
Chapter 9

Diric hlet{V oronoi Diagrams and
Delauna y Triangulations

9.1 Diric hlet{V oronoi Diagrams

In this chapterwe present very brie°y the conceptsof a
Voronoidiagramandof a Delaunay triangulation.

Theseare important tools in computationalgeometry,
and Delaunay triangulationsare important in problems
whereit is necessaryto ¯t 3D datausingsurfacesplines.

It is usuallyusefulto computea good meshfor the pro-
jectionof this setof data points onto the xy-plane,and
a Delaunay triangulationis a good candidate.

Our presentation will be rather sketchy. We areprimar-
ily interestedin de¯ningtheseconceptsandstatingtheir
mostimportant propertieswithout proofs.
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For a comprehensiveexpositionof Voronoidiagrams,De-
launay triangulations,andmoretopicsin computational
geometry, consultO'Rourke [?], Preparataand Shamos
[?], Boissonnatand Yvinec [?], de Berg, Van Kreveld,
Overmars,andSchwarzkopf [?], or Risler[?].

Thesurveyby GrahamandYao[?] containsa verygentle
andlucid introductionto computationalgeometry.

For concreteness,onemay safelyassumethat wework in
the a±ne spaceE = E

m, althoughwhat follows applies
to any Euclideanspaceof ¯nite dimension.

Given a set P = {p1; : : : ; pn} of n points in E , it is
oftenusefulto ¯nd a partition of the spaceE into regions
each containinga singlepoint of P andhaving somenice
properties.
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It is alsooftenusefulto ¯nd triangulationsof the convex
hull of P having someniceproperties.

We shall seethat this can be doneand that the two
problemsare closelyrelated. In order to solve the ¯rst
problem,weneedto introducebisectorlinesandbisector
planes.

For simplicity, let us ¯rst assumethat E is a planei.e.,
hasdimension2.

Given any two distinct points a;b ∈ E , the line orthog-
onal to the line segment (a;b) and passingthrough the
midpoint of this segment is the locusof all points having
equaldistanceto a andb.

It is calledthebisector line of a and b. Thebisectorline
of two points is illustratedin Figure9.1.



392 CHAPTER 9. DIRICHLET{V ORONOI DIAGRAMS

L

a

b

Figure 9.1: The bisector line L of a and b

If h = 1
2 a+ 1

2 b is the midpoint of the linesegment (a;b),
letting m be an arbitrary point on the bisectorline, the
equationof this line canbe foundby writing that hm is
orthogonalto ab.

In any orthogonalframe,letting m = (x; y), a = (a1; a2),
b= (b1; b2), the equationof this line canbe written as

(b1 − a1)x + (b2 − a2)y = (b2
1 + b2

2)=2− (a2
1 + a2

2)=2:
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Theclosedhalf-planeH (a;b) containinga andwith bound-
ary the bisectorline is the locusof all points such that

(b1 − a1)x + (b2 − a2)y ≤ (b2
1 + b2

2)=2− (a2
1 + a2

2)=2;

and the closedhalf-planeH (b;a) containing b and with
boundarythe bisectorline is the locusof all points such
that

(b1 − a1)x + (b2 − a2)y ≥ (b2
1 + b2

2)=2− (a2
1 + a2

2)=2:

Theclosedhalf-planeH (a;b) is thesetofall points whose
distanceto a is lessthat or equalto the distanceto b,
and vice versafor H (b;a). Thus, points in the closed
half-planeH (a;b) arecloserto a than they areto b.
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Wenow consideraproblemcalledthepost office problem
by GrahamandYao[?].

Givenany setP = {p1; : : : ; pn} of n points in the plane
(consideredas post offices or sites), for any arbitrary
point x, ¯nd out which posto±ce is closestto x.

Sincex canbearbitrary, it seemsdesirableto precompute
the setsV(pi) consistingof all points that arecloserto pi

than to any otherpoint pj 6= pi.

Indeed,if the setsV(pi) are known, the answer is any
posto±cepi such that x ∈ V(pi).

Thus, it remainsto computethe setsV(pi). For this, if
x is closerto pi than to any otherpoint pj 6= pi, then x
is on the samesideaspi with respect to the bisectorline
of pi andpj for every j 6= i , andthus

V(pi) =
\

j6= i

H (pi; pj):
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If E hasdimension3, the locusof all points having equal
distanceto a and b is a plane. It is calledthe bisector
plane of a and b.

The equationof this planeis alsofoundby writing that
hm is orthogonalto ab. The equationof this planecan
be written as

(b1 − a1)x + (b2 − a2)y + (b3 − a3)z =
(b2

1 + b2
2 + b2

3)=2− (a2
1 + a2

2 + a2
3)=2:

Theclosedhalf-spaceH (a;b) containinga andwith bound-
ary the bisectorplaneis the locusof all points such that

(b1 − a1)x + (b2 − a2)y + (b3 − a3)z ≤

(b2
1 + b2

2 + b2
3)=2− (a2

1 + a2
2 + a2

3)=2;

and the closedhalf-spaceH (b;a) containing b and with
boundarythebisectorplaneis the locusof all points such
that

(b1 − a1)x + (b2 − a2)y + (b3 − a3)z ≥

(b2
1 + b2

2 + b2
3)=2− (a2

1 + a2
2 + a2

3)=2:
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Theclosedhalf-spaceH (a;b) is thesetofall points whose
distanceto a is lessthat or equalto thedistanceto b, and
viceversafor H (b;a). Again, points in the closedhalf-
spaceH (a;b) arecloserto a than they areto b.

Given any set P = {p1; : : : ; pn} of n points in E (of
dimensionm = 2; 3), it is often usefulto ¯nd for every
point pi the regionconsistingof all points that arecloser
to pi than to any otherpoint pj 6= pi, that is, the set

V(pi) = {x ∈ E | d(x; pi) ≤ d(x; pj); for all j 6= i};

whered(x; y) = (xy · xy)1/2, the Euclideandistanceas-
sociatedwith the innerproduct · onE .

From the de¯nition of the bisectorline (or plane),it is
immediatethat

V(pi) =
\

j6= i

H (pi; pj):
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Familiesof setsof the form V(pi) were investigatedby
Dirichlet [?] (1850)andVoronoi[?] (1908).Voronoidia-
gramsalsoarisein crystallography (Gilbert [?]).

Other applications,includingfacility location and path
planning,arediscussedin O'Rourke [?]. For simplicity,
we alsodenotethe setV(pi) by Vi, andwe introducethe
followingde¯nition.

Definition 9.1.1 Let E bea Euclideanspaceof dimen-
sion m ≥ 1. Given any set P = {p1, : : :, pn} of n
points in E , the Dirichlet–Voronoi diagram V(P) of
P = {p1; : : : ; pn} is the family of subsetsof E consist-
ing of the setsVi =

T
j6= i H (pi; pj) and of all of their

intersections.

Dirichlet{Voronoidiagramsare alsocalledVoronoi di-
agrams, Voronoi tessellations, or Thiessen polygons.
Following commonusage,we will use the terminology
Voronoi diagram.
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Asintersectionsofconvexsets(closedhalf-planesorclosed
half-spaces),the Voronoi regions V(pi) areconvexsets.
In dimensiontwo, theboundariesof theseregionsarecon-
vexpolygons,andin dimensionthree,the boundariesare
convexpolyhedra.

Whethera regionV(pi) is boundedor not dependson
the locationof pi.

If pi belongsto theboundaryof theconvexhull of theset
P, thenV(pi) is unbounded,andotherwisebounded.

In dimensiontwo, the convex hull is a convex polygon,
andin dimensionthree,the convexhull is a convexpoly-
hedron.

As we will seelater, thereis an intimate relationshipbe-
tweenconvexhulls andVoronoidiagrams.

Generally, if E isaEuclideanspaceofdimensionm, given
any two distinct points a;b ∈ E , the locusof all points
having equaldistanceto a andb is a hyperplane.
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It is calledthe bisector hyperplane of a and b. The
equationof this hyperplaneis still foundby writing that
hm isorthogonalto ab. Theequationof this hyperplane
canbe written as

(b1 − a1)x1 + · · · + (bm − am)xm =
(b2

1 + · · · + b2
m)=2− (a2

1 + · · · + a2
m)=2:

Theclosedhalf-spaceH (a;b) containinga andwith bound-
ary the bisectorhyperplaneis the locusof all points such
that

(b1 − a1)x1 + · · · + (bm − am)xm ≤

(b2
1 + · · · + b2

m)=2− (a2
1 + · · · + a2

m)=2;

and the closedhalf-spaceH (b;a) containing b and with
boundarythebisectorhyperplaneis thelocusofall points
such that

(b1 − a1)x1 + · · · + (bm − am)xm ≥

(b2
1 + · · · + b2

m)=2− (a2
1 + · · · + a2

m)=2:
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Figure 9.2: A Voronoi diagram

Theclosedhalf-spaceH (a;b) is thesetofall points whose
distanceto a is lessthan or equalto the distanceto b,
andviceversafor H (b;a).

Figure9.2shows the Voronoidiagramof a setof twelve
points.
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In the generalcasewhereE hasdimensionm, the de¯-
nition of the VoronoidiagramV(P) of P is the sameas
De¯nition 9.1.1,exceptthat H (pi; pj) is the closedhalf-
spacecontainingpi andhavingthebisectorhyperplaneof
a andb asboundary.

Also,observe that the convexhull of P is a convexpoly-
tope.

Wewill now statea lemmalisting the mainpropertiesof
Voronoidiagrams.

It turns out that certain degeneratesituationscan be
avoidedif we assumethat if P is a set of points in an
a±ne spaceof dimensionm, then no m + 2 points from
P belongto the same(m − 1)-sphere.

Wewill say that the points of P arein general position.

Thus whenm = 2, no 4 points in P are cocyclic, and
whenm = 3, no 5 points in P areon the samesphere.
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Lemma 9.1.2 Given a set P = {p1; : : : ; pn} of n points
in some Euclidean space E of dimension m (say E

m),
if the points in P are in general position and not in
a common hyperplane then the Voronoi diagram of P
satisfies the following conditions:

(1) Each region Vi is convex and contains pi in its in-
terior.

(2) Each vertex of Vi belongs to m + 1 regions Vj and
to m + 1 edges.

(3) The region Vi is unbounded iff pi belongs to the
boundary of the convex hull of P .

(4) If p is a vertex that belongs to the regions V1; : : :,
Vm+1 , then p is the center of the (m − 1)-sphere
S(p) determined by p1; : : : ; pm+1 . Furthermore, no
point in P is inside the sphere S(p) (i.e., in the
open ball associated with the sphere S(p)).

(5) If pj is a nearest neighbor of pi, then one of the
faces of Vi is contained in the bisector hyperplane
of (pi; pj).

(6)
n[

i=1

Vi = E ; and
±
V i ∩

±
V j= ∅; for all i; j , i 6= j ;
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Figure 9.3: Another Voronoi diagram

where
±
V i denotes the interior of Vi.

For simplicity, let us againconsiderthe casewhereE is
a plane.It shouldbe notedthat certainVoronoiregions,
althoughclosed,may extendvery far.

Figure9.3showssuch an example.
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It is alsopossiblefor certainunboundedregionsto have
paralleledges.

Thereare a number of methods for computingVoronoi
diagrams. A fairly simple(althoughnot very e±cient)
method is to computeeach VoronoiregionV(pi) by in-
tersectingthe half-planesH (pi; pj).

Oneway to dothis is to constructsuccessiveconvexpoly-
gonsthat convergeto the boundaryof the region.

At every step we intersectthe current convex polygon
with the bisectorlineof pi andpj. Thereareat mosttwo
intersectionpoints. Wealsoneeda startingpolygon,and
for this we canpick a squarecontaining all the points.

A naive implementation will run in O(n3).

However, the intersectionof half-planescan be donein
O(n logn), usingthe fact that the verticesof a convex
polygoncanbe sorted.
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Thus, the above method runs in O(n2 logn). Actually,
therearefastermethods (seePreparataand Shamos[?]
or O'Rourke [?]), and it is possibleto designalgorithms
runningin O(n logn).

The most direct method to obtain fast algorithmsis to
usethe\lifting method" discussedin Section9.4,whereby
the originalsetof points is lifted onto a paraboloid,and
to usefastalgorithmsfor ¯nding a convexhull.

A very interesting(undirected)graph can be obtained
fromthe Voronoidiagramasfollows: Theverticesof this
grapharethe points pi (each correspondingto a unique
regionof V(P)), and thereis an edgebetweenpi andpj

i® the regionsVi andVj sharean edge.

TheresultinggraphiscalledaDelaunay triangulation of
the convex hull of P, after Delaunay, who invented this
conceptin 1934. Such triangulationshave remarkable
properties.
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Figure 9.4: Delaunay triangulation associated with a Voronoi diagram

Figure9.4 shows the Delaunay triangulationassociated
with theearlierVoronoidiagramof a setof twelvepoints.

Onehasto be carefulto make surethat all the Voronoi
verticeshave beencomputedbeforecomputinga Delau-
nay triangulation,sinceotherwise,someedgescouldbe
missed.
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Figure 9.5: Another Delaunay triangulation associated with a Voronoi diagram

In Figure9.5 illustrating such a situation, if the lowest
Voronoivertexhadnot beencomputed(not shownonthe
diagram!),the lowestedgeof the Delaunay triangulation
wouldbe missing.

The conceptof a triangulationcanbe generalizedto di-
mension3, or evento any dimensionm.
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9.2 Simplicial Complexes and Triangulations

The conceptof a triangulation relieson the notion of
puresimplicialcomplexde¯nedin Chapter7. Thereader
shouldreviewDe¯nition 7.1.2andDe¯nition 7.1.3.

Definition 9.2.1 Givena subset,S ⊆ E
m (where

m ≥ 1), a triangulation of S is a pure(¯nite) simplicial
complex,K , of dimensionm such that S = |K |, that is,
S is equalto the geometricrealizationof K .

Givena ¯nite setP of n points in the plane,andgivena
triangulationof the convex hull of P having P asits set
of vertices,observe that the boundaryof P is a convex
polygon.
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Similarly, given a ¯nite set P of points in 3-space,and
given a triangulationof the convex hull of P having P
asits setof vertices,observe that the boundaryof P is a
convexpolyhedron.

It is interestingto know how many triangulationsexist
for a setof n points (in the planeor in 3-space),and it
is alsointerestingto know the number of edgesandfaces
in termsof the number of verticesin P.

Thesequestionscanbe settledusingthe Euler{Poincar¶e
characteristic.

We say that a polygonin the planeis a simple polygon
i®it isa connectedclosedpolygonsuch that notwo edges
intersect(exceptat a commonvertex).
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Lemma 9.2.2

(1) For any triangulation of a region of the plane whose
boundary is a simple polygon, letting v be the num-
ber of vertices, e the number of edges, and f the
number of triangles, we have the “Euler formula”

v − e+ f = 1:

(2) For any region S in E
3 homeomorphic to a closed

ball and for any triangulation of S, letting v be the
number of vertices, e the number of edges, f the
number of triangles, and t the number of tetrahe-
dra, we have the “Euler formula”

v − e+ f − t = 1:

(3) Furthermore, for any triangulation of the combi-
natorial surface, B(S), that is the boundary of S,
letting v0 be the number of vertices, e0 the number
of edges, and f 0 the number of triangles, we have
the “Euler formula”

v0− e0+ f 0= 2:
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Proof . All the statements are immediateconsequences
of Theorem8.2.2.

For example,part (1) is obtainedby mappingthe trian-
gulationonto a sphereusinginversestereographicprojec-
tion, say from the North pole.

Then,wegetapolytopeonthespherewith anextrafacet
correspondingto the \outside" of the triangulation.

Wehaveto deductthis facetfromtheEulercharacteristic
of the polytope andthis is why we get1 insteadof 2.

It is now easyto seethat in case(1), the numberof edges
and facesis a linear function of the number of vertices
and boundaryedges,and that in case(3), the number
of edgesand facesis a linear functionof the number of
vertices.
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If thereareeb edgesin the boundaryandei edgesnot in
the boundary, we have

3f = eb + 2ei;

andtogeherwith

v − eb − ei + f = 1;

we get

v − eb − ei + eb=3+ 2ei=3 = 1;
2eb=3+ ei=3 = v − 1;

andthus,ei = 3v − 3− 2eb. Sincef = eb=3+ 2ei=3, we
have f = 2v − 2− eb.

Similarly, sincev0− e0+ f 0 = 2 and3f 0 = 2e0, we easily
gete = 3v − 6 andf = 2v − 4.
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Thus,givena setP of n points, the number of triangles
(andedges)for any triangulationof the convexhull of P
usingthe n points in P for its verticesis ¯xed.

Case(2) is trickier, but it canbe shown that

v − 3≤ t ≤ (v − 1)(v − 2)=2:

Thus, there can be di®erent numbers of tetrahedrafor
di®erent triangulationsof the convexhull of P.

Remark: The numbersof the form v − e+ f and
v−e+ f − t arecalledEuler–Poincaré characteristics.

Theyaretopologicalinvariants, in thesensethat theyare
the samefor all triangulationsof a givenpolytope. This
is a fundamental fact of algebraictopology.

Weshallnow investigatetriangulationsinducedby Voronoi
diagrams.
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9.3 Delauna y Triangulations

Given a set P = {p1; : : : ; pn} of n points in the plane
and the VoronoidiagramV(P) for P, we explainedin
Section9.1how to de¯nean (undirected)graph:

The verticesof this graphare the points pi (each corre-
spondingto a uniqueregionof V(P)), and there is an
edgebetweenpi andpj i®the regionsVi andVj sharean
edge.

Theresultinggraphturnsout to bea triangulationof the
convex hull of P having P asits setof vertices.Such a
complexcanbe de¯nedin general.

For any setP = {p1; : : : ; pn} of n points in E
m, we say

that a triangulationof the convexhull of P is associated
with P if its setof verticesis the setP.
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Definition 9.3.1 Let P = {p1; : : : ; pn} be a set of n
points in E

m, andlet V(P) bethe Voronoidiagramof P.
We de¯nea complexD(P) asfollows:

ThecomplexD(P) containsthek-simplex{p1; : : : ; pk+1}
i®V1 ∩ · · · ∩ Vk+1 6= ∅, where0≤ k ≤ m.

ThecomplexD(P) is calledtheDelaunay triangulation
of the convex hull of P.

Thus,{pi; pj} is an edgei®Vi ∩ Vj 6= ∅, {pi; pj; ph} is a
trianglei®Vi∩Vj∩Vh 6= ∅, {pi; pj; ph; pk} isatetrahedron
i®Vi ∩ Vj ∩ Vh ∩ Vk 6= ∅, etc.

For simplicity, we oftenwrite D insteadof D(P). A De-
launay triangulationfor a setof twelvepoints is shown in
Figure9.6.

Actually, it is not obviousthat D(P) is a triangulation
of the convexhull of P, but this canbeshown, aswell as
the propertieslistedin the following lemma.
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Figure 9.6: A Delaunay triangulation
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Lemma 9.3.2 Let P = {p1; : : : ; pn} be a set of n
points in E

m, and assume that they are in general po-
sition. Then the Delaunay triangulation of the convex
hull of P is indeed a triangulation associated with P ,
and it satisfies the following properties:

(1) The boundary of D(P) is the convex hull of P .

(2) A triangulation T associated with P is the Delau-
nay triangulation D(P) iff every (m − 1)-sphere
S(¾) circumscribed about an m-simplex ¾ of T
contains no other point from P (i.e., the open ball
associated with S(¾) contains no point from P).

The proof canbe foundin Risler[?] andO'Rourke [?].

In the caseof a planarsetP, it canalsobe shown that
the Delaunay triangulationhasthe property that it max-
imizestheminimumangleof the trianglesinvolvedin any
triangulationof P. However, this doesnot characterize
the Delaunay triangulation.
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Givenaconnectedgraphin theplane,it canalsobeshown
that any minimalspanningtreeiscontainedin theDelau-
nay triangulationof the convexhull of the setof vertices
of the graph(O'Rourke [?]).

We will now explorebrie°y the connectionbetweenDe-
launay triangulationsandconvexhulls.
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9.4 Delauna y Triangulations and Convex Hulls

We will seethat givena setP of points in the Euclidean
spaceEm of dimensionm, wecan\lift" thesepoints onto
a paraboloidliving in thespaceEm+1 of dimensionm+ 1,
andthat theDelaunay triangulationofP istheprojection
of the downward-facingfacesof the convexhull of the set
of lifted points.

Thisremarkableconnectionwas¯rst discoveredby Brown
[?], andre¯nedby EdelsbrunnerandSeidel[?].

For simplicity, we considerthe caseof a setP of points
in the planeE

2, andwe assumethat they arein general
position.

Considerthe paraboloidof revolution of equation
z = x2 + y2.
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A point p = (x; y) in the plane is lifted to the point
l(p) = (X ; Y; Z ) in E

3, whereX = x, Y = y, and
Z = x2 + y2.

The ¯rst crucialobservation is that a circlein the plane
is lifted into a planecurve (an ellipse).

The intersectionof the cylinderof revolution consisting
of the linesparallelto the z-axisand passingthrougha
point of the circleC with the paraboloid z = x2 + y2 is
a planarcurve (an ellipse).

Wecancomputetheconvexhull of thesetof lifted points.
Let usfocuson the downward-facingfacesof this convex
hull.

Let (l(p1); l (p2); l (p3)) besuch aface.Thepointsp1; p2; p3

belongto the setP.
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The circle C circumscribed about p1; p2; p3 lifts to an
ellipsepassingthrough(l(p1); l (p2); l (p3)).

We claimthat no otherpoint from P is insidethe circle
C.

Therefore,wehaveshown that the projection of the part
of the convex hull of the lifted set l (P) consisting of the
downward-facing faces is the Delaunay triangulation
of P.

Figure9.7showsthe lifting of theDelaunay triangulation
shown earlier.

Anotherexampleofthelifting ofaDelaunay triangulation
is shown in Figure9.8.

The fact that a Delaunay triangulationcanbe obtained
by projectinga lower convexhull canbeusedto ¯nd e±-
cient algorithmsfor computinga Delaunay triangulation.
It alsoholdsfor higherdimensions.
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Figure 9.7: A Delaunay triangulation and its lifting to a paraboloid
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Figure 9.8: Another Delaunay triangulation and its lifting to a paraboloid
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TheVoronoidiagramitselfcanalsobeobtainedfromthe
lifted setl(P).

However, this time, we needto considertangent planes
to the paraboloidat the lifted points.

It is fairly obvious that the tangent planeat the lifted
point (a;b;a2 + b2) is

z = 2ax + 2by− (a2 + b2):

Giventwo distinct lifted points (a1; b1; a2
1 + b2

1) and
(a2; b2; a2

2 + b2
2), the intersectionof the tangent planesat

thesepoints is a line belongingto the planeof equation

(b1 − a1)x + (b2 − a2)y = (b2
1 + b2

2)=2− (a2
1 + a2

2)=2:

Now, if we project this planeonto the xy-plane,we see
that this is preciselythe equationof the bisectorline of
the two points (a1; b1) and(a2; b2).
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Therefore,if we look at the paraboloid from z = +∞
(with the paraboloid transparent), the projection of the
tangent planes at the lifted points is the Voronoi dia-
gram!

It shouldbenotedthat the \duality" betweenthe Delau-
nay triangulation,which is the projectionof the convex
hull of the lifted set l(P) viewed from z = −∞, and
the Voronoidiagram,which is the projectionof the tan-
gent planesat the lifted setl(P) viewedfromz = +∞, is
reminiscent of thepolarduality with respectto a quadric.

Thereaderinterestedin algorithmsfor ¯nding Voronoidi-
agramsandDelaunay triangulationsisreferredto O'Rourke
[?], Preparataand Shamos[?], Boissonnatand Yvinec
[?], de Berg, Van Kreveld, Overmars,and Schwarzkopf
[?], andRisler[?].

We concludeour brief presentation of Voronoidiagrams
andDelaunay triangulationswith a short sectionon ap-
plications.
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9.5 Applications of Voronoi Diagrams and Delauna y
Triangulations

The examplesbelow aretakenfrom O'Rourke [?]. Other
examplescanbefoundin PreparataandShamos[?], Bois-
sonnatandYvinec[?], anddeBerg,Van Kreveld,Over-
mars,andSchwarzkopf [?].

The¯rst exampleisthenearest neighbors problem.There
areactuallytwo subproblems:Nearest neighbor queries
andall nearest neighbors.

Thenearestneighbor queriesproblemisasfollows: Given
a set P of points and a querypoint q, ¯nd the nearest
neighbor(s)of q in P.

This problemcan be solved by computingthe Voronoi
diagramof P anddeterminingin which Voronoiregionq
falls.
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This lastproblem,calledpoint location, hasbeenheavily
studied(seeO'Rourke [?]).

The all neighborsproblemis asfollows: Givena setP of
points, ¯nd the nearestneighbor(s) to all points in P.

Thisproblemcanbesolvedby buildingagraph,thenear-
est neighbor graph, for short nng . The nodesof this
undirectedgrapharethe points in P, andthereis anarc
from p to q i®p is a nearestneighbor of q or viceversa.
Thenit canbe shown that this graphis containedin the
Delaunay triangulationof P.

The secondexampleis the largest empty circle.

Somepracticalapplicationsof this problemareto locate
a newstore(to avoid competition), or to locatea nuclear
plant asfar aspossiblefrom a setof towns.
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Moreprecisely, the problemis asfollows. Givena setP
of points, ¯nd a largestempty circlewhosecenter is in
the (closed)convex hull of P, empty in that it contains
no points from P insideit, and largestin the sensethat
thereis no othercirclewith strictly largerradius.

TheVoronoidiagramof P canbeusedto solvethis prob-
lem. It can be shown that if the center p of a largest
empty circleis strictly insidethe convex hull of P, then
p coincideswith a Voronoivertex.

However,not everyVoronoivertexisagood candidate.It
canalsobe shown that if the center p of a largestempty
circlelieson the boundaryof the convex hull of P, then
p lieson a Voronoiedge.
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The third exampleis the minimum spanning tree.

Given a graph G, a minimum spanningtree of G is a
subgraphof G that is a tree,containseveryvertexof the
graphG, andminimizesthesumof the lengthsof thetree
edges.

It canbe shown that a minimum spanningtreeis a sub-
graphof the Delaunay triangulationof the verticesof the
graph. This canbe usedto improve algorithmsfor ¯nd-
ing minimum spanningtrees,for exampleKruskal'salgo-
rithm (seeO'Rourke [?]).

We concludeby mentioning that Voronoidiagramshave
applicationsto motion planning .

For example,considerthe problemof moving a diskon a
planewhile avoidinga set of polygonalobstacles.If we
\extend" the obstaclesby the diameterof the disk, the
problemreducesto ¯nding a collision{freepath between
two points in the extendedobstaclespace.
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Oneneedsto generalizethe notionof a Voronoidiagram.
Indeed,we needto de¯nethe distanceto an object, and
medialcurves(consistingof points equidistant to two ob-
jects)may no longerbe straight lines.

A collision{freepath with maximal clearancefrom the
obstaclescanbe foundby moving alongthe edgesof the
generalizedVoronoidiagram.

This is an active areaof research in robotics. For more
on this topic, seeO'Rourke [?].


