SE(n)/SE(k) x SO(n — k). The groups SE? and SE{ have the same Lie
algebra b given by

S 0
h= 0 T S €so(k), T € so(n—k), uc R
0 0

o o
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It follows that, except for the fact that there is no Ad(H )-invariant metric on m (because
H is not compact), all the other properties of a symmetric space are satisfied.

(I 0
ek = (O B nk) :
Note that I}, , = I,. We define an automorphism o of SE(n) as follows:
Q 2\ _ (Ikpn— 0\ [(Q 2\ (Ixn-ir O
“\o1)" Lo 1)lo 1)L o 1)

Because If,,_; = I, we have 0 = id. Let us find the subgroup SE(n)” of SE(n) fixed by
o. Every matrix P in SE(n) can be written as

Let Iy ,—r be the matrix

Q R u
P=|S T v]|,
0 0 1
with v € R* and v € R" %, and we have
0 _[n—k 0 S T v 0 - n—k 0 = -S =T —v 0 _In—k 0
0 0 1 0 0 1 0 0 1 0 0 1 0 0 1
QQ —R wu
=-S5 T —v
0 0 1

Then, o(P) = P iff
R=—-R, S=-5 v=-—v,

which means that R =0, S =0, and v = 0. Therefore SE(n)? = S(E(k) x O(n — k)) = H.

If 1 < k < n, since there is no continuous path in O(n — k) from I,,_; to a matrix
Q € O(n — k) with det(Q)) = —1, we see that the connected component SE(n)§ of the
identity I,,41 in SE(n)? is the group Hy = SE(k) x SO(n — k) from Section 1.2.

The Lie algebras of SE(n) and H = SE(n)? are

S —AT wu
se(n) = A T wv||Sesok), Teson—k), Ac M, i ucR" vecR"*
0 0 0

and

Ny}
I
o o W

0 wu
T 0| Seso(k), T €so(n—k),ucR"
0 0
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The derivative § = doy is an involutive automorphism of se(n) which is easily found using
curves through I. For any X € se(n), if 7 is the curve in SE(n) given by v(t) = e'*, then
7(0) = I, 7/(0) = X, and by the chain rule

d(o(v(t) = do,)(7'(0)) = dor(X),

dt -0
so we have
_d ((Lip-r O\ ix (Lkp-r O
a0 = (M5 ) e (5 1)),
A (Ikp-r O ix (Ikn—r O
(5 D) (5 ).
_ (LIkn—k O Lk O
(M D))
Therefore

9 S z . ],w_k() S =z Ikm_ko
oo/ L 0o 1/ 0 0 0o 1/

Consequently, the Lie algebra b is the eigenspace of 6 associated with the eigenvalue +1,
whereas the eigenspace of 6 associated with the eigenvalue —1 is given by

0 —AT 0
m=< (A 0 wv||AeM, 4s, veR"F
0 0 0

By Lemma 30 in O’Neill [4] (Chapter 11), the fact that o is an involutive automorphism
of SE(n) whose fixed subgroup is H has the following interesting implications.

Proposition 1.3. The following properties hold:

(1) We have a direct sum
se(n) =hdm.

(2) Ad(h)(m) Cm forallh € H.

(3) We have
[hah] - hv [ham] C m, [m,m] - h

Consequently, if 1 < k < n, then AG(k,n) is a reductive homogeneous space SE(n)/S(E(k) x
O(n —k)) with the reductive decomposition se(n) =h@&m, and if 1 < k <n, then AG°(k,n)
is also a reductive homogeneous space SE(n)/SE(k) x SO(n — k) with the same reductive
decomposition se(n) =h @& m
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The next step is to check whether it is possible to define a G-invariant metric on AG(k,n).
For this, let us figure out what the adjoint action of H on m is. For any

R 0 u
h=|10 S 0] €H,
0 0 1
and any
0 —AT 0
X=A 0 o] €Em,
0 0 0
we have

R 0 wu
Ady(X)=]0 S 0
0 0 1

RA

=1 SA 0 Sv 0 ST 0
0 0 0 0 0 1
0 —RATST 0
= | SART 0 —SAR u + Sv
0 0 0

Consider the matrices h € H such that R = I, S = I and the first coordinate u; in u is
nonzero. The matrices X € m that either have a single nonzero entry equal to 1 in A (and
AT) or a single nonzero entry in v form a basis of m. Let Fj,1; € m be the matrix whose
only nonzero entries are ex;1; = 1 and e 1 = —1, and let Fjyy1, € m be the matrix whose
only nonzero entry is ex,1, = 1. Then, we have

0 0 -1 0 0
0 0 0 O 0
0 AT 0 o - 0 0 0 -+ 0
Adh(Ek—i-ll) = A 0 —Au == 1 --- 0 0 0o --- —Ur = Ek+11 — ulEk+1n.
0 O 0 o -0 0 0 - 0

Therefore, the matrix of Ady, over the basis (E;;) has the entry —u, in the row corresponding
to Fky1, and the column corresponding to Ej.11, and since u; € R is arbitrary, we see that
the matrices representing the linear maps Ad;, have unbounded entries (even for the special
kinds of matrices in H that we are considering). Therefore, Ad(H) is not bounded, and thus
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it closure is not compact, which implies that there is no Ad(H )-invariant inner product on
m (by Theorem 2.42 of Gallot, Hullin, Lafontaine [1]). Therefore, there is no hope for a
G-invariant metric on AG(k,n). Except for that, AG(k,n) has all the other properties of a
symmetric space. A similar result applies to AG°(k,n) when 1 < k < n.

1.4 A Connection on SE(n)

We compute the Levi-Civita connection associated with the left-invariant metric on SE(n)
induced by the inner product in se(n) given by

(X,Y) =tr(XY ") = tr(XTY).

For left-invariant vector fields, the inner products (X, Y’) are constant, so the Koszul formula

reduces to
2<VXY7 Z> = <[X7 Y]7Z> - <[Y7 Z]7X> - <[X7 Z]’Y>

. Sl U1 . SQ U2 o 53 Uusg
) ) G

5253 52U3> . (5353 S3U2) _ <S2S3 — 5352 Saug — S3U2)

then we have

[Y,Z]—YZ—ZY—(

0 0 0 0 0 0
and
. SQSg — 5382 SQU3 — SgUQ SlT 0
—tr (5253 — SgSQ)S{r + (SQUg — S3U/2)UI 0
0 0
= tr(SQSg),SlT — SSSQS]_T + SQ/U/:),UI — SgUQUT).
Similarly,
<[X, Z], Y) = tl"(Sngs; - 53515; + 51u3u2T - Sgulu;),
so we get
(Y, 2], X) + ([X, Z],Y) = tr(S2555] — S3582S] + 15557 — S55,8)
+ SQU/SUI — S:),UQ’LL;r + Slu;),u; — Sgulu;)
and since S| = —5, 5, = —S,, we obtain

<[Y, Z],X) + <[X, Z],Y> = tl"(—SgSgSl + 535551 — 515355 + 535199

+ Syugu, + Slu3u2T — Sg(u2u1T + uluT)).
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Now, the first and the fourth terms cancel out since
tI’(SgSgSl) = tI'(SgSlSQ),
and the second and the third terms cancel out since

tr(935251) = tr(S51.5395).
Furthermore, because uou| + ujug is symmetric and Ss is skew symmetric, we have
tr(Ss(ugu; + uyuy )) = 0.
Indeed, if S is a skew symmetric and H is a symmetric matrix
tr(SH) = tr((SH)") = tr(H'S") = —tr(HS) = —tr(SH),
so tr(SH) = 0. After simplifications, we get
(Y, Z], X) + {[X, Z],Y) = tr(Syusu, + Siusuy ) = tr(Sy uyug + S; ugug ).

Then, if we observe that

0 Sy S/ ST 0
tr(S;ulu; + SITUQuST) — tr <O 9 U1 —(i)‘ 1 uz) ( 3 0) 7
Us

we can write

2AVxY, Z) =([X,Y], 2) = ([Y. Z], X) — ([X, Z].Y)
0 STU1+STu2) Z>

-((
_ - <(0 Saur + 51u2) ’Z>’

which yields
o 1 0 SQUl + SﬂLQ
Y N )

[X, Y] _ (5152 6 S251 Shug 6 S2U1) :

Since

we also have
5152 — SgSl 281'&2)

1
nyzé( 0 0

Consider the inner product
(X,Y) =tr(XTY)
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on se(n). We claim that this inner product is invariant under the left action of G = SE(n).

X:(g B‘) Y:(g 8) and R:((g 1>GSE()

with ST = -8, TT = -T,Q'Q =QQ" =1, and u,v, z € R", then we have
Q =z S u\ (@S Qu
0 1 0 0/ \O 0
Q z\ (T v\ [(QT Qu
0 1 0 0/ \O 0 )’

TOT
mem-w(58 (3 )

L(sleter STQTQu
uw'QTQT uw'Q'Qu

ST STy
w'T u'v

(STT +u'v).

SO

However

ST 0\ (T v STT STw
(X,Y) =tr <uT o) <0 0) = tr (uTT uTv) =tr(S'T +u'v),

which proves that
(RX,RY) =(X,Y).
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Chapter 2

Metrics on G/H And Right-Invariant
Metrics on GG

Given a reductive homogeneous manifold G/H with reductive decomposition g = hdm, if H
is not compact, Ad(H )-invariant metrics on m do not necessarily exist. It is still desirable to
obtain metrics on G/H such that the projection 7: G — G//H is a Riemannian submersion.
Since H acts freely and properly on G on the right, for every right-invariant metric on G
induced by an inner product (—, —) on g, the maps Rj, are isometries for all h € H, so by
Proposition 2.28 in Gallot, Hullin, Lafontaine [1], (Chapter 2), there is a unique Riemannian
metric (—, —)q/m on G/H such that 7: G — G/H is a Riemannian submersion.

Since G/ H is reductive, we have
g=hom,

and this makes it possible to pick the horizontal subspaces in the tangent spaces T,G (with
a € G) in terms of m and to give a more direct proof of Proposition 2.28 from Gallot, Hullin,
Lafontaine [1].

Given an inner product (—, —) on g, recall that the induced right-invariant metric on G
is given by
(u,v)q = ((dRg-1)a(u),dRy-1)4(v)), for all u,v € T,G and all a € G.
We will show that a metric on G/H can be obtained by propagating by right-invariance a
metric on g to all of the “horizontal subspaces” (dL,);(m) of T,(G) = (dLy)1(g)-

Because of the invariance condition Ad,(m) C m for all h € H (since G/H is a reductive
homogeneous space), since m is finite-dimensional and Ady, is injective, we have Ad,(m) = m,

and if b = ah then
Adb = Ada o) Adh,

which implies that
Ady(m) = Ad,(m), for all a,b € G such that a™'b € H.

17
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This means that Ad,(m) depends only on the point p € G/H for which p = aH.
Recall that for every a € G, the map 7,: G/H — G/H is defined by
T.(bH) = abH, for all a,b € G,
and 7: G — G/H is the projection given by 7(a) = aH. For all a,b € G, we have
Ta(m(0)) = abH = 7(La(D)),

namely
TaOM =170 L.

By taking the derivative at 1, we get
(d7a)o 0 dmy = dmg 0 (dLg)1;
equivalently, the following diagram commutes (where p = aH):

(dLa)1

(dLa)1<g) = TaG

dmy l ldwa

T(G/H) = T,(G/H)

Since Kerdm; = b and since (dL,); is an isomorphism, we see that
Kerdr, = (dL,)1(h).

Also, since the restriction of dm; to m is an isomorphism and (dL,); and (d7,), are isomor-
phims, so is the restriction of dm, to (dL,)1(m). We have the following commutative diagram
in which all the maps are isomorphisms (with p = aH):

dLa)1
m N L) (m)

am Jim.
1,(G/H) o T(G/H).
For all a € GG and all h € H, we have
m(a) = aH = ahH = 7(ah) = 7(Ry(a));

that is, m = m o R}, and by taking derivatives at a, we get

dmg = dmgn 0 d(Rp)q- (%)
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Equivalently, if we write b = ah and p = aH for a € G and h € H, we have the following
commutative diagram:

d h)a
T,G = (dL)1(g) ) (dLy)i(8) = TG
dﬂ'a dﬂ'b
T,(G/H)
Since
T.G = (dL,)1(g),
we have

TaG - (dLa>1(b) D (dLa)l(m)a

and since Kerdr, = (dL,)1(h) and the restriction of dm, to (dL,);(m) is an isomorphism
onto T,(G/H), we can take (dL,);(m) as the horizontal subspace H, of T,G.

As a consequence, for any p € G/H and any a € G such that p = aH, since the map
drg: (dLg)1(m) — T,(G/H) is an isomorphism, for any u € T,(G/H), there is a unique
X € m such that

u = (dmg o (dLg)1)(X);

namely, X = ((dL,-1), o (dma) ™) (u).

Let us find out how X changes when we express u in terms of b, with b = ah for some
heH.

Proposition 2.1. For any p = aH = bH in G/H, if b = ah for some h € H, for any
uweT,(G/H) and any X € m such that uw = (dm, o (dL,)1)(X), we have

u= (dmpo (dLy)1)(X"), with X' = Ady-1(X).

Proof. Since a = bh™!, by (%) dn, = dm, o d(Rp)a, L, and Rj, commute, and since Ad, =
d(Lgo Ry-1)1 = (dLg)g-1 © (dR4-1)1, we have

which shows that
u = (dﬂb o) (dLb)1>(X/), with X/ = Adhfl(X),

as claimed. n
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For any a € G, the map Ad,: g — g is a linear isomorphism of g, so Ad,(m) is always a
subspace of g. In the special case where a € H, we have Ad,(m) = m, but fora € G — H,
this is generally false and we can only claim that Ad,(m) C g. Here is the main theorem of
this section.

Theorem 2.2. Given any homogeneous reductive manifold G/H with reductive decomposi-

tion

g=hom,
every inner product (—, —) on g yields a Riemannian metric on G/H such that if G is
endowed with the right-invariant Riemannian metric induced by (—,—), then m: G — G/H

1s a Riemannian submersion. For every a € G, the horizontal subspace H, at a is given by
Ho = (dLg)1(m),

and the restriction of dm, to Ha = (dLg)1(m) is an isomorphism onto T,(G/H), withp = aH.
The metric on T,(G/H) is defined as follows: For everyp =aH € G/H, for any two vectors

u,v € T,(G/H),
(u, v)amp = ((dma) ™' (w), (dma) ™ (v))a,

where (—, =), is the right-invariant metric on H, = (dLy)1(m) induced by the inner product
on g, which means that

(u,v)e/mp = ((dRe1)a((dma) ™ (u), (dRo1)a((dma) 7 (v))).

Equivalently, if X and Y are the unique vectors in m such that X = ((dLy-1), 0 (dm,) ") (u)
and Y = ((dLy-1)q o (dmy) 1) (v), then

(w, V) mp = (Ada(X), Ada(Y)).

Furthermore, Ad,(m) depends only on the point p € G/H for which p=aH. We can choose
an inner product on g by picking any inner product on m and any inner product on b and
asserting that b and m are orthogonal. This, way

TaG = (dLa>l(b) ©® (dLa)l(m)a

where the vertical subspace V, = (dL4)1(h) and the horizontal subspace H, = (dLg)1(m) are
orthogonal for every a € G. Furthermore, for all a,b € G and all h € H, if b = ah, then
(dRy), is an isometry between H, and Hy.

Proof. We define the metric (—, —)q/u using the isomorphisms dr,: H, — T,(G/H), where
H, = (dLy)1(m), a € G, and p = aH € G/H, as follows. For any two vectors u,v €
T,(G/H), if X and Y are the unique vectors in m such that X = ((dL,-1), o (dma) 1) (u)
and Y = ((dLy—1)q o (dmg) 1) (v), then we have

(u, v)6/1p = ((dRo=1)a((dma) " (u)), (dRa-1)a((dma) ' (v)))
= ((dRa1)a ((dL )1(X)), (dRa-1)a((dLa)1(Y)))
= (Ada(X), Ada(Y)).
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Thus, the metric on T,(G/H) is completely determined by the metric on Ad,(m), a
subspace which depends only on the point p € G/H for which p = aH.

Let us check that this definition does not depend on the choice of the coset representative
aH = p. If bH = aH, we have b = ah for some h € H, and then by Proposition 2.1 we have

X" = ((dLy-1)p o (dmy) 1) (u) = Ad—1(X) and Y’ = ((dLy-1)p 0 (dmp) 1) (v) = Adp-1(Y),
so for p = bH, we have

<u7 U>G/H7P = <Adb(X/>7 Adb(Y/)>
= (Adp(Ady-1(X)), Adp(Adp-1(Y)))
= (Ada(X), Ad,(Y)),

proving that the definition of (u,v)q/m, does not depend on the coset representative of
p = aH. The smoothness of this metric follows from the standard argument; namely, G is a
principal H-bundle over G/H, and so local sections exist.

Observe that the definition

(u,v)6/mp = ((dRa1)a((dma) " (w), (dRo-1)a((dma) " (v)))

means that
(u, v)armp = ((dma) ™ (), (dma) ™ (V))a,

where (—, —), is the right-invariant metric on H, = (dL,)1(m) induced by the inner product
on g. Consequently, for all p € G/H and for all a € G such that p = aH, the isomorphism
drg,: Ha — T,(G/H) is an isometry, which shows that the submersion 7 is a Riemannian
submersion. Furthermore, for all a,b € G and all h € H, if b = ah, then (dRy), is an
isometry between H, = (dL,)1(m) and H, = (dLy)1(m). O
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Chapter 3

GG-Invariant Connections on Reductive
Homogeneous Spaces

3.1 Connections on Reductive Homogeneous Spaces

Given a reductive homogeneous space GG/H with reductive decomposition g = h @& m, we
know that there is a one-to—one correspondence between G-invariant metrics on G/H and
inner products (—, ), on m that are Ad(H)-invariant, which means that

(U, V) = (Adp(u), Adp(v))m, forall h € H and all u,v € m.

Unfortunately, if H is not compact, such inner products do not exist.

Instead of trying to define a connection on G/H in terms of a metric, we may try to define
a connection on G/H in terms of a bilinear map a: m x m — m on m. Since the Levi-Civita
connection is invariant under diffeomorphisms, the Levi—Civita connection induced by an
Ad(H)-invariant inner product on m is G-invariant, so it it natural to look for G-invariant
connections. Let us review what it means for a connection on G/H to be G-invariant.

Every group element a € G defines a diffeomorphism 7,: G/H — G/H given by
Ta(gH) = agH, forallg € G.

Oberve that
Tab = Tq © Tp,

since
Tan(9H) = abgH = 7,(bgH) = 1.(75(gH)),

and
m(H)=H, forallhe H.

Given a diffeomorphism ¢: M — N between two manifolds M and N, for any vector
field V on M, recall that we define the push-forward ¢,V of V by

(0 V)py = dppVp, forallp e M.

23
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If ¢ is a diffeomorphism from N to P, then

(0 0@V )pem) = d(t o @)pV,
= dipyp) (dpp V)
= dhy(p) (04 )e(p)
= (Uu(@:V )it

which shows that
<¢ © 90)* = 14 O V.

Definition 3.1. A connection V on a homogeneous space G/H is G-invariant if

(1)« (VyW) = Vv (12) W), forall V,IW e X(G/H) and all a € G. (%)

Recall that (VyW), depend only of V,,, so
(VW) = (Vy,W),.

We make constant use of the above fact.

The natural projection from G onto G/H is denoted by m: G — G/H. Recall that the
restriction of the map dmy: g — To(G/H) to m is a linear isomorphism (where o denotes the
point in G/H corresponding to the coset 1H = H). Since g = h @& m, every vector X € g
has a unique decomposition as

XIXh—i—Xm, XhEh,Xme.

The fact that every X € g induces a vector field X* on G/H (an action field or infinites-
imal generator) through the left action of G on G/H plays a crucial role. For any X € g,
the vector field X* is given by

., d
X, = E(exp(tX)aH)

9

t=0

for any a € G such that p = aH. Recall that the linear map dm: g — T,(G/H) can be
expressed as

dm(X) = X = %(exp(tX)H)

)

t=0

and Ker (dm) = b.

It turns out that any G-invariant connection on G/H is uniquely determined by the
bilinear map a: m X m — m given by

a(X,Y) = (dm) {(Vx:Y"),, forall X,V €m.
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Furhermore, there is a one-to-one correspondence between G-invariant connections on G/H
and bilinear maps «: m x m — m satifying the condition

Adp(a(X,Y)) = a(Adyp(X),Ad,(Y)), forall XY e mandall h € H. (1)

It is also possible to characterize torsion-free G-invariant connections and G-invariant con-
nections for which the geodesics through o are of the form ~(t) = e'X - 0. In this case, the
bilinear map « is given by

1
a(X.Y) = —[X.V], XYem

This connection is known as the Cartan connection on G/H. The Levi-Civita connection
associated with a G-invariant metric on G/H coincides with the Cartan connection on G/H
iff G/H is naturally reductive.

The following technical results will be needed.

Proposition 3.1. For any X € g and any a € G, we have
(T0)« X ™ = (Ad, (X))
Proof. By definition, for any p = bH, we have 7,(bH) = abH, and
((Ta)*X*)m(p) = (dTa)p(X*(p))

= %(aexp(tX)bH)

t=0

d
= a(a exp(tX)a 'abH)

t=0

_ %(exp(tAda(X))abH)

= (Ada(X))
which shows that (7,).X™* = (Ad,(X))*. O

t=0

ra(p)

In the special case where p = o, since X} = dm(X) for any X € g, the above derivation
shows that

((Ta) s X ") ra(0) = dTa(Xg)
= dra(dme(X))
= ((d7a)o 0 dm)(X)
= (Ada(X))7, (0>
50 ((d7a)o0dm )(X) = (Ade(X))7, () If we restrict X to belong to m and if we let p = aH =
7.(0) and define n,: Ad,(m) — T,(G/H) by

.(Y) =Y, Y €Ad,(m),
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then we obtain the following commutative diagram:

Ad,

Ad,(m)
dml lna ()

T,(G/H) o Ty(G/H).

Since the maps Ad,, dm and (dr,), are linear isomorphisms, the map 7, is an isomorphism
between Ad,(m) and T,(G/H), with p = aH. Observe that if h € H, then p = o, Adj,(m) =
m, and 1, = dmy.

Proposition 3.2. For any p € G/H, for any two coset representatives bH = aH = p, if
b= ah for some h € m, then

m o Ady, = n, o Ad, o Ady.
Proof. Indeed, by (*x) we have

N © Ad, = (d1,), 0 dmy
y © Adb = (dTb)o (¢] d7T1
dmy o Ady, = (dm,), o dmy,

and we deduce that

m o Ady = (dmp), 0 dmy
= (d7,) © (dTh)0 © dmy
= (d74), 0 dmy 0 Ady,
=1, o Ad, o Ady,

as claimed. n

We begin with a necessary condition for a connection on G/H to be G-invariant. Recall
that as a special case of (xx), we have

dmy o Ady, = (dm,),0dmy forall h € H,
which can be expressed as
(Adp(X)): = (dmh)o(X)) for all h € H and all X € m.

This equation is also shown in O’Neill [4] (Chapter 11, Proposition 22) and Gallier (Propo-
sition 19.16).
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If we apply the identity (%) at 7,(0) = 0 to V = X*, W = Y* with X,Y € m, and to
a=he&€ H, we get
(70)+ (VXY )0 = (V((r)x) ()Y o,

which is equivalent to

(@71)o( VY ")o = (Vo x; (Adi (V)
= (Viaax); (Adn(Y))")o-
Definition 3.2. The bilinear map a: m x m — m is given by
a(X,Y) = (dm) {(Vx:Y™),, forall X,V €m,

where drm; is the isomorphism from m onto 7,(G/H). Equivalently, a(X,Y") is determined
by
a(X,)Y), = (Vx:Y"),, forall XY €m.

Proposition 3.3. The bilinear map « associated with a G-invariant connection V on G/H
as in Definition 3.2 satisfies the condition

Adp(a(X,Y)) = a(Ady(X),Adn(Y)), forall XY € m and all h € H. (1)
Proof. The equation
(d71)o(VxsY")o = (V(aa,(x)); (Adn(Y)))o
proved earlier shows that
(d7h)o(dm (a(X,Y))) = dmi(a(Ady(X), Ada(Y))),

dﬂ'l (Adh(a(x, Y))) = dﬂl(a(Adh(X)7 Adh<Y)>>7

which, since dm; is an isomorphism from m onto T,(G/H), implies the condition
Adp(a(X,Y)) = a(Adp(X),Adp(Y)), forall XY emandall he H,
as claimed. n
Here is the main theorem of this section.
Theorem 3.4. Given any homogeneous reductive space G/H with reductive decomposition
g=bdm,

there is a one-to-one correspondence between G-invariant connections on G/H and bilinear
maps a: m X m — m satifying the condition

Adp(a(X,Y)) = a(Ady(X),Adn(Y)), forall XY € m and all h € H. (1)
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Given any G-invariant connection V on G /H, the bilinear map « is given by
a(X,Y) = (dm) N(Vx:Y"),, forall X,Y €m,

where dmy is the isomorphism from m onto T,(G/H). Conversely, given a bilinear map o
satisfying condition (), the unique G-invariant connection V associated with « is defined
as follows. For any p € G/H, for any coset representative aH = p with a € G, the map
Na: Ady(m) = T,(G/H) given by

n.(Y) =Y, Y €Ad,(m),

1S a linear isomorphism such that the following diagram commutes:

Ad,

Ady(m)

dml |

T,(G/H) o Ty(G/H).

Then, for anyV € T,(G/H) and for any vector field W on G/H of the form W = (Ad,(Y"))*,
with Y € m, if X € m is the unique vector such that V = (n, o Ad,)(X), we set

(VVW)p = (dTa)o(v(dTa_l)p(V) (Ta—l)*W)O = (dTa)O (@) d7T1 (Oé(X, Y)) (TJ[)
Furthermore, the G-invariant connection on G/H associated with o is torsion-free iff
a(X,)Y)—aY,X)=—[X,Y]n, foralX,Y em.

Proof. 1t was shown in Proposition 3.3 that the bilinear map « associated with a G-invariant
connection V on G/ H satisfies ().

Conversely, we show that any bilinear map a: m x m — m satisfying (1) induces a
G-invariant connection on G/H.

For any a € G, since 7, is a diffeomorphism with inverse 7,-1, for any two vector fields
V and W over G/H, if the connection Vi W is G-invariant, since

(Ta)s © (Ta=1)s = (Tq © Tg—1)s = id,,
we must have

VVW = (Ta)*((Ta—l)*vVW)
= (Ta)*(v(Tafl)*V(Ta—l)*W)'

At p =aH, since p = 7,(0), we get
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Moreover, (V(ar, _1),v;)(Ta=1):W)o € T,(G/H) = m, with (d7,-1),(V,) € T,(G/H) and
where (7,-1).W is a vector field whose value at o belongs to T,(G/H). We can pick some
chart of G/H at o with domain U, and then we know that over U, the vector field (7,-1), W
can be written as

/W = (Tafl)*W = lef +o +an

for some basis (Xl, ..., X,) of m and for some smooth functions fi,...,f, on U. Since
(T4-1)«W and W agree near o, we have

—~

Viar, 1)) (Ta=1)sW = Viar 1), ;)W
_Zfz (dr, l)p(Vp)X +Z< dT 1 )fz)

(where ((d7,-1),(V},)) fi denotes the directional derivative of f; in the direction (d7,-1),(V})),
which shows that Vs, _,),v,)(7a-1)W is completely determined by the V(4 _,), ;) X}, for
1=1...,n

Given any p € G/H, for any coset representative aHH = p, recall that we have an isomor-
phism 7,: Ad,(m) — T,(G/H), so for any V' € T,(G/H), there is a unique X € m so that
V =n,(Ad,(X)). Furthermore, we have

(d7a-1)p(V) = (d7a-1)p(1a(Ada(X)))
= (d7a=1)p((d7a)o 0 dm1) (X))
= d’/Tl (X) == X:
As a consequence, for any V' € T,,(G/H) and for any vector field W on G/H of the form
W = (Ad,(Y))" with Y € m, since
(Ta=1)+(W) = (7a-1)+(Ada(Y))" = (Adg1(Ada(Y)))" = Y7,
we have
(Vidr, 1), (Ta1):W)o = (Vx;Y7),
= dﬂ'l(Oé(X, Y))

Therefore, for any coset representative aH = p with a € G, for any V € T,(G/H) and
for any vector field W on G/H of the form W = (Ad,(Y))*, with Y € m, if X € m is the
unique vector such that V = (1, o Ad,)(X), we set

(VVW)p = (dTa)o(V(dTa_1)p(V) (Tafl)*W)o = (dTa>o o dﬂ-l (a<X7 Y)) . (TT)

We need to show that the above definition does not depend on the representative of p,
so let b € G such that aH = bH. Then, b = ah for some h € H, and we have

V = (s 0 Ady)(X) = (m 0 Ady) (Adj—1(X))
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and

*

W = (Ady(Y))" = (Ady(Adyor (V).
Since dm; o Ady, = (dm,), o dmy, we get
(dTb)0<v(dTb71)p(v) (bel)*w)o — (dT(Z)O o (dTh)0<v(dTb71)p(v) (Tb*1>*W)o

= (dTa)o o (dTh)o odm (Ol (Adhfl(X)a Adp- (Y)))
= (d'ra)o o dm o Ady, (CY (Ad}rl(X)a Adjy— (Y)))

Using (1), this yield

(dra)o 0 dmy 0 Ady (ar(Ady-1(X), Ady-1(Y))) = (d7a), © dmy 0 Ady 0 Ady-1 (a(X,Y))
= (d7a), 0 dmi (a(X,Y)),
which proves that our definition does not depend on the choice of the representative of the
coset p. The definition also makes it clear that the resulting connection is G-invariant.

If the connection V is torsion-free, let us find out which condition is imposed on «. Recall
that the torsion of a connection V is given by

T(V,W)=VyW —VyV —[V,W].
If the connection V is torsion-free, which means that
VyW —VyV =[V,W], foral V,IVeX(G/H),

then we have
Vx: Y=V X" =[X" Y], forall X,Y €m,

which implies that
dm(a(X,Y)) — dmi(a(Y, X)) = —[X,Y];.

However, [X, Y], is the unique vector in m such that dm ([X,Y]n) = [X, Y], so we get

o)

dm(a(X,Y)) — dm(a(Y, X)) = —dm([X,Y]n), and since dm is a bijection from m onto
T,(G/H), we obtain
a(X,Y)—aY,X)=—[X,Y]n, foral XY em.

Therefore, if the G-invariant connection V is torsion-free, then ag = (a(X,Y) —a(Y, X))/2,
the skew-symmetric part of «, is given by

as(X,Y) = —%[X, Y.

The converse is clear. O
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Remark: It should be possible to derive Theorem 3.4 from Theorem 2.1 in Kobayashi and
Nomizu [3] (Chapter X), a more general result which applies to certain principal subbun-
dles of the bundle of linear frames with structure group some subgroup of GL(n,R), on a
reductive homogeneous space. However, Kobayashi and Nomizu use a different definition of
a connection, namely in terms of g-valued one-forms (so called Ereshmann connections; see
Kobayashi and Nomizu [2], Chapters II and III). The translation of their results to connec-
tions defined as operators V on vector fields appears to require as much work as proving our
theorem directly.

3.2 (G-Invariant Connections and Cartan Connections

We now find a necessary and sufficient condition on the bilinear map « associated with a
G-invariant connection V on G/H so that the curves v(t) = e'*0 = 7,:x(0) through o with
X € m are geodesics. Such a condition is given in Kobayashi and Nomizu [3] (Chapter X,
Proposition 2.9 and Theorem 2.10). However, as noted earlier, Kobayashi and Nomizu use a
different definition of a connection, namely in terms of g-valued one-forms. The translation
of their results to connections defined as operators V on vector fields requires a fair amount
of work.

We need a preliminary result. First, observe that for any fixed ¢, e/X € G defines the
diffeomorphisn 7,.x of G/H.

Proposition 3.5. For any reductive homogeneous manifold G/H, for any X € g, if v is the
curve in G/H given by v(t) = e'X - 0 = 7.x(0), then for every t € R, we have

(T,y(t))*X* = X"
Proof. Since the action vector field X* is defined such that for any p € G/H,

* d sX
X, = %(e aH) N
for any a € G such that p = aH, we have
* d s
()X, = d—(etxe YaH)
s s=0
d
= —(e**e*aH)
ds <0
;(t)(P)’
which proves our claim. O

Proposition 3.6. Given any reductive homogeneous manifold G/H and any G-invariant
connection V on G/H, for any X € m, if v is the curve in G/H given by v(t) = X - 0 =
Toex (0), then 7y is a geodesic in G/H iff the bilinear map a: m X m — m associated with V
is skew-symmetric (that is, a(X, X) =0 for all X € m).
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Proof. (After Kobayashi and Nomizu [3], Proposition 2.9). The curve y(t) = ¢ -0 is a
geodesic iff
(Vx=X")r (o) =0, forallt €R.

Now, since 7, is a diffeomorphism of G/H for every t and since V is G-invariant, we have
(Tv(t))*(vX*X*) = V(Tw(t))*X* (Tv(t))*X*>
and from Proposition 3.5, we have
(7))« X" = X7,

so we obtain

(7))« (Vx: X7) = Vi X7,

which evaluated at 7, (o) yields

(Tﬂ/(t))*(VX*X*)T'y(t)(O) = (VX*X*)T'\/(t)(a);

that is,
(dﬁ/(ﬁ)O(vX*X*)o = (VX*X*)TW(t)(O)'

Since (d7,1))o, is a bijection, we have (Vx-X*). () = 0 for all t € R iff (Vx-X*), = 0 iff
a(X,X) =0 for all X € m, establishing our claim. O

Since we showed that a G-invariant connection on GG/H corresponds to a bilinear map

a: m X m — m whose skew-symmetric part ag is given by
1
ag = §[X7 Y]m7
if there is a G-invariant torsion-free connection on G/H such that the the curves t — 7.x (0)
are geodesics through o for all X € m, then
1
a(X,Y) = —§[X, Y-

Conversely, because Ady, is induced by the Lie group isomorphism Rj,-1 o Ly, it is a Lie
algebra isomorphism, so the Lie bracket [X,Y] is Adj-invariant for all h € H, and Theorem
3.4 shows that there is G-invariant connection induced by

a(X,Y) = —%[X, Yl

Now, if the curves t — 7.x(0) are geodesics through o for all X € m, since we have
d/dt(T.x(p))i=0 = X, by the uniqueness of geodesics passing through o and with initial
velocity X, we see that all geodesics through o are of the form ¢ — 7.x(0). Thus, we
obtain the following result which is a version of Theorem 2.10 from Kobayashi and Nomizu
[3] (Chapter X).
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Theorem 3.7. Given any reductive homogeneous manifold G /H with reductive decomposi-
tion g = b @ m, there is a unique G-invariant torsion-free connection V on G/H such that
all geodesics through o are given by the curves t — T.x(0) iff the bilinear map a: mxm — m
associated with V s given by

1
a(X,Y) = _ﬁ[X’ Y], forall X,Y € m.

We call the above connection the Cartan connection on G/H.

Remark: Theorem 2.10 In Kobayashi and Nomizu [3] states that

a(X,Y) = 51X, V.

with a 4 sign. This appears to be in contradiction with our result. The reason is that
Kobayashi and Nomizu define the action vector field X* associated with a vector X € g in
terms of the right action of "X on G/H (see [2], page 42). We use the left action of /X on
G/H (as most other authors of books written after the 1980’s do).

The Levi—-Civita connection is preserved by diffeomorphims, so in particular, any Levi—
Civita connection on a homogeneous space is G-invariant. We also know that if G/H admits
a G-invariant metric, then the Levi-Civita connection induced by that metric is given by

(dm) (V¥ )y = —3 X,V + U(X.Y),

where [X, Y], is the component of [X,Y] on m and U(X,Y’) is determined by
2U(X,Y), Z) = (2, X]m,Y) + (X, [Z, Y]w),

for all Z € m. Therefore, we deduce that the Levi-Civita connection associated with a
G-invariant metric on G/H coincides with the Cartan connection on G/H it U = 0 iff G/H
is naturally reductive (see Kobayashi and Nomizu [3] (Chapter X, Theorem 3.3).
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