Chapter 23

Rational Surfaces
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646 CHAPTER 23. RATIONAL SURFACES

23.1 Rational Surfaces and Multiprojective Maps

In this chapter, rational surfaces are investigated. We begin by gploring the possibility of debning rational
surfaces in terms of polar forms. As in the case of rational curvesgolar forms are actually multilinear, and
rational surfaces are debned in terms of multiprojective maps. A ational surface is debned by fractions of
polynomials F;(u, V) in two variables u,v. If we brst homogenize the polynomialsF;(u, v) with respect to
the total degreem (replacing u by u/z and v by v/z) and then polarize with respect to (u, v, z) as a whole,
we can view a rational surface as a map o

F:P! E
(where P = A? is the alne plane) induced by some symmetric multilinear map

f:(P)"! E

such that
F(u,v,z]) = P(f)((u,v,2),...,(u,v,2)),

m

for all homogeneous coordinatesi(,v,z) " R3. We call such surfacesrational total degree surfaces, or
triangular rational surfaces. On the other hand, if we brst homogenize the polynomial$-;(u, v) with respect
to u and the maximum degreep in u (replacing u by u/t 1) and second with respect tov and the maximum
degreeq in v (replacing v by v/t,), and then polarize separately w.r.t. (u,t;) and (v,t2), we can view a
rational surface as a map L
F:A# A! E

induced by some multilinear map R R R

f:(A)P# (A)?! E

which is symmetric in its brst p arguments and in its last q arguments, and such that

F ([u!tl]! [V!tZ]) = P(f )((u!tl)! ey (uitl)’ (V1t2)! ey (V!tZ))!

p q

for all homogeneous coordinates( t1), (v,t2) " R2. We call such surfacesational surfaces of bidegree $,
or rectangular rational surfaces. However, unlike the alne case whereA# A is isomorphic to the alne plane

P = A?, the Cartesian product A# A= IR]P’1 # RP! is not a projective space, and thus, it is not isomorphic
to the projective plane P = RP2. For instance, topologically, the points at inPnity in R]P’l# RP* correspond
to two intersecting circles, but the points at inbnity in RP? correspond to a single circle. As a consequence,
triangular rational surfaces and rectangular rational surfacesare two distinct classes. This di"erence can be
observed in terms of base points, i.e., when

f((u,v,2),...,(u,v,2))=0

or
FQU L), (U ), (V, t2), s (V1)) = O

p q

For example, a torus viewed as a triangular rational surface may hee base points, although it does not as
a rectangular rational surface. Similarly, a sphere may have baseqints viewed as a rectangular rational
surface, although it does not as a triangular rational surface.

As in the case of rational curves, we dePne rectangular and triangar rational surfaces inBR -form. This
allows us to handle rational surfaces in terms of control points in tle hat spaceE obtained from E. We give
formulae for expressing triangular and rectangular rational surfces in terms of Bernstein polynomials. We
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also show how the two versions of the de Casteljau algorithm for polyomial surfaces (triangular version and
rectangular version) can be easily adapted to rational surfacesas well as the subdivision methods.

Our treatment of rational surfaces will parallel rather closely the treatment of rational curves of chapter
22. We begin by debning rational surfaces in a traditional manner, ad then, we show how this debnition
can be advantageously recast in terms of symmetric multiprojectie maps. Keep in mind that rational
surfaces really live in the projective completionE of the alne space E. This is the reason why homogeneous
polynomials are involved.

We assume that some bxed alne frame Q, (i1, i2)) for the alne plane P is chosen, typically, the canonical

alne frame for P, whereO =(0,0), i; = 0 1

that the homogenization P of the alne plane P is identiped with the direct sum R? & RO. Then, every
element of P is of the form (u,v,z) " RS3. Let E be some alne space of bnite dimensiom ' 3, and let
(#1,(e1,...,€,)) be an alne frame for E.

1), andi, = O), unless specibed otherwise. We will assume

A rational surface of degreem in an alne space E of dimensionn is specibed byn fractions, say

Fi(u,v)
Fo+1 (u,v)’

F2(u,v)
Fr+1 (U,v)’

F.(u,v)

Xl(u,V) - Fn+l (U,V),

X2(U,V)= Cy Xn(U,V):

whereF1(X,Y),...,Fn+1 (X, Y) are polynomials of degree at mosim. In order to deal with the case where
the denominator F,+1 (X, Y ) is null, we view the rational surface as the projection of the polynanial surface
debned by the polynomialsFi(X,Y),...,F,+«1 (X,Y ). To make this rigorous, we can view the rational
surface either as a mapF: P! Eorasa mapF: A# Al E. Inthe brst case, we need to homogenize the
polynomials F1(X,Y ),...,Fn+1 (X,Y ) as polynomials of the same total degree (replacing( by X/Z and
Y by Y/Z) so that after polarizing w.r.t. ( X,Y,Z), we get a (symmetric) multilinear map which induces a
(symmetric) multiprojective map. In the second case, we homogere prst in X with respect to the maximum
degreepin X (replacing X by X/T ;) and second inY with respect to the maximum degreeqin Y (replacing
Y by Y/T5), so that after polarizing separately w.r.t. (X, T1) and (Y, T,), we get a multilinear map symmetric
in its brst p arguments and in its last q arguments which also induces a multiprojective map. Following the
brst approach leads to the following depPnition.

Debnition 23.1.1 A rational surface of total degree m is a function F: P! E, such that, for all (u,v,2)"
R3, we have

F(u,v,2)= Fi(u,v,2)es + 44& F,(u,v,2)e, + Fpa1 (U,v,2)$1,1%
whereF1(X,Y,Z),...,Fn+1 (X,Y,Z) are homogeneous polynomials iR[X, Y, Z], each of total degreem.
It is important to require that all of the polynomials Fi(X,Y,Z),...,F,+1 (X,Y,Z) are homogeneous

and of the same total degree m. Otherwise, we would not be able to polarize these polynomials and
obtain a symmetric multilinear map (as opposed to a multialne map).

For example, the following homogeneous polynomials debne a (unit) sere:

F1(X,Y,Z)=2XZ
Fa(X,Y,Z2)=2YZ
Fa(X,Y,Z)= X2+ Y2( 22
Fa(X,Y,Z)= X%+ Y2+ Z2,

Note that we recover a standard parameterization of the sphergby setting Z = 1. But in general, it is
also possible to get points at inbnity in the projective spaceE, or points corresponding to points at inbnity
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in P. For example, for (X,Y,Z) = (a,b,0), we get the point of homogeneous coordinates (@, 1,1), the
North pole. Also, note that the North pole is obtained for inbnitely many parameter values @, b,0).

Following the second approach for homogenizing and polarizing lead®the following dePnition. First, let
us say that a multilinear map f: (A)?# (A)?! Eis $, Pesymmetric if it symmetric in its bPrst p arguments
and in its last g arguments.

Debnition 23.1.2 A rational surface of bidegree %, bis a function F:A# A ! E, such that, for all
(u,t1), (v, t2) " R?, we have

F((ut1), (v, t2)) = Fi(u,ty,v,to)er + 44& Fo(u,te,v,t2)e, ¥ Frer (U, t1, v, t2)$#1,1%

whereF1(U, T1,V, T2), ..., Fns1 (U, T1, V, T2) are polynomials in R[U, T1, V, T2], each homogeneous of degree
p in U, Ty, and homogeneous of degregin V, T, (in particular, each F;(U, Ty, V, T,) is homogeneous and of
total degreep + Q).

For example, the following polynomials debne a (unit) sphere:

F1(U,T1,V, To) =2UT T2
F2(U,T1,V, ) =2TAV T,
Fa(U,T1,V, To) = U2T2 + V2T2( T2T2
Fa(U,T1,V, To) = U2T2 + V2T2 + T2T2.

Observe that there is a base point forT; = T, =0.

Using a Lemma in Gallier [70], (see Lemma 27.2.1), for each homogeneopslynomial F;(X,Y,Z) of
total degree m, there is a unique symmetric multilinear map f;: (R®)™ ! R, such that

Fi(u,v,z)= f;((u,v,2),...,(u,v,z),

m

for all (u,v,z) " R3, and together, thesen + 1 maps debne a symmetric multilinear map
f:(P)"! E

such that
F(u,v,z)= f((u,v,2),...,(u,v,z),

m

for all (u,v,z) " R3. But then, we get a symmetric multiprojective map
P(f):(P)™! E,

and we debne the projective rational surface

such that B
F(u,v,z]) = P(f)(u,v,z],...,[u,v,z])

m

for all (u,v,z) " RS, where we view (1,v,z) as homogeneous coordinates of a point il?, that is, where
(u,v,2) ¥(0,0,0).
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DePnition 23.1.3  Given an alne space E of dimension' 3, a projective rational surface F of degree m
or triangular rational surface of degree m is a (partial) projective map F:P ! E, such that there is some
symmetric multilinear map f:(P)™ ! E, with

F(u,v,z])= P(f)(u,v,2],...,[u,Vv,2]),

m

for all [u,v,z]" P (i.e., all homogeneous coordinatesy,v,z) " R3). The symmetric multilinear map f is
also called apolar form of F. The trace of F is the subsetF (P) of the projective completion E of the alne
spaceE.

SinceP = RP?, a triangular rational surface F of degreem is a rational map F: RP? | E debned as the
diagonal of a symmetric multiprojective map P (f ): (RP?)™ ! E.

From the discussion just before debnition 23.1.3, we note that evgrrational surface F as in dePnition
23.1.1 debnes a triangular rational surfacé of degreem.

The converse is also true wherE is of Pnite dimension. LetG be a projective rational surface debned
by the symmetric multilinear map g:(P)™ ! E. Given an alne frame (# 1,(e1,...,€,)) for E, and the
corresponding basis €, ...,e,, %1, 1% for E, a Lemma in Gallier [70] (see Lemma 27.1.5) shows that a
symmetric multilinear map g: (FA>)’” | E debnes a homogeneous polynomial map of degreem in three
variables, with coelcients in E. Expressing these coelcients over the basis é1,...,e,, %1,1% we see
that the polynomial map F is debned by some homogeneous polynomidfs (X,Y,Z),...,F+1 (X,Y,Z) in
R[X,Y,Z], each of total degreem, such that, for all (u,v,z) " R3, we have

F(u,v,z) = Fi(u,v,2)e; + 44& F,(u,v,2)e, + Fou1 (U, v, 2)¥1,1%

Thus F is a rational surface, and clearly,lf = G. Therefore, whenE is of bnite dimension, debnition 23.1.3
and debnition 23.1.1 debne the same class of rational surfaces. Dén 23.1.3 will be preferred, since it
leads to a treatment of rational surfaces in terms of control poitts rather similar to the treatment of Bezier
surfaces (it also works for any dimension, even inbnite).

Remarks: (1) Contrary to the case of rational curves, it is not always posible to extend the debnition of a
rational surface by continuity when (u, v, z) is a common zero of the polynomiald,(X,Y,Z),...,Fa+1 (X, Y,
Z). Consider the rational surface debned such that

Fi(X,Y,Z2)=YZ
Fa(X,Y,Z)= X2+2XZ
F3(X,Y,Z)= XZ
Fa(X,Y,Z)= XZ +YZ.

Since (00, 1) is a common zero of, F», F3, F4, the surfaceF is undebned at (Q0, 1). In non-homogeneous
coordinates,F is debned by

x(u,v) = iV
uz+2u
y(urv)_ u+ v
u
z(u,v) = Ty

If v=lu, for! ¥ 0, when the point (u, Vv) approaches the origin inP, the point (x(u, v), y(u, V), z(u,Vv))

converges to the point
! 2 1
1+171+171+1 )"
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which depends on! . Therefore, it is impossible to debneF (0,0,1) by continuity. However, methods of
algebraic geometry can be used (Oblowing-upO).

(2) The set of points for which the curve F is undebned is the zero locus of the homogeneous polynomials
Fi1(X,Y,Z),...,F.+1 (X, Y, 2Z), and thus, it is an algebraic curve in the (real) projective planeP.

Given a rectangular rational surface of bidegreeép, (pusing a Lemma in Gallier [70] (see Lemma 27.2.1),
for each polynomial F;(U, Ty, V, T;) homogeneous of degrep in U, T; and homogeneous of degregin V, Ty,
there is a unique $, q4symmetric multilinear map f;: (R?)? # (R?)?! R, such that

Fi((u,t1), (v, t2)) = fi((u,ta),...,(u,t1), (v, t2),...,(v,12)),

p q

for all (u,t1),(v,t2) " R?, and together, thesen + 1 maps debne a$p, qsymmetric multilinear map
f(A)P# (A)?! E

such that
F((u,ty), (v,t2)) = f((u,te),...,(u,t1),(v,t2),...,(v,t2)),
p q

for all (u,t1),(v,t2) " R?. But then, we get a multiprojective map

F:A# Al E
induced by some$p, q%symmetric multilinear map
fr(A)?# (A)?! E

and such that
F(lu tad, [v,t2]) = P(F)((u,ta), ..., (U te), (v, t2), ..., (v, t2)),

p q

for (u,ty),(v,t2) " R2, where we view (1,t1), (v,t,) as homogeneous coordinates of a point id, that is,
where (u,t1) ¥ (0,0) and (v, t2) ¥ (0, 0).

DePnition 23.1.4  Given an alne space E of dimension' 3, a projective rational surface F_of bidegree
B, Por rectangular rational surface of bidegree $, ¥ds a (partial) projective map F:A# A! E, such that
there is some$p, q¥symmetric multilinear map
fr(A)P# (A)?! E
with
F([u,ta], [v,t2]) = P(f)((u,te), ..., (u,ty), (v,t2),...,(V,12)),

p q

forall [u,t1],[v,t2] " A (i.e., all homogeneous coordinatest( t1), (v,t2) " R?). The multilinear map f is also
called a polar form of F. The trace of F is the subsetF (A # A) of the projective completion E of the alne
spaceE.

SinceA = RP?, a rectangular rational surfaceF of degree$p, (s a birational map F:RP! # RP! ! E
debned as the diagonal of &p, g%symmetric multiprojective map P (f): (RPY)? # (RPY)?! E.

It is a simple exercise to show that every rational surface= as in debnition 23.1.2 debPnes a rectangular
rational surface F of bidegree$p, (%o and that the converse is true whenE has Pnite dimension.
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If F:P! Eisa triangular rational surface debned by some symmetric multilinearmap f :(F?)m | E
with
F(u,v,z])= P(f)(u,v,2],...,[u,v,2)]),

m

for all [u,v,z] " P, by lemma 21.3.2, the restrictiong: P™ ! E of f :(IS)m I Eto P™, is a multialne
map such that P(f) = $# * §. The multialne map g:P™ ! E debnes a polynomial surfaces: P ! E,
and the multilinear map §:(P)™ ! E induces a triangular rational surfaceG:P ! E, and P(f) = $# *§
shows that the triangular rational surface F is the projection under $# of the triangular rational surface G,
which itself, can be considered as the projective completion of the glynomial surface G. This suggests the
following dePnition.

Debpnition 23.1.5  For a polynomial surfaceF:P ! E dePned by the polar formf :P™ ' E , the symmetric
multilinear map f:(P)™ ! Einduces a triangular rational surfaceF:P ! E, called the projective completion
of the polynomial surfaceF.

Clearly the restriction of the surface F to P agrees with the polynomial surfaceF. The projective
completion F of F can still be considered as a polynomial surface, except that it is alsdePned for the
points at inPnity in P.

As in the triangular case, if F:A#A! Eisa rectangular rational surface debPned by somé&p, %
symmetric multilinear map f:(z&)P # (1&)‘1 = by lemma 21.3.2, the restrictiong: AP # A? ! Eoff to
AP # A is a B, gsymmetric multialne map such that P(f) = $# * 9. The 3, gesymmetric multialne
map g: AP # AY! E debnes a bipolynomial surfacés: A# A ! E, and the , symmetric multilinear map
§:(A)P# (A)?! Einduces a rectangular rational surfaceG: A# A ! E, andP(f)=$# * g shows that the
rectangular rational surfaceF is the projection under $# of the rectangular rational surface G, which itself,
can be considered as the projective completion of the bipolynomialusface G. This suggests the following
debnition.

Debpnition 23.1.6  For a bipolynomial surfaceF: A# A!E dePned by the polar formf : AP# A1 E , the
%, symmetric multilinear map f:(A)? # (A)?! E induces a rectangular rational surfaceF:A# A! E,
called the projective completion of the bipolynomial surfaceF.

Clearly the restriction of the surface FtoA# A agrees with the bipolynomial surfaceF. The projective
completion F of F can still be considered as a polynomial surface, except that it is alsdePned for the points
at inPnity in A# A.

Now, given a triangular rational surface F with polar form f:(l3)m | E, the discussion just before
depnition 23.1.5 shows that= is completely determined by the polynomial surfaceG of polar form g: P™ ! E,
the restriction of f: (P)™ ! Eto P™, and the projection $#. Similarly, given a rectangular rational surf ace
F with polar form f :(&)P# (&)q | E, the discussion just before debnition 23.1.6 shows thdt is completely
determined by the bipolynomial surfaceG of polar form g: AP# A9 ! E, the restriction of f :(1&)”# (1&)‘1 | E

to AP # A4, and the projection $#. This leads to the debnition of triangular and rectangular BR -surfaces.
23.2 Triangular and Rectangular BR-Surfaces
We begin with the debnition of triangular BR -surfaces.

Debpnition 23.2.1  Given any alne space E of dimensionn ' 3, a triangular rational surface in Bézier form
of degree m, or triangular BR -surface, is a mapF:P ! E such that there is a polynomial surfaceG: P ! E
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of degreem debned by a triangular control netN = ("; j )i, j.ke! . I E and such that if g.P™! E is the

(unique) symmetric polar form of G, then

m

F(a) = $( G(a)) if a"P , not a point at inPnity;
(@) = {$#([ g((u,v,0),...,(u,v,0))]~) whena=(u,v,0)" IS(P .

The trace of F is the subsetF (5) of the projective completion E of the alne space E.

Note that in practice, we can assume thatF is only debned onP.

The following lemma shows that whenE is of Pnite dimension, the class of triangular rational surfaces
and the class of triangular BR -surfaces are identical.

Lemma 23.2.2 Let E be any affine space of finite dimension. Every triangular rational surface F: P! E
with polar form f :(F?)m | E is the image under $# of the projective completion GP! E of the polynomial
surface G1P I E associated with the restriction g:P™ ! E of f to P™. Conversely, given a polynomial
surface G:P ! E with polar form g:P™ ! E, the image under $# of the projective completion GP! E of
G is a triangular rational surface. As a consequence, the class of triangular rational surfaces and the class
of triangular BR -surfaces are identical, when E is of finite dimension.

Proof. The proof follows from lemma 21.3.2 and lemma 21.3.2. Details are left asn exercise.[]

Next, we debPne rectangulaBR -surfaces.

Debnition 23.2.3  Given any alne space E of dimensionn ' 3, a rectangular rational surface in Bézier
form of bidegree 8, % or rectangular BR -surface, is amapF:A# A! E such that there is a bipolynomial

surfaceG:A# A! E of bidegree®, q#debned by a rectangular control netN = ("; ;)o<i<p,0<j<q IN E and
such that if g: A?# A?! Eis the (unique) $, g4symmetric polar form of G, then

$(G(a,b) if a,b" A, a,b¥ +;
F(a,b= {$#([ g((u,ta), ..., (u ty), (v, t2), ..., (v, t2))] =) if a=(u,t1),b=(v,tp),
andt; =0or t, =0.

The trace of F is the subsetF (A'# f&) of the projective completion E of the alne space E.

Again, in practice, we can assume thatF is only debned onA # A.

The following lemma shows that whenE is of bnite dimension, the class of rectangular rational surfaces
and the class of rectangulaBR -surfaces are identical.

Lemma 23.2.4 Let E be any affine space of finite dimension. Every rectangular rational surface F . A# A t
E with polar form f :(1&)1’ # (1&)‘1 | E is the image under $# of the projective completion G:A# Al E
of the bipolynomial surface G:A# A\ E associated with the restriction g: AP # A7 ! E of f to AP # A9,

~

Conversely, given a bipolynomial surface G:A# Al E with polar form g: AP # A1 E, the image under

$# of the projective completion G:A# Al E of G is a rectangular rational surface. As a consequence, the
class of rectangular rational surfaces and the class of rectangular BR -surfaces are identical, when E is of
finite dimension.

Proof. The proof follows from lemma 21.3.2 and lemma 21.3.2. Details are left a@n exercise.[]

If a triangular rational surface F: P! Eisdetermined by some homogeneous polynomiaks (X, Y, Z), ...,
Fne1 (X,Y,Z) in R[X,Y,Z], each of total degreem, the polynomial surfaceG:P ! E associated with the
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restriction g:P™ | E of the polar form f :(F?)m | Eof FtoP™is simply determined by the polynomials
F1(X, Y, 1),...,Fa1 (X, Y, 1) in R[X,Y ], obtained by setting Z = 1. If we homogenize these polynomials
(assuming total degreem) we get the polynomialsF1(X,Y,Z),..., Fn+1 (X, Y, Z) back. Similarly, if a rectan-

gular rational surface F: A# Al Eis determined by ponnom|aIsF1(X T1,Y,T2),...,Fns1 (X, T1,Y,T2) in

R[X,Tq,Y,T;], each homogeneous of degrgein X, T, and homogeneous of degretqam Y, Tz, the polynom|al

surfaceG: A # A ! E associated with the restriction g:AP# A7 E of the polar form f : (A)P # (A)q | E

of F is simply determined by the polynomials F1(X, 1,Y,1),...,F, (X, 1,Y,1) in R[X,Y ], obtained by

setting T; = T, = 1. If we homogenize these polynomials separately w.r.t.X and Y (assuming maximum

degreep in X and gin Y) we get the polynomialsF1(X,T1,Y,T2),..., Fu1 (X, T1, X, T2) back.

Thus, in practice, when deDning rational surfaces (triangular or ectangular), it is enough to specify
n+1 polynomials F1(X,Y),..., n+1 (X,Y)in R[X,Y]. Such polynomials can be viewed as either debning a
bipolynomial surfaceG: A# A ! E or as depPning a polynomial surfac&: P ! E. In both cases, the surface
G can be specibed in terms of control points irE. In the brst case, it is a bipolynomial surface of degree
%, debned by a rectangular control netN = ("; ;)o<i<p,0<j<q, and in the second case, it is a triangular
surface of degream debned by a triangular control netN = ("; j x)(ijk)el .-

The control points " " Elare either weighted points of the form $a, wlpwherew ¥ 0 is called the weight of

a" E, or control vectors u " 'E. To determine the control points of the surfaceG given by n+1 polynomials,
we compute the polar formg of G, either as a$, g4symmetric alne map, or as a symmetric m-alne map.
As in the case of curves, we have to remember that the coordinaseof these control points will be with
respect to the basis é1,...,e,, #1,1% of E, where (#1,(e1,...,€,)) is the alne frame for E. Thus, for
every" = 8,1 % " E, to bnd the coordinates of the pointa " E, if " has coordinates &1,...,X,,!) over
(e1,...,e,, % 1,1% then a" E has coordinates

(o),

over (#1, (e1,...,€,)), as explained in lemma 4.2.1. Let us give some examples.

Ezxample 1. Consider the sphere given by the polynomials

Gi(X,Y)=2X
Go(X,Y)=2Y
Gs(X,Y)= X?2+Y?(1
Ga(X,Y)= X2+ Y2+1.

If we want to view the sphere as a bipolynomial surface of degre®, 2%we polarize the above polynomials
separately in X and Y, obtaining:

O1(X1,X2,Y1,¥2) = X1+ X2
(X1, X2,¥1,¥2) = Y1+ Y2
03(X1,X2,Y1,¥2) = XiXa+ y1y2 ( 1
(X1, X2,Y1,Y2) = X1Xa + y1y2 +1.

With respect to the alne frame ( 0,1) of A, we obtain the following nine control points in A3;

0 01 11

(0,0,(1,1) (0,1,(1,1) (0,2,0,2)
(1,0,(1,1) (1,1,(11) (1,20,2)
(2,0,0,2) (2,1,0,2) (2,2,1,3)

L
Ql

R o ol _
Rl R oS
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Expressed in terms of points inA3, we have the following control points:
i 00 01 11

0 ((0,0,(1),1) ((0,1,(1),1) (0,1,0),2)

1 ((1,0(1)1) (1,L(1).1) ((310),2

1 ((100),2 (30,2 (5533

Ezxample 2. Again, consider the sphere given by the polynomials

=l ol al

Gi(X,Y)=2X
Go(X,Y)=2Y
Gs(X,Y)= X2+ Y2( 1
Ga(X,Y)= X2+ Y2+1.

This time, we want to view the sphere as a total degree surface ofafjree 2, and we polarize the above
polynomials w.r.t X and Y, obtaining:

O1(X1,Y1,X2,Y2) = X1 + X2
%(X1,Y1,X2,¥2) = Y1+ Y2
O(X1,Y1,X2,¥2) = XaXz + y1y2 ( 1
0a(X1,Y1,X2,¥2) = X1Xz + y1y2 + 1.
With respect to the reference triangle ¢,s,t) = ((1,0,0),(0,1,0),(0,0,1)) in P, we obtain the following
six control points " ;i in 1/%\3 wherei + j + k = 2. It is important to recall that we always list the control

points ";;; assuming thati is the index of the rows, starting from the left lower corner, and that j is the
index of the columns, also starting from the left lower corner.

(2,0,0,2)
(1,0,( 1,1) (1,1,(11)
(0,0,(1,1) 0,1,(1,1) 0,2,0,2)

Expressed in terms of points inA3, we have the following control points:

((1,0,0),2)
((1,0,(1),1) ((1,1,(1),1)
((0,0,(1),1) (0,1,(1),1) (0,1,0),2)

Example 3. The sphere can also be parameterized in terms of two anglésand #, where" is the angle
between the axis #x and any line D; passing through #; in the x#,y plane, and# is the angle between the
axis #1z and any line D, passing through #; and in the plane determined by #;z and the line D;. We have

X = cos" sin#
y =sin " sin#
Z = COS#.

This is not a rational parameterization, but using the fact that

1( tan?¢ i 2tan?
( 2 and sin"= 2

cos' = — < - <
1+tan?$ 1+tan2$
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letting u=tan § and v =tan £, we get

_ 21( udv
T @+ ud)@+ vd)
_ 4uv
Y= d+woa+ v
L= L v?
1+ v2’

and thus, the sphere can be debned by the following polynomials:
Gi(X,Y)=2(1 ( X?)Y
G2(X,Y)=4XY
Ga(X,Y)=(1+ X?)(L( Y?)
Ga(X,Y)=(1+ X)L+ Y?).

If we polarize these polynomials separately inX and Y, we get

O1(X1,X2,¥1,¥2) = (1 ( XaX2)(y1 + ¥2)
%2(X1,X2,Y1,¥2) = (X1 + X2)(Yy1 + Y2)
O3(X1,X2,¥1,¥2) = (L + X1x2)(1 ( y1Y2)
Oa(X1,X2,¥1,¥2) = (L + X1X2)(1 + y1¥2).

With respect to the alne frame ( 0, 1) of A, we obtain the following nine control points in AZ:

", 00 01 11

00 (0,0,1,1) (1,0,1,1) (2,0,0,2)
01 (0,011 (1,1,11) (2,2072)
11 (0,0,2,2) (0,2,2,2) (0,4,0,4)

Letting A =(0,0,1), B =(0,1,0),C=(0,0,1),D =(0,1,1), E=(1,0,1), F =(1,1,0),G=(1,1,1),
observe that the points #;,A,B,C, D,E,F,G are the vertices of the unit cube built on #;,A,B,C, and
expressed in terms of points inA3, we have the following nine control points:

"i; 00 01 11
00 (1) (£ (A2
01 (C1) (G1) (F2)
11 (C,2) (D,2) (B,4)
ForO, u, 1and0, v, 1, we obtain the eighth of sphere determined by #,A,B,C.

Example 4. Consider the torus obtained by rotating the circle of center @,0,0) and of radiusb < a
situated in the plane x# 1z, around the axis #;z. This torus can be parameterized in terms of two angles
and #, where" is the angle between the axis #x and any line D; passing through #; in the x#y plane,
and # is the angle between the lineD; and any line D, passing through the center of the rotating circle and

in the plane determined by #,z and the line D;. We have
x = (a+ bcos#) cos"
y =(a+ bcos#)sin"
z = bsin#.
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This is not a rational parameterization, but using the trick involving t ang and tan %, as in example 3, we
get

(1( u)(ad+ v+ b1 ( v?)
A+ u?)(1 + v3)
_ 2u(a(d + v¥) + b(1( v?))
(v u+ V)
2bv
1+v2’

X =

and thus, the torus can be debned by the following polynomials:

Gi(X,Y)=(1 ( X?)(al+ Y?)+ b1( Y?)
Ga(X,Y)=2X(a(l+ Y?)+ b1 ( Y?))
Ga(X,Y)=2b1+ X?)Y

Ga(X,Y)=(1+ XH(A+ Y?).

Note that for a = 0, we get another representation of the sphere (of radiush). If we polarize these
polynomials separately inX and Y, we get

O1(X1, X2, Y1,¥2) = (1 ( Xax2)(a(l + y1y2) + B(1 ( y1y2))
O2(X1, X2, Y1,¥2) = (X1 + x2)(&(1 + y1y2) + B(1 ( y1y2))
O3(X1,X2,Y1,¥2) = (1 + X1X2)(y1 + Y2)

Ga(X1,X2,¥1,¥2) = (L + X1X2)(1 + y1Y2).

With respect to the alne frame ( 0, 1) of A, we obtain the following nine control points in AZ:

.

=l Ol Ol
Rl R oS

00 01 11
(a+ b,0,0,1) (a+ b,0,b,1) (2a,0,2b,2)
(a+ b,a+ b,0,1) (a+ b,a+ b,b1l) (2a,2a,2b,2)
(0,2(a+ b),0,2) (0,2(a+ b),2b,2) (0,4a,4b,4)

Expressed in terms of points inA3, we have the following nine control points:
00 01 11
((a+ b,0,0),1) ((a+ b,0,b),1) ((a,0,b),2)

((@a+ b,a+ b,0),1) ((a+ b,a+ b,§,1) ((a,ab),2)
((0,a+ b,0),2) ((0,a+ b,H,2) ((0,a,b),4)

=l ol Al
Rl Rl Ol &

ForO, u, 1and0, v, 1,we obtain a sixteenth of the torus, the Ofront endO of the uppeguarter of
the torus. To obtain the Oback endO, we can assume that the tostis parameterized in terms of the angles
" and $ ( #, which yields the following polynomials:

Gi(X,Y)=(1 ( X?)(a@+ Y?) ( b1( Y?)
GL(X,Y)=2X(a(l+ Y?) ( b1( Y?)
G4(X,Y)=2b1+ X?)Y

G,(X,Y)=(1+ X1+ Y?).
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It is easily veribed that we bnd the following control points:

" 00 01 11

00 ((a( b,0,0),1) ((a( b,0,b),1) ((a,0,b),2)
01 ((a( b,a( b,0),1) ((a( b,a( b,B,1) ((a,a,b,2)
11 ((0,a( b,0),2) ((0,a( b,h,2) ((0,a,b),4)

We note the symmetry with respect to the circle of center # and radius a > b. Now, we can construct

one eighth of a torus, and by symmetry with respect to the planex#1y, y#1z, and x#,z, we obtain the
entire torus.

Example 5. A Moebius strip can be debned parametrically as
X =(2+ vsin z)cos"
y=(2+ vsin z)sin"

Z= VCOS.
2

Geometrically, the above formulae can be explained as follows. Congd the point C(") on the circle of
center #; and radius 2 situated in the planex# .y, where" " [0, 2$] is the angle between #x and #,C("),
and the point M1(") on the semi-circle of centerC(") and radius 1 situated in the plane determined by #,z

and #,C("), such that the angle between #C and #1:M is 5 ( % Then, the point m(v,") debned such
that

Cm = vCM 4,

is on a Moebius strip, when" " [0,2%] and v " [( 1,1]. The above is not a rational parameterization, but

using the trick of example 4, we can express everything in terms ai = tan %, and we get

C2((A( ud)Z( D)L+ uP+ uv)
. L+ u)?

_8u(l( u?)(L+ u+ uv)

) (1+ u?)?

_ @ vy
R T

and thus, the Moebius strip can be debned by the following polynomia:

Gi(X,Y)=2((1 ( X2?( 4X3)(1+ X2+ XY)
Go(X,Y)=8X(1( X)L+ X2+ XY)
G3(X,Y)=(1 ( X1+ X?)?Y
Ga(X,Y)=(1+ X?3.

It is easily veribed that these polynomials can be written as

Gi(X,Y)=2[1 ( 5X2( 5X*+ X%+ (X ( 6X3+ X°)Y]
Go(X,Y)=8[X ( XZ+(X?( X*Y]

Ga(X,Y)=(1+ X2( X*( X%y
Ga(X,Y)=1+3X2+3X%+ X5,
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Perseverant readers can polarize the above polynomials separfitein X and Y, and then compute 14
control points that form a rectangular control net for the Moebius strip:

i j=0 j=1
i=0  ((2,0,0),1) (2,0,1),1)
i=1 (2,301 (3.31.0
=2 (22085 (3399
i=3 ((0121 ) ((4’2’_’5
i=z4 ((( %’290,0) 12) ((( 14 10 5) 12)

i=5  (((235,0)4) ((( 3,2,2),4)
i=6 (((200),8  (((30,0),8)

Remark: With the above control net, the Moebius strip is obtained over [ 1,1]# [( 1,1]. Using the
change of parameter

u/
1( v
v=2Vv' ( 1,

u-=

it is possible to bnd a rectangular control net for the Mosbius strip such that the entire strip is obtained
for (u’,v") " [0,1]# [0, 1]. In the next chapter, we will also give a triangular control net.

As in the case of rational curves, it is sometimes convenient to havan explicit formula giving the current
point F(a) (or F(U,V)) on a rational surface specibped as 8R-surface. There are two cases, depending
whether the control net specifying F is rectangular or triangular.

23.3 Rational Surfaces and Bernstein Polynomials

>SP, VSIS

K are the sets of pairs of indices such thatH - K = {0,. ..,p}#{ 0,. q} H . = /, and for every
(L,j)" H

ig = $u5, Wi %
is a weighted point, wherea; ; "E and w; ; ¥ 0, and for every (i,j ) " K

ij = Uiy

is a control vector. Then, with respect to the alne frame (ﬁ T) in A, the bipolynomial surface GIN] debned

UXP, VSIS

GINJ@v)= >  BI(WBv)":;.
0<i<p,
0<i<q

as

Now, the above formula givesG[N ](T, V) as a barycenter in E, which, by lemma 4.1.2, can be expressed more
explicitly. The explicit form of the barycenter depends on the quantty

w(u,V) = Z w; jBY(u)BI(v).

(i,5)€H
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If w(u,v) ¥ 0, then

GIN](@,v) = < >

(i,j)€H

Wi,jBf(U)Bg(V)

w(u, V) g ¥ Z

(i,j)eK

BY(U)B(v)
w(u, V)

ui,j,w(u,v)> ,

else ifw(u,v) =0, then
GINJ@ V)= > wi;BY(WB!MWai;+ Y. BIWB!V)ui,
(i,5)€eH (i,5)eK

where
> wiBP(WBI(V)a;; = > w;;BP(u)BY(v)bay

(3,j)eH (i,5)€eH
for any b" E, which, by lemma 2.4.1, is a vector independent ob.

Then, sinceF (T,v) = $( G[N ](T, v)), we have the following:

Letting
w(u,v) = Y wi ;BY(u)BY(v),
(i.j)€H
if w(u,Vv) ¥ 0, then
o w; ;B (U)B(V) B7(W)BJ(v)
FEDE 2 Ty T 2 Ty
(i,5)eH (i,))eK

else ifw(u,v) =0 and
S wiBY(WB!(V)a;,; + > BI(W)B!(V)ui, ¥O0,
(i,9)eH (i,9) EK

then

(i,9)€eH (i,9) EK

F(@v) = ( > wBPUBI(V)a,;+ > BI(U)BIV) ui,j) :
else ifw(u,v) =0 and
Y wiBIWB!MWa,+ Y BAWBV) U, =0,
(i.9)eH (i,))eK
then
F (T,Vv) = undefined.
Remark: If K =/ andw, ;' Oforalli,j " H, then the trace F ([0, 1]# [0, 1]) of F belongs to the convex

hull of the points a; ;.

Let us now assume thatF is speciPed by the triangular control netN = ("; j x)¢.j.xe ... and that H
and K are the sets of pairs of indices such thatH - K =%,,, H. K =/, and for every (,j,k ) " H,

ik = B W, 5 6%
is a weighted point, wherea; ;" E and w; ; ; ¥ 0, and for every (i,j,k ) " K,

gk = Uijk
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is a control vector. Then, assuming the reference triangle 6t in the alne plane P, for every point
c=Ir + us+ %t where! + u+ %=1, the point G[N](c) on the surface debned (inE) by the triangular
control net N = ("; j x)ijke . IS given in terms of the Bernstein polynomials as

GINI©= > Bl %) "k
(4,5,k) €' m

where, the Bernstein polynomialB[™, , is given by

z],k( H, /0) - ||J |k| ! lHJ%C

Now, the above formula givesG[N ](c) as a barycenter in E, which, by lemma 4.1.2, can be expressed more
explicitly. The explicit form of the barycenter depends on the quantty

wiim%) = > wi kB (L1 %).
(4,4,k)eH

If w(!, y, %) ¥ 0, then

i, kB (L K, % Iy , %
G[N](c):< 5 Wi, kB e (L )ai,j.,k+ 3 Mui_jyk,w(!,u,%)»

| [0) 0 o
(i, k) EH w(!, 1, %) GiTex w(!, 1, %)

else ifw(!, 4, %) = 0, then

G[N](c) = Z Wi 5 kB k(L W, %) @ik + Z B k(L 1, %) Us ik,
(i,9,k)€H (4,5,k) K

where
> wikBl i % a = > Wi kBT (1 %) ba j k

(i,j,k)€H (i,4,k)€H
for any b" E, which, by lemma 2.4.1, is a vector independent ob.
Then, sinceF (c) = $( G[N](c)), we have the following:

Letting
W(!iul %) = Z WZ,]kBZl]’k('lpi %)1

(4,5,k)eH

if w(!, 1, %) ¥ 0, then

WZ,kB»Zn ('1“1%) . ( l.l, A])
F(c) = Z SR oGk i+ Z Jkiui,j,k,

H ! 9 | 0,
(i, k)€ W(., M, A)) (i1 R EK W(., M, /0)
else ifW(!, M, %) =0 and

Z Wi kB (L %) @ik + Z B k(L% Uik FO,

(i,9,k)€H (4,5,k) K
then
F(0)= Z Wi kB k(L K %) ik + Z B k(L% Uijk |
(i,9,k)€H (4,5,k)eK
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else ifw(!, 4, %) = 0 and

Z Wi kBT (L 1 %) @ 5k + Z B/ k(L %) Uk =0,
(i,5,k)€H (3,5,k) €K

then
F (¢) = undefined.

Remark: If K =/ andw; ;' O0forallijk " H, then the trace F (%rst) of F belongs to the convex
hull of the points a; ; .

23.4 Subdivision Algorithms for Rational Surfaces

As in the case of curves (see Section 22.3), it is easy to adapt the division algorithm described for
polynomial surfaces to the rational case. This can be done in two wgs. Either we subdivide in E, getting
polyhedral approximations determined by control nets in E, and project these control nets down onE using
$. For a fairly complete treatment of this method, the reader is referred to Fiorot and Jeannin [60, 61]. The
second method, which we advocate since it seems simpler, is to useetlisomorphismgz E!F of lemma
4.3.2. As we explained in the case of curves, what this means is that gim a vector in E expressed as

U= (X1, Xy, W),
we have R
#u) = (WX1, ...y WXy, W),
if w¥ 0, and R
#(u) = (X1,...,%y,0),
if w=0.

We can then apply the subdivision methods suggested in chapter 19dr details, see Gallier [70]), but in
F . The following function sends a control net consisting of points inE to a control net of points in F.

(* To map a net in the affine space into the hat space *)

maptohat[{net__}] :=
Block[
{Inet = {net}, newnet = {},
pt, h, w, i, 11},
1 = Length[lnet];
Do[
pt = Inet[[i]]; w = Last[pt]; h = Drop[pt, -1];
Ifflw == 0, h = w * h; pt = Append[h, w]
I;
newnet = Append[newnet,pt], {i, 1, 11}
I;
newnet

I

Once a list of nets (in F) has been computed using subdivision, it is necessary to map thesets down
to the original alne space E. This is performed by the function proj such that,

Proj [(Xa, - .y Xp, W) = ( X2/W, ..., X /W),
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if w0,
proj [(X]_, s !ano)] = (Xl, .. -1X’n.)u

if somex; ¥ 0, which corresponds to a point at inPnity, and

proj [(0,...,0,0)] = undebPned.

Concretely, we have to be careful in dividing byw when |w]| is very close to zero, since due to limited
numerical precision, this may cause a division by zero. As in the casef @urves, we only perform division
when |w| > 10~%°, and we give a warning if|w| , 1076, Another problem is that a vector (X, ..., X,, W)
may be very close to the zero vector. This time, there is no simple waypf dealing with zero vectors. We
cannot simply discard such entries, since this yields bad control net, and continuity cannot be used either.
We will suggest a way of dealing with this situation later on. The following Mathematica functions implement
the projection of a list of nets.

(* To project a point in the hat space back onto the affine spac e ¥

projpt[pt_] :=
Block[
{h, w},
w = Last[pt]; h = Drop[pt, -1];
If[Abs[w] > 107(-20),
If[Abs[w] <= 107(-16),
Print["*** Warning: Point with very
small weight: ", pt," ***"];
h = h/w, Print["*** Warning:
Point at infinity!: ", pt, " ***"];
h = 10720) * h
I;

(* To project a net in the hat space back onto the affine space * )

projnet[{net__}] :=
Block[
{snet = {net}, newnet = {}, pt, h, j, 12, flag},
I2 = Length[snet];
Do[
pt = snet[[jJl; h = projpt[pt];
newnet = Append[newnet,h], {j, 1, 12}
I;

newnet

I;

(* To project a list of nets in the hat space back onto
the affine space *)

projlis[{netlis__}] :=
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Block[
{slis = {netlis}, newlis = {},
anet, newnet, j, 12},

2 = Length]slis];

Do[
anet = slis[[j]]; newnet = projnet[anet];
newlis = Append[newlis,newnet], {j, 1, 12}
I;
newlis

]

Example 1. The subdivision algorithm is illustrated by the following example of an dlipsoid debned by
the fractions

(U V) = 2au
(u.v) uz+ v2+1°
(V) = 2bv
yu:V—u2+V2+1,
_cuZ+v2( 1)
z(u,v)—W

It is easily veribed that this representation of the ellipsoid is derived fom the stereographic projection
from the north pole onto the plane z = 0. The coordinates of a point on the sphere are the coordinatesfo
the image of a point (u,v) the xOy plane, under the inverse of stereographic projection. We leave azn
exercise to show that the following triangular control net fora=4, b=3, c=2, is obtained:

net = {{0, O, -2, 1}, {0, 3, -2, 1}, {0, 3, 0, 2},
{4, 0, -2, 1}, {4, 3, -2, 1}, {4, 0, O, 2}}

Figures 23.1, 23.2, 23.3, show the result of the subdivision over theandard reference triangle %ts, for
n=1,23.
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Figure 23.2: Portion of ellipsoid, 2 iterations

Figure 23.1: Portion of ellipsoid, 1 iteration
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Figure 23.3: Portion of ellipsoid, 3 iterations

Ezample 2. As a second example, consider the torus debned by the equat®n

x =(a( bsin#)cos"
y=(a( bsin#)sin"
Z = bcost#.

Using the trick involving tan § and tan £, we get

_ (@ u)(ad+ v3) ( 2by)
W+ v
_2u(a(l+ v?) ( 2bv)
@+ w1+ v2)

_ b1+ u?)((v?)

T @+ ud)@+ vy

Using a program to polarize polynomials in two variables, we obtain the dllowing triangular net of degree
4,fora=2, b=1.

tornet = {{2, 0, 1, 1}, {3/2, 0, 1, 1}, {8/7, 0, 5/7, 7/6},
{1, 0, 1/3, 3/2}, {1, 0, 0, 2}, {2, 1, 1, 1},
{312, 2/3, 1, 1}, {8/7, 4/7, 517, 7/6}, {1, 2/3, 1/3, 3/2},
{10/7, 12/7, 1, 7/6}, {8/7, 87, 1, 7/6},
{2/3, 819, 5/9, 3/2}, {2/3, 2, 1, 3/2}, {2/3, 4/3, 1, 3/2},
{0, 2, 1, 2}};
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Subdividing 3 times over the standard reference triangle %is, we get the picture shown in Figure 23.4.

1
0.75
%.5 2
0.25 1.5
0 4
0.5 Y
1 0.5
x 1.5
570

Figure 23.4: Triangular patch of torus, 3 iterations

Using newcnet3 to compute the nets over the triangles
reftrig 1=((( 1,1,1),(( 1,( 1,3),(1,1,( 1))

and
reftrig 2=((1,( 1,1),(1,1,( 1),(( 1,( 1,3)),

and then subdividing 3 times, we get the picture shown in Figure 23.5.

23.5 Problems

Problem 1. Prove lemma 23.2.2.
Problem 2 Prove lemma 23.2.4.

Problem 3 Consider the ellipsoid dePned such that

2a(1( u?)v
B ERD)
_ 4buv
T A+ ud)@+ v3)
_ o1 (v?)
o1+
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Figure 23.5: Portion of torus, 3 iterations
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(i) Compute a rectangular control net w.r.t. (0,1)# (0,1).
(i) Compute a triangular control net w.r.t. ((1 ,0),(0, 1), (0, 0)).

Problem 4 Consider the right conoid debPned such that

v(1( u?)
1+ u?
2uv

1+ u?
4u

1+ u2’

(i) Compute a rectangular control net w.r.t. (0,1)# (0,1).

(i) Compute a triangular control net w.r.t. ((1 ,0),(0, 1), (0, 0)).

Problem 5 Consider the surface debned such that
_ v v+ u?)
@+ UL+ V)
_ duv(l+ u?)
@+ uh(2+ v2)
V(1 + u?)?
T+ un(R+ Ry

(i) Compute a rectangular control net w.r.t. (0,1)# (0,1).
(i) Compute a triangular control net w.r.t. ((1 ,0),(0, 1), (0, 0)).
Problem 6 Consider the hyperboloid of one sheet debPned such that

_ald( ud)d+ v?)
T @+ u)( v?)
_ 2bu(l+ v?)
S @+ u)A( V)
_ 2cv(1+ u?)
T @+ u)a(v?)

(i) Compute a rectangular control net w.r.t. (0,1)# (0,1).
(i) Compute a triangular control net w.r.t. ((1 ,0),(0, 1), (0, 0)).
Problem 7 Consider the hyperboloid of two sheets debPned such that

_2av(l( u?)
1+ u)( v
_ 4buv

YT @ da( v
_ o1+ u)(a+ VD)
@+ uw)a( v

(i) Compute a rectangular control net w.r.t. (0,1)# (0,1).
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(i) Compute a triangular control net w.r.t. ((1 ,0),(0, 1), (0, 0)).
Problem 8 Consider the surface debned such that

X = vcos",

y = vsin".

z= acos" ( bv.

(i) Prove that the above surface also has the following rational dehition:
_ (Ut ( Bu2+1)v
S e
_Auv(l( u?)

_a(u*( 6u2+1) ( bvu?+1)?

) (1+u?)? '

(i) Compute a triangular control net w.r.t. ((1 ,0),(0, 1), (0, 0)).

Problem 9 Write your own program to draw a rational surface patch. Use you program to draw the
following two patches over [ 1,1]# [( 1,1].

hilnetbl = {{0, 0, 0, 1}{1/3, 0, 0, 1},
{5/8, 0, 1/8, 16/15}, {5/6, 0, 1/3, 6/5)},
{20/21, 0, 4/7, 7/5}, {1, 0, 4/5, 5/3}, {1, 0, 1, 2}, {0, O, 0, 1} ,

{1/3, 2/15, 0, 1}, {5/8, 1/4, 1/8, 16/15}, {5/6, 1/3, 1/3, 6/5 1,
{20/21, 8/21, 4/7, 7/5}, {1, 2/5, 4/5, 5/3}, {0, 0, 0, 1},
{1/3, 4/15, 0, 1}, {5/8, 1/2, 1/6, 16/15}, {5/6, 2/3, 4/9, 6/5 },

{20/21, 16/21, 16/21, 7/5}, {0, O, 0, 1}, {1/3, 7/15, 0, 1},
{5/8, 7/8, 1/4, 16/15}, {5/6, 7/6, 2/3, 6/5}, {0, O, O, 16/15} ,
{1/4, 3/4, 0, 16/15}, {4/9, 4/3, 419, 6/5}, {0, O, O, 4/3},

{0, 1, 0, 4/3}, {0, 0, 0, 2}};

hilnetb2 = {{0, 0, 2, 1},{1/3, 0, 2, 1},
{5/8, 0, 15/8, 16/15}, {5/6, 0, 5/3, 6/5},

{20/21, 0, 10/7, 7/5}, {1, O, 6/5, 5/3}, {1, 0, 1, 2}, {0, O, 2, 1 1
{1/3, 2115, 2, 1}, {5/8, 1/4, 15/8, 16/15}, {5/6, 1/3, 5/3, 6/ 5},
{20/21, 8/21, 10/7, 7/5}, {1, 2/5, 6/5, 5/3}, {0, O, 34/15, 1} ,

{1/3, 4/15, 34/15, 1}, {5/8, 1/2, 17/8, 16/15}, {5/6, 2/3, 17 19, 6/5},
{20/21, 16/21, 34/21, 7/5}, {0, O, 14/5, 1}, {1/3, 7/15, 14/5 , 1},
{5/8, 7/8, 21/8, 16/15}, {5/6, 7/6, 7/3, 6/5}, {0, O, 7/2, 16/ 15},

(1/4, 314, 7/2, 16/15}, {419, 4/3, 2819, 6/5}, {0, O, 4, 4/3},
{01 11 41 4/3}1 {01 01 4’ 2}}’

Problem 10 Consider the rational surfaceK ; debned such that
Ca(ut( Buz+1)(L+ vA)Z+r(vi( v+ 1)1 ( u?)
) (1+ u2)?(1+ v2)? ’
_4bu(l (U)X + v3)2+2ru(vA( B2+ 1)1+ u?)
. L+ DL+ ) |
_ Arv(1( v3)(L+ u?)?
T L+ UL+ v2)2
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(i) Draw K (try several values fora, b, r).

(i) Expand the numerator of x, and debne the surfaceél, obtained by changing the term ( 12au®v? to
12au?v2.

(iii) Draw Ko over [( 1,1]# [( 1,1].

Problem 11 Consider the torus debned such that
_ @ u?)(a@+ v?) (2by)
A+ u?)@+ v3)
_2u(a(l+ v?) ( 2bv)
1+ u?)@+ v3)
_ b+ ud)a(vd)
T @+ ud)@+ v2)

X

(i) Show that the above torus is debned by the following rectangulamet of bidegree®, 2%w.r.t. (( 1,1)#
((11):

tornet4 = {{0, -(a + b), O, 4}, {0, O, 4c, 0}, {0, (-a + b), O, 4},
{4(a + b), 0, O, 0}, {0, O, O, 0}, {4(a - b), O, O, 0},
{0, a + b, 0, 4}, {0, O, 4c, O}, {0, a - b, 0, 4}}

(i) Show that the result of homogenizing separately w.r.t. u and v yields:

x = (12 ( u?)(a(t + v?) ( 2bvt),
y = 2uty(a(t + v?) ( 2bvty),
z= bt + u)(t3 ( v?),
w = (12 + u?)(t3 + v2).
Conclude that there are no base points.
(iii) Show that the above torus is debned by the following triangular ng w.r.t. ((1, 0), (0, 1), (0, 0)):

tornet = {{a, 0, ¢, 1}, {a - b/2, O, c, 1},
{(6((7a)/6 - b))/7, 0, (5¢c)/7, 7/6},
{(2((3a)/2 - (3b)/2))/3, 0, c/3, 3/2}, {(2a - 2b)/2, O, O, 2},
{a, a/2, c, 1}, {a - b/2, a/2 - b/3, c, 1},
{(6((7a)/6 - b))/7, (6((2a)/3 - (2b)/3))/7, (5c)/7, 7/6},
{(2((3a)/2 - (3b)/2))/3, (2(a - h))/3, c/3, 3/2},
{(5a)/7, (6a)/7, c, 716},
{(6((5a)/6 - b/3))I7, (6(a - (2b)/3))/7, c, 7/6},

{(2((5a)/6 - (2b)/3))/3, (2((4a)/3 - (4b)/3))/3, (5c)/9, 3 12},
{a/3, a, c, 3/2}, {a/3, (2((3a)/2 - b))/3, c, 3/2},
{0, a, c, 2}};

(iv) Show that the result of homogenizing u, v w.r.t. the degree 4 yields:
x(u,v,t) = (12 ( u?)(a(t? + v2) ( 2bvt),
y(u,v,t) = 2ut(a(t® + v?) ( 2bvt),
z(u,v,t) = o(t® + u?)(t* ( v?),
w(u,v,t) = (t2 + u?)(t? + v?).

Show that there are two base points corresponding to the points@ 1, 0) and (1, 0, 0) on the line at inPnity.



