Chapter 9

Diric hlet{V oronoi Diagrams and
Delauna y Triangulations

9.1 Diric hlet{V oronoi Diagrams

In this chapterwe preseh very brie°y the conceptf a
Voronoidiagramand of a Delaung triangulation.

Theseare importarnt tools in computationalgeometry
and Delaung triangulationsare importart in problems
whereit isnecessario t 3D datausingsurfacesplines.

It is usuallyusefulto computea gaod meshfor the pro-
jection of this setof data points orto the xy-plane,and
a Delaung triangulationis a good candidate.

Our presetation will be rather sketdy. We are primar-
Ily interestedn de ningtheseconceptsand statingtheir
mostimportan propertieswithout proofs.
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For a comprehenseexpositionof VoronoidiagramspDe-
laungy triangulations,and moretopicsin computational
geometryconsultO'Rourlke [?], Preparataand Shamos
[?], Boissonnatand Yvinec [?], de Berg, Van Kreweld,
Overmarsand Sawarzlkopf[?], or Risler[?].

Thesuneyby GrahamandYao[?] cortainsa verygertle
andlucid introductionto computationalgeometry

For concretenessnemay safelyassumehat we work in
the atne spacef = E", althoughwhat follons applies
to ary Euclidearspaceof nite dimension.

Givena setP = {pg;:::;p,} of n points in &, it is
oftenusefulto nd a partition of the spacef into regions
eat cortaining a singlepoint of P andhaving somenice
properties.
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It is alsooftenusefulto nd triangulationsof the corvex
hull of P having someniceproperties.

We shall seethat this can be doneand that the two
problemsare closelyrelated. In orderto sohe the rst

problem,we needto introducebisectorinesandbisector
planes.

For simplicity, let us rst assumehat £ is a planei.e.,
hasdimensior.

Given ary two distinct poirts a;b € £, the line orthog-
onalto the line segmein(a;b) and passinghroughthe
midpoint of this segmeinis the locusof all points having
equaldistanceo a andhb.

It iscalledthe bisector line of a and b. The bisectoiine
of two points is illustratedin Figure9.1.
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N

Figure 9.1: The bisectorline L ofaand b

If h = 2a+ 2bisthe midpoirt of the line segmen(a; b),
letting m be an arbitrary point on the bisectorline, the
equationof this line canbe found by writing that hm is
orthogonato ab.

In any orthogonaframe lettingm = (X;y), a = (ap; ap),
b= (Io; ), the equationof this line canbe written as

(b — a)x + (b — ap)y = (b] + Bp)=2 — (af + a%)=2
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Theclosedalf-planeH (a; b) cortaininga andwith bound-
ary the bisectorline is the locusof all points sud that

(b — an)x + (b — @)y < (b + B)=2— (af + a3)=2,

and the closedhalf-planeH (b;a) cortaining b and with
boundarythe bisectorline is the locusof all points sud
that

(b — ag)x + (bp — )y > (B + B)=2— (al + a3)=2

Theclosedalf-planeH (a; b) isthe setofall points whose
distanceto a is lessthat or equalto the distanceto b,
and vice versafor H(b;a). Thus, points in the closed
half-planeH (a; b) arecloserto a than they areto b.
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Wenow considen problemcalledthe post office problem
by Grahamand Yao[?].

(consideredas post offices or sites), for any arbitrary
poirt X, nd out which postozceis closesto x.

Sincex canbearbitrary, it seemslesirabléo precompute
the setsV (p;) consistingf all poirts that arecloserto p;
than to any otherpoirt p; 7 p;.

Indeed,if the setsV(p;) are known, the ansver is ary
postoxcep; suth that x € V (p;).

Thus, it remainsto computethe setsV (p;). For this, if
X Is closerto p; than to any otherpoirt p; Z p;, thenx
IS onthe samesideasp; with resgectto the bisectorline
of p; andp, for everyj ¥ { andthus

V()=  H(pi;p)):
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If £ hasdimensior8, the locusof all points having equal
distanceto a and b is a plane. It is calledthe bisector
plane of a and b.

The equationof this planeis alsofoundby writing that
hm is orthogonako ab. The equationof this planecan
be written as

(b —apx + (p —a))y + (s — az)z =
(0 + b5+ bBg)=2— (af + a5 + a3)=2

Theclosedalf-spacél (a; b) cortaininga andwith bound-
ary the bisectormplaneis the locusof all points sut that

(b —a)x + (b —a)y + (s —ag)z <
(6 + G+ B)=2— (@ + 23+ ad)=2
andthe closedalf-spaced (b;a) cortaining b and with

boundarythe bisectomplaneis the locusof all points sud
that

(b —a)x + (p —ay)y + (s —ag)z >
(b + b5+ B5)=2— (aq + a5 + a3)=2
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Theclosedalf-spacéi (a; b) isthe setofall points whose
distanceo a islesghat or equalto the distanceo b, and
vice versafor H(b;a). Again, poirts in the closedhalf-
spaceH (a; b) arecloserto a thanthey areto b.

Givenary setP = {pg;:::;p,} of n points in £ (of
dimensiomm = 2 3), it is oftenusefulto nd for ewery
poirt p; the regionconsistingdf all points that arecloser
to p; thanto ary otherpoirt p; # p;, that is, the set

V(p) = {x €& |dx;p;) <d(x;p)); forallj #i};

whered(x; y) = (xy - xy)¥?, the Euclideardistanceas-
saciatedwith the innerproduct - on €.

From the de nition of the bisectorline (or plane),it is
Immediatethat \

V()= H(pi;pj):
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Familiesof setsof the form V (p;) were investigatedby
Dirichlet [?] (1850)and Voronoi[?] (1908).Voronoidia-
gramsalsoarisein crystallograph (Gilbert [?7]).

Other applications,ncludingfacility location and path
planning,are discussedh O'Rourke [?]. For simplicity,
we alsodenotethe setV (p;) by V;, andwe introducethe
following de nition.

Definition 9.1.1 Let £ bea Euclidearspaceof dimen-
sionm > 1. Givenary setP = {py, :::, p,} of n
points in &, the Dirichlet—Voronoi diagram V(P) of
P = {py:::;p,} is the family of subsetsf £ consist-
ing of the setsV, = ., H(p;;p;) and of all of their
intersections.

Dirichlet{VVoronoidiagramsare also called Vorono: di-

agrams, Voronot tessellations, or Thiessen polygons.

Folloving commonusage we will usethe terminology
Voronoi diagram.
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Asintersectionsfcorvexsetdqclosedalf-planesrclosed
half-spaces}he Vorono: regions V (p;) arecorvexsets.
In dimensionwo, the boundarie®fthesearegionsarecon-

vex polygonsandin dimensiorthree,the boundariesre

corvex polyhedra.

Whethera regionV (p;) i1s boundedor not dependson
the locationof p;.

If p; belonggo the boundaryof the corvexhull of the set
P, thenV(p;) is unboundedand otherwisebounded.

In dimensiontwo, the corvex hull is a corvex polygon,
andin dimensiorthree,the corvex hull is a corvex poly-
hedron.

As we will sedater, thereis an intimate relationshipbe-
tweencorvex hulls and Voronoidiagrams.

Generallyif £ isa Euclidearspacefdimensiomm, given
any two distinct poirts a;b € &, the locusof all points
having equaldistanceto a andb is a hyperplane.
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It is calledthe bisector hyperplane of a and b. The

equationof this hyperplaneis still foundby writing that

hm isorthogonato ab. The equationofthis hyperplane
canbe written as

(b —apxy+ ---+ (b, —a,)x,, =
(Gt )2 (@4 o+ 22)=2

Theclosedalf-spacél (a; b) cortaininga andwith bound-
ary the bisectorhyperplandas the locusof all points sut
that

(b —apyxi+ -+ (b, — )X, <
(F+ o+ )22 (g + o+ a2)=2

and the closedhalf-spacéH (b;a) cortaining b and with
boundarythe bisectomhyperplanasthelocusofall points
sud that

(by — a))xy + -+ (b, — a,,)X,, >
(b%+ T bfn):z_(a§+ oot a72n)22:
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Figure 9.2: A Voronoi diagram

Theclosedalf-spacél (a; b) isthe setofall points whose

distanceto a is lessthan or equalto the distanceto b,
andviceversafor H (b;a).

Figure 9.2 shavs the Voronoidiagramof a set of twelwe
POIrts.
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In the generalcasewhere£ hasdimensiomm, the de -
nition of the VoronoidiagramV(P) of P is the sameas
De nition 9.1.1,exceptthat H (p;; p;) is the closedhalf-
spaceortaining p; andhaving the bisectomyperplaneof
a andb asboundary

Also,obsere that the corvex hull of P is a corvex poly-
tope.

We will now statea lemmalisting the main propertiesof
Voronoidiagrams.

It turns out that certain degeneratesituationscan be
avoidedif we assumehat if P is a setof points in an
axne spaceof dimensiomm, thennom + 2 points from
P belongto the sameg(m — 1)-sphere.

We will say that the points of P arein general position.

Thuswhenm = 2, no 4 points in P are cacyclic, and
whenm = 3, no5 poirts in P areonthe samesphere.
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in some FBuclidean space £ of dimension m (say E™),
of the points in P are in general position and not in
a common hyperplane then the Voronoi diagram of P
satisfies the following conditions:

(1) Each region V; is convex and contains p; in its in-
terior.

(2) Each vertex of V; belongs to m + 1 regions V; and
tom+ 1 edges.

(3) The region V; is unbounded iff p; belongs to the
boundary of the convex hull of P.

(4) If p is a vertex that belongs to the regions Vi,
V,,+1, then p is the center of the (m — 1)-sphere

point in P is inside the sphere S(p) (i.e., in the
open ball associated with the sphere S(p)).

(5) If p; is a nearest neighbor of p;, then one of the
faces of V; is contained in the bisector hyperplane

of (Pi; P;)-
(6)

[n
V; = E:  and
1=1

<+

iNV;=0; forallij,i%]j;



9.1. DIRICHLET{V ORONOI DIAGRAMS 403

Figure 9.3: Another Voronoi diagram

+
where V; denotes the interior of V.

For simplicity, let us againconsideithe casewheref is
a plane.lIt shouldbe notedthat certainVVoronoiregions,
althoughclosedmay extendvery far.

Figure9.3shavs sud an example.



404 CHAPTER 9. DIRICHLET{V ORONOI DIAGRAMS

It Is alsopossiblegfor certainunboundedregionsto have
paralleledges.

Thereare a number of methals for computingVoronoi
diagrams. A fairly simple(althoughnot very excien)

methal is to computeeat VoronoiregionV (p;) by in-
tersectinghe half-planed (p;; p;).

Oneway to dothisisto constructsuccessacorvexpoly-
gonsthat corvergeto the boundaryof the region.

At ewery step we intersectthe curren corvex polygon
with the bisectorline of p; andp,. Thereareat mosttwo
Intersectiorpoints. We alsoneeda starting polygon,and
for this we canpick a squarecortaining all the poirts.

A naive implemetation will runin O(n3).
Howe\er, the intersectionof half-planesan be donein

O(nlogn), usingthe fact that the verticesof a corvex
polygoncanbe sorted.
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Thus, the above methal runsin O(n?logn). Actually,
thereare fastermethals (seePreparataand Shamog?]
or O'Rourke [?]), andit is possibleto designalgorithms
runningin O(nlogn).

The mostdirect methal to obtain fast algorithmsis to
usethe\lifting metha" discusseth Sectiorf.4,wherely
the originalsetof poirts is lifted orto a paraloloid, and
to usefastalgorithmsfor nding a corvex hull.

A very interesting(undirected)graph can be obtained
fromthe Voronoidiagramasfollons: The verticesof this

grapharethe points p; (ead correspndingto a unigue
regionof V(P)), andthereis an edgebetweenp; and p;

I®the regionsV; andV; sharean edge.

Theresultinggraphiscalleda Delaunay triangulation of
the corvex hull of P, after Delaung, who inverted this
conceptin 1934. Sud triangulationshave remarlable
properties.
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\

Figure 9.4: Delaung triangulation assaiated with a Voronoi diagram

Figure 9.4 shavs the Delaung triangulation assaciated
with the earlierVoronoidiagramof a setof twelve poirts.

Onehasto be carefulto make surethat all the Voronoi
verticeshave beencomputedbeforecomputinga Delau-
nay triangulation, sinceotherwise someedgesould be
missed.
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Figure 9.5: Another Delaungy triangulation assaiated with a VVoronoi diagram

In Figure 9.5illustrating sud a situation, if the lowest
Voronoivertexhadnot beencomputednot shavnonthe
diagram!) the lowestedgeof the Delauna triangulation
would be missing.

The conceptof a triangulationcanbe generalizedo di-
mensiorB, or evento arny dimensiom.
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9.2 Simplicial Complexes and Triangulations

The conceptof a triangulation relieson the notion of
puresimplicialcomplexde nedin Chapter7. Thereader
shouldreviewDe nition 7.1.2and De nition 7.1.3.

Definition 9.2.1 GivenasubsetS C E™ (where

m > 1), a triangulation of S isa pure( nite) simplicial
complexK , of dimensiorm sud that S = |K |, that is,
S is equalto the geometrigealizationof K .

Givena nite setP of n poirts in the plane,andgivena
triangulationof the corvex hull of P having P asits set
of vertices,obsere that the boundaryof P is a corvex

polygon.
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Similarly givena nite setP of poirnts in 3-spaceand
given a triangulation of the corvex hull of P having P
asits setof vertices pbsere that the boundaryof P isa
corvex polyhedron.

It is interestingto know how mary triangulationsexist
for a setof n poirts (in the planeor in 3-space)and it
IS alsointerestingto knaw the number of edgesaindfaces
In termsof the number of verticesin P.

Thesequestionzanbe settledusingthe Euler{Poinca®
characteristic.

We sg& that a polygonin the planeis a simple polygon
I®it iIsaconnectedlosegolygonsut that notwo edges
Intersect(exceptat a commornvertex).
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Lemma 9.2.2

(1) For any triangulation of a region of the plane whose
boundary is a simple polygon, letting V be the num-
ber of vertices, e the number of edges, and f the
number of triangles, we have the “Fuler formula”

v—e+f =1

(2) For any region S in E3 homeomorphic to a closed
ball and for any triangulation of S, letting V be the
number of vertices, € the number of edges, T the
number of triangles, and t the number of tetrahe-
dra, we have the “Euler formula”

v—e+f —t=1

(3) Furthermore, for any triangulation of the combi-
natorial surface, B(S), that is the boundary of S,
letting VO be the number of vertices, €° the number
of edges, and f O the number of triangles, we have
the “Fuler formula”

vo— &2+ f 0= 2
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Proof. All the statemets are immediateconsequences
of Theorem8.2.2.

For examplepart (1) is obtainedby mappingthe trian-
gulationorno a spheraisinginversestereographiprojec-
tion, say from the North pole.

Then,we geta polytope onthe spheravith anextrafacet
correspndingto the \outside" of the triangulation.

We haveto deductthis facetfromthe Eulercharacteristic
of the polytope andthis is why we get 1 insteadof 2. o

It is now easyto seehat in casgl), the number of edges
and facesis a linear function of the number of vertices
and boundaryedgesand that in case(3), the number
of edgesand facesis a linear function of the number of
vertices.
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If therearee, edgesn the boundaryande; edgesiot in
the boundary we have

3 = e+ 2¢e;
andtogehemwith
v—eg —g+f =1
we get
V—e —6+e=3+2e=3= 1
26,=3+ e=3=V — 1

andthus,e, = 3v — 3— 2g,. Sincef = =3+ 2e,=3, we
havef = 2v —2— €.

Similarly sincev®— €°+ f 9= 2 and 3f °= 2e° we easily
gete= 3v —6andf = 2v—4.
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Thus, givena setP of n points, the number of triangles
(and edgesjor ary triangulationof the corvex hull of P
usingthe n points in P for its verticesis xed.

Caseg(2) is trickier, but it canbe shavn that

v—3<t<(v—1)(v—2=2

Thus, there can be di®ereh numbers of tetrahedrafor
di®erentriangulationsof the corvex hull of P.

Remark: The numbersofthe formv — e+ f and
v—e+f —t arecalledEuler—Poincaré characteristics.

Theyaretopologicainvariarts, in the sense¢hat theyare
the samefor all triangulationsof a given polytope. This
Is a fundametal fact of algebraidopology

Weshallnow investigatdriangulationsnduceday VVoronoi
diagrams.
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9.3 Delaunay Triangulations

Givena setP = {py;:::;p,} of n poirts in the plane
and the VoronoidiagramV(P) for P, we explainedin
Sectiom9.1how to de nean (undirected)graph:

The verticesof this graphare the points p; (ead corre-
spondingto a uniqueregionof V(P)), and thereis an
edgebetweenp; andp; i®the regionsV; andV; sharean
edge.

Theresultinggraphturnsout to be a triangulationofthe
corvex hull of P having P asits setof vertices. Sud a
complexcanbe de nedin general.

that a triangulationof the corvex hull of P is associated
with P If its setof verticesis the setP.



9.3. DELAUNAY TRIANGULA TIONS 415

Definition 9.3.1 Let P = {py;:::;p,} beasetofn
points in E™, andlet V(P) bethe Voronoidiagramof P.
We de nea complexD(P) asfollows:

I®ViN---NVey 7 0, where0 < k < m.

ThecomplexD(P) is calledthe Delaunay triangulation
of the convex hull of P.

Thus,{p;;p;} isanedge®V, NV, Z 0, {p;;p;;pr} isa
trianglei®V,NV;NV,, Z 0, {p;; p;; Pr; Px } isatetrahedron
®V,NV;NV,NV; Z 0, etc.

For simplicity, we oftenwrite D insteadof D(P). A De-
launay triangulationfor a setof twelve poirts is shavn in
Figure9.6.

Actually, it is not obviousthat D(P) is a triangulation
of the corvex hull of P, but this canbe shavn, aswell as
the propertieslistedin the folloving lemma.
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Figure 9.6: A Delaunay triangulation
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points in K™, and assume that they are in general po-
sitton. Then the Delaunay triangulation of the convex
hull of P is indeed a triangulation associated with P,
and 1t satisfies the following properties:

(1) The boundary of D(P) is the convex hull of P .

(2) A triangulation T associated with P is the Delau-
nay triangulation D(P) iff every (m — 1)-sphere
S(3) circumscribed about an mM-simplex ¥a of T
contains no other point from P (i.e., the open ball
associated with S(¥3 contains no point from P ).

The proof canbe foundin Risler[?] and O'Rourlke [?].

In the caseof a planarsetP, it canalsobe shavn that
the Delaung triangulationhasthe property that it max-
Imizesthe minimum angleofthe trianglesinvolvedin any
triangulationof P. Howe\er, this doesnot characterize
the Delaung triangulation.
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Givenaconnectedraphin theplane |t canalsobeshavn

that any minimalspanningreeis cortainedin the Delau-
nay triangulationof the corvex hull of the setof vertices
of the graph(O'Rourke [?]).

We will now explorebrie®y the connectiorbetweenDe-
launay triangulationsand corvex hulls.
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9.4 Delaunay Triangulations and Convex Hulls

We will seethat givena setP of poirts in the Euclidean
spacel™ of dimensiomm, we can\lift" thesepoints oo

aparatoloidliving in the spacé&™** of dimensiorm+ 1,

andthat the Delaung triangulationof P isthe projection
of the downward-facingacesof the corvex hull of the set
of lifted points.

Thisremarlableconnectiomas rst discareredby Brown
[7], andre nedby Edelsbrunneand Seidel?].

For simplicity, we consideithe caseof a setP of poirts
in the planeE?, andwe assumehat they arein general
position.

Considetthe paraloloid of revolution of equation
Z= X%+ y2
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A point p = (X;y) in the planeis lifted to the point
I(p) = (X:;Y:Z) in E3, whereX = x, Y = vy, and
Z = X2+ y?,

The rst crucialobseration is that a circlein the plane
s lifted into a planecurve (an ellipse).

The intersectionof the cylinderof rewolution consisting
of the linesparallelto the z-axisand passinghrougha
point of the circleC with the paratloidz = x° + y? is
a planarcunrwe (an ellipse).

We cancomputehe corvexhull of the setof lifted poirts.

Let usfocuson the dowvnward-facinggaceof this corvex
hull.

Let (1(p1); 1(p2); [(ps)) besutr aface. Thepoints ps; po; p3
belongto the setP.
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The circle C circumscriled about p4; po; p3 lifts to an
ellipsepassinghrough(l(p1); [(p2); 1(ps))-

We claimthat no other point from P is insidethe circle
C.

Thereforewe have shavnthat the projection of the part
of the convex hull of the lifted set |(P) consisting of the
downward-facing faces is the Delaunay triangulation

of P.

Figure9.7shavsthe lifting of the Delaung triangulation
shavn earlier.

Anotherexamplefthelifting ofaDelaung triangulation
Is shavn in Figure9.8.

The fact that a Delaung triangulationcanbe obtained
by projectinga lower corvex hull canbe usedto nd ez-

cient algorithmsfor computinga Delaung triangulation.
It alsoholdsfor higherdimensions.
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Figure 9.7: A Delaung triangulation and its lifting to a paraboloid
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Figure 9.8: Another Delaungy triangulation and its lifting to a paraboloid
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The Voronoidiagramitselfcanalsobe obtainedfromthe
lifted setl(P).

Howe\er, this time, we needto considertangen planes
to the paraloloid at the lifted points.

It Is fairly obviousthat the tangen planeat the lifted
poirt (a;b;a?+ I¥) is

z = 2ax+ 2by— (&% + B):

Giventwo distinct lifted poirts (ay; by; a3 + ) and
(a; bp; @3 + %), the intersectiorof the tangen planesat
thesepoirts is a line belongingo the planeof equation

(b —an)x + (b — a2y = (b + B)=2— (af + a3)=2

Now, if we project this planeorto the xy-plane,we see
that this is preciselythe equationof the bisectorline of
the two points (ap; b)) and(ay; ).
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Therefore;if we look at the paraboloid from z = + o0
(with the paraboloid transparent), the projection of the
tangent planes at the lifted points is the Voronot dia-
gram!

It shouldbe notedthat the \duality" betweenthe Delau-
nay triangulation,whid is the projection of the corvex
hull of the lifted setl|(P) viewed fromz = —oo, and
the Voronoidiagram,whid is the projectionof the tan-
gern planesat thelifted setl(P) viewedfromz = + o0, is
reminiscenof the polarduality with resgectto a quadric.

Thereadeiinterestedn algorithmdor nding Voronoidi-
agramsandDelaung triangulationgsreferredo O'Rourke
[?], Preparataand Shamogd?], Boissonnatand Yvinec
[7], de Berg, Van Kreweld, Overmars,and Scwarzkopf
[7], and Risler[?].

We concludeour brief presetation of Voronoidiagrams
and Delaung triangulationswith a shortsectionon ap-
plications.
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9.5 Applications of Voronoi Diagrams and Delaunay
Triangulations

The exampledelov aretakenfrom O'Rourke [?]. Other
examplesanbefoundin PreparateandShamog$?], Bois-
sonnatand Yvinec[?], and de Berg,Van Kreweld, Over-
mars,and Sawarzlopf[?].

The rst examplaesthe nearest neighbors problem.There
areactuallytwo subproblemsNearest neighbor queries
and all nearest neighbors.

Thenearesnheigtbor queriegproblemis asfollovs: Given
a setP of points and a querypoint g, nd the nearest
neighbor(s)ofgin P.

This problemcan be solved by computingthe Voronoi
diagramof P anddeterminingn whidh VVoronoiregionq
falls.
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Thislastproblemcalledpoint location, hasbeenheavily
studied(seeO'Rourle [?]).

The all neighpborsproblemis asfollons: Givena setP of
points, nd the nearesneighbor(s)to all points in P.

This problemcanbe soledby buildingagraph,the near-

est neighbor graph, for short nng. The nodesof this

undirectedgrapharethe points in P, andthereisanarc
fromp to q i®p is a nearesineiglbor of g or viceversa.
Thenit canbe shavn that this graphis cortainedin the

Delaung triangulationof P.

The seconexamplas the largest empty circle.
Somepracticalapplicationsof this problemareto locate

a newstore(to avoid competition), or to locatea nuclear
plart asfar aspossibldrom a setof towns.
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More preciselythe problemis asfollons. Givena setP
of points, nd a largestempty circlewhosecerier is in
the (closed)corvex hull of P, empy in that it cortains
no poirts from P insideit, andlargestin the sensdhat
thereis no othercirclewith strictly largerradius.

TheVoronoidiagramof P canbe usedo sol\ethis prob-
lem. It canbe shavn that if the cener p of a largest
emply circleis strictly insidethe corvex hull of P, then
p coincidesvith a VVoronoivertex.

Howeer, not everyVoronoivertexisagood candidate It
canalsobe shavn that if the cener p of a largestempy
circlelieson the boundaryof the corvex hull of P, then
p lieson a Voronoiedge.
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The third examplas the minimum spanning tree.

Given a graph G, a minimum spanningtree of G is a
subgraplof G that is a tree,cortains e\ery vertexof the
graphG, andminimizedhe sumofthelengthsofthetree
edges.

It canbe shavn that a minimum spanningreeis a sub-
graphofthe Delaung triangulationof the verticesof the
graph. This canbe usedto improve algorithmsfor nd-

INng minimum spanningrees for exampleKruskal's algo-
rithm (seeO'Rourle [?]).

We concludéby menioning that Voronoidiagramshave
applicationgo motion planning.

For examplegconsidethe problemof moving a diskona
planewhile avoiding a set of polygonalobstacles.If we
\extend" the obstacledy the diameterof the disk, the
problemreducedo nding a collision{fregpath between
two poirts in the extendedbstaclespace.
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Oneneeddo generalizéhe notion of a Voronoidiagram.
Indeed,we needto de nethe distanceto an object, and
medialcurves(consistingf poirts equidistahnto two ob-
jects)may no longerbe straiglt lines.

A collision{fregpath with maximal clearancdrom the
obstacleganbe foundby moving alongthe edgef the
generalize®Yoronoidiagram.

This I1s an active areaof researa in robotics. For more
onthis topic, seeO'Rourke [?].



