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2 R. STANLEY, HYPERPLANE ARRANGEMENTS

LECTURE 1
Basic de�nitions, the in tersection poset and the

characteristic polynomial

1.1. Basic de�nitions

The following notation is usedthroughout for certain setsof numbers:

N nonnegative integers
P positive integers
Z integers
Q rational numbers
R real numbers

R+ positive real numbers
C complex numbers

[m] the set f 1; 2; : : : ; mg when m 2 N

We alsowrite [tk ]� (t) for the coe�cien t of tk in the polynomial or power series� (t).
For instance, [t2](1 + t)4 = 6.

A �nite hyperplane arrangementA is a �nite set of a�ne hyperplanesin some
vector spaceV �= K n , where K is a �eld. We will not consider in�nite hyperplane
arrangements or arrangements of general subspacesor other objects (though they
have many interesting properties), so we will simply usethe term arrangement for
a �nite hyperplanearrangement. Most often we will take K = R, but aswe will see
even if we're only interested in this caseit is useful to considerother �elds as well.
To make sure that the de�nition of a hyperplane arrangement is clear, we de�ne a
linear hyperplane to be an (n � 1)-dimensional subspaceH of V , i.e.,

H = f v 2 V : � � v = 0g;

where � is a �xed nonzerovector in V and � � v is the usual dot product:

(� 1; : : : ; � n ) � (v1; : : : ; vn ) =
X

� i vi :

An a�ne hyperplane is a translate J of a linear hyperplane, i.e.,

J = f v 2 V : � � v = ag;

where � is a �xed nonzerovector in V and a 2 K .
If the equationsof the hyperplanesof A are given by L 1(x) = a1; : : : ; L m (x) =

am , where x = (x1; : : : ; xn ) and each L i (x) is a homogeneouslinear form, then we
call the polynomial

QA (x) = (L 1(x) � a1) � � � (L m (x) � am )

the de�ning polynomial of A. It is often convenient to specify an arrangement
by its de�ning polynomial. For instance, the arrangement A consisting of the n
coordinate hyperplaneshas QA (x) = x1x2 � � � xn .

Let A be an arrangement in the vector spaceV . The dimension dim(A) of
A is de�ned to be dim(V ) (= n), while the rank rank(A) of A is the dimension
of the spacespannedby the normals to the hyperplanes in A. We say that A is
essential if rank(A) = dim(A). Supposethat rank(A) = r , and take V = K n . Let
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Y be a complementary spacein K n to the subspaceX spannedby the normals to
hyperplanesin A. De�ne

W = f v 2 V : v � y = 0 8y 2 Yg:

If char(K ) = 0 then we can simply take W = X . By elementary linear algebra we
have

(1) codimW (H \ W ) = 1

for all H 2 A. In other words, H \ W is a hyperplane of W , so the set A W :=
f H \ W : H 2 Ag is an essential arrangement in W . Moreover, the arrangements A
and AW are \essentially the same," meaning in particular that they have the same
intersection poset (as de�ned in De�nition 1.1). Let us call A W the essentialization
of A, denoted ess(A). When K = R and we take W = X , then the arrangement A
is obtained from AW by \stretc hing" the hyperplaneH \ W 2 AW orthogonally to
W . Thus if W ? denotesthe orthogonal complement to W in V, then H 0 2 AW if
and only if H 0 � W ? 2 A. Note that in characteristic p this type of reasoningfails
since the orthogonal complement of a subspaceW can intersect W in a subspace
of dimension greater than 0.

Example 1.1. Let A consistof the linesx = a1; : : : ; x = ak in K 2 (with coordinates
x and y). Then we can take W to be the x-axis, and ess(A) consistsof the points
x = a1; : : : ; x = ak in K .

Now let K = R. A region of an arrangement A is a connectedcomponent of
the complement X of the hyperplanes:

X = Rn �
[

H 2 A

H:

Let R(A) denote the set of regionsof A, and let

r (A) = # R(A);

the number of regions. For instance,the arrangement A shown below hasr (A) = 14.

It is a simple exerciseto show that every region R 2 R(A) is open and convex
(continuing to assumeK = R), and hencehomeomorphic to the interior of an n-
dimensional ball Bn (Exercise 1). Note that if W is the subspaceof V spannedby
the normals to the hyperplanesin A, then R 2 R(A) if and only if R \ W 2 R(A W ).
We say that a region R 2 R(A) is relatively bounded if R \ W is bounded. If A
is essential, then relatively bounded is the same as bounded. We write b(A) for
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the number of relatively bounded regionsof A. For instance, in Example 1.1 take
K = R and a1 < a2 < � � � < ak . Then the relatively bounded regions are the
regionsai < x < ai +1 , 1 � i � k � 1. In ess(A) they becomethe (bounded) open
intervals (ai ; ai +1 ). There are alsotwo regionsof A that are not relatively bounded,
viz., x < a1 and x > ak .

A (closed) half-space is a set f x 2 Rn : x � � � cg for some� 2 Rn , c 2 R. If
H is a hyperplane in Rn , then the complement Rn � H has two (open) components
whoseclosuresare half-spaces. It follows that the closure �R of a region R of A is
a �nite intersection of half-spaces,i.e., a (convex) polyhedron (of dimension n). A
bounded polyhedron is called a (convex) polytope. Thus if R (or �R) is bounded,
then �R is a polytope (of dimension n).

An arrangement A is in general position if

f H1; : : : ; Hpg � A; p � n ) dim(H1 \ � � � \ Hp) = n � p

f H1; : : : ; Hpg � A; p > n ) H1 \ � � � \ Hp = ; :

For instance, if n = 2 then a set of lines is in generalposition if no two are parallel
and no three meet at a point.

Let us considersomeinteresting examplesof arrangements that will anticipate
somelater material.

Example 1.2. Let Am consistof m lines in generalposition in R2. Wecancompute
r (Am ) using the sweep hyperplane method. Add a L line to A k (with AK [ f Lg in
generalposition). When we travel along L from one end (at in�nit y) to the other,
every time we intersect a line in A k we create a new region, and we createonenew
region at the end. Before we add any lines we have one region (all of R2). Hence

r (Am ) = #in tersections+ #lines + 1

=
�

m
2

�
+ m + 1:

Example 1.3. The braid arrangementBn in K n consistsof the hyperplanes

Bn : x i � x j = 0; 1 � i < j � n:

Thus Bn has
� n

2

�
hyperplanes. To count the number of regionswhen K = R, note

that specifying which side of the hyperplane x i � x j = 0 a point (a1; : : : ; an ) lies
on is equivalent to specifying whether ai < aj or ai > aj . Hence the number of
regions is the number of ways that we can specify whether ai < aj or ai > aj for
1 � i < j � n. Such a speci�cation is given by imposing a linear order on the
ai 's. In other words, for each permutation w 2 S n (the symmetric group of all
permutations of 1; 2; : : : ; n), there corresponds a region Rw of Bn given by

Rw = f (a1; : : : ; an ) 2 Rn : aw(1) > aw(2) > � � � > aw(n ) g:

Hencer (Bn ) = n!. Rarely is it so easyto compute the number of regions!
Note that the braid arrangement Bn is not essential; indeed, rank(Bn ) = n � 1.

When char(K ) doesnot divide n the spaceW � K n of equation (1) can be taken
to be

W = f (a1; : : : ; an ) 2 K n : a1 + � � � + an = 0g:

The braid arrangement hasa number of \deformations" of considerableinterest.
We will just de�ne some of them now and discussthem further later. All these



LECTURE 1. BASIC DEFINITIONS 5

arrangements lie in K n , and in all of them we take 1 � i < j � n. The reader who
likesa challengecan try to compute their number of regionswhen K = R. (Some
are much easierthan others.)

� generic braid arrangement: x i � x j = aij , where the aij 's are \generic"
(e.g., linearly independent over the prime �eld, soK hasto be \su�cien tly
large"). The precisede�nition of \generic" will be given later. (The prime
�eld of K is its smallestsub�eld, isomorphic to either Q or Z=pZ for some
prime p.)

� semigenericbraid arrangement: x i � x j = ai , wherethe ai 's are \generic."
� Shi arrangement: x i � x j = 0; 1 (so n(n � 1) hyperplanesin all).
� Linial arrangement: x i � x j = 1.
� Catalan arrangement: x i � x j = � 1; 0; 1.
� semiorder arrangement: x i � x j = � 1; 1.
� thresholdarrangement: x i + x j = 0 (not really a deformation of the braid

arrangement, but closely related).

An arrangement A is central if
T

H 2 A H 6= ; . Equivalently , A is a translate
of a linear arrangement (an arrangement of linear hyperplanes, i.e., hyperplanes
passingthrough the origin). Many other writers call an arrangement central, rather
than linear, if 0 2

T
H 2 A H . If A is central with X =

T
H 2 A H , then rank(A) =

codim(X ). If A is central, then note also that b(A) = 0 [why?].
There are two useful arrangements closely related to a given arrangement A.

If A is a linear arrangement in K n , then projectivize A by choosing someH 2 A
to be the hyperplane at in�nit y in projective spaceP n � 1

K . Thus if we regard

Pn � 1
K = f (x1; : : : ; xn ) : x i 2 K ; not all x i = 0g=� ;

where u � v if u = �v for some0 6= � 2 K , then

H = (f (x1; : : : ; xn � 1; 0) : x i 2 K ; not all x i = 0g=� ) �= Pn � 2
K :

The remaining hyperplanes in A then correspond to \�nite" (i.e., not at in�nit y)
projective hyperplanesin P n � 1

K . This givesan arrangement proj(A) of hyperplanes
in Pn � 1

K . When K = R, the two regions R and � R of A becomeidenti�ed in
proj(A). Hencer (pro j(A)) = 1

2 r (A). When n = 3, we can draw P 2
R as a disk with

antip odal boundary points identi�ed. The circumferenceof the disk represents the
hyperplaneat in�nit y. This providesa good way to visualize three-dimensionalreal
linear arrangements. For instance, if A consistsof the three coordinate hyperplanes
x1 = 0, x2 = 0, and x3 = 0, then a projective drawing is given by

2
1

3
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The line labelled i is the projectivization of the hyperplanex i = 0. The hyperplane
at in�nit y is x3 = 0. There are four regions, so r (A) = 8. To draw the incidences
amongall eight regionsof A, simply \re
ect" the interior of the disk to the exterior:

2
1

3

1

2

Regarding this diagram as a planar graph, the dual graph is the 3-cube (i.e., the
vertices and edgesof a three-dimensionalcube) [why?].

For a more complicated example of projectivization, Figure 1 shows proj(B 4)
(where we regard B4 as a three-dimensional arrangement contained in the hyper-
plane x1 + x2 + x3 + x4 = 0 of R4), with the hyperplane x i = x j labelled ij , and
with x1 = x4 as the hyperplane at in�nit y.

We now de�ne an operation which is \in verse" to projectivization. Let A be
an (a�ne) arrangement in K n , given by the equations

L 1(x) = a1; : : : ; L m (x) = am :

Intro duce a new coordinate y, and de�ne a central arrangement cA (the cone over
A) in K n � K = K n +1 by the equations

L 1(x) = a1y; : : : ; L m (x) = am y; y = 0:

For instance, let A be the arrangement in R1 given by x = � 1, x = 2, and x = 3.
The following �gure should explain why cA is called a cone.
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23

14

13

2412

34

Figure 1. A pro jectivization of the braid arrangement B 4

-1
3

2

It is easyto seethat when K = R, we have r (cA) = 2r (A). In general,cA has
the \same combinatorics as A, times 2." SeeExercise2.1.

1.2. The in tersection poset

Recall that a poset (short for partially ordered set) is a set P and a relation �
satisfying the following axioms (for all x; y; z 2 P):

(P1) (re
exivit y) x � x
(P2) (antisymmetry) If x � y and y � x, then x = y.
(P3) (transitivit y) If x � y and y � z, then x � z.

Obvious notation such as x < y for x � y and x 6= y, and y � x for x � y will be
usedthroughout. If x � y in P, then the (closed) interval [x; y] is de�ned by

[x; y] = f z 2 P : x � z � yg:

Note that the empty set ; is not a closedinterval. For basic information on posets
not covered here, see[31].
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Figure 2. Examples of intersection posets

De�nition 1.1. Let A be an arrangement in V , and let L (A) be the set of all
nonempty intersections of hyperplanesin A, including V itself as the intersection
over the empty set. De�ne x � y in L (A) if x � y (as subsetsof V ). In other words,
L (A) is partially ordered by reverseinclusion. We call L (A) the intersection poset
of A.

Note. The primary reasonfor ordering intersectionsby reverseinclusion rather
than ordinary inclusion is Proposition 3.8. Wedon't want to alter the well-established
de�nition of a geometric lattice or to refer constantly to \dual geometric lattices."

The element V 2 L(A) satis�es x � V for all x 2 L (A). In general, if P is a
poset then we denote by 0̂ an element (necessarilyunique) such that x � 0̂ for all
x 2 P. We say that y covers x in a poset P, denoted x l y, if x < y and no z 2 P
satis�es x < z < y. Every �nite poset is determined by its cover relations. The
(Hasse)diagram of a �nite poset is obtained by drawing the elements of P as dots,
with x drawn lower than y if x < y, and with an edgebetween x and y if x l y.
Figure 2 illustrates four arrangements A in R2, with (the diagram of) L (A) drawn
below A.

A chain of length k in a poset P is a set x0 < x1 < � � � < xk of elements of
P. The chain is saturated if x0 l x1 l � � � l xk . We say that P is graded of rank
n if every maximal chain of P has length n. In this caseP has a rank function
rk : P ! N de�ned by:

� rk(x) = 0 if x is a minimal element of P.
� rk(y) = rk( x) + 1 if x l y in P.

If x < y in a graded poset P then we write rk(x; y) = rk( y) � rk( x), the length
of the interval [x; y]. Note that we use the notation rank(A) for the rank of an
arrangement A but rk for the rank function of a graded poset.

Prop osition 1.1. Let A be an arrangementin a vector space V �= K n . Then the
intersection poset L (A) is graded of rank equal to rank(A). The rank function of
L (A) is given by

rk( x) = codim(x) = n � dim(x);

where dim(x) is the dimension of x as an a�ne subspace of V .
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1

-1 -1 -1

112

-2

-1

1

Figure 3. An intersection poset and M•obius function values

Pro of. SinceL(A) has a unique minimal element 0̂ = V , it su�ces to show that
(a) if x l y in L (A) then dim(x) � dim(y) = 1, and (b) all maximal elements of L (A)
have dimensionn � rank(A). By linear algebra, if H is a hyperplaneand x an a�ne
subspace,then H \ x = x or dim(x) � dim(H \ x) = 1, so (a) follows. Now suppose
that x hasthe largest codimensionof any element of L (A), say codim(x) = d. Thus
x is an intersection of d linearly independent hyperplanes(i.e., their normals are
linearly independent) H1; : : : ; Hd in A. Let y 2 L (A) with e = codim(y) < d. Thus
y is an intersection of e hyperplanes,sosomeH i (1 � i � d) is linearly independent
from them. Then y \ H i 6= ; and codim(y \ H i ) > codim(y). Hence y is not a
maximal element of L (A), proving (b). �

1.3. The characteristic polynomial

A poset P is locally �nite if every interval [x; y] is �nite. Let Int( P) denote the
set of all closed intervals of P. For a function f : Int( P) ! Z, write f (x; y) for
f ([x; y]). We now cometo a fundamental invariant of locally �nite posets.

De�nition 1.2. Let P be a locally �nite poset. De�ne a function � = � P :
Int( P) ! Z, called the M•obius function of P, by the conditions:

� (x; x) = 1; for all x 2 P

� (x; y) = �
X

x � z<y

� (x; z); for all x < y in P:(2)

This secondcondition can also be written
X

x � z� y

� (x; z) = 0; for all x < y in P:

If P has a 0̂, then we write � (x) = � (0̂; x). Figure 3 shows the intersection poset
L of the arrangement A in K 3 (for any �eld K ) de�ned by QA (x) = xyz(x + y),
together with the value � (x) for all x 2 L .

A important application of the M•obius function is the M•obius inversion for-
mula. The best way to understand this result (though it doeshave a simple direct
proof) requires the machinery of incidence algebras. Let I (P) = I (P; K ) denote
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the vector spaceof all functions f : Int( P) ! K . Write f (x; y) for f ([x; y]). For
f ; g 2 I (P), de�ne the product f g 2 I (P) by

f g(x; y) =
X

x � z� y

f (x; z)g(z; y):

It is easyto seethat this product makes I (P) an associative Q-algebra, with mul-
tiplicativ e identit y � given by

� (x; y) =
�

1; x = y
0; x < y:

De�ne the zeta function � 2 I (P) of P by � (x; y) = 1 for all x � y in P. Note that
the M•obius function � is an element of I (P). The de�nition of � (De�nition 1.2) is
equivalent to the relation �� = � in I (P). In any �nite-dimensional algebra over a
�eld, one-sidedinversesare two-sidedinverses,so � = � � 1 in I (P).

Theorem 1.1. Let P be a �nite posetwith M•obiusfunction � , and let f ; g : P ! K .
Then the following two conditions are equivalent:

f (x) =
X

y � x

g(y); for all x 2 P

g(x) =
X

y � x

� (x; y)f (y); for all x 2 P:

Pro of. The set K P of all functions P ! K forms a vector spaceon which I (P)
acts (on the left) as an algebra of linear transformations by

(� f )(x) =
X

y � x

� (x; y)f (y);

where f 2 K P and � 2 I (P). The M•obius inversion formula is then nothing but
the statement

� f = g , f = �g :
�

We now cometo the main concept of this section.

De�nition 1.3. The characteristic polynomial � A (t) of the arrangement A is de-
�ned by

(3) � A (t) =
X

x 2 L (A )

� (x)tdim( x ) :

For instance, if A is the arrangement of Figure 3, then

� A (t) = t3 � 4t2 + 5t � 2 = (t � 1)2(t � 2):

Note that we have immediately from the de�nition of � A (t), whereA is in K n ,
that

� A (t) = tn � (# A)tn � 1 + � � � :

Example 1.4. Consider the coordinate hyperplane arrangement A with de�ning
polynomial QA (x) = x1x2 � � � xn . Every subset of the hyperplanes in A has a
di�eren t nonempty intersection, soL (A) is isomorphic to the boolean algebra B n of
all subsetsof [n] = f 1; 2; : : : ; ng, ordered by inclusion.

Prop osition 1.2. Let A be given by the above example. Then � A (t) = (t � 1)n .
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Pro of. The computation of the M•obius function of a booleanalgebrais a standard
result in enumerative combinatorics with many proofs. We will give here a naive
proof from �rst principles. Let y 2 L (A), r (y) = k. We claim that

(4) � (y) = (� 1)k :

The assertionis clearly true for rk(y) = 0, when y = 0̂. Now let y > 0̂. We needto
show that

(5)
X

x � y

(� 1)rk( x ) = 0:

The number of x such that x � y and rk(x) = i is
� k

i

�
, so (5) is equivalent to the

well-known identit y
P k

i =0 (� 1)i
� k

i

�
= 0 for k > 0 (easily proved by substituting

q = � 1 in the binomial expansionof (q + 1)k ). �
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Exercises
We will (subjectively) indicate the di�cult y level of each problem as follows:

[1] easy: most students should be able to solve it
[2] moderately di�cult: many students should be able to solve it
[3] di�cult: a few students should be able to solve it
[4] horrendous: no students should be able to solve it (without already knowing how)
[5] unsolved:

Further gradations are indicated by + and � . Thus a [3{] problem is about the
most di�cult that makesa reasonablehomework exercise,and a [5{] problem is an
unsolved problem that has received little attention and may not be too di�cult.

Note. Unlessexplicitly stated otherwise, all graphs, posets, lattices, etc., are
assumedto be �nite .

(1) [2] Show that every region R of an arrangement A in Rn is an open convex set.
Deducethat R is homeomorphic to the interior of an n-dimensional ball.

(2) [1+] Let A be an arrangement and ess(A) its essentialization. Show that

tdim (ess(A )) � A (t) = tdim (A ) � ess(A ) (t):

(3) [2+] Let A be the arrangement in Rn with equations

x1 = x2; x2 = x3; : : : ; xn � 1 = xn ; xn = x1:

Compute the characteristic polynomial � A (t), and compute the number r (A) of
regionsof A.

(4) [2+] Let A be an arrangement in Rn with m hyperplanes. Find the maximum
possiblenumber f (n; m) of regionsof A.

(5) [2] Let A be an arrangement in the n-dimensionalvector spaceV whosenormals
spana subspaceW , and let B be another arrangement in V whosenormals span
a subspaceY. Supposethat W \ Y = f 0g. Show that

� A [ B (t) = t � n � A (t)� B (t):

(6) [2] Let A be an arrangment in a vector spaceV . Supposethat � A (t) is divisible
by tk but not tk+1 . Show that rank(A) = n � k.

(7) Let A be an essential arrangement in Rn . Let � be the union of the bounded
facesof A.
(a) [3] Show that � is contractible.
(b) [2] Show that � neednot be homeomorphicto a closedball.
(c) [2+] Show that � neednot be starshaped. (A subsetS of Rn is starshaped

if there is a point x 2 S such that for all y 2 S, the line segment from x to
y lies in S.)

(d) [3] Show that � is pure, i.e., all maximal facesof � have the samedimension.
(This was an open problem solved by Xun Dong at the PCMI Summer
Sessionin Geometric Combinatorics, July 11{31, 2004.)

(e) [5] Suppose that A is in general position. Is � homeomorphic to an n-
dimensional closedball?



LECTURE 2
Prop erties of the in tersection poset and graphical

arrangemen ts

2.1. Prop erties of the in tersection poset

Let A be an arrangement in the vector space V . A subarrangement of A is a
subset B � A. Thus B is also an arrangement in V . If x 2 L (A), de�ne the
subarrangement A x � A by

(6) A x = f H 2 A : x � H g:

Also de�ne an arrangement A x in the a�ne subspacex 2 L(A) by

Ax = f x \ H 6= ; : H 2 A � A x g:

Note that if x 2 L (A), then

L(Ax ) �= � x := f y 2 L (A) : y � xg

L (Ax ) �= Vx := f y 2 L (A) : y � xg(7)

AKA

x

xA

K

K

ChooseH0 2 A. Let A0 = A � f H0g and A00 = AH 0 . We call (A; A0; A00) a
triple of arrangements with distinguished hyperplane H 0.

13
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A"

A'
A

H0

The main goal of this section is to give a formula in terms of � A (t) for r (A)
and b(A) when K = R (Theorem 2.5). We �rst establish recurrencesfor thesetwo
quantities.

Lemma 2.1. Let (A; A0; A00) be a triple of real arrangementswith distinguished
hyperplane H0. Then

r (A) = r (A0) + r (A00)

b(A) =
�

b(A0) + b(A00); if rank(A) = rank(A0)
0; if rank(A) = rank(A0) + 1:

Note. If rank(A) = rank(A0), then also rank(A) = 1 + rank(A 00). The �gure
below illustrates the situation when rank(A) = rank(A 0) + 1.

0H

Pro of. Note that r (A) equalsr (A 0) plus the number of regionsof A0 cut into two
regionsby H0. Let R0 be such a region of A0. Then R0 \ H0 2 R(A00). Conversely,
if R002 R(A00) then points near R00on either side of H0 belong to the sameregion
R0 2 R(A0), sinceany H 2 R(A0) separating them would intersect R00. Thus R0 is
cut in two by H0. We have establisheda bijection between regions of A 0 cut into
two by H0 and regionsof A00, establishing the �rst recurrence.

The secondrecurrenceis proved analogously;the details are omitted. �
We now cometo the fundamental recursive property of the characteristic poly-

nomial.

Lemma 2.2. (Deletion-Restriction) Let (A; A 0; A00) be a triple of real arrange-
ments. Then

� A (t) = � A 0(t) � � A 00(t):
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Figure 1. Tw o non-lattices

For the proof of this lemma, we will needsometools. (A more elementary proof
could be given, but the tools will be useful later.)

Let P be a poset. An upper bound of x; y 2 P is an element z 2 P satisfying
z � x and z � y. A least upper bound or join of x and y, denotedx _ y, is an upper
bound z such that z � z0 for all upper bounds z0. Clearly if x _ y exists, then it
is unique. Similarly de�ne a lower bound of x and y, and a greatest lower bound
or meet, denoted x ^ y. A lattice is a poset L for which any two elements have a
meet and join. A meet-semilattice is a poset P for which any two elements have
a meet. Dually, a join-semilattice is a poset P for which any two elements have a
join. Figure 1 shows two non-lattices, with a pair of elements circled which don't
have a join.

Lemma 2.3. A �nite meet-semilattice L with a unique maximal element 1̂ is a
lattice. Dually, a �nite join-semilattice L with a unique minimal element 0̂ is a
lattice.

Pro of. Let L be a �nite meet-semilattice. If x; y 2 L then the set of upper bounds
of x; y is nonempty since1̂ is an upper bound. Hence

x _ y =
^

z� x
z� y

z:

The statement for join-semilattices is by \dualit y," i.e., interchanging � with � ,
and ^ with _. �

The readershould check that Lemma 2.3 neednot hold for in�nite semilattices.

Prop osition 2.3. Let A be an arrangement. Then L(A) is a meet-semilattice. In
particular, every interval [x; y] of L (A) is a lattice. Moreover, L (A) is a lattice if
and only if A is central.

Pro of. If
T

H 2 A H = ; , then adjoin ; to L (A) as the unique maximal element,
obtaining the augmented intersection poset L 0(A). In L 0(A) it is clear that x _ y =
x\ y. HenceL 0(A) is a join-semilattice. Sinceit hasa 0̂, it is a lattice by Lemma 2.3.
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SinceL(A) = L 0(A) or L (A) = L 0(A) � f 1̂g, it follows that L (A) is always a meet-
semilattice, and is a lattice if A is central. If A isn't central, then

W
x 2 L (A ) x does

not exist, so L (A) is not a lattice. �
We now cometo a basic formula for the M•obius function of a lattice.

Theorem 2.2. (the Cross-CutTheorem) Let L be a �nite lattice. Let X be a subset
of L such that 0̂ 62X , and such that if y 2 L , y 6= 0̂, then some x 2 X satis�es
x � y. Let Nk be the number of k-element subsetsof X with join 1̂. Then

� L (0̂; 1̂) = N0 � N1 + N2 � � � � :

We will prove Theorem 2.2 by an algebraicmethod. Such a sophisticatedproof
is unnecessary, but the machinery we develop will be used later (Theorem 4.13).
Let L be a �nite lattice and K a �eld. The M•obius algebra of L , denoted A(L ), is
the semigroup algebra of L over K with respect to the operation _. (Sometimes
the operation is taken to be ^ instead of _, but for our purposes,_ is more con-
venient.) In other words, A(L ) = K L (the vector spacewith basis L ) as a vector
space. If x; y 2 L then we de�ne xy = x _ y. Multiplication is extended to all
of A(L ) by bilinearit y (or distributivit y). Algebraists will recognizethat A(L ) is
a �nite-dimensional commutativ e algebra with a basis of idempotents, and hence
is isomorphic to K # L (as an algebra). We will show this by exhibiting an explicit

isomorphism A(L )
�=! K # L . For x 2 L , de�ne

(8) � x =
X

y � x

� (x; y)y 2 A(L );

where � denotesthe M•obius function of L . Thus by the M•obius inversion formula,

(9) x =
X

y � x

� y ; for all x 2 L:

Equation (9) shows that the � x 's span A(L ). Since # f � x : x 2 Lg = # L =
dim A(L ), it follows that the � x 's form a basis for A(L ).

Theorem 2.3. Let x; y 2 L . Then � x � y = � xy � x , where � xy is the Kr onecker
delta. In other words, the � x 's are orthogonal idempotents. Hence

A(L ) =
M

x 2 L

K � � x (algebra direct sum):

Pro of. De�ne a K -algebra A0(L ) with basis f � 0
x : x 2 Lg and multiplication

� 0
x � 0

y = � xy � 0
x . For x 2 L set x0 =

P
s� x � 0

s . Then

x0y0 =

0

@
X

s� x

� 0
s

1

A

0

@
X

t � y

� 0
t

1

A

=
X

s� x
s� y

� 0
s

=
X

s� x _ y

� 0
s

= (x _ y)0:

Hence the linear transformation ' : A(L ) ! A0(L ) de�ned by ' (x) = x0 is an
algebra isomorphism. Since ' (� x ) = � 0

x , it follows that � x � y = � xy � x . �
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Note. The algebra A(L ) has a multiplicativ e identit y, viz., 1 = 0̂ =
P

x 2 L � x .
Pro of of Theorem 2.2. Let char(K ) = 0, e.g., K = Q. For any x 2 L , we

have in A(L ) that
0̂ � x =

X

y � 0̂

� y �
X

y � x

� y =
X

y6�x

� y :

Henceby the orthogonality of the � y 's we have
Y

x 2 X

(0̂ � x) =
X

y

� y ;

wherey rangesover all elements of L satisfying y 6� x for all x 2 X . By hypothesis,
the only such element is 0̂. Hence

Y

x 2 X

(0̂ � x) = � 0̂:

If we now expand both sidesas linear combinations of elements of L and equate
coe�cien ts of 1̂, the result follows. �

Note. In a �nite lattice L , an atom is an element covering 0̂. Let T be the set
of atoms of L . Then a set X � L � f 0̂g satis�es the hypothesesof Theorem 2.2 if
and only if T � X . Thus the simplest choice of X is just X = T.

Example 2.5. Let L = Bn , the booleanalgebraof all subsetsof [n]. Let X = T =
ff i g : i 2 [n]g. Then N0 = N1 = � � � = Nn � 1 = 0, Nn = 1. Hence� (0̂; 1̂) = (� 1)n ,
agreeingwith Proposition 1.2.

We will use the Crosscut Theorem to obtain a formula for the characteristic
polynomial of an arrangement A. Extending slightly the de�nition of a central
arrangement, call any subset B of A central if

T
H 2 B H 6= ; . The following result

is due to HasslerWhitney for linear arrangements. Its easyextension to arbitrary
arrangements appears in [24, Lemma 2.3.8].

Theorem 2.4. (Whitney's theorem) Let A be an arrangementin an n-dimensional
vector space. Then

(10) � A (t) =
X

B � A
B central

(� 1)# B tn � rank( B ) :

Example 2.6. Let A be the arrangement in R2 shown below.

c d

a
b
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The following table shows all central subsetsB of A and the valuesof # B and
rank(B).

B # B rank(B)
; 0 0
a 1 1
b 1 1
c 1 1
d 1 1

ac 2 2
ad 2 2
bc 2 2
bd 2 2
cd 2 2

acd 3 2

It follows that � A (t) = t2 � 4t + (5 � 1) = t2 � 4t + 4.

Pro of of Theorem 2.4. Let z 2 L (A). Let

� z = f x 2 L (A) : x � zg;

the principal order ideal generatedby z. Recall the de�nition

Az = f H 2 A : H � z (i :e:; z � H )g:

By the Crosscut Theorem (Theorem 2.2), we have

� (z) =
X

k

(� 1)k Nk (z);

where Nk (z) is the number of k-subsetsof A z with join z. In other words,

� (z) =
X

B � A z
z=

T
H 2 B H

(� 1)# B :

Note that z =
T

H 2 B H implies that rank(B) = n � dim z. Now multiply both sides
by tdim (z) and sum over z to obtain equation (10). �

We have now assembled all the machinery necessaryto prove the Deletion-
Restriction Lemma (Lemma 2.2) for � A (t).

Pro of of Lemma 2.2. Let H 0 2 A be the hyperplane de�ning the triple
(A; A0; A00). Split the sum on the right-hand side of (10) into two sums,depending
on whether H0 62B or H0 2 B. In the former casewe get

X

H 0 62B � A
B central

(� 1)# B tn � rank (B ) = � A 0(t):

In the latter case,set B1 = (B � f H0g)H 0 , a central arrangement in H 0
�= K n � 1 and

a subarrangement of AH 0 = A00. Since# B1 = # B � 1 and rank(B1) = rank(B) � 1,
we get

X

H 0 2 B � A
B central

(� 1)# B tn � rank (B ) =
X

B 1 2 A 00

(� 1)# B 1 +1 t (n � 1) � rank (B 1 )

= � � A 00(t);

and the proof follows. �
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2.2. The num ber of regions

The next result is perhaps the �rst major theorem in the subject of hyperplane
arrangements, due to Thomas Zaslavsky in 1975.

Theorem 2.5. Let A be an arrangement in an n-dimensional real vector space.
Then

r (A) = (� 1)n � A (� 1)(11)

b(A) = (� 1)rank (A ) � A (1):(12)

First pro of. Equation (11) holds for A = ; , since r (; ) = 1 and � ; (t) = tn .
By Lemmas2.1 and 2.2, both r (A) and (� 1)n � A (� 1) satisfy the samerecurrence,
so the proof follows.

Now consider equation (12). Again it holds for A = ; since b(; ) = 1. (Recall
that b(A) is the number of relatively bounded regions. When A = ; , the entire
ambient spaceRn is relatively bounded.) Now

� A (1) = � A 0(1) � � A 00(1):

Let d(A) = (� 1)rank( A ) � A (1). If rank(A) = rank(A0) = rank(A00) + 1, then d(A) =
d(A0) + d(A00). If rank(A) = rank(A0) + 1 then b(A) = 0 [why?] and L(A0) �= L (A00)
[why?]. Thus from Lemma 2.2 we have d(A) = 0. Hencein all casesb(A) and d(A)
satisfy the samerecurrence,so b(A) = d(A). �

Second pro of. Our secondproof of Theorem 2.5 is basedon M•obius inversion
and some instructiv e topological considerations. For this proof we assumebasic
knowledge of the Euler characteristic  (�) of a topological space�. (Standard
notation is � (�), but this would cause too much confusion with the character-
istic polynomial.) In particular, if � is suitably decomposed into cells with f i

i -dimensional cells, then

(13)  (�) = f 0 � f 1 + f 2 � � � � :

We take (13) as the de�nition of  (�). For \nice" spacesand decompositions, it is
independent of the decomposition. In particular,  (Rn ) = (� 1)n . Write �R for the
closureof a region R 2 R(A).

De�nition 2.4. A (closed) face of a real arrangement A is a set ; 6= F = �R \ x,
where R 2 R(A) and x 2 L(A).

If we regard �R as a convex polyhedron (possibly unbounded), then a face of
A is just a face of some �R in the usual senseof the face of a polyhedron, i.e., the
intersection of �R with a supporting hyperplane. In particular, each �R is a face of
A. The dimension of a faceF is de�ned by

dim(F ) = dim(a� (F )) ;

where a�( F ) denotesthe a�ne span of F . A k-face is a k-dimensional face of A.
For instance, the arrangement below has three 0-faces(vertices), nine 1-faces,and
seven 2-faces(equivalently , seven regions). Hence (R2) = 3 � 9 + 7 = 1.
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Write F(A) for the set of facesof A, and let relint denoterelative interior. Then

Rn =
G

F 2 F (A )

relint(F );

where
F

denotesdisjoint union. If f k (A) denotes the number of k-facesof A, it
follows that

(� 1)n =  (Rn ) = f 0(A) � f 1(A) + f 2(A) � � � � :

Every k-face is a region of exactly one A y for y 2 L (A). Hence

f k (A) =
X

y2 L (A )
dim (y)= k

r (Ay ):

Multiply by (� 1)k and sum over k to get

(� 1)n =  (Rn ) =
X

y2 L (A )

(� 1)dim (y) r (Ay ):

Replacing Rn by x 2 L(A) gives

(� 1)dim (x ) =  (x) =
X

y2 L (A )
y � x

(� 1)dim (y) r (Ay ):

M•obius inversion yields

(� 1)dim (x ) r (Ax ) =
X

y2 L (A )
y � x

(� 1)dim (y) � (x; y):

Putting x = Rn gives

(� 1)n r (A) =
X

y2 L (A )

(� 1)dim (y) � (y) = � A (� 1);

thereby proving (11).
The relatively bounded case(equation (12)) is similar, but with one technical

complication. We may assumethat A is essential, sinceb(A) = b(ess(A)) and

� A (t) = tdim (A ) � dim (ess(A )) � ess(A ) (t):

In this case,the relatively bounded regionsare actually bounded. Let

Fb(A) = f F 2 F(A) : F is relatively boundedg

� =
[

F 2 F b (A )

F:

The di�cult y lies in computing  (�). Zaslavsky conjectured in 1975 that � is
star-shaped, i.e., there exists x 2 � such that for every y 2 �, the line segment
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dc

a

b

c d

Figure 2. Tw o arrangements with the same intersection poset

joining x and y lies in �. This would imply that � is contractible, and hence(since
� is compact when A is essential)  (�) = 1. A counterexample to Zaslavsky's
conjecture appears as an exercisein [7, Exer. 4.29], but neverthelessBj•orner and
Ziegler showed that � is indeedcontractible. (See[7, Thm. 4.5.7(b)] and Lecture 1,
Exercise7.) The argument just given for r (A) now carries over mutatis mutandis
to b(A). There is also a direct argument that  (�) = 1, circumventing the needto
show that � is contractible. We will omit proving here that  (�) = 1. �

Corollary 2.1. Let A be a real arrangement. Then r (A) and b(A) depend only on
L(A).

Figure 2 shows two arrangements in R2 with di�eren t \face structure" but
the same L(A). The �rst arrangement has for instance one triangular and one
quadrilateral face, while the secondhas two triangular faces. Both arrangements,
however, have ten regionsand two bounded regions.

We now give two basicexamplesof arrangements and the computation of their
characteristic polynomials.

Prop osition 2.4. (general position) Let A be an n-dimensional arrangementof m
hyperplanesin general position. Then

� A (t) = tn � mt n � 1 +
�

m
2

�
tn � 2 � � � � + (� 1)n

�
m
n

�
:

In particular, if A is a real arrangement, then

r (A) = 1 + m +
�

m
2

�
+ � � � +

�
m
n

�

b(A) = (� 1)n
�

1 � m +
�

m
2

�
� � � � + (� 1)n

�
m
n

��

=
�

m � 1
n

�
:

Pro of. Every B � A with # B � n de�nes an element xB =
T

H 2 B H of L (A).
HenceL(A) is a truncated boolean algebra:

L (A) �= f S � [m] : # S � ng;
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Figure 3. The truncated boolean algebra of rank 2 with four atoms

ordered by inclusion. Figure 3 shows the casen = 2 and m = 4, i.e., four lines in
general position in R2. If x 2 L (A) and rk(x) = k, then [0̂; x] �= Bk , a boolean
algebra of rank k. By equation (4) there follows � (x) = (1)k . Hence

� A (t) =
X

S� [m ]
# S� n

(� 1)# S tn � # S

= tn � mt n � 1 + � � � + (� 1)n
�

m
n

�
: 2

Note. Arrangements whosehyperplanesare in generalposition were formerly
called free arrangements. Now, however, free arrangements have another meaning
discussedin the note following Example 4.11.

Our secondexample concernsgeneric translations of the hyperplanesof a lin-
ear arrangement. Let L 1; : : : ; L m be linear forms, not necessarilydistinct, in the
variables v = (v1; : : : ; vn ) over the �eld K . Let A be de�ned by

L 1(v) = a1; : : : ; L m (v) = am ;

where a1; : : : ; am are generic elements of K . This meansif H i = ker(L i (v) � ai ),
then

H i 1 \ � � � \ H i k 6= ; , L i 1 ; : : : ; L i k are linearly independent.

For instance, if K = R and L 1; : : : ; L m are de�ned over Q, then a1; : : : ; am are
genericwhenever they are linearly independent over Q.

nongeneric generic

It follows that if x = H i 1 \ � � � \ H i k 2 L(A), then [0̂; x] �= Bk . Hence

� A (t) =
X

B

(� 1)# B tn � # B ;
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6 3 12 4 121

Figure 4. The forests on four vertices

whereB rangesover all linearly independent subsetsof A. (We say that a set of hy-
perplanesare linearly independent if their normals are linearly independent.) Thus
� A (t), or more precisely (� t)n � A (� 1=t), is the generating function for linearly
independent subsetsof L 1; : : : ; L m according to their number of elements. For in-
stance,if A is given by Figure 2 (either arrangement) then the linearly independent
subsetsof hyperplanesare ; ; a; b;c;d;ac;ad;bc;bd;cd, so � A (t) = t2 � 4t + 5.

Consider the more interesting examplex i � x j = aij , 1 � i < j � n, where the
aij are generic. We could call this arrangement the generic braid arrangementGn .
Identify the hyperplane x i � x j = aij with the edgeij on the vertex set [n]. Thus
a subsetB � Gn corresponds to a simple graph GB on [n]. (\Simple" meansthat
there is at most one edgebetweenany two vertices, and no edgefrom a vertex to
itself.) It is easyto seethat B is linearly independent if and only if the graph GB

has no cycles,i.e., is a forest. Hencewe obtain the interesting formula

(14) � Gn (t) =
X

F

(� 1)e(F ) tn � e(F ) ;

where F ranges over all forests on [n] and e(F ) denotes the number of edgesof
F . For instance, the isomorphism types of forests (with the number of distinct
labelings written below the forest) on four vertices are given by Figure 4. Hence

� G4 (t) = t4 � 6t3 + 15t2 � 16t:

Equation (11) can be rewritten as

r (A) =
X

x 2 L (A )

(� 1)rk( x ) � (x):

(Theorem 3.10 will show that (� 1)rk (x ) � (x) > 0, so we could also write j� (x)j for
this quantit y.) It is easyto extend this result to count facesof A of all dimensions,
not just the top dimension n. Let f k (A) denote the number of k-facesof the real
arrangement A.

Theorem 2.6. We have

f k (A) =
X

x � y in L (A )
dim (x )= k

(� 1)dim (x ) � dim (y) � (x; y)(15)

=
X

x � y in L (A )
dim (x )= k

j� (x; y)j:(16)

Pro of. As mentioned above, every faceF is a region of a unique A x for x 2 L (A),
viz., x = a� (F ). In particular, dim(F ) = dim(x). Henceif dim(F ) = k, then r (A x )
is the number of k-facesof A contained in x. By Theorem 2.5 and equation (7) we
get

r (Ax ) =
X

y � x

(� 1)dim (y) � dim (x ) � (x; y);
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wherewe are dealingwith the posetL (A). Summing over all x 2 L (A) of dimension
k yields (15), and (16) then follows from Theorem (3.10) below. �

2.3. Graphical arrangemen ts

There are closeconnectionsbetween certain invariants of a graph G and an asso-
ciated arrangement AG . Let G be a simple graph on the vertex set [n]. Let E(G)
denote the set of edgesof G, regarded as two-element subsetsof [n]. Write ij for
the edgef i; j g.

De�nition 2.5. The graphical arrangement A G in K n is the arrangement

x i � x j = 0; ij 2 E(G):

Thus a graphical arrangement is simply a subarrangement of the braid arrange-
ment Bn . If G = K n , the complete graph on [n] (with all possibleedgesij ), then
AK n = Bn .

De�nition 2.6. A coloring of a graph G on [n] is a map � : [n] ! P. The coloring
� is proper if � (i ) 6= � (j ) whenever ij 2 E(G). If q 2 P then let � G (q) denote the
number of proper colorings � : [n] ! [q] of G, i.e., the number of proper colorings
of G whosecolors come from 1; 2; : : : ; q. The function � G is called the chromatic
polynomial of G.

For instance, suppose that G is the complete graph K n . A proper coloring
� : [n] ! [q] is obtained by choosing a vertex, say 1, and coloring it in q ways.
Then chooseanother vertex, say 2, and color it in q � 1 ways, etc., obtaining

(17) � K n (q) = q(q � 1) � � � (q � n + 1):

A similar argument applies to the graph G of Figure 5. There are q ways to color
vertex 1, then q � 1 to color vertex 2, then q � 1 to color vertex 3, etc., obtaining

� G (q) = q(q � 1)(q � 1)(q � 2)(q � 1)(q � 1)(q � 2)(q � 2)(q � 3)

= q(q � 1)4(q � 2)3(q � 3):

Unlike the caseof the completegraph, in order to obtain this nice product formula
one factor at a time only certain orderings of the vertices are suitable. It is not
always possibleto evaluate the chromatic polynomials \one vertex at a time." For
instance, let H be the 4-cycleof Figure 5. If a proper coloring � : [4] ! [q] satis�es
� (1) = � (3), then there are q choicesfor � (1), then q � 1 choiceseach for � (2) and
� (4). On the other hand, if � (1) 6= � (3), then there are q choices for � (1), then
q � 1 choicesfor � (3), and then q � 2 choiceseach for � (2) and � (4). Hence

� H (q) = q(q � 1)2 + q(q � 1)(q � 2)2

= q(q � 1)(q2 � 3q + 3):

For further information on graphs whosechromatic polynomial can be evaluated
one vertex at a time, seeCorollary 4.10 and the note following it.

It is easy to seedirectly that � G (q) is a polynomial function of q. Let ei (G)
denote the number of surjective proper colorings � : [n] ! [i ] of G. We can choose
an arbitrary proper coloring � : [n] ! [q] by �rst choosing the size i = # � ([n]) of
its image in

� q
i

�
ways, and then choose� in ei ways. Hence

(18) � G (q) =
nX

i =0

ei

�
q
i

�
:



LECTURE 2. PROPERTIES OF THE INTERSECTION POSET 25

4

1 2

3

G H
1 3

2
5 4

6 8
9

7

Figure 5. Tw o graphs

Since
� q

i

�
= q(q� 1) � � � (q� i + 1)=i!, a polynomial in q (of degreei ), weseethat � G (q)

is a polynomial. We therefore write � G (t), where t is an indeterminate. Moreover,
any surjection (= bijection) � : [n] ! [n] is proper. Henceen = n!. It follows from
equation (18) that � G (t) is monic of degreen. Using more sophisticated methods
we will later derive further properties of the coe�cien ts of � G (t).

Theorem 2.7. For any graph G, we have � A G (t) = � G (t).

First pro of. The �rst proof is based on deletion-restriction (which in the
context of graphs is called deletion-contraction). Let e = ij 2 E(G). Let G � e
(also denoted Gne) denote the graph G with edgee deleted, and let G=e denote G
with the edgee contracted to a point and all multiple edgesreplaced by a single
edge(i.e., whenever there is more than oneedgebetweentwo vertices, replacethese
edgesby a singleedge). (In somecontexts we want to keeptrack of multiple edges,
but they are irrelevant in regard to proper colorings.)
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Let H0 2 A = AG be the hyperplanex i = x j . It is clear that A � f H 0g = AG� e.

We claim that

(19) AH 0 = AG=e ;

so by Deletion-Restriction (Lemma 2.2) we have

� A G (t) = � A G � e (t) = � A G=e (t):

To prove (19), de�ne an a�ne isomorphism ' : H 0
�=! Rn � 1 by

(x1; x2; : : : ; xn ) 7! (x1; : : : ; x i ; : : : ; x̂ j ; : : : ; xn );

where x̂ j denotes that the j th coordinate is omitted. (Hence the coordinates in
Rn � 1 are 1; 2; : : : ; ĵ ; : : : ; n.) Write Hab for the hyperplane xa = xb of A. If neither
of a; b are equal to i or j , then ' (H ab \ H0) is the hyperplane xa = xb in Rn � 1. If
a 6= i; j then ' (H ia \ H0) = ' (Haj \ H0), the hyperplanexa = x i in Rn � 1. Hence'
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G

F

Figure 6. A graph G with edge subset F and closure �F

de�nes an isomorphism betweenAH 0 and the arrangement AG=e in Rn � 1, proving
(19).

Let n� denote the graph with n vertices and no edges, and let ; denote
the empty arrangement in Rn . The theorem will be proved by induction (using
Lemma 2.2) if we show:

(a) Initialization: � n � (t) = � ; (t)
(b) Deletion-contraction:

(20) � G (t) = � G� e(t) � � G=e (t)

To prove (a), note that both sides are equal to tn . To prove (b), observe that
� G� e(q) is the number of colorings of � : [n] ! [q] that are proper except possibly
� (i ) = � (j ), while � G=e (q) is the number of colorings � : [n] ! [q] of G that are
proper except that � (i ) = � (j ). �

Our secondproof of Theorem 2.7 is basedon M•obius inversion. We �rst obtain
a combinatorial description of the intersection lattice L (A G ). Let H ij denote the
hyperplane x i = x j as above, and let F � E(G). Consider the element X =T

ij 2 F H ij of L (AG ). Thus

(x1; : : : ; xn ) 2 X , x i = x j whenever ij 2 F:

Let C1; : : : ; Ck be the connectedcomponents of the spanning subgraph GF of G
with edgeset F . (A subgraph of G is spanning if it contains all the vertices of G.
Thus if the edgesof F do not spanall of G, we needto include all remaining vertices
as isolated verticesof GF .) If i; j are verticesof someCm , then there is a path from
i to j whoseedgesall belong to F . Hencex i = x j for all (x1; : : : ; xn ) 2 X . On the
other hand, if i and j belong to di�eren t Cm 's, then there is no such path. Let

�F = f e = ij 2 E(G) : i; j 2 V (Cm ) for somemg;

where V (Cm ) denotes the vertex set of Cm . Figure 6 illustrates a graph G with
a set F of edgesindicated by thickening. The set �F is shown below G, with the
additional edges �F � F not in F drawn as dashedlines.

A partition � of a �nite set S is a collection f B1; : : : ; Bk g of subsetsof S, called
blocks, that are nonempty, pairwise disjoint, and whoseunion is S. The set of all
partitions of S is denoted � S , and when S = [n] we write simply � n for � [n ] . It
follows from the above discussionthat the elements X � of L (AG ) correspond to the



LECTURE 2. PROPERTIES OF THE INTERSECTION POSET 27

ab ac bc bd cd

bcdacdabd
abc

abcd

b

c

d

a

ab-cdac-bd

Figure 7. A graph G and its bond lattice L G

connected partitions of V (G), i.e., the partitions � = f B1; : : : ; Bk g of V(G) = [n]
such that the restriction of G to each block B i is connected. Namely,

X � = f (x1; : : : ; xn ) 2 K n : i; j 2 Bm for somem ) x i = x j g:

We have X � � X � in L (A) if and only if every block of � is contained in a block of
� . In other words, � is a re�nement of � . This re�nement order is the \standard"
ordering on � n , so L (AG ) is isomorphic to an induced subposet L G of � n , called
the bond lattice or lattice of contractions of G. (\Induced" means that if � � �
in � n and � ; � 2 L (AG ), then � � � in L (AG ).) In particular, � n

�= L (AK n ).
Note that in generalL G is not a sublattice of � n , but only a sub-join-semilattice of
� n [why?]. The bottom element 0̂ of L G is the partition of [n] into n one-element
blocks, while the top element 1̂ is the partition into one block. The caseG = K n

shows that the intersection lattice L (Bn ) of the braid arrangement Bn is isomorphic
to the full partition lattice � n . Figure 7 shows a graph G and its bond lattice L G

(singleton blocks are omitted from the labels of the elements of L G ).
Second pro of of Theorem 2.7. Let � 2 L G . For q 2 P de�ne � � (q) to be

the number of colorings � : [n] ! [q] of G satisfying:

� If i; j are in the sameblock of � , then � (i ) = � (j ).
� If i; j are in di�eren t blocks of � and ij 2 E(G), then � (i ) 6= � (j ).

Given any � : [n] ! [q], there is a unique � 2 L G such that � is enumerated by
� � (q). Moreover, � will be constant on the blocks of some� 2 L G if and only if
� � � in L G . Hence

qj � j =
X

� � �

� � (q) 8� 2 L G ;

where j� j denotesthe number of blocks of � . By M•obius inversion,

� � (q) =
X

� � �

qj � j � (� ; � );

where � denotesthe M•obius function of L G . Let � = 0̂. We get

(21) � G (q) = � 0̂(q) =
X

� 2 L G

� (� )qj � j :
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It is easily seenthat j� j = dim X � , so comparing equation (21) with De�nition 1.3
shows that � G (t) = � A G (t). �

Corollary 2.2. The characteristic polynomial of the braid arrangementB n is given
by

� B n (t) = t(t � 1) � � � (t � n + 1):

Pro of. Since Bn = AK n (the graphical arrangement of the complete graph K n ),
we have from Theorem 2.7 that � B n (t) = � K n (t). The proof follows from equation
(17). �

There is a further invariant of a graph G that is closely connected with the
graphical arrangement AG .

De�nition 2.7. An orientation o of a graph G is an assignment of a direction
i ! j or j ! i to each edgeij of G. A directed cycle of o is a sequenceof vertices
i 0; i 1; : : : ; i k of G such that i 0 ! i 1 ! i 2 ! � � � ! i k ! i 0 in o. An orientation o is
acyclic if it contains no directed cycles.

A graph G with no loops (edgesfrom a vertex to itself ) thus has2# E (G) orien-
tations. Let R 2 R(AG ), and let (x1; : : : ; xn ) 2 R. In choosingR, we have speci�ed
for all ij 2 E(G) whether x i < x j or x i > x j . Indicate by an arrow i ! j that
x i < x j , and by j ! i that x i > x j . In this way the region R de�nes an orientation
oR of G. Clearly if R 6= R0, then oR 6= oR 0. Which orientations can arise in this
way?

Prop osition 2.5. Let o be an orientation of G. Then o = oR for someR 2 R(AG )
if and only if o is acyclic.

Pro of. If oR had a cycle i 1 ! i 2 ! � � � ! i k ! i 1, then a point (x1; : : : ; xn ) 2 R
would satisfy x i 1 < x i 2 < � � � < x i k < x i 1 , which is absurd. HenceoR is acyclic.

Conversely, let o be an acyclic orientation of G. First note that o must have a
sink, i.e., a vertex with no arrows pointing out. To seethis, walk along the edges
of o by starting at any vertex and following arrows. Sinceo is acyclic, we can never
return to a vertex so the processwill end in a sink. Let j n be a sink vertex of o.
When we remove j n from o the remaining orientation is still acyclic, so it contains
a sink j n � 1. Continuing in this manner, we obtain an ordering j 1; j 2; : : : ; j n of [n]
such that j i is a sink of the restriction of o to j 1; : : : ; j i . Hence if x1; : : : ; xn 2 R
satisfy x j 1 < x j 2 < � � � < x j n then the region R 2 R(A) containing (x1; : : : ; xn )
satis�es o = oR . �

Note. The transitiv e, re
exiv e closure �o of an acyclic orientation o is a par-
tial order. The construction of the ordering j 1; j 2; : : : ; j n above is equivalent to
constructing a linear extension of o.

Let AO(G) denote the set of acyclic orientations of G. We have constructed a
bijection betweenAO(G) and R(AG ). Hencefrom Theorem 2.5 we conclude:

Corollary 2.3. For any graphG with n vertices,wehave#A O(G) = (� 1)n � G (� 1).

Corollary 2.3 was �rst proved by Stanley in 1973by a \direct" argument based
on deletion-contraction (see Exercise 7). The proof we have just given based on
arrangements is due to Greeneand Zaslavsky in 1983.

Note. Given a graph G on n vertices, let A #
G be the arrangement de�ned by

x i � x j = aij ; ij 2 E(G);
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where the aij 's are generic. Just as we obtained equation (14) (the caseG = K n )
we have

� A #
G

(t) =
X

F

(� 1)e(F ) tn � e(F ) ;

where F rangesover all spanning forests of G.
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Exercises
(1) [3{] Show that for any arrangement A, we have � cA (t) = (t � 1)� A (t), wherecA

denotesthe coneover A. (Use Whitney's theorem.)
(2) [2{] Let G be a graph on the vertex set [n]. Show that the bond lattice L G is a

sub-join-semilattice of the partition lattice � n but is not in generala sublattice
of � n .

(3) [2{] Let G be a forest (graph with no cycles) on the vertex set [n]. Show that
L G

�= BE (G) , the boolean algebra of all subsetsof E(G).
(4) [2] Let G be a graph with n vertices and A G the corresponding graphical ar-

rangement. Supposethat G hasa k-element clique, i.e., k verticessuch that any
two are adjacent. Show that k!jr (A).

(5) [2+] Let G be a graph on the vertex set [n] = f 1; 2; : : : ; ng, and let A G be the
corresponding graphical arrangement (over any �eld K , but you may assume
K = R if you wish). Let Cn be the coordinate hyperplane arrangement, con-
sisting of the hyperplanesx i = 0, 1 � i � n. Express � A G [ Cn (t) in terms of
� A G (t).

(6) [4] Let G be a planar graph, i.e., G can be drawn in the plane without crossing
edges.Show that � A G (4) 6= 0.

(7) [2+] Let G be a graph with n vertices. Show directly from the the deletion-
contraction recurrence(20) that

(� 1)n � G (� 1) = #A O(G):

(8) [2+] Let � G (t) = tn � cn � 1tn � 1 + � � � + (� 1)n � 1c1t be the chromatic polynomial
of the graph G. Let i be a vertex of G. Show that c1 is equal to the number of
acyclic orientations of G whoseunique sourceis i . (A source is a vertex with no
arrows pointing in. In particular, an isolated vertex is a source.)

(9) [5] Let A be an arrangement with characteristic polynomial � A (t) = tn �
cn � 1tn � 1 + cn � 2tn � 2 � � � � + (� 1)n c0. Show that the sequencec0; c1; : : : ; cn = 1
is unimodal, i.e., for somej we have

c0 � c1 � � � � � cj � cj +1 � � � � � cn :

(10) [2+] Let f (n) be the total number of facesof the braid arrangement B n . Find
a simple formula for the generating function

X

n � 0

f (n)
xn

n!
= 1 + x + 3

x2

2!
+ 13

x3

3!
+ 75

x4

4!
+ 541

x5

5!
+ 4683

x6

6!
+ � � � :

More generally, let f k (n) denote the number of k-dimensional facesof Bn . For
instance, f 1(n) = 1 (for n � 1) and f n (n) = n!. Find a simple formula for the
generating function

X

n � 0

X

k � 0

f k (n)yk xn

n!
= 1 + yx + (y + 2y2)

x2

2!
+ (y + 6y2 + 6y3)

x3

3!
+ � � � :



LECTURE 3
Matroids and geometric lattices

3.1. Matroids

A matroid is an abstraction of a set of vectors in a vector space(for us, the normals
to the hyperplanes in an arrangement). Many basic facts about arrangements
(especially linear arrangements) and their intersection posetsare best understood
from the more general viewpoint of matroid theory. There are many equivalent
ways to de�ne matroids. We will de�ne them in terms of independent sets, which
are an abstraction of linearly independent sets. For any set S we write

2S = f T : T � Sg:

De�nition 3.8. A (�nite) matroid is a pair M = (S; I ), whereS is a �nite set and
I is a collection of subsetsof S, satisfying the following axioms:

(1) I is a nonempty (abstract) simplicial complex, i.e., I 6= ; , and if J 2 I and
I � J , then I 2 I .

(2) For all T � S, the maximal elements of I \ 2T have the samecardinalit y.
In the languageof simplicial complexes,every induced subcomplex of I is
pure.

The elements of I are called independentsets. All matroids consideredherewill
be assumedto be �nite. By standard abuseof notation, if M = (S; I ) then we write
x 2 M to mean x 2 S. The archetypal exampleof a matroid is a �nite subsetS of
a vector space,where independencemeanslinear independence. A closely related
matroid consists of a �nite subset S of an a�ne space,where independencenow
meansa�ne independence.

It should be clear what is meant for two matroids M = (S; I ) and M 0 = (S0; I 0)
to be isomorphic, viz., there exists a bijection f : S ! S0 such that f x1; : : : ; x j g 2 I
if and only if f f (x1); : : : ; f (x j )g 2 I 0. Let M be a matroid and S a set of points in
Rn , regardedas a matroid with independencemeaning a�ne independence. If M
and S are isomorphic matroids, then S is called an a�ne diagram of M . (Not all
matroids have a�ne diagrams.)

Example 3.7. (a) Regardthe con�guration in Figure 1 asa set of �v e points in the
two-dimensional a�ne spaceR2. These �v e points thus de�ne the a�ne diagram
of a matroid M . The lines indicate that the points 1,2,3 and 3,4,5 lie on straight

31
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1

2

3

4

5

Figure 1. A �v e-point matroid in the a�ne space R2

lines. Hencethe setsf 1; 2; 3g and f 3; 4; 5g area�nely dependent in R2 and therefore
dependent (i.e., not independent) in M . The independent sets of M consist of all
subsetsof [5] with at most two elements, together with all three-element subsetsof
[5] except 123 and 345 (where 123 is short for f 1; 2; 3g, etc.).

(b) Write I = hS1; : : : ; Sk i for the simplicial complex I generated by S1; : : : ; Sk ,
i.e.,

hS1; : : : ; Sk i = f T : T � Si for someig

= 2S1 [ � � � [ 2Sk :

Then I = h13; 14; 23; 24i is the set of independent setsof a matroid M on [4]. This
matroid is realizedby a multiset of vectors in a vector spaceor a�ne space,e.g.,by
the points 1,1,2,2 in the a�ne spaceR. The a�ne diagam of this matroid is given
by

3,41,2

(c) Let I = h12; 23; 34; 45; 15i . Then I is not the set of independent sets of a
matroid. For instance, the maximal elements of I \ 2f 1;2;4g are 12 and 4, which do
not have the samecardinalit y.

(d) The a�ne diagram below shows a seven point matroid.

1 2

3
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If we further require the points labelled 1,2,3 to lie on a line (i.e., remove 123
from I ), we still have a matroid M , but not onethat can be realizedby real vectors.
In fact, M is isomorphic to the set of nonzerovectors in the vector spaceF3

2, where
F2 denotesthe two-element �eld.

110

101100 001

011
111

010

Let us now de�ne a number of important terms associated to a matroid M .
A basis of M is a maximal independent set. A circuit C is a minimal dependent
set, i.e., C is not independent but becomesindependent when we remove any point
from it. For example,the circuits of the matroid of Figure 1 are 123,345,and 1245.

If M = (S; I ) is a matroid and T � S then de�ne the rank rk( T) of T by

rk(T) = maxf # I : I 2 I and I � Tg:

In particular, rk( ; ) = 0. We de�ne the rank of the matroid M itself by rk( M ) =
rk(S). A k-
at is a maximal subset of rank k. For instance, if M is an a�ne
matroid, i.e., if S is a subsetof an a�ne spaceand independencein M is given by
a�ne independence,then the 
ats of M are just the intersectionsof S with a�ne
subspaces.Note that if F and F 0 are 
ats of a matroid M , then so is F \ F 0 (see
Exercise2). Since the intersection of 
ats is a 
at, we can de�ne the closure T of
a subsetT � S to be the smallest 
at containing T, i.e.,

T =
\


ats F � T

F:

This closure operator has a number of nice properties, such as T = T and T 0 �
T ) T

0
� T .

3.2. The lattice of 
ats and geometric lattices

For a matroid M de�ne L(M ) to be the poset of 
ats of M , ordered by inclusion.
Sincethe intersection of 
ats is a 
at, L (M ) is a meet-semilattice; and sinceL(M )
has a top element S, it follows from Lemma 2.3 that L (M ) is a lattice, which we
call the lattice of 
ats of M . Note that L (M ) hasa unique minimal element 0̂, viz.,
�; or equivalently , the intersection of all 
ats. It is easyto seethat L (M ) is graded
by rank, i.e., every maximal chain of L (M ) has length m = rk(M ). Thus if x l y in
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2 4 51 3

Figure 2. The lattice of 
ats of the matroid of Figure 1

L(M ) then rk(y) = 1 + rk(x). We now de�ne the characteristic polynomial � M (t),
in analogy to the de�nition (3) of � A (t), by

(22) � M (t) =
X

x 2 L (M )

� (0̂; x)tm � rk (x ) ;

where � denotesthe M•obius function of L (M ) and m = rk(M ). Figure 2 shows the
lattice of 
ats of the matroid M of Figure 1. From this �gure we seeeasily that

� M (t) = t3 � 5t2 + 8t � 4:

Let M bea matroid and x 2 M . If the set f xg is dependent (i.e., if rk( f xg) = 0)
then we call x a loop. Thus �; is just the set of loops of M . Supposethat x; y 2 M ,
neither x nor y are loops, and rk(f x; yg) = 1. We then call x and y parallel points.
A matroid is simple if it has no loops or pairs of parallel points. It is clear that the
following three conditions are equivalent:

� M is simple.
� �; = ; and �x = x for all x 2 M .
� rk(f x; yg) = 2 for all points x 6= y of M (assuming M has at least two

points).

For any matroid M and x; y 2 M , de�ne x � y if �x = �y. It is easyto seethat � is
an equivalencerelation. Let

(23) cM = f �x : x 2 M ; x 62�; g;

with an obvious de�nition of independence,i.e.,

f �x1; : : : ; �xk g 2 I ( cM ) , f x1; : : : ; xk g 2 I (M ):

Then cM is simple, and L(M ) �= L ( cM ). Thus insofar as intersection lattices L (M )
are concerned,we may assumethat M is simple. (Readersfamiliar with point set
topology will recognizethe similarit y between the conditions for a matroid to be
simple and for a topological spaceto be T0.)

Example 3.8. Let S be any �nite set and V a vector space. If f : S ! V , then
de�ne a matroid M f on S by the condition that given I � S,

I 2 I (M ) , f f (x) : x 2 I g is linearly independent :
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Then a loop is any element x satisfying f (x) = 0, and x � y if and only if f (x) is
a nonzeroscalar multiple of f (y).

Note. If M = (S; I ) is simple, then L(M ) determinesM . For we can identify
S with the set of atoms of L (M ), and we have

f x1; : : : ; xk g 2 I , rk(x1 _ � � � _ xk ) = k in L (M ):

Seethe proof of Theorem 3.8 for further details.
We now cometo the primary connectionbetweenhyperplanearrangements and

matroid theory. If H is a hyperplane, write nH for some(nonzero) normal vector
to H .

Prop osition 3.6. Let A be a central arrangement in the vector space V . De�ne
a matroid M = M A on A by letting B 2 I (M ) if B is linearly independent (i.e.,
f nH : H 2 Bg is linearly independent). Then M is simple and L(M ) �= L (A).

Pro of. M has no loops, since every H 2 A has a nonzero normal. Two distinct
nonparallel hyperplaneshave linearly independent normals, so the points of M are
closed. HenceM is simple.

Let B; B0 � A, and set

X =
\

H 2 B

H = X B ; X 0 =
\

H 2 B 0

H = X B 0:

Then X = X 0 if and only if

spanf nH : H 2 Bg = spanf nH : H 2 B0g:

Now the closurerelation in M is given by

B = f H 0 2 A : nH 0 2 spanf nH : H 2 Bgg:

HenceX = X 0 if and only if B = B
0
, so L (M ) �= L (A). �

It follows that for a central arrangement A, L (A) dependsonly on the matroidal
structure of A, i.e., which subsetsof hyperplanesare linearly independent. Thus
the matroid M A encapsulatesthe essential information about A neededto de�ne
L(A).

Our next goal is to characterize those lattices L which have the form L(M ) for
somematroid M .

Prop osition 3.7. Let L be a �nite graded lattice. The following two conditions
are equivalent.

(1) For all x; y 2 L , we haverk(x) + rk(y) � rk( x ^ y) + rk(x _ y).
(2) If x and y both cover x ^ y, then x _ y covers both x and y.

Pro of. Assume (1). Let x; y m x ^ y, so rk(x) = rk( y) = rk( x ^ y) + 1 and
rk(x _ y) > rk(x) = rk(y). By (1),

rk(x) + rk( y) � (rk (x) � 1) + rk(x _ y)

) rk( y) � rk(x _ y) � 1

) x _ y m x:

Similarly x _ y m y, proving (2).
For (2)) (1), see[31, Prop. 3.3.2]. �
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(a) (b) (c)

Figure 3. Three nongeometric lattices

De�nition 3.9. A �nite lattice L satisfying condition (1) or (2) above is called
(upper) semimodular. A �nite lattice L is atomic if every x 2 L is a join of atoms
(where we regard 0̂ as an empty join of atoms). Equivalently , if x 2 L is join-
irreducible (i.e., covers a unique element), then x is an atom. Finally, a �nite
lattice is geometric if it is both semimodular and atomic.

To illustrate these de�nitions, Figure 3(a) shows an atomic lattice that is not
semimodular, (b) shows a semimodular lattice that is not atomic, and (c) shows a
graded lattice that is neither semimodular nor atomic.

We are now ready to characterize the lattice of 
ats of a matroid.

Theorem 3.8. Let L be a �nite lattice. The following two conditions are equivalent.

(1) L is a geometric lattice.
(2) L �= L (M ) for some(simple) matroid M .

Pro of. Assumethat L is geometric, and let A be the set of atoms of L . If T � A
then write

W
T =

W
x 2 T x, the join of all elements of T . Let

I = f I � A : rk(_I ) = # I g:

Note that by semimodularit y, wehavefor any S � A and x 2 A that rk((
W

S)_ x) �
rk(

W
S) + 1. (Hence in particular, rk(

W
S) � # S.) It follows that I is a simplicial

complex. Let S � A, and let T; T 0 be maximal elements of 2S \ I . We needto show
that # T = # T 0.

Assume # T < # T 0, say. If y 2 S then y �
W

T 0, elseT 00= T 0 [ y satis�es
rk(

W
T 00) = # T 00, contradicting the maximalit y of T 0. Since# T < # T 0 and T � S,

it follows that
W

T <
W

T 0 [why?]. SinceL is atomic, there exists y 2 S such that
y 2 S but y 6�

W
T. But then rk(

W
(T [ y)) = 1+ # T, contradicting the maximalit y

of T . HenceM = (A; I ) is a matroid, and L �= L (M ).
Conversely, given a matroid M , which we may assumeis simple, we need to

show that L (M ) is a geometric lattice. Clearly L (M ) is atomic, sinceevery 
at is
the join of its elements. Let S;T � M . We will show that

(24) rk(S) + rk(T) � rk(S \ T) + rk(S [ T):
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Note that if S and T are 
ats (i.e., S;T 2 L(M )) then S \ T = S ^ T and
rk(S [ T) = rk(S _ T). Hencetaking S and T to be 
ats in (24) shows that L (M )
is semimodular and thus geometric. Suppose(24) is false, so

rk(S [ T) > rk(S) + rk(T) � rk(S \ T):

Let B be a basisfor S[ T extending a basisfor S[ T . Then either #( B \ S) > rk(S)
or #( B \ T) > rk( T), a contradiction completing the proof. �

Note that by Proposition 3.6 and Theorem 3.8, any results we prove about geo-
metric lattices hold a fortiori for the intersection lattice L A of a central arrangement
A.

Note. If L is geometric and x � y in L , then it is easy to show using semi-
modularit y that the interval [x; y] is also a geometric lattice. (SeeExercise3.) In
general,however, an interval of an atomic lattice neednot be atomic.

For noncentral arrangements L (A) is not a lattice, but there is still a connection
with geometric lattices. For a stronger statement, seeExercise4.

Prop osition 3.8. Let A be an arrangement. Then every interval [x; y] of L (A) is
a geometric lattice.

Pro of. By Exercise3, it su�ces to take x = 0̂. Now [0̂; y] �= L (Ay ), where A y is
given by (6). Since A y is a central arrangement, the proof follows from Proposi-
tion 3.6. �

The proof of our next result about geometric lattices will use a fundamental
formula concerningM•obius functions known asWeisner's theorem. For a proof, see
[31, Cor. 3.9.3] (where it is stated in dual form).

Theorem 3.9. Let L be a �nite lattice with at least two elementsand with M•obius
function � . Let 0̂ 6= a 2 L . Then

(25)
X

x : x _ a= 1̂

� (x) = 0:

Note that Theorem 3.9 gives a \shortening" of the recurrence(2) de�ning � .
Normally we take a to be an atom, since that producesfewer terms in (25) than
choosing any b > a. As an example, let L = Bn , the boolean algebra of all subsets
of [n], and let a = f ng. There are two elements x 2 Bn such that x _ a = 1̂ = [n],
viz., x1 = [n � 1] and x2 = [n]. Hence� (x1) + � (x2) = 0. Since[0̂; x1] = Bn � 1 and
[0̂; x2] = Bn , we easily obtain � B n (1̂) = (� 1)n , agreeingwith (4).

If x � y in a graded lattice L , write rk( x; y) = rk( y) � rk( x), the length of
every saturated chain from x to y. The next result may be stated as \the M•obius
function of a geometric lattice strictly alternates in sign."

Theorem 3.10. Let L be a �nite geometric lattice with M•obius function � , and let
x � y in L . Then

(� 1)rk (x;y ) � (x; y) > 0:

Pro of. Sinceevery interval of a geometriclattice is a geometriclattice (Exercise3),
it su�ces to prove the theorem for [x; y] = [0̂; 1̂]. The proof is by induction on the
rank of L . It is clear if rk(L ) = 1, in which case� (0̂; 1̂) = � 1. Assumethe result
for geometric lattices of rank < n, and let rk(L ) = n. Let a be an atom of L in
Theorem 3.9. For any y 2 L we have by semimodularit y that

rk(y ^ a) + rk( y _ a) � rk(y) + rk(a) = rk( y) + 1:
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Hencex _ a = 1̂ if and only if x = 1̂ or x is a coatom (i.e., x l 1̂) satisfying a 6� x.
From Theorem 3.9 there follows

� (0̂; 1̂) = �
X

a6�x l 1̂

� (0̂; x):

The sum on the right is nonempty since L is atomic, and by induction every x
indexing the sum satis�es (� 1)n � 1� (0̂; x) > 0. Hence(� 1)n � (0̂; 1̂) > 0. �

Combining Proposition 3.8 and Theorem 3.10 yields the following result.

Corollary 3.4. Let A be any arrangementand x � y in L (A). Then

(� 1)rk (x;y ) � (x; y) > 0;

where � denotesthe M•obius function of L (A).

Similarly, combining Theorem 3.10 with the de�nition (22) of � M (t) givesthe
next corollary.

Corollary 3.5. Let M be a matroid of rank n. Then the characteristic polynomial
� M (t) strictly alternates in sign, i.e., if

� M (t) = an tn + an � 1tn � 1 + � � � + a0;

then (� 1)n � i ai > 0 for 0 � i � n.

Let A be an n-dimensional arrangement of rank r . If M A is the matroid
corresponding to A, as de�ned in Proposition 3.6, then

(26) � A (t) = tn � r � M (t):

It follows from Corollary 3.5 and equation (26) that we can write

� A (t) = bn tn + bn � 1tn � 1 + � � � + bn � r tn � r ;

where (� 1)n � i bi > 0 for n � r � i � n.
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Exercises
(1) (a) [1+] Let � G (t) be the characteristic polynomial of the graphical arrange-

ment AG . Suppose that � G (i ) = 0, where i 2 Z, i > 1. Show that
� G (i � 1) = 0.

(b) [2] Is the sameconclusiontrue for any central arrangement A?
(2) [2] Show that if F and F 0 are 
ats of a matroid M , then so is F \ F 0.
(3) [2] Prove the assertion in the Note following the proof of Theorem 3.8 that an

interval [x; y] of a geometric lattice L is also a geometric lattice.
(4) [2{] Let A be an arrangement (not necessarilycentral), and let cA denote the

cone over A. Show that there exists an atom a of L (cA) such that L (A) �=
L (cA) � Va , where Va = f x 2 L : x � ag.

(5) [2{] Let L be a geometric lattice of rank n, and de�ne the truncation T(L ) to
be the subposet of L consisting of all elements of rank 6= n � 1. Show that T(L )
is a geometric lattice.

(6) Let Wi be the number of elements of rank i in a geometric lattice (or just in the
intersection poset of a central hyperplane arrangement, if you prefer) of rank n.
(a) [3] Show that for k � n=2,

W1 + W2 + � � � + Wk � Wn � k + Wn � k+1 + � � � + Wn � 1:

(b) [2{] Deducefrom (a) and Exercise5 that W1 � Wk for all 1 � k � n � 1.
(c) [5] Show that Wi � Wn � i for i < n=2 and that the sequenceW0; W1; : : : ; Wn

is unimodal. (Compare Lecture 2, Exercise9.)
(7) [3{] Let x � y in a geometric lattice L . Show that � (x; y) = � 1 if and only if

the interval [x; y] is isomorphic to a boolean algebra. (Use Weisner's theorem.)
Note. This problem becomesmuch easier using Theorem 4.12 (the Broken
Circuit Theorem); seeExercise4.13.





LECTURE 4
Brok en circuits, modular elements, and supersolv abilit y

This lecture is concernedprimarily with matroids and geometric lattices. Since
the intersection lattice of a central arrangement is a geometriclattice, all our results
can be applied to arrangements.

4.1. Brok en circuits

For any geometric lattice L and x � y in L , we have seen(Theorem 3.10) that
(� 1)rk (x;y ) � (x; y) is a positive integer. It is thus natural to ask whether this integer
has a direct combinatorial interpretation. To this end, let M be a matroid on the
set S = f u1; : : : ; um g. Linearly order the elements of S, say u1 < u2 < � � � < um .
Recall that a circuit of M is a minimal dependent subsetof S.

De�nition 4.10. A broken circuit of M (with respect to the linear ordering O of
S) is a set C � f ug, where C is a circuit and u is the largest element of C (in the
ordering O). The broken circuit complex BCO (M ) (or just BC(M ) if no confusion
will arise) is de�ned by

BC(M ) = f T � S : T contains no broken circuit g:

Figure 1 shows two linear orderingsO and O0 of the points of the a�ne matroid
M of Figure 1 (where the ordering of the points is 1 < 2 < 3 < 4 < 5). With respect
to the �rst ordering O the circuits are 123, 345, 1245, and the broken circuits are
12, 34, 124. With respect to the secondordering O0 the circuits are 123,145, 2345,
and the broken circuits are 12, 14, 234.

It is clear that the broken circuit complex BC(M ) is an abstract simplicial
complex, i.e., if T 2 BC(M ) and U � T , then U 2 BC(M ). In Figure 1 we

2 4

53

1

2

3

4

51

Figure 1. Tw o linear orderings of the matroid M of Figure 1

41
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have BCO (M ) = h135; 145; 235; 245i , while BCO0(M ) = h135; 235; 245; 345i . These
simplicial complexeshave geometric realizations as follows:

4

5

2

31
2

4 3

1

5

Note that the two simplicial complexesBCO (M ) and BCO0(M ) are not iso-
morphic (as abstract simplicial complexes);in fact, their geometric realizations are
not even homeomorphic. On the other hand, if f i (�) denotes the number of i -
dimensional faces(or facesof cardinalit y i � 1) of the abstract simplicial complex
�, then for � given by either BCO (M ) or BCO0(M ) we have

f � 1(�) = 1; f 0(�) = 5; f 1(�) = 8; f 2(�) = 4:

Note, moreover, that
� M (t) = t3 � 5t2 + 8t � 4:

In order to generalizethis observation to arbitrary matroids, we needto intro duce
a fair amount of machinery, much of it of interest for its own sake. First we give
a fundamental formula, known as Philip Hall's theorem, for the M•obius function
value � (0̂; 1̂).

Lemma 4.4. Let P be a �nite poset with 0̂ and 1̂, and with M•obius function � .
Let ci denote the number of chains 0̂ = y0 < y1 < � � � < yi = 1̂ in P. Then

� (0̂; 1̂) = � c1 + c2 � c3 + � � � :

Pro of. We work in the incidencealgebra I (P). We have

� (0̂; 1̂) = � � 1(0̂; 1̂)

= (� + (� � � )) � 1(0̂; 1̂)

= � (0̂; 1̂) � (� � � )( 0̂; 1̂) + (� � � )2(0̂; 1̂) � � � � :

This expansionis easily justi�ed since(� � � )k (0̂; 1̂) = 0 if the longestchain of P has
length lessthan k. By de�nition of the product in I (P) we have (� � � ) i (0̂; 1̂) = ci ,
and the proof follows. �

Note. Let P be a �nite poset with 0̂ and 1̂, and let P 0 = P � f 0̂; 1̂g. De�ne
�( P0) to be the set of chains of P 0, so �( P 0) is an abstract simplicial complex. The
reduced Euler characteristic of a simplicial complex � is de�ned by

~� (P) = � f � 1 + f 0 � f 1 + � � � ;

where f i is the number of i -dimensional facesF 2 � (or # F = i + 1). Comparing
with Lemma 4.4 shows that

� (0̂; 1̂) = ~� (�( P 0)) :

Readersfamiliar with topology will know that ~� (�) has important topological sig-
ni�cance related to the homology of �. It is thus natural to ask whether results
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Figure 2. Three examples of edge-labelings

concerning M•obius functions can be generalizedor re�ned topologically. Such re-
sults are part of the subject of \top ological combinatorics," about which we will
say a little more later.

Now let P be a �nite graded poset with 0̂ and 1̂. Let

E(P) = f (x; y) : x l y in Pg;

the set of (directed) edgesof the Hassediagram of P.

De�nition 4.11. An E-labeling of P is a map � : E(P) ! P such that if x < y in
P then there exists a unique saturated chain

C : x = x0 l x1 l x1 l � � � l xk = y

satisfying
� (x0; x1) � � (x1; x2) � � � � � � (xk � 1; xk ):

We call C the increasing chain from x to y.

Figure 2 shows three examplesof posetsP with a labeling of their edges,i.e.
a map � : E(P) ! P. Figure 2(a) is the boolean algebra B3 with the labeling
� (S;S [ f i g) = i . (The one-element subsets f ig are also labelled with a small
i .) For any boolean algebra Bn , this labeling is the archetypal example of an E-
labeling. The unique increasing chain from S to T is obtained by adjoining to S
the elements of T � S one at a time in increasingorder. Figures 2(b) and (c) show
two di�eren t E-labelings of the sameposet P. These labelings have a number of
di�eren t properties, e.g., the �rst hasa chain whoseedgelabelsare not all di�eren t,
while every maximal chain label of Figure 2(c) is a permutation of f 1; 2g.

Theorem 4.11. Let � be an E-labeling of P, and let x � y in P. Let � denote
the M•obius function of P. Then (� 1)rk( x;y ) � (x; y) is equal to the number of strictly
decreasing saturated chains from x to y, i.e.,

(� 1)rk (x;y ) � (x; y) =

# f x = x0 l x1 l � � � l xk = y : � (x0; x1) > � (x1; x2) > � � � > � (xk � 1; xk )g:

Pro of. Since� restricted to [x; y] (i.e., to E([x; y])) is an E-labeling, we can assume
[x; y] = [0̂; 1̂] = P. Let S = f a1; a2; : : : ; aj � 1g � [n � 1], with a1 < a2 < � � � < aj � 1.
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De�ne � P (S) to be the number of chains 0̂ < y1 < � � � < yj � 1 < 1̂ in P such that
rk(yi ) = ai for 1 � i � j � 1. The function � P is called the 
ag f -vector of P.

Claim. � P (S) is the number of maximal chains 0̂ = x0 l x1 l � � � l xn = 1̂ such
that

(27) � (x i � 1; x i ) > � (x i ; x i +1 ) ) i 2 S; 1 � i � n:

To prove the claim, let 0̂ = y0 < y1 < � � � < yj � 1 < yj = 1̂ with rk( yi ) = ai for
1 � i � j � 1. By the de�nition of E-labeling, there exists a unique re�nement

0̂ = y0 = x0 l x1 l � � � l xa1 = y1 l xa1 +1 l � � � l xa2 = y2 l � � � l xn = yj = 1̂

satisfying
� (x0; x1) � � (x1; x2) � � � � � � (xa1 � 1; xa1 )

� (xa1 ; xa1 +1 ) � � (xa1 +1 ; xa1 +2 ) � � � � � � (xa2 � 1; xa2 )

� � �

Thus if � (x i � 1; x i ) > � (x i ; x i +1 ), then i 2 S, so (27) is satis�ed. Conversely, given
a maximal chain 0̂ = x0 l x1 l � � � l xn = 1̂ satisfying the above conditions on � ,
let yi = xa i . Therefore we have a bijection between the chains counted by � P (S)
and the maximal chains satisfying (27), so the claim follows.

Now for S � [n � 1] de�ne

(28) � P (S) =
X

T � S

(� 1)#( S� T ) � P (T ):

The function � P is called the 
ag h-vector of P. A simple Inclusion-Exclusion
argument gives

(29) � P (S) =
X

T � S

� P (T );

for all S � [n� 1]. It follows from the claim and equation (29) that � P (T ) is equal to
the number of maximal chains 0̂ = x0 l x1 l � � � l xn = 1̂ such that � (x i ) > � (x i +1 )
if and only if i 2 T . In particular, � P ([n � 1]) is equal to the number of strictly
decreasingmaximal chains 0̂ = x0 l x1 l � � � l xn = 1̂ of P, i.e.,

� (x0; x1) > � (x1; x2) > � � � > � (xn � 1; xn ):

Now by (28) we have

� P ([n � 1]) =
X

T � [n � 1]

(� 1)n � 1� # T � P (T )

=
X

k � 1

X

0̂= y0 <y 1 < ��� <y k = 1̂

(� 1)n � k

= (� 1)n
X

k � 1

(� 1)k ck ;

where ci is the number of chains 0̂ = y0 < y1 < � � � < yi = 1̂ in P. The proof now
follows from Philip Hall's theorem (Lemma 4.4). �

We come to the main result of this subsection,a combinatorial interpretation
of the coe�cien ts of the characteristic polynomial � M (t) for any matroid M .
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Figure 3. The edge labeling ~� of a geometric lattice L (M )

Theorem 4.12. Let M be a matroid of rank n with a linear ordering x1 < x2 <
� � � < xm of its points (so the broken circuit complex BC(M ) is de�ned), and let
0 � i � n. Then

(� 1)i [tn � i ]� M (t) = f i � 1(BC( M )) :

Pro of. We may assumeM is simple since the \simpli�cation" cM has the same
lattice of 
ats and samebroken circuit complex asM (Exercise1). The atoms x i of
L (M ) can then be identi�ed with the points of M . De�ne a labeling ~� : E(L (M )) !
P as follows. Let x l y in L (M ). Then set

(30) ~� (x; y) = maxf i : x _ x i = yg:

Note that ~� (x; y) is de�ned sinceL(M ) is atomic.
As an example,Figure 3 shows the lattice of 
ats of the matroid M of Figure 1

with the edgelabeling (30).
Claim 1. De�ne � : E(L (M )) ! P by

� (x; y) = m + 1 � ~� (x; y):

Then � is an E-labeling.
To prove this claim, we need to show that for all x < y in L (M ) there is a

unique saturated chain x = y0 l y1 l � � � l yk = y satisfying

~� (y0; y1) � ~� (y1; y2) � � � � � ~� (yk � 1; yk ):

The proof is by induction on k. There is nothing to prove for k = 1. Let k > 1 and
assumethe assertion for k � 1. Let

j = maxf i : x i � y; x i 6� xg:

For any saturated chain x = z0 l z1 l � � � l zk = y, there is some i for which
x j 6� zi and x j � zi +1 . Hence~� (zi ; zi +1 ) = j . Thus if ~� (z0; z1) � � � � � ~� (zk � 1; zk ),
then ~� (z0; z1) = j . Moreover, there is a unique y1 satisfying x = x0 l y1 � y and
~� (x0; y1) = j , viz., y1 = x0 _ x j . (Note that y1 m x0 by semimodularit y.)
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By the induction hypothesis there exists a unique saturated chain y1 l y2 l
� � � l yk = y satisfying ~� (y1; y2) � � � � � ~� (yk � 1; yk ). Since~� (y0; y1) = j > ~� (y1; y2),
the proof of Claim 1 follows by induction.

Claim 2. The broken circuit complex BC(M ) consistsof all chain labels � (C),
where C is a saturated increasing chain (with respect to ~� ) from 0̂ to some x 2
L(M ). Moreover, all such � (C) are distinct.

To prove the distinctness of the labels � (C), supposethat C is given by 0̂ =
y0 l y1 l � � � l yk , with ~� (C) = (a1; a2; : : : ; ak ). Then yi = yi � 1 _ xa i , so C is the
only chain with its label.

Now let C and ~� (C) be as in the previous paragraph. We claim that the
set f xa1 ; : : : ; xak g contains no broken circuit. (We don't even require that C is
increasing for this part of the proof.) Write zi = xa i , and supposeto the contrary
that B = f zi 1 ; : : : ; zi j g is a broken circuit, with 1 � i 1 < � � � < i j � k. Let B [ f x r g
be a circuit with r > ai t for 1 � t � j . Now for any circuit f u1; : : : ; uhg and any
1 � i � h we have

u1 _ u2 _ � � � _ uh = u1 _ � � � _ ui � 1 _ ui +1 _ � � � _ uh :

Thus
zi 1 _ zi 2 _ � � � _ zi j � 1 _ xr =

_

z2 B

z = zi 1 _ zi 2 _ � � � _ zi j :

Then yi j � 1 _ xr = yi j , contradicting the maximalit y of the label ai j . Hence
f xa1 ; : : : ; xak g 2 BC(M ).

Conversely, supposethat T := f xa1 ; : : : ; xak g contains no broken circuit, with
a1 < � � � < ak . Let yi = xa1 _ � � � _ xa i , and let C be the chain 0̂ := y0 l y1 l � � � l yk .
(Note that C is saturated by semimodularit y.) We claim that ~� (C) = (a1; : : : ; ak ).
If not, then yi � 1 _ x j = yi for somej > ai . Thus

rk(T) = rk( T [ f x j g) = i:

Since T is independent, T [ f x j g contains a circuit Q satisfying x j 2 Q, so T
contains a broken circuit. This contradiction completesthe proof of Claim 2.

To completethe proof of the theorem,note that wehaveshown that f i � 1(BC( M ))
is the number of chains C : 0̂ = y0 l y1 l � � � l yi such that ~� (C) is strictly increas-
ing, or equivalently , � (C) is strictly decreasing.Since� is an E-labeling, the proof
follows from Theorem 4.11. �

Corollary 4.6. The broken circuit complex BC(M ) is pure, i.e., every maximal
face has the samedimension.

The proof is left as an exercise(Exercise 21).
Note (for readerswith someknowledgeof topology). (a) Let M be a matroid

on the linearly ordered set u1 < u2 < � � � < um . Note that F 2 BC(M ) if and only
if F [ f um g 2 BC(M ). De�ne the reduced broken circuit complex BCr (M ) by

BCr (M ) = f F 2 BC(M ) : um 62F g:

Thus
BC(M ) = BCr (M ) � um ;

the join of BCr (M ) and the vertex um . Equivalently , BC(M ) is a cone over BCr (M )
with apex um . As a consequence,BC(M ) is contractible and therefore has the ho-
motopy type of a point. A more interesting problem is to determine the topological
nature of BCr (M ). It canbeshown that BCr (M ) hasthe homotopy typeof a wedge
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of � (M ) spheresof dimension rank(M ) � 2, where (� 1)rank (M ) � 1� (M ) = � 0
M (1)

(the derivative of � M (t) at t = 1). SeeExercise22 for more information on � (M ).
As an example of the applicabilit y of our results on matroids and geometric

lattices to arrangements, we have the following purely combinatorial description of
the number of regionsof a real central arrangement.

Corollary 4.7. Let A be a central arrangementin Rn , and let M be the matroid
de�ned by the normals to H 2 A, i.e., the independent sets of M are the linearly
independent normals. Then with respect to any linear ordering of the points of M ,
r (A) is the total number of subsetsof M that don't contain a broken circuit.

Pro of. Immediate from Theorems2.5 and 4.12. �

4.2. Mo dular elemen ts

We next discussa situation in which the characteristic polynomial � M (t) factors in
a nice way.

De�nition 4.12. An element x of a geometric lattice L is modular if for all y 2 L
we have

(31) rk(x) + rk(y) = rk(x ^ y) + rk(x _ y):

Example 4.9. Let L be a geometric lattice.
(a) 0̂ and 1̂ are clearly modular (in any �nite lattice).
(b) We claim that atoms a are modular.

Pro of. Supposethat a � y. Then a ^ y = a and a _ y = y, so equation
(31) holds. (We don't needthat a is an atom for this case.) Now suppose
a 6� y. By semimodularit y, rk(a _ y) = 1 + rk(y), while rk(a) = 1 and
rk(a ^ y) = rk(0̂) = 0, so again (31) holds. �

(c) Supposethat rk( L ) = 3. All elements of rank 0, 1, or 3 are modular by
(a) and (b). Supposethat rk(x) = 2. Then x is modular if and only if for
all elements y 6= x and rk(y) = 2, we have that rk(x ^ y) = 1.

(d) Let L = Bn . If x 2 Bn then rk(x) = # x. Moreover, for any x; y 2 Bn we
have x ^ y = x \ y and x _ y = x [ y. Sincefor any �nite setsx and y we
have

# x + # y = #( x \ y) + #( x [ y);

it follows that every element of Bn is modular. In other words, Bn is a
modular lattice.

(e) Let q be a prime power and Fq the �nite �eld with q elements. De�ne
Bn (q) to be the lattice of subspaces,ordered by inclusion, of the vector
spaceFn

q . Note that Bn (q) is also isomorphic to the intersection lattice
of the arrangement of all linear hyperplanes in the vector spaceFn (q).
Figure 4 shows the Hassediagrams of B2(3) and B3(2).

Note that for x; y 2 Bn (q) we have x ^ y = x \ y and x _ y = x + y
(subspacesum). Clearly Bn (q) is atomic: every vector spaceis the join
(sum) of its one-dimensionalsubspaces.Moreover, Bn (q) is gradedof rank
n, with rank function given by rk(x) = dim(x). Since for any subspaces
x and y we have

dim(x) + dim(y) = dim(x \ y) + dim(x + y);
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Figure 4. The lattices B 2 (3) and B 3 (2)

it follows that L is a modular geometric lattice. Thus every x 2 L is
modular.

Note. A projective plane R consists of a set (also denoted R) of
points, and a collection of subsetsof R, called lines, such that: (a) every
two points lie on a unique line, (b) every two lines intersect in exactly one
point, and (c) (non-degeneracy)there exist four points, no three of which
are on a line. The incidence lattice L (R) of R is the set of all points
and lines of R, ordered by p < L if p 2 L , with 0̂ and 1̂ adjoined. It
is an immediate consequenceof the axioms that when R is �nite, L (R)
is a modular geometric lattice of rank 3. It is an open (and probably
intractable) problem to classifyall �nite projective planes. Now let P and
Q be posetsand de�ne their direct product (or cartesian product) to be
the set

P � Q = f (x; y) : x 2 P; y 2 Qg;

orderedcomponentwise,i.e., (x; y) � (x0; y0) if x � x0 and y � y0. It is easy
to seethat if P and Q are geometric (respectively, atomic, semimodular,
modular) lattices, then so is P � Q (Exercise7). It is a consequenceof the
\fundamental theorem of projective geometry" that every �nite modular
geometric lattice is a direct product of boolean algebras Bn , subspace
lattices Bn (q) for n � 3, lattices of rank 2 with at least �v e elements
(which may be regardedas B2(q) for any q � 2) and incidencelattices of
�nite projective planes.

(f ) The following result characterizesthe modular elements of � n , which is
the lattice of partitions of [n] or the intersection lattice of the braid ar-
rangement Bn .

Prop osition 4.9. A partition � 2 � n is a modular element of � n if
and only if � has at most one nonsingleton block. Hence the number of
modular elementsof � n is 2n � n.

Pro of. If all blocks of � are singletons, then � = 0̂, which is modular by
(a). Assume that � has the block A with r > 1 elements, and all other
blocks are singletons. Hence the number j� j of blocks of � is given by
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n � r + 1. For any � 2 � n , we have rk(� ) = n � j� j. Let k = j� j and

j = # f B 2 � : A \ B 6= ;g :

Then j� ^ � j = j + (n � r ) and j� _ � j = k � j + 1. Hencerk(� ) = r � 1,
rk(� ) = n � k, rk(� ^ � ) = r � j , and rk(� _ � ) = n � k + j � 1, so � is
modular.

Conversely, let � = f B1; B2; : : : ; Bk g with # B1 > 1 and # B2 > 1.
Let a 2 B1 and b 2 B2, and set

� = f (B1 [ b) � a; (B2 [ a) � b;B3; : : : ; Bk g:

Then

j� j = j� j = k

� ^ � = f a; b;B1 � a; B2 � b;: : : ; B3; : : : ; Bk g ) j� ^ � j = k + 2

� _ � = f B1 [ B2; B3; : : : ; B l g ) j� _ � j = k � 1:

Hencerk(� ) + rk(� ) 6= rk(� ^ � ) + rk(� _ � ), so � is not modular. �

In a �nite lattice L , a complement of x 2 L is an element y 2 L such that
x ^ y = 0̂ and x _ y = 1̂. For instance, in the boolean algebraBn every element has
a unique complement. (SeeExercise3 for the converse.) The following proposition
collectssomeuseful properties of modular elements. The proof is left asan exercise
(Exercises4{5).

Prop osition 4.10. Let L be a geometric lattice of rank n.

(a) Let x 2 L . The following four conditions are equivalent.
(i) x is a modular element of L .
(ii) If x ^ y = 0̂, then rk(x) + rk(y) = rk(x _ y).
(iii) If x and y are complements,then rk(x) + rk( y) = n.
(iv) All complementsof x are incomparable.

(b) (tr ansitivity of modularity) If x is a modular elementof L and y is modular
in the interval [0̂; x], then y is a modular element of L .

(c) If x and y are modular elementsof L , then x ^ y is also modular.

The next result, known as the modular element factorization theorem [28], is
our primary reason for de�ning modular elements | such an element induces a
factorization of the characteristic polynomial.

Theorem 4.13. Let z be a modular element of the geometric lattice L of rank n.
Write � z (t) = � [0̂;z ](t). Then

(32) � L (t) = � z (t)

2

4
X

y : y^ z= 0̂

� L (y)tn � rk( y ) � rk (z)

3

5 :

Example 4.10. Before proceedingto the proof of Theorem 4.13, let us consider
an example. The illustration below is the a�ne diagram of a matroid M of rank
3, together with its lattice of 
ats. The two lines (
ats of rank 2) labelled x and y
are modular by Example 4.9(c).
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y
x

x y

Henceby equation (32) � M (t) is divisible by � x (t). Moreover, any atom a of
the interval [0̂; x] is modular, so � x (t) is divisible by � a (t) = t � 1. From this it
is immediate (e.g., becausethe characteristic polynomial � G (t) of any geometric
lattice G of rank n beginsxn � axn � 1+ � � � , wherea is the number of atomsof G) that
� x (t) = (t � 1)(t � 5) and � M (t) = (t � 1)(t � 3)(t � 5). On the other hand, sincey is
modular, � M (t) is divisible by � y (t), and we get asbefore� y (t) = (t � 1)(t � 3) and
� M (t) = (t � 1)(t � 3)(t � 5). Geometric lattices whosecharacteristic polynomial
factors into linear factors in a similar way due to a maximal chain of modular
elements are discussedfurther beginning with De�nition 4.13.

Our proof of Theorem 4.13will depend on the following lemma of Greene[19].
We give a somewhatsimpler proof than Greene.

Lemma 4.5. Let L be a �nite lattice with M•obius function � , and let z 2 L . The
following identity is valid in the M•obius algebra A(L ) of L :

(33) � 0̂ :=
X

x 2 L

� (x)x =

0

@
X

v� z

� (v)v

1

A

0

@
X

y^ z= 0̂

� (y)y

1

A :
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Pro of. Let � s for s 2 L be given by (8). The right-hand side of equation (33) is
then given by

X

v� z
y^ z= 0̂

� (v)� (y)(v _ y) =
X

v� z
y^ z= 0̂

� (v)� (y)
X

s� v_ y

� s

=
X

s

� s

X

v� s;v � z
y � s;y ^ z= 0̂

� (v)� (y)

=
X

s

� s

0

B
B
B
B
B
@

X

v� s^ z

� (v)

| {z }
� 0̂ ;s ^ z

1

C
C
C
C
C
A

0

B
B
@

X

y � s
y^ z= 0̂

� (y)

1

C
C
A

=
X

s^ z= 0̂

� s

0

B
B
B
B
B
B
B
B
@

X

y � s
y^ z= 0̂ (redundan t )

� (y)

| {z }
� 0̂ ;s

1

C
C
C
C
C
C
C
C
A

= � 0̂:

�
Pro of of Theorem 4.13. We are assuming that z is a modular element of

the geometric lattice L .
Claim 1. Let v � z and y ^ z = 0̂ (so v ^ y = 0̂). Then z ^ (v _ y) = v (as

illustrated below).

y

z   y

z

v

0

v

v   yv
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Proof of Claim 1. Clearly z ^ (v _ y) � v, so it su�ces to show that rk(z ^ (v _
y)) � rk(v). Sincez is modular we have

rk(z ^ (v _ y)) = rk(z) + rk( v _ y) � rk(z _ y)

= rk(z) + rk( v _ y) � (rk (z) + rk(y) � rk(z ^ y)
| {z }

0

)

= rk(v _ y) � rk( y)

� (rk (v) + rk(y) � rk(v ^ y)
| {z }

0

) � rk( y) by semimodularit y

= rk(v);

proving Claim 1.
Claim 2. With v and y as above, we have rk(v _ y) = rk(v) + rk( y).
Proof of Claim 2. By the modularit y of z we have

rk(z ^ (v _ y)) + rk(z _ (v _ y)) = rk( z) + rk(v _ y):

By Claim 1 we have rk(z ^ (v _ y)) = rk(v). Moreover, again by the modularit y of
z we have

rk(z _ (v _ y)) = rk(z _ y) = rk( z) + rk(y) � rk(z ^ y) = rk(z) + rk(y):

It follows that rk(v) + rk(y) = rk(v _ y), as claimed.
Now substitute � (v)v ! � (v)t rk (z) � rk (v) and � (y)y ! � (y)tn � rk( y ) � rk (z) in the

right-hand side of equation (33). Then by Claim 2 we have

vy ! tn � rk (v) � rk( y ) = tn � rk( v_ y) :

Now v _ y is just vy in the M•obius algebra A(L ). Hence if we further substi-
tute � (x)x ! � (x)tn � rk (x ) in the left-hand side of (33), then the product will be
preserved. We thus obtain

X

x 2 L

� (x)tn � rk (x )

| {z }
� L ( t )

=

0

B
B
B
B
B
@

X

v� z

� (v)t rk( z) � rk( v)

| {z }
� z ( t )

1

C
C
C
C
C
A

0

@
X

y^ z= 0̂

� (y)tn � rk( y ) � rk (z)

1

A ;

as desired. �

Corollary 4.8. Let L be a geometric lattice of rank n and a an atom of L . Then

� L (t) = (t � 1)
X

y^ a= 0̂

� (y)tn � 1� rk( y ) :

Pro of. The atom a is modular (Example 4.9(b)), and � a(t) = t � 1. �
Corollary 4.8 provides a nice context for understanding the operation of coning

de�ned in Chapter 1, in particular, Exercise 2.1. Recall that if A is an a�ne
arrangement in K n given by the equations

L 1(x) = a1; : : : ; L m (x) = am ;

then the conexA is the arrangement in K n � K (wherey denotesthe last coordinate)
with equations

L 1(x) = a1y; : : : ; L m (x) = am y; y = 0:
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Let H0 denote the hyperplane y = 0. It is easyto seeby elementary linear algebra
that

L (A) �= L (cA) � f x 2 L (A) : x � H 0g = L(A) � L (AH 0 ):

Now H0 is a modular element of L (A) (since it's an atom), so Corollary 4.8 yields

� cA (t) = (t � 1)
X

y6�H 0

� (y)t (n +1) � 1� rk( y )

= (t � 1)� A (t):

There is a left inverse to the operation of coning. Let A be a nonempty linear
arrangement in K n +1 . Let H0 2 A. Choosecoordinates (x0; x1; : : : ; xn ) in K n +1

so that H0 = ker(x0). Let A be de�ned by the equations

x0 = 0; L 1(x0; : : : ; xn ) = 0; : : : ; L m (x0; : : : ; xn ) = 0:

De�ne the deconing c� 1A (with respect to H0) in K n by the equations

L 1(1; x1; : : : ; xn ) = 0; : : : L m (1; x1; : : : ; xn ) = 0:

Clearly c(c� 1A) = A and L(c� 1A) �= L (A) � f x 2 L (A) : x � H 0g.

4.3. Sup ersolv able lattices

For some geometric lattices L , there are \enough" modular elements to give a
factorization of � L (t) into linear factors.

De�nition 4.13. A geometric lattice L is supersolvableif there exists a modular
maximal chain, i.e., a maximal chain 0̂ = x0 l x1 l � � � l xn = 1̂ such that each x i

is modular. A central arrangement A is supersolvableif its intersection lattice L A

is supersolvable.

Note. Let 0̂ = x0 l x1 l � � � l xn = 1̂ be a modular maximal chain of the
geometric lattice L . Clearly then each x i � 1 is a modular element of the interval
[0̂; x i ]. The conversefollows from Proposition 4.10(b): if 0̂ = x0 l x1 l � � � l xn = 1̂
is a maximal chain for which each x i � 1 is modular in [0̂; x i ], then each x i is modular
in L .

Note. The term \sup ersolvable" comesfrom group theory. A �nite group �
is supersolvableif and only if its subgroup lattice contains a maximal chain all of
whoseelements are normal subgroupsof �. Normal subgroupsare \nice" analogues
of modular elements; see[29, Example 2.5] for further details.

Corollary 4.9. Let L be a supersolvablegeometric lattice of rank n, with modular
maximal chain 0̂ = x0 l x1 l � � � l xn = 1̂. Let T denotethe set of atoms of L , and
set

(34) ei = # f a 2 T : a � x i ; a 6� x i � 1g:

Then � L (t) = (t � e1)( t � e2) � � � (t � en ).

Pro of. Sincexn � 1 is modular, we have

y ^ xn � 1 = 0̂ , y 2 T and y 6� xn � 1; or y = 0̂:
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By Theorem 4.13 we therefore have

� L (t) = � x n � 1 (t)

2

6
6
4

X

a2 T
a6�x n � 1

� (a)tn � rk( a) � rk( x n � 1 ) + � (0̂)tn � rk( 0̂) � rk( x n � 1 )

3

7
7
5 :

Since � (a) = � 1, � (0̂) = 1, rk(a) = 1, rk(0̂) = 0, and rk(xn � 1) = n � 1, the
expressionin brackets is just t � en . Now continue this with L replacedby [0̂; xn � 1]
(or useinduction on n). �

Note. The positive integerse1; : : : ; en of Corollary 4.9 are called the exponents
of L .

Example 4.11. (a) Let L = Bn , the boolean algebra of rank n. By Exam-
ple 4.9(d) every element of Bn is modular. Hence Bn is supersolvable.
Clearly each ei = 1, so � B n (t) = (t � 1)n .

(b) Let L = Bn (q), the lattice of subspacesof Fq
n . By Example 4.9(e) every

element of Bn (q) is modular, soBn (q) is supersolvable. If
�

k
j

�
denotesthe

number of j -dimensional subspacesof a k-dimensional vector spaceover
Fq, then

ei = [ i
1] � [i � 1

1 ]

=
qi � 1
q � 1

�
qi � 1 � 1

q � 1

= qi � 1:

Hence

� B n (q) (t) = (t � 1)(t � q)( t � q2) � � � (t � qn � 1):

In particular, setting t = 0 gives

� B n (q) (1̂) = (� 1)n q(n
2 ) :

Note. The expression
�

k
j

�
is called a q-binomial coe�cient . It is a

polynomial in q with many interesting properties. For the most basic
properties, seee.g. [31, pp. 27{30].

(c) Let L = � n , the lattice of partitions of the set [n] (a geometric lattice of
rank n � 1). By Proposition 4.9, a maximal chain of � n is modular if and
only if it has the form 0̂ = � 0 l � 1 l � � � l � n � 1 = 1̂, where � i for i > 0 has
exactly one nonsingleton block B i (necessarilywith i + 1 elements), with
B1 � B2 � � � � Bn � 1 = [n]. In particular, � n is supersolvable and has
exactly n!=2 modular chains for n > 1. The atoms covered by � i are the
partitions with one nonsingleton block f j; kg � B i . Hence � i lies above
exactly

� i +1
2

�
atoms, so

ei =
�

i + 1
2

�
�

�
i
2

�
= i:

It follows that � � n (t) = (t � 1)(t � 2) � � � (t � n + 1) and � � n (1̂) =
(� 1)n � 1(n � 1)!. Compare Corollary 2.2. The polynomials � B n (t) and
� � n (t) di�er by a factor of t becauseBn (t) is an arrangement in K n of
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rank n � 1. In general, if A is an arrangement and ess(A) its essentializa-
tion, then

(35) t rk(ess( A )) � A (t) = t rk( A ) � ess(A ) (t):

(SeeLecture 1, Exercise2.)

Note. It is natural to ask whether there is a more general classof geometric
lattices L than the supersolvable ones for which � L (t) factors into linear factors
(over Z). There is a profound such generalization due to Terao [35] when L is an
intersection poset of a linear arrangement A in K n . Write K [x] = K [x1; : : : ; xn ]
and de�ne

T(A) = f (p1; : : : ; pn ) 2 K [x]n : pi (H ) � H for all H 2 Ag:

Here we are regarding (p1; : : : ; pn ) : K n ! K n , viz., if (a1; : : : ; an ) 2 K n , then

(p1; : : : ; pn )(a1; : : : ; an ) = (p1(a1; : : : ; an ); : : : ; pn (a1; : : : ; an )) :

The K [x]-module structure K [x] � T(A) ! T(A) is given explicitly by

q � (p1; : : : ; pn ) = (qp1; : : : ; qpn ):

Note, for instance, that we always have (x1; : : : ; xn ) 2 T(A). Since A is a linear
arrangement, T(A) is indeed a K [x]-module. (We have given the most intuitiv e
de�nition of the module T(A), though it isn't the most useful de�nition for proofs.)
It is easy to seethat T(A) has rank n as a K [x]-module, i.e., T(A) contains n,
but not n + 1, elements that are linearly independent over K [x]. We say that A
is a free arrangement if T(A) is a free K [x]-module, i.e., there exist Q1; : : : ; Qn 2
T(A) such that every element Q 2 T(A) can be uniquely written in the form
Q = q1Q1 + � � � + qn Qn , where qi 2 K [x]. It is easy to seethat if T(A) is free,
then the basis f Q1; : : : ; Qn g can be chosento be homogeneous, i.e., all coordinates
of each Qi are homogeneouspolynomials of the same degreedi . We then write
di = degQi . It can be shown that supersolvable arrangements are free, but there
are also nonsupersolvable free arrangements. The property of freenessseemsquite
subtle; indeed, it is unknown whether freenessis a matroidal property, i.e., depends
only on the intersection lattice L A (regarding the ground �eld K as �xed). The
remarkable \factorization theorem" of Terao is the following.

Theorem 4.14. Suppose that T(A) is free with homogeneous basis Q1; : : : ; Qn . If
degQi = di then

� A (t) = (t � d1)( t � d2) � � � (t � dn ):

We will not prove Theorem 4.14 here. A good referencefor this subject is [24,
Ch. 4].

Returning to supersolvabilit y, wecantry to characterizethe supersolvableprop-
erty for various classesof geometric lattices. Let us consider the caseof the bond
lattice L G of the graph G. A graph H with at least oneedgeis doubly connected if
it is connectedand remains connectedupon the removal of any vertex (and all in-
cident edges).A maximal doubly connectedsubgraphof a graph G is called a block
of G. For instance, if G is a forest then its blocks are its edges.Two di�eren t blocks
of G intersect in at most onevertex. Figure 5 shows a graph with eight blocks, �v e
of which consist of a single edge. The following proposition is straightforward to
prove (Exercise 16).
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Figure 5. A graph with eight blocks

Prop osition 4.11. Let G be a graph with blocks G1; : : : ; Gk . Then

L G
�= L G1 � � � � � L G k :

It is also easy to seethat if L 1 and L 2 are geometric lattices, then L 1 and
L 2 are supersolvable if and only if L 1 � L 2 is supersolvable (Exercise 18). Hence
in characterizing supersolvable graphs G (i.e., graphs whose bond lattice L G is
supersolvable) we may assumethat G is doubly connected. Note that for any
connected(and hencea fortiori doubly connected) graph G, any coatom � of L G

has exactly two blocks.

Prop osition 4.12. Let G be a doubly connected graph, and let � = f A; B g be a
coatom of the bond lattice L G , where # A � # B . Then � is a modular element of
L G if and only if # A = 1, say A = f vg, and the neighborhood N (v) (the set of
vertices adjacent to v) forms a clique (i.e., any two distinct vertices of N (v) are
adjacent).

Pro of. The proof parallels that of Proposition 4.9, which is a special case.Suppose
that # A > 1. SinceG is doubly connected,there exist u; v 2 A and u0; v0 2 B such
that u 6= v, u0 6= v0, uu0 2 E(G), and vv0 2 E(G). Set � = f (A [ u0) � v; (B [ v) � u0g.
If G hasn verticesthen rk( � ) = rk(� ) = n� 2, rk(� _ � ) = n� 1, and rk(� ^ � ) = n� 4.
Hence� is not modular.

Assumethen that A = f vg. Supposethat av; bv 2 E(G) but ab 62E(G). We
needto show that � is not modular. Let � = f A � f a; bg; f a; b;vgg. Then

� _ � = 1̂; � ^ � = f A � f a; bg; a; b;vg

rk( � ) = rk( � ) = n � 2; rk( � _ � ) = n � 1; rk(� ^ � ) = n � 4:

Hence� is not modular.
Conversely, let � = f A; vg. Assume that if av; bv 2 E(G) then ab 2 E(G).

It is then straightforward to show (Exercise 8) that � is modular, completing the
proof. �

As an immediate consequenceof Propositions 4.10(b) and 4.12 we obtain a
characterization of supersolvable graphs.

Corollary 4.10. A graph G is supersolvableif and only if there exists an ordering
v1; v2; : : : ; vn of its verticessuchthat if i < k, j < k, vi vk 2 E(G) and vj vk 2 E(G),
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then vi vj 2 E(G). Equivalently, in the restriction of G to the verticesv1; v2; : : : ; vi ,
the neighborhood of vi is a clique.

Note. Supersolvable graphsG had appearedearlier in the literature under the
nameschordal, rigid circuit, or triangulated graphs. One of their many characteri-
zations is that any circuit of length at least four contains a chord. Equivalently , no
induced subgraph of G is a k-cycle for k � 4.
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Exercises
(1) [2{] Let M be a matroid on a linearly orderedset. Show that BC(M ) = BC( cM ),

where cM is de�ned by equation (23).
(2) [2+] Let M be a matroid of rank at least one. Show that the coe�cien ts of the

polynomial � M (t)=(t � 1) alternate in sign.
(3) (a) [2+] Let L be �nite lattice for which every element has a unique comple-

ment. Show that L is isomorphic to a boolean algebra Bn .
(b) [3] A lattice L is distributive if

x _ (y ^ z) = (x _ y) ^ (x _ z)

x ^ (y _ z) = (x ^ y) _ (x ^ z)

for all x; y; z 2 L . Let L be an in�nite lattice with 0̂ and 1̂. If every element
of L has a unique complement, then is L a distributiv e lattice?

(4) [3{] Let x be an element of a geometric lattice L . Show that the following four
conditions are equivalent.
(i) x is a modular element of L .
(ii) If x ^ y = 0̂, then

rk(x) + rk(y) = rk(x _ y):

(iii) If x and y are complements, then rk(x) + rk(y) = n.
(iv) All complements of x are incomparable.

(5) [2+] Let x; y be modular elements of a geometric lattice L . Show that x ^ y is
also modular.

(6) [2] Let L be a geometric lattice. Prove or disprove: if x is modular in L and y
is modular in the interval [x; 1̂], then y is modular in L .

(7) [2{] Let L and L 0 be �nite lattices. Show that if both L and L 0 are geometric
(respectively, atomic, semimodular, modular) lattices, then so is L � L 0.

(8) [2] Let G be a (loopless)connectedgraph and v 2 V (G). Let A = V (G) � v and
� = f A; vg 2 L G . Supposethat whenever av; bv 2 E(G) we have ab 2 E(G).
Show that � is a modular element of L G .

(9) [2+] Generalizethe previous exerciseas follows. Let G be a doubly-connected
graph with lattice of contractions L G . Let � 2 L G . Show that the following two
conditions are equivalent.
(a) � is a modular element of L G .
(b) � satis�es the following two properties:

(i) At most one block B of � contains more than one vertex of G.
(ii) Let H be the subgraph induced by the block B of (i). Let K be any

connectedcomponent of the subgraph induced by G � B , and let H 1

be the graph induced by the set of vertices in H that are connected
to somevertex in K . Then H 1 is a clique (complete subgraph) of G.

(10) [2+] Let L be a geometric lattice of rank n, and �x x 2 L . Show that

� L (t) =
X

y2 L
x ^ y= 0̂

� (y)� L y (t)tn � rk( x _ y) ;

where L y is the image of the interval [0̂; x] under the map z 7! z _ y.
(11) [2+] Let I (M ) be the set of independent sets of a matroid M . Find another

matroid N and a labeling of its points for which I (M ) = BCr (N ), the reduced
broken circuit complex of N .
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(12) (a) [2+] If � and � are simplicial complexeson disjoint setsA and B , respec-
tiv ely, then de�ne the join � � � to be the simplicial complex on the set
A [ B with facesF [ G, where F 2 � and G 2 �. (E.g., if � consistsof
a single point then � � � is the cone over �. If � consistsof two disjoint
points, then � � � is the suspension of �.) We say that � and � are join-
factors of � � �. Now let M be a matroid and S � M a modular 
at, i.e., S
is a modular element of L M . Order the points of M such that if p 2 S and
q 62S, then p < q. Show that BC(S) is a join-factor of BC(M ). Deduce
that � M (t) is divisible by � S (t).

(b) [2+] Conversely, let M be a matroid and S � M . Label the points of M so
that if p 2 S and q 62S, then p < q. Supposethat BC(S) is a join-factor of
BC(M ). Show that S is modular.

(13) [2] Do Exercise3.7, this time using Theorem 4.12(the Broken Circuit Theorem).
(14) [1] Show that all geometric lattices of rank two are supersolvable.
(15) [2] Give an example of two nonisomorphic supersolvable geometric lattices of

rank 3 with the samecharacteristic polynomials.
(16) [2] Prove Proposition 4.11: if G is a graph with blocks G1; : : : ; Gk , then L G

�=
L G1 � � � � � L G k .

(17) [2+] Give an exampleof a nonsupersolvablegeometriclattice of rank three whose
characteristic polynomial has only integer zeros.

(18) [2] Let L 1 and L 2 be geometric lattices. Show that L 1 and L 2 are supersolvable
if and only if L 1 � L 2 is supersolvable.

(19) [3{] Let L be a supersolvable geometric lattice. Show that every interval of L is
also supersolvable.

(20) [2] (a) Find the number of maximal chains of the partition lattice � n .
(b) Find the number of modular maximal chains of � n .

(21) [2+] Show that the broken circuit complex of a matroid is pure (Corollary 4.6).
(22) Let M be a matroid with a linear ordering of its points. The internal activity of

a basisB is the number of points p 2 B such that p < q for all points q 6= p not
in the closureB � p of B � p. The external activity of B is the number of points
p0 2 M � B such that p0 < q0 for all q0 6= p0 contained in the unique circuit that
is a subsetof B [ f p0g. De�ne the Crapo beta invariant of M by

� (M ) = (� 1)rk (M ) � 1� 0
M (1);

where 0 denotesdi�eren tiation.
(a) [1+] Show that 1� � 0

M (1) =  (BC r ), the Euler characteristic of the reduced
broken circuit complex of M .

(b) [3{] Show that � (M ) is equal to the number of basesof M with internal
activit y 0 and external activit y 0.

(c) [2] Let A be a real central arrangement with associated matroid M A . Sup-
posethat A = cA0 for somearrangement A0, where cA0 denotesthe cone
over A0. Show that � (M A ) = b(A0).

(d) [2+] With A as in (c), let H 0 be a (proper) translate of somehyperplane
H 2 A. Show that � (M A ) = b(A [ f H 0g).





LECTURE 5
Finite �elds

5.1. The �nite �eld metho d

In this lecture we will describe a method basedon �nite �elds for computing the
characteristic polynomial of an arrangement de�ned over Q. We will then discuss
several interesting examples. The main result (Theorem 5.15) is implicit in the
work of Crapo and Rota [13, x17]. It was �rst developed into a systematic tool for
computing characteristic polynomials by Athanasiadis [1][2], after a closelyrelated
but not as general technique was presented by Blass and Sagan[9].

Supposethat the arrangement A is de�ned over Q. By multiplying each hyper-
plane equation by a suitable integer, we may assumeA is de�ned over Z. In that
casewe can take coe�cien ts modulo a prime p and get an arrangement A q de�ned
over the �nite �eld Fq, where q = pr . We say that A has good reduction mod p (or
over Fq) if L (A) �= L (Aq).

For instance, let A be the a�ne arrangement in Q1 = Q consistingof the points
0 and 10. Then L(A) contains three elements, viz., Q, f 0g, and f 10g. If p 6= 2; 5
then 0 and 10 remain distinct, so A has good reduction. On the other hand, if
p = 2 or p = 5 then 0 = 10 in Fp, so L (Ap) contains just two elements. HenceA
has bad reduction when p = 2; 5.

Prop osition 5.13. Let A be an arrangement de�ned over Z. Then A has good
reduction for all but �nitely many primes p.

Pro of. Let H1; : : : ; H j be a�ne hyperplanes, where H i is given by the equation
vi � x = ai (vi ; ai 2 Zn ). By linear algebra, we have H 1 \ � � � \ H j 6= ; if and only if

(36) rank

2

6
4

v1 a1
...

...
vj aj

3

7
5 = rank

2

6
4

v1
...

vj

3

7
5 :

Moreover, if (36) holds then

dim(H1 \ � � � \ H j ) = n � rank

2

6
4

v1
...

vj

3

7
5 :

61
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Now for any r � s matrix A, we have rank(A) � t if and only if somet � t submatrix
B satis�es det(B ) 6= 0. It follows that L (A) 6�= L (Ap) if and only if at least one
member S of a certain �nite collection S of subsetsof integer matrices B satis�es
the following condition:

(8B 2 S) det(B ) 6= 0 but det(B ) � 0 (mod p):

This canonly happen for �nitely many p, viz., for certain B we must havepj det(B ),
so L (A) �= L (Ap) for p su�cien tly large. �

The main result of this section is the following. Like many fundamental results
in combinatorics, the proof is easybut the applicabilit y very broad.

Theorem 5.15. Let A be an arrangementin Qn , and supposethat L (A) �= L (Aq)
for someprime power q. Then

� A (q) = #

0

@Fn
q �

[

H 2 A q

H

1

A

= qn � #
[

H 2 A q

H:

Pro of. Let x 2 L (Aq) so # x = qdim (x ) . Here dim(x) can be computed either over
Q or Fq. De�ne two functions f ; g : L (Aq) ! Z by

f (x) = # x

g(x) = #

 

x �
[

y>x

y

!

:

In particular,

g(0̂) = g(Fn
q ) = #

0

@Fn
q �

[

H 2 A q

H

1

A :

Clearly

f (x) =
X

y � x

g(y):

Let � denote the M•obius function of L (A) �= L (Aq). By M•obius inversion (Theo-
rem 1.1),

g(x) =
X

y � x

� (x; y)f (y)

=
X

y � x

� (x; y)qdim( y) :

Put x = 0̂ to get

g(0̂) =
X

y

� (y)qdim( y) = � A (q):

�
For the remainder of this lecture, we will be concernedwith applications of

Theorem 5.15 and further interesting examplesof arrangements.
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Example 5.12. Let G be a graph with vertices 1; 2; : : : ; n, so

QA G (x) =
Y

ij 2 E (G)

(x i � x j ):

Then by Theorem 5.15,

� A G (q) = qn � # f (� 1; : : : ; � n ) 2 Fn
1 : � i = � j for someij 2 E(G)g

= # f (� 1; : : : ; � n ) 2 Fn
q : � i 6= � j 8 ij 2 E(G)g

= � G (q);

in agreement with Theorem 2.7. Note that this equality holds for all prime powers
q, not just for pm with p � 0. This is becausethe matrix with rows ei � ej , where
ij 2 E(G) and ei is the i th unit coordinate vector in Qn , is total ly unimodular, i.e.,
every minor (determinant of a squaresubmatrix) is 0; � 1. Hencethe nonvanishing
of a minor is independent of the ambient �eld.

A very interesting classof arrangements, including the braid arrangement, is
associated with root systems,or more generally, �nite re
ection groups. We will
simply mention somebasic results here without proof. A root system is a �nite set
R of nonzerovectors in Rn satisfying certain properties that we will not give here.
(Referencesinclude [6][10][20].) The Coxeter arrangement A(R) consists of the
hyperplanes� � x = 0, where � 2 R. There are four in�nite (irreducible) classesof
root systems(all in Rn ):

An � 1 = f ei � ej : 1 � i < j � ng = Bn

Dn = f ei � ej ; ei + ej : 1 � i < j � ng

Bn = Dn [ f ei : 1 � i � ng

Cn = Dn [ f 2ei : 1 � i � ng:

We should really regard An � 1 as being a subsetof the space

f (� 1; : : : ; � n ) 2 Rn :
X

� i = 0g �= Rn � 1:

We thus obtain the following Coxeter arrangements. In all cases1 � i < j � n
and 1 � k � n.

A(An � 1) = Bn : x i � x j = 0

A(Bn ) = A(Cn ) : x i � x j = 0; x i + x j = 0; xk = 0

A(Dn ) : x i � x j = 0; x i + x j = 0:

SeeFigure 1 for the arrangements A(B2) and A(D2).
Let us compute the characteristic polynomial � A (B n ) (q). For p � 0 (actually

p > 2) and q = pm we have

� A (B n ) (q) = # f (� 1; : : : ; � n ) 2 Fn
q : � i 6= � � j (i 6= j ); � i 6= 0 (1 � i � n)g:

Choose� 1 2 F�
q = Fq � f 0g in q � 1 ways. Then choose� 2 2 F�

q � f � 1; � � 1g in
q � 3 ways, then � 3 in q � 5 ways, etc., to obtain:

� A (B n ) (t) = (t � 1)(t � 3) � � � (t � (2n � 1)):

In particular,

r (A(Bn )) = (� 1)n � A (B n ) (� 1) = 2 � 4 � 6 � � � (2n) = 2n n!:
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A(B  ) A(D  )22

Figure 1. The arrangements A (B 2 ) and A (D 2 )

By a similar but slightly more complicated argument we get (Exercise 1)

(37) � A (D n ) (t) = (t � 1)(t � 3) � � � (t � (2n � 3)) � (t � n + 1):

Note. Coxeter arrangements are always free in the senseof Theorem 4.14(a result
of Terao [34]), but need not be supersolvable. In fact, A(An ) and A(Bn ) are
supersolvable, but A(D n ) is not supersolvable for n � 4 [4, Thm. 5.1].

5.2. The Shi arrangemen t

We next considera modi�cation (or deformation) of the braid arrangement called
the Shi arrangement [27, x7] and denoted Sn . It consistsof the hyperplanes

x i � x j = 0; 1; 1 � i < j � n:

Thus Sn has n(n � 1) hyperplanesand rank(Sn ) = n � 1. Figure 2 shows the Shi
arrangement S3 in ker(x1 + x2 + x3) �= R2 (i.e., the space f (x1; x2; x3) 2 R3 :
x1 + x2 + x3 = 0g).

Theorem 5.16. The characteristic polynomial of Sn is given by

� Sn (t) = t(t � n)n � 1:

Pro of. Let p be a large prime. By Theorem 5.15 we have

� Sn (p) = # f (� 1; : : : ; � n ) 2 Fn
p : i < j ) � i 6= � j and � i 6= � j + 1g:

Choosea weak ordered partition � = (B1; : : : ; Bp� n ) of [n] into p � n blocks, i.e.,S
B i = [n] and B i \ B j = ; if i 6= j , such that 1 2 B1. (\W eak" meansthat we

allow B i = ; .) For 2 � i � n there are p � n choices for j such that i 2 B j , so
(p� n)n � 1 choicesin all. We will illustrate the following argument with the example
p = 11, n = 6, and

(38) � = (f 1; 4g; f 5g; ; ; f 2; 3; 6g; ; ):

Arrange the elements of Fp clockwise on a circle. Place1; 2; : : : ; n on somen of
thesepoints asfollows. Placeelements of B1 consecutively (clockwise) in increasing
order with 1 placed at someelement � 1 2 Fp. Skip a spaceand place the elements
of B2 consecutively in increasingorder. Skip another spaceand place the elements
of B3 consecutively in increasingorder, etc. For our example (38), say � 1 = 6.
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Figure 2. The Shi arrangement S3 in ker(x1 + x2 + x3)
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Let � i be the position (element of Fp) at which i was placed. For our example
we have

(� 1; � 2; � 3; � 4; � 5; � 6) = (6; 1; 2; 7; 9; 3):
It is easilyveri�ed that wehavede�ned a bijection from the (p� n)n � 1 weakordered
partitions � = (B1; : : : ; Bp� n ) of [n] into p� n blocks such that 1 2 B1, together with
the choiceof � 1 2 Fp, to the set Fn

p � [ H 2 (Sn )p H . There are (p� n)n � 1 choicesfor �
and p choicesfor � 1, so it follows from Theorem 5.15that � Sn (t) = t(t � n)n � 1. �

We obtain the following corollary immediately from Theorem 2.5.

Corollary 5.11. We haver (Sn ) = (n + 1)n � 1 and b(Sn ) = (n � 1)n � 1.

Note. Since r (Sn ) and b(Sn ) have such simple formulas, it is natural to ask
for a direct bijective proof of Corollary 5.11. A number of such proofs are known;
a sketch that r (Sn ) = (n + 1)n � 1 is given in Exercise3.
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Note. It can be shown that the conecSn is not supersolvable for n � 3 (Ex-
ercise4) but is free in the senseof Theorem 4.14.

5.3. Exp onential sequences of arrangemen ts

The braid arrangement (in fact, any Coxeter arrangement) is highly symmetrical;
indeed, the group of linear transformations that preserves the arrangement acts
transitiv ely on the regions. Thus all regions\lo ok the same." The Shi arrangement
lacks this symmetry, but it still possessesa kind of \combinatorial symmetry" that
allows us to expressthe characteristic polynomials � Sn (t), for all n � 1, in terms
of the number r (Sn ) of regions.

De�nition 5.14. A sequenceA = (A1; A2; : : : ) of arrangements is called an expo-
nential sequence of arrangements(ESA) if it satis�es the following three conditions.

(1) An is in K n for some�eld K (independent of n).
(2) Every H 2 An is parallel to somehyperplaneH 0 in the braid arrangement

Bn (over K ).
(3) Let S be a k-element subsetof [n], and de�ne

AS
n = f H 2 An : H is parallel to x i � x j = 0 for somei; j 2 Sg:

Then L(AS
n ) �= L (Ak ).

Examples of ESA's are given by An = Bn or An = Sn . In fact, in these cases
we have AS

n
�= Ak � K n � k .

The combinatorial properties of ESA's are related to the exponential formula
in the theory of exponential generating functions [32, x5.1], which we now review.
Informally , we are dealing with \structures" that can be put on a vertex set V such
that each structure is a disjoint union of its \connected components." We obtain a
structure on V by partitioning V and placing a connectedstructure on each block
(independently). Examples of such structures are graphs, forests, and posets,but
not treesor groups. Let h(n) be the total number of structures on an n-set V (with
h(0) = 1), and let f (n) be the number that are connected.The exponential formula
states that

(39)
X

n � 0

h(n)
xn

n!
= exp

X

n � 1

f (n)
xn

n!
:

More precisely, let f : P ! R, where R is a commutativ e ring. (For our purposes,
R = Z will do.) De�ne a new function h : N ! R by h(0) = 1 and

(40) h(n) =
X

� = f B 1 ;::: ;B k g2 � n

f (# B1)f (# B2) � � � f (# Bk ):

Then equation (39) holds. A straightforward proof can be given by consideringthe
expansion

exp
X

n � 1

f (n)
xn

n!
=

Y

n � 1

expf (n)
xn

n!

=
Y

n � 1

0

@
X

k � 0

f (n)k xkn

n!k k!

1

A :

We omit the details (Exercise 5).
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For any arrangement A in K n , de�ne r (A) = (� 1)n � A (� 1). Of courseif K = R
this coincideswith the de�nition of r (A) as the number of regionsof A. We come
to the main result conceringESA's.

Theorem 5.17. Let A = (A1; A2; : : : ) be an ESA. Then

X

n � 0

� A n (t)
xn

n!
=

0

@
X

n � 0

(� 1)n r (An )
xn

n!

1

A

� t

:

Example 5.13. For A = (B1; B2; : : : ) Theorem 5.17 assertsthat

X

n � 0

t(t � 1) � � � (t � n + 1)
xn

n!
=

0

@
X

n � 0

(� 1)n n!
xn

n!

1

A

� t

;

as immediately follows from the binomial theorem. On the other hand, if A =
(S1; S2; : : : ), then we obtain the much lessobvious identit y

X

n � 0

t(t � n)n � 1 xn

n!
=

0

@
X

n � 0

(� 1)n (n + 1)n � 1 xn

n!

1

A

� t

:

Pro of of Theorem 5.17. By Whitney's theorem (Theorem 2.4) we have for
any arrangement A in K n that

� A (t) =
X

B � A
B central

(� 1)# B tn � rank( B ) :

Let A = (A1; A2; : : : ), and let B � An for somen. De�ne � (B) 2 � n to have blocks
that are the vertex sets of the connectedcomponents of the graph G on [n] with
edges

(41) E(G) = f ij : 9 x i � x j = c in Bg:

De�ne

~� A n (t) =
X

B � A
B central
� (B )=[ n ]

(� 1)# B tn � rk( B ) :

Then

� A n (t) =
X

� = f B 1 ;::: ;B k g2 � n

X

B � A
B central
� (B )= �

(� 1)# B tn � rk (B )

=
X

� = f B 1 ;::: ;B k g2 � n

~� A # B 1
(t) ~� A # B 2

(t) � � � ~� A # B k
(t):

Thus by the exponential formula (39),

X

n � 0

� A n (t)
xn

n!
= exp

X

n � 1

~� A n (t)
xn

n!
:
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But � (B) = [n] if and only if rk(B) = n � 1, so ~� A n (t) = cn t for somecn 2 Z. We
therefore get

X

n � 0

� A n (t)
xn

n!
= expt

X

n � 1

cn
xn

n!

=

0

@
X

n � 0

bn
xn

n!

1

A

t

;

where exp
P

n � 1 cn
x n

n ! =
P

n � 0 bn
x n

n ! . Put t = � 1 to get

X

n � 0

(� 1)n r (An )
xn

n!
=

0

@
X

n � 0

bn
xn

n!

1

A

� 1

;

from which it follows that

X

n � 0

� A n (t)
xn

n!
=

0

@
X

n � 0

(� 1)n r (An )
xn

n!

1

A

� t

:

�
For a generalization of Theorem 5.17, seeExercise10.

5.4. The Catalan arrangemen t

De�ne the Catalan arrangementCn in K n , where char(K ) 6= 2, by

QCn (x) =
Y

1� i<j � n

(x i � x j )(x i � x j � 1)(x i � x j + 1):

Equivalently , the hyperplanesof Cn are given by

x i � x j = � 1; 0; 1; 1 � i < j � n:

Thus Cn has 3
� n

2

�
hyperplanes,and rank(Cn ) = n � 1.

Assumenow that K = R. The symmetric group S n acts on Rn by permuting
coordinates, i.e.,

w � (x1; : : : ; xn ) = (xw(1) ; : : : ; xw(n ) ):

Here we are multiplying permutations left-to-righ t, e.g., (1; 2)(2; 3) = (1; 3; 2) (in
cycle form), so vw � � = v � (w � � ). Both Bn and Cn are S n -invariant, i.e., S n

permutes the hyperplanes of these arrangements. Hence S n also permutes their
regions,and each region xw(1) > xw(2) > � � � > xw(n ) of Bn is divided \in the same
way" in Cn . In particular, if r 0(Cn ) denotesthe number of regionsof Cn contained
in some �xed region of Bn , then r (Cn ) = n!r0(Cn ) . SeeFigure 3 for C3 in the
ambient spaceker(x1 + x2 + x3), where the hyperplanesof B3 are drawn as solid
lines and the remaining hyperplanesas dashedlines. Each region of B3 contains
�v e regionsof C3, so r (C3) = 6 � 5 = 30.

We can compute r (Cn ) (or equivalently r 0(Cn )) by a direct combinatorial ar-
gument. Let R0 denote the region x1 > x2 > � � � > xn of Bn . The regions of Cn

contained in R0 are determined by those i < j such that x i � x j < 1. We needonly
specify the maximal intervals [i; j ] such that x i � x j < 1, i.e., if a � i < j � b and
xa � xb < 1, then a = i and b = j . It is easyto seethat any such speci�cation of
maximal intervals determinesa region of Cn contained in R0. Thus r0(Cn ) is equal
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Figure 3. The Catalan arrangement C3 in ker(x1 + x2 + x3 )

to the number of antichains A of strict intervals of [n], i.e., setsA of intervals [i; j ],
where 1 � i < j � n, such that no interval in A is contained in another. (\Strict"
meansthat i = j is not allowed.) It is known (equivalent to [32, Exer. 6.19(bbb)])
that the number of such antichains is the Catalan number Cn = 1

n +1

� 2n
n

�
. For

the sake of completenesswe give a bijection between these antichains and a stan-
dard combinatorial structure counted by Catalan numbers, viz., lattice paths from
(0; 0) to (n; n) with steps (1; 0) and (0; 1), never rising above the line y = x ([32,
Exer. 6.19(h)]). Given an antichain A of intervals of [n], there is a unique lattice
path of the claimed type whose \outer corners" (a step (1; 0) followed by (0; 1))
consist of the points (j; i � 1) where [i; j ] 2 A, together with the points (i; i � 1)
where no interval in A contains i . Figure 4 illustrates this bijection for n = 8 and
A = f [1; 4]; [3; 5]; [7; 8]g.

Wehavethereforeprovedthe following result. For a re�nement, seeExercise11.

Prop osition 5.14. The number of regions of the Catalan arrangementCn is given
by r (Cn ) = n!Cn . Each region of Bn contains Cn regions of Cn .

In fact, there is a simple formula for the characteristic polynomial � Cn (t).

Theorem 5.18. We have

� Cn (t) = t(t � n � 1)(t � n � 2)(t � n � 3) � � � (t � 2n + 1):
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52

40

65

86

Figure 4. A bijection corresponding to A = f [1; 4]; [3; 5]; [7; 8]g

Pro of. Clearly the sequence(C1; C2; : : : ) is an ESA, so by Theorem 5.17 we have

X

n � 0

� Cn (t)
xn

n!
=

0

@
X

n � 0

(� 1)n n!Cn
xn

n!

1

A

� t

=

0

@
X

n � 0

(� 1)n Cn xn

1

A

� t

:

One method for expanding this series is to use the Lagrange inversion formula
[32, Thm. 5.4.2]. Let F (x) = a1x + a2x2 + � � � be a formal power seriesover K ,
where char(K ) = 0 and a1 6= 0. Then there exists a unique formal power series
F h� 1i = a� 1

1 x + � � � satisfying

F (F h� 1i (x)) = F h� 1i (F (x)) = x:

Let k; t 2 Z. The Lagrange inversion formula states that

(42) t[x t ]F h� 1i (x)k = k[x t � k ]
�

x
F (x)

� t

:

Let y =
P

n � 0(� 1)n Cn xn +1 . By a fundamental property of Catalan numbers,
y2 = � y + x. Hencey = (x + x2)h� 1i . Substitute t � n for k and apply equation
(42) to y = F (x), so F h� 1i (x) = x + x2:

(43) t[x t ](x + x2)t � n = (t � n)[xn ]
�

x
y

� t

:

The right-hand side of (43) is just

(t � n)[xn ]
� y

x

� � t
=

(t � n)� Cn (t)
n!

:
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a b
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f

d e

a c f

b d
e

Figure 5. An example of an interval order

The left-hand side of (43) is given by

t[x t ]x t � n (1 + x)t � n = t
�

t � n
n

�
=

t(t � n)( t � n � 1) � � � (t � 2n + 1)
n!

:

It follows that

� Cn (t) = t(t � n � 1)(t � n � 2)(t � n � 3) � � � (t � 2n + 1)

for all t 2 Z. It then follows easily (e.g., using the fact that a polynomial in one
variable over a �eld of characteristic 0 is determined by its values on Z) that this
equation holds when t is an indeterminate. �

Note. It is not di�cult to give an alternativ e proof of Theorem 5.18 basedon
the �nite �eld method (Exercise 12).

5.5. In terv al orders

The subject of interval orders has a long history (see[15][36]), but only recently
[33] was their connection with arrangements noticed. Let P = f I 1; : : : ; I n g be a
�nite set of closed intervals I i = [ai ; bi ], where ai ; bi 2 R and ai < bi . Partially
order P by de�ning I i < I j if bi < aj , i.e., I i lies entirely to the left of I j on the real
number line. A poset isomorphic to P is called an interval order. Figure 5 gives
an example of six intervals and the corresponding interval order. It is understood
that the real line lies below and parallel to the line segments labelled a; : : : ; f , and
that the actual intervals are the projections of these line segments to R. If all the
intervals I i have length one, then P is called a semiorder or unit interval order.

We will be consideringboth labelled and unlabelled interval orders. A labelled
interval order is the same as an interval order on a set S, often taken to be [n].
If an interval order P corresponds to intervals I 1; : : : ; I n , then there is a natural
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63361

Figure 6. The number of labelings of semiorders with three elements

labeling of P, viz., label the element corresponding to I i by i . Thus the intervals
I 1 = [0; 1] and I 2 = [2; 3] correspond to the labelled interval order P1 de�ned by
1 < 2, while the intervals I 1 = [2; 3] and I 2 = [0; 1] correspond to P2 de�ned by
2 < 1. Note that P1 and P2 are di�eren t labelled interval ordersbut are isomorphic
as posets. As another example, consider the intervals I 1 = [0; 2] and I 2 = [1; 3].
The corresponding labelled interval order P consistsof the disjoint points 1 and 2.
If we now let I 1 = [1; 3] and I 2 = [0; 2], then we obtain the same labelled interval
order (or labelled poset) P, although the intervals themselveshave beenexchanged.
An unlabelled interval order may be regarded as an isomorphism classof interval
orders; two intervalsordersP1 and P2 represent the sameunlabelled interval order if
and only if they are isomorphic. Of courseour discussionof labelled and unlabelled
interval orders applies equally well to semiorders.

Figure 6 shows the �v e nonisomorphic (or unlabelled) interval orders (which
for three vertices coincideswith semiorders)with three vertices, and below them
the number of distinct labelings. (In general, the number of labelings of an n-
element poset P is n!=#Aut( P), where Aut( P) denotesthe automorphism group
of P.) It follows that there are 19 labelled interval orders or labelled semiorderson
a 3-element set.

The following proposition collectssomebasicresultson interval orders. Wesim-
ply state them without proof. Only part (a) is neededin what follows (Lemma 5.6).
We usethe notation i to denotean i -element chain and P + Q to denotethe disjoint
union of the posetsP and Q.

Prop osition 5.15. (a) A �nite poset is an interval order if and only if it has
no induced subposet isomorphic to 2 + 2.

(b) A �nite poset is a semiorder if and only if it has no induced subposet
isomorphic to 2 + 2 or 3 + 1.

(c) A �nite posetP is a semiorder if and only if its elementscan be ordered as
I 1; : : : ; I n so that the incidence matrix of P (i.e., the matrix M = (m ij ),
where m ij = 1 if I i < I j and m ij = 0 otherwise) has the form shown
below. Moreover, all such semiorders are nonisomorphic.
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0 0 0
0 0 0
0 0 0 0 0 1

0 0 0
0 0 0

0 1 1
0 0 0
0 0 0

0 0 1
0 0 1
0 0 0

0 1 1
0 0 1
0 0 0

Figure 7. The semiorders with three elements

0

1 n

n

1

1

In (c) above, the southwest boundary of the positions of the 1's in M form a
lattice path which by suitable indexing goes from (0; 0) to (n; n) with steps (0; 1)
and (1; 0), never rising above y = x. Since the number of such lattice paths is
the Catalan number Cn , it follows that the number of nonisomorphic n-element
semiordersis Cn . Later (Proposition 5.17) we will give a proof basedon properties
of a certain arrangement. Figure 7 illustrates Proposition 5.15(c) when n = 3. It
shows the matrices M , the corresponding set of unit intervals, and the associated
semiorder.

Let `1; : : : ; `n > 0 and set � = (`1; : : : ; `n ). Let P� denote the set of all interval
orders P on [n] such that there exist a set I 1; : : : ; I n of intervals corresponding to

P (with I i corresponding to i 2 P) such that `(I i ) = ` i . In other words, i
P
< j if

and only if I i lies entirely to the left of I j . For instance, it follows from Figure 6
that # P(1 ;1;1) = 19.

We now cometo the connection with arrangements. Given � = (`1; : : : ; `n ) as
above, de�ne the arrangement I � in Rn by letting its hyperplanesbe given by

x i � x j = ` i ; i 6= j:

(Note the condition i 6= j , not i < j .) Thus I � has rank n � 1 and n(n � 1)
hyperplanes(since ` i > 0). Figure 8 shows the arrangement I (1 ;1;1) in the space
ker(x1 + x2 + x3).

Prop osition 5.16. Let � 2 Rn
+ . Then r (I � ) = # P� .
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Figure 8. The arrangement I (1 ;1;1) in the space ker(x1 + x2 + x3)

Pro of. Let (x1; : : : ; xn ) belong to someregion R of I � . De�ne the interval I i =
[x i � ` i ; x i ]. The region R is determined by whether x i � x j < ` i or x i � x j > ` i .
Equivalently , I i 6> I j or I i > I j in the ordering on intervals that de�nes interval
orders. Hence the number of possible interval orders corresponding to intervals
I 1; : : : ; I n with `(I i ) = ` i is just r (I � ). �

Consider the case `1 = � � � = `n = 1, so we are looking at the semiorder
arrangement x i � x j = 1 for i 6= j . We abbreviate (1; 1; : : : ; 1) as 1n and denote
this arrangement by I 1n . By the proof of Proposition 5.16 the regionsof I 1n are in
a natural bijection with semiorderson [n].

Now note that Cn = I 1n [ Bn , where Cn denotes the Catalan arrangement.
Fix a region R of Bn , say x1 < x2 < � � � < xn . Then the number of regions of
I 1n that intersect R is the number of semiorderson [n] that correspond to (unit)
intervals I 1; : : : ; I n with right endpoints x1 < x2 < � � � < xn . Another set I 0

1; : : : ; I 0
n

of unit intervals I 0
i = [x0

i � 1; x0
i ] with x0

1 < x0
2 < � � � < x0

n de�nes a di�eren t
region from that de�ned by I 1; : : : ; I n if and only if the corresponding semiorders
are nonisomorphic. It follows that the number of nonisomorphic semiorderson [n]
is equal to the number of regionsof I 1n intersecting the region x1 < x2 < � � � < xn

of Bn . SinceCn = I 1n [ Bn , there follows from Proposition 5.14the following result
of Wine and Freunde [38].

Prop osition 5.17. The number u(n) of nonisomorphic n-element semiorders is
given by

u(n) =
1
n!

r (Cn ) = Cn :

Figure 9 shows the nonisomorphic 3-element semiorderscorresponding to the
regionsof Cn intersecting the region x1 < x2 < � � � < xn of Bn .

We now cometo the problem of determining r (I 1n ), the number of semiorders
on [n].
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Figure 9. The nonisomorphic 3-element semiorders as regions of C1n

Theorem 5.19. Fix distinct real numbers a1; a2; : : : ; am > 0. Let An be the ar-
rangementin Rn with hyperplanes

An : x i � x j = a1; : : : ; am ; i 6= j;

and let A �
n = An [ Bn . De�ne

F (x) =
X

n � 1

r (An )
xn

n!

G(x) =
X

n � 1

r (A �
n )

xn

n!
:

Then F (x) = G(1 � e� x ).

Pro of. Let c(n; k) denotethe number of permutations w of n objects with k cycles
(in the disjoint cycledecomposition of w). The integer c(n; k) is known asa signless
Stirling number of the �rst kind and for �xed k has the exponential generating
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function

(44)
X

n � 0

c(n; k)
xn

n!
=

1
k!

�
log(1 � x) � 1� k

:

For futher information, seee.g. [31, pp. 17{20][32, (5.25)].
We have

F (x) = G(1 � e� x ) , G(x) = F (log(1 � x) � 1)

=
X

k � 1

r (Ak )
1
k!

�
log(1 � x) � 1� k

=
X

k � 1

r (Ak )
X

n � 0

c(n; k)
xn

n!
:

It follows that we needto show that

(45) r (A �
n ) =

nX

k=1

c(n; k)r (A k ):

For simplicit y we consider only the casem = 1 and a1 = 1, but the argument is
completely analogousin the general case. When m = 1 and a1 = 1 we have that
r (A �

n ) = n!Cn and that r (An ) is the number of semiorderson [n]. Thus it su�ces
to give a map (P; w)

�
7! Q, where w 2 S k and P is a semiorder whoseelements

are labelled by the cyclesof w, and where Q is an unlabelled n-element semiorder,
such that � is n!-to-1, i.e., every Q appears exactly n! times as an image of some
(P; w).

Choosew 2 S n with k cyclesin c(n; k) ways, and make thesecyclesthe vertices
of a semiorderP in r (A k ) ways. De�ne a new poset � (P; w) as follows: if the cycle
(c1; : : : ; cj ) is an element of P, then replace it with an antichain with elements
c1; : : : ; cj . Given 1 � c � n, let C(c) be the cycle of w containing c. De�ne
c < d in � (P; w) if C(c) < C(d) in P. We illustrate this de�nition with n = 8 and
w = (1; 5; 2)(3)(6; 8)(4; 7):

(       )P,w (       )P,wQ = r

(1,5,2) (6,8) 1 5 2 6 8

r

(3) (4,7) 3 4 7

Given an unlabelled n-element semiorderQ, such as
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we now show that there are exactly n! pairs (P; w) for which � (P; w) �= Q. Call a
pair of elements x; y 2 Q autonomous if for all z 2 Q we have

x < z , y < z; x > z , y > z:

Equivalently , the map � : Q ! Q transposing x; y and �xing all other z 2 Q is an
automorphism of Q. Clearly the relation of being autonomous is an equivalence
relation. Partition Q into its autonomousequivalenceclasses.Regard the elements
of Q as being distinguished, and choosea bijection (labeling) ' : Q ! [n] (in n!
ways). Fix a linear ordering (independent of ' ) of the elements in each equivalence
class. (The linear ordering of the elements in each equivalenceclassin the diagram
below is left-to-righ t.)

2 8

4 1

73 6

5

In each class,place a left parenthesis before each left-to-righ t maximum, and
place a right parenthesis before each left parenthesis and at the end. (This is the
bijection S n ! S n , ŵ 7! w, in [31, p. 17].) Merge the elements c1; c2; : : : ; cj

(appearing in that order) between each pair of parenthesesinto a single element
labelled with the cycle (c1; c2; : : : ; cj ).

(3) (7      ,    6) (2) (8)

(5) (4      ,    1)

3 (7,6) (2) (8)

(4,1)(5)

r

Q P

�1

We have thus obtained a poset P whoseelements are labelled by the cyclesof
a permutation w 2 S n , such that � (P; w) = Q. For each unlabelled Q, there are
exactly n! pairs (P; w) (where the poset P is labelled by the cycles of w 2 S n )
for which � (P; w) �= Q. Since by Proposition 5.17 there are Cn nonisomorphic
n-element semiorders,we get

n!Cn =
nX

k=1

c(n; k)r (A k ):

�
Note. Theorem 5.19 can also be proved using Burnside's lemma (also called

the Cauchy-Frobenius lemma) from group theory.
To test one's understanding of the proof of Theorem 5.19, consider why it

doesn't work for all posets. In other words, let f (n) denotethe number of posetson
[n] and g(n) the number of nonisomorphicn-element posets. Set F (x) =

P
f (n) x n

n !
and G(x) =

P
g(n)xn . Why doesn't the above argument show that G(x) = F (1 �
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e� x )? Let Q = 2 + 2 (the unique obstruction to being an interval order, by
Proposition 5.15(a)). The autonomousclasseshave oneelement each. Consider the
two labelings ' : Q ! [4] and the corresponding � � 1:

r �1

r �1

1

2 4

3

3

4 2

1

4

3

1

2 4

3

2

1

We obtain the samelabelled posetsin both cases,so the proof of Theorem 5.19
fails. The key property of interval orders that the proof of Theorem 5.19 uses
implicitly is the following.

Lemma 5.6. If � : P ! P is an automorphism of the interval order P and
� (x) = � (y), then x and y are autonomous.

Pro of. Assumenot. Then there existsan element s 2 P satisfying s > x, s 6> y (or
dually). Since � (x) = y, there must exist t 2 P satisfying t > y, t 6> x. But then
f x; s; y; tg form an induced 2 + 2, so by Proposition 5.15(a) P is not an interval
order. �

Specializing m = 1 and a1 = 1 in Theorem 5.19 yields the following corollary,
due �rst (in an equivalent form) to Chandon, Lemaire and Pouget [12].

Corollary 5.12. Let f (n) denote the number of semiorders on [n] (or n-element
labelled semiorders). Then

X

n � 0

f (n)
xn

n!
= C(1 � e� x );

where

C(x) =
X

n � 0

Cn xn =
1 �

p
1 � 4x

2x
:

5.6. In terv als with generic lengths

A particularly interesting classof interval ordersare thosecorresponding to intervals
with speci�ed generic lengths � = (`1; : : : ; `n ). Intuitiv ely, this means that the
intersection poset P(I � ) is as \large as possible." One way to make this precise
is to say that � is generic if P(I � ) �= P(I � 0), where � 0 = (`0

1; : : : ; `0
n ) and the

`0
i 's are linearly independent over Q. Thus if � is generic, then the intersection

poset L (I � ) doesnot depend on � , but rather only on n. In particular, r (I � ) does
not depend on � (always assuming � is generic). Hence by Proposition 5.16, the
number # P� of labelled interval orders corresponding to intervals I 1; : : : ; I n with
`(I i ) = ` i dependsonly on n. This fact is not at all obvious combinatorially , since
the interval orders themselvesdo depend on � . For instance, it is easyto seethat
� = (1; 1:0001; 1:001; 1:01; 1:1) is genericand that no corresponding interval order
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can be isomorphic to 4 + 1. On the other hand, � = (1; 10; 100; 1000; 10000) is also
generic,but this time there is a corresponding interval order isomorphic to 4 + 1.
(SeeExercise17.)

The preceding discussion raises the question of computing # Pn when � is
generic. We write Gn for the corresponding interval order x i � x j = ` i , i 6= j ,
sincethe intersection poset dependsonly on n. The following result is a nice appli-
cation of arrangements to \pure" enumeration; no proof is known except the one
sketched here.

Theorem 5.20. Let

z =
X

n � 0

r (Gn )
xn

n!
= 1 + x + 3

x2

2!
+ 19

x3

3!
+ 195

x4

4!
+ 2831

x5

5!
+ � � � :

De�ne a power series

y = 1 + x + 5
x2

2!
+ 46

x3

3!
+ 631

x4

4
+ � � �

by 1 = y(2 � exy ). Equivalently,

y = 1 +
�

1
1 + x

log
1 + 2x
1 + x

� h� 1i

:

Then z is the unique power series satisfying z0=z = y2, z(0) = 1.

Note. The condition z0=z = y2 can be rewritten as z = exp
R

y2 dx.
Sketch of pro of. Putting t = � 1 in Theorem 2.4 gives

(46) r (Gn ) =
X

B � Gn
B central

(� 1)# B � rk (B ) :

Given a central subarrangement B � Gn , de�ne a digraph (directed graph) GB on
[n] by letting i ! j be a (directed) edgeif the hyperplanex i � x j = ` i belongsto B.
One then shows that asan undirected graph GB is bipartite, i.e., the verticescan be
partitioned into two subsetsU and V such that all edgesconnecta vertex in U to a
vertex in V . The pair (U;V ) is called a vertex bipartition of GB . Moreover, if B is
a block of GB (as de�ned precedingProposition 4.11), say with vertex bipartition
(UB ; VB ), then either all edgesof B are directed from UB to VB , or all edgesare
directed from VB to UB . It can also be seenthat all such directed bipartite graphs
can arise in this way. It follows that equation (46) can be rewritten

(47) r (Gn ) = (� 1)n
X

G

(� 1)e(G)+ c(G) 2b(G) ;

where G ranges over all (undirected) bipartite graphs on [n], e(G) denotes the
number of edgesof G, and b(G) denotesthe number of blocks of G.

Equation (47) reducesthe problem of determining r (G) to a (rather di�cult)
problem in enumeration, whosesolution may be found in [25, x6]. �

5.7. Other examples

There are two additional arrangements related to the braid arrangement that in-
volve nice enumerative combinatorics. We merely repeat the de�nitions here from
Lecture 1 and assemble someof their basic properties in Exercises19{28.
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The Linial arrangement in K n is given by the hyperplanesx i � x j = 1, 1 � i <
j � n. It consistsof \half " of the semiorderarrangement I 1n . Despite its similarit y
to I 1n , it is considerably more di�cult to obtain its characteristic polynomial and
other enumerative invariants. Finally the thresholdarrangement in K n is given by
the hyperplanesx i + x j = 0, 1 � i < j � n. It is a subarrangement of the Coxeter
arrangements A(Bn ) (= A(Cn )) and A(Dn ).
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Exercises
(1) [2] Verify equation (37), viz.,

� A (D n ) (t) = (t � 1)(t � 3) � � � (t � (2n � 3)) � (t � n + 1):

(2) [2] Draw a picture of the projectivization of the Coxeter arrangement A(B 3),
similar to Figure 1 of Lecture 1.

(3) (a) [2] An embroidered permutation of [n] consists of a permutation w of [n]
together with a collection E of ordered pairs (i; j ) such that:

� 1 � i < j � n for all (i; j ) 2 E.
� If (i; j ) and (h; k) are distinct elements of E, then it is false that

i � h � k � j .
� If (i; j ) 2 E then w(i ) < w(j ).

For instance, the three embroidered permutations (w; E) of [2] are given
by (12; ; ), (12; f (1; 2)g), and (21; ; ). Give a bijective proof that the num-
ber r (Sn ) of regions of the Shi arrangement Sn is equal to the number of
embroidered permutations of [n].

(b) [2+] A parking function of length n is a sequence(a1; : : : ; an ) 2 Pn whose
increasing rearrangement b1 � b2 � � � � � bn satis�es bi � i . For instance,
the parking functions of length three are 11, 12, 21. Give a bijective proof
that the number of parking functions of length n is equal to the number of
embroidered permutations of [n].

(c) [3{] Give a combinatorial proof that the number of parking functions of
length n is equal to (n + 1)n � 1.

(4) [2+] Show that if Sn denotes the Shi arrangement, then the cone cSn is not
supersolvable for n � 3.

(5) [2] Show that if f : P ! R and h : N ! R are related by equation (40) (with
h(0) = 1), then equation (39) holds.

(6) (a) [2] Compute the characteristic polynomial of the arrangement B 0
n in Rn

with de�ning polynomial

Q(x) = (x1 � xn � 1)
Y

1� i<j � n

(x i � x j ):

In other words, B0
n consists of the braid arrangement together with the

hyperplane x1 � xn = 1.
(b) [5{] Is cB0

n (the coneover B0
n ) supersolvable?

(7) [2+] Let 1 � k � n. Find the characteristic polynomial of the arrangement Sn;k

in Rn de�ned by

x i � x j = 0 for 1 � i < j � n
x i � x j = 1 for 1 � i < j � k:

(8) [2+] Let 1 � k � n. Find the characteristic polynomial of the arrangement Cn;k

in Rn de�ned by

x i = 0 for 1 � i � n
x i � x j = 0 for 1 � i < j � n
x i + x j = 1 for 1 � i < j � k:

:

In particular, show that r (Cn;k ) = 2n � k n!
� 2k

k

�
.
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(9) (a) [2+] Let An be the arrangement in Rn with hyperplanesx i = 0 for all i ,
x i = x j for all i < j , and x i = 2x j for all i 6= j . Show that

� A n (t) = (t � 1)(t � n � 2)n � 1;

where (x)m = x(x � 1) � � � (x � m + 1). In particular, r (A n ) = 2(2n +
1)!=(n + 2)!. Can this be seencombinatorially? (This last question has not
beenworked on.)

(b) [2+] Now let An be the arrangement in Rn with hyperplanesx i = x j for
all i < j and x i = 2x j for all i 6= j . Show that

� A n (t) = (t � 1)(t � n � 2)n � 3(t2 � (3n � 1)t + 3n(n � 1)):

In particular, r (An ) = 6n2(2n � 1)!=(n + 2)!. Again, a combinatorial proof
can be asked for.

(c) [5{] Modify. For instance, what about the arrangement with hyperplanes
x i = 0 for all i , x i = x j for all i < j , and x i = 2x j for all i < j ? (This
example is actually not di�cult.) Or x i = 0 for all i , x i = x j for all i < j ,
x i = 2x j for all i 6= j , and x i = 3x j for all i 6= j ?

(10) (a) [2+] For n � 1 let An be an arrangement in Rn such that every H 2 An

is parallel to a hyperplane of the form x i = cxj , where c 2 R. Just as in
the de�nition of an exponential sequenceof arrangements, de�ne for every
subsetS of [n] the arrangement

AS
n = f H 2 An : H is parallel to somex i = cxj ; where i; j 2 Sg:

Supposethat for every such S we have L A S
n

�= L A k , where k = # S. Let

F (x) =
X

n � 0

(� 1)n r (An )
xn

n!

G(x) =
X

n � 0

(� 1)rank( A n ) b(An )
xn

n!
:

Show that

(48)
X

n � 0

� A n (t)
xn

n!
=

G(x)( t +1) =2

F (x)( t � 1)=2
:

Verify that this formula is correct for the braid arrangement.
(b) [2] Simplify equation (48) when each A n , n � 1, is a central arrangement.

Make sure that your simpli�cation is valid for the coordinate hyperplane
arrangement.

(11) [2+] Let R0(Cn ) denote the set of regions of the Catalan arrangement Cn con-
tained in the regions x1 > x2 > � � � > xn of Bn . Let R̂ be the unique region
in R0(Cn ) whose closure contains the origin. For R 2 R0(Cn ), let X R be the
set of hyperplanesH 2 Cn such that R̂ and R lie on di�eren t sidesof H . Let
Wn = f X R : R 2 R0(Cn )g, ordered by inclusion.
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a

b

c d

e

W3

a
b

c e

d

Let Pn be the poset of intervals [i; j ], 1 � i < j � n, ordered by reverse
inclusion.

P3

[1,3]

[2,3][1,2]

[1,2] [2,3] [3,4]

[2,4][1,3]

[1,4]

P4

Show that Wn
�= J (Pn ), the lattice of order idealsof Pn . (An order ideal of a

poset P is a subsetI � P such that if x 2 I and y � x, then y 2 I . De�ne J (P)
to be the set of order ideals of P, ordered by inclusion. See[31, Thm. 3.4.1].)

(12) [2] Use the �nite �eld method to prove that

� Cn (t) = t(t � n � 1)(t � n � 2)(t � n � 3) � � � (t � 2n + 1);

where Cn denotesthe Catalan arrangement.
(13) [2+] Let k 2 P. Find the number of regionsand characteristic polynomial of the

extended Catalan arrangement

Cn (k) : x i � x j = 0; � 1; � 2; : : : ; � k; for 1 � i < j � n:

GeneralizeExercise11 to the arrangements Cn (k).
(14) [3{] Let SB

n denote the arrangement

x i � x j = 0; 1; 1 � i < j � n

2x i = 0; 1; 1 � i � n;

called the Shi arrangement of type B. Find the characteristic polynomial and
number of regionsof SB

n . Is there a \nice" bijective proof of the formula for the
number of regions?
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(15) [5{] Let 1 � k � n. Find the number of regions (or more generally the charac-
teristic polynomial) of the arrangement (in Rn )

x i � x j =
�

1; 1 � i � k
2; k + 1 � i � n;

for all i 6= j . Thus we are counting interval orders on [n] where the elements
1; 2; : : : ; k correspond to intervals of length one, while k + 1; : : : ; n correspond
to intervals of length two. Is it possible to count such interval orders up to
isomorphism(i.e., the unlabelled case)?What if the length 2 is replacedinstead
by a generic length a?

(16) [2+] A doublesemiorder on [n] consistsof two binary relations < and � on [n]
that arise from a set x1; : : : ; xn of real numbers as follows:

i < j if x i < x j � 1

i � j if x i < x j � 2:

If we associate the interval I i = [x i � 2; x i ] with the point x i , then we are
specifying whether I i lies to the left of the midpoint of I j , entirely to the left of
I j , or neither. It should be clear what is meant for two double semiordersto be
isomorphic.
(a) [2] Draw interval diagrams of the 12 nonisomorphic double semiorderson

f 1; 2; 3g.
(b) [2] Let � 2(n) denote the number of double semiorders on [n]. Find an

arrangement I (2)
n satisfying r (I (2)

n ) = � 2(n).
(c) [2+] Show that the number of nonisomorphic double semiorderson [n] is

given by 1
2n +1

� 3n
n

�
.

(d) [2{] Let F (x) =
P

n � 0
1

2n +1

� 3n
n

�
xn . Show that

X

n � 0

� 2(n)
xn

n!
= F (1 � e� x ):

(e) [2] Generalizeto \ k-semiorders,"whereordinary semiorders(or unit interval
orders) correspond to k = 1 and double semiordersto k = 2.

(17) [1+] Show that intervals of lengths 1; 1:0001; 1:001; 1:01; 1:1 cannot form an in-
terval order isomorphic to 4 + 1, but that such an interval order can be formed
if the lengths are 1; 10; 100; 1000; 10000.

(18) [5{] What more can be said about interval orders with generic interval lengths?
For instance, consider the two cases: (a) interval lengths very near each other
(e.g.,1, 1.001,1.01,1.1), and (b) interval lengthssuperincreasing(e.g.,1, 10,100,
1000). Are there �nitely many obstructions to being such an interval order? Can
the number of unlabelled interval orders of each type be determined? (Perhaps
the numbers are the same,but this seemsunlikely.)

(19) (a) [3] Let L n denote the Linial arrangement, say in Rn . Show that

� L n (t) =
t

2n

nX

k=1

�
n
k

�
(t � k)n � 1:

(b) [1+] Deducefrom (a) that

� L n (t)
t

=
(� 1)n � L n (� t + n)

� t + n
:
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Figure 10. The seven alternating trees on the vertex set [4]

(20) (a) [3{] An alternating tree on the vertex set [n] is a tree on [n] such that
every vertex is either lessthan all its neighbors or greater than all its neigh-
bors. Figure 10 shows the seven alternating trees on [4]. Deduce from
Exercise 19(a) that r (L n ) is equal to the number of alternating trees on
[n + 1].

(b) [5] Find a bijective proof of (a), i.e., give an explicit bijection between the
regionsof L n and the alternating trees on [n + 1].

(21) [3{] Let
� L n (t) = an tn � an � 1tn � 1 + � � � + (� 1)n � 1a1t:

Deduce from Exercise 19(a) that ai is the number of alternating trees on the
vertex set 0; 1; : : : ; n such that vertex 0 hasdegree(number of adjacent vertices)
i .

(22) (a) [2+] Let P(t) 2 C[t] have the property that every (complex) zero of P(t)
has real part a. Let z 2 C satisfy jzj = 1. Show that every zero of the
polynomial P(t � 1) + zP(t) has real part a + 1

2 .
(b) [2+] Deducefrom (a) and Exercise19(a) that every zero of the polynomial

� L n (t)=t hasreal part n=2. This result is known asthe \Riemann hypothesis
for the Linial arrangement."

(23) (a) [2{] Compute lim n !1 b(Sn )=r(Sn ), where Sn denotesthe Shi arrangement.
(b) [3] Do the samefor the Linial arrangement L n .

(24) [2+] Let L n denote the Linial arrangement in Rn . Fix an integer r 6= 0; � 1, and
let M n (r ) be the arrangement in Rn de�ned by x i = rx j , 1 � i < j � n, together
with the coordinate hyperplanesx i = 0. Find a relationship between� L n (t) and
� M n ( r ) (t) without explicitly computing thesecharacteristic polynomials.

(25) (a) [3{] A thresholdgraph on [n] may be de�ned recursively as follows: (i) the
empty graph ; is a threshold graph, (ii) if G is a threshold graph, then so is
the disjoint union of G and a singlevertex, and (iii) if G is a threshold graph,
then so is the graph obtained by adding a new vertex v and connecting it
to every vertex of G. Let Tn denote the threshold arrangement. Show that
r (Tn ) is the number of threshold graphs on [n].
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(b) [2+] Deducefrom (a) that
X

n � 0

r (Tn )
xn

n!
=

ex (1 � x)
2 � ex :

(c) [1+] Deducefrom Exercise10 that
X

n � 0

� Tn (t)
xn

n!
= (1 + x)(2ex � 1)( t � 1)=2:

(26) [5{] Let
� Tn (t) = tn � an � 1tn � 1 + � � � + (� 1)n a0:

For instance,

� T3 (t) = t3 � 3t2 + 3t � 1

� T4 (t) = t4 � 6t3 + 15t2 � 17t + 7

� T5 (t) = t5 � 10t4 + 45t3 � 105t2 + 120t � 51:

By Exercise 25(a), a0 + a1 + � � � + an � 1 + 1 is the number of threshold graphs
on the vertex set [n]. Give a combinatorial interpretation of the numbers ai as
the number of threshold graphs with a certain property.

(27) (a) [1+] Find the number of regionsof the \Linial threshold arrangement"

x i + x j = 1; 1 � i < j � n:

(b) [5{] Find the number of regions, or even the characteristic polynomial, of
the \Shi threshold arrangement"

x i + x j = 0; 1; 1 � i < j � n:

(28) [3{] Let An denote the \generic threshold arrangement" (in Rn ) x i + x j = aij ,
1 � i < j � n, where the aij 's are generic. Let

T(x) =
X

n � 1

nn � 2 xn

n!
;

the generating function for labelled trees on n vertices. Let

R(x) =
X

n � 1

nn � 1 xn

n!
;

the generating function for rooted labelled trees on n vertices. Show that

X

n � 0

r (An )
xn

n!
= eT (x ) � 1

2 R(x )
�

1 + R(x)
1 � R(x)

� 1=4

= 1 + x + 2
x2

2!
+ 8

x3

3!
+ 54

x4

4!
+ 533

x5

5!
+ 6934

x6

6!
+ � � � :

(29) [2+] Fix n � 1. Let f (k; n; r ) be the number of k � n (0; 1)-matrices A over
the rationals such that all rows of A are distinct, every row has at least one 1,
and rank(A) = r . Let gn (q) be the number of n-tuples (a1; : : : ; an ) 2 Fn

q such
that no nonempty subsetof the entries sumsto 0 (in Fq). Show that for p � 0,
where q = pd, we have

gn (q) =
X

k ;r

(� 1)k

k!
f (k; n; r )qn � r :
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(The casek = 0 is included, corresponding to the empty matrix, which has rank
0.)





LECTURE 6
Separating Hyp erplanes

6.1. The distance enumerator

Let A be a real arrangement, and let R and R0 be regions of A. A hyperplane
H 2 A separates R and R0 if R and R0 lie on opposite sidesof H . In this chapter
we will considersomeresults dealing with separating hyperplanes. To begin, let

sep(R; R0) = f H 2 A : H separatesR and R0g:

De�ne the distance d(R; R0) between the regions R and R0 to be the number of
hyperplanesH 2 A that separateR and R0, i.e.,

d(R; R0) = #sep(R; R0):

It is easily seenthat d is a metric on the set R(A) of regionsof A, i.e.,
� d(R; R0) � 0 for all R; R0 2 R(A), with equality if and only if R = R0

� d(R; R0) = d(R0; R) for all R; R0 2 R(A)
� d(R; R0) + d(R0; R00) � d(R; R00) for all R; R0; R002 R(A).

Now �x a region R0 2 R(A), called the baseregion. The distance enumerator of A
(with respect to R0) is the polynomial

DA ;R 0 (t) =
X

R2 R (A )

td(R 0 ;R ) :

We simply write DA (t) if no confusionwill result. Also de�ne the weak order (with
respect to R0) of A to be the partial order WA on R(A) given by

R � R0 if sep(R0; R) � sep(R0; R0):

It is easy to seethat WA is a partial ordering of R(A). The poset WA is graded
by distance from R0, i.e., R0 is the 0̂ element of R(A), and all saturated chains
betweenR0 and R have length d(R0; R).

Figure 1 shows three arrangements in R2, with R0 labelled 0 and then each
R 6= R0 labelled d(R0; R). Under each arrangement is shown the corresponding
weakorder WA . The �rst arrangement is the braid arrangement B3 (essentialized).
Here the choiceof baseregion doesnot a�ect the distanceenumerator 1+ 2t + 2t 2 +
t3 = (1 + t)(1 + t + t2) nor the weak order. On the other hand, the secondtwo
arrangements of Figure 1 are identical, but the choiceof R0 leadsto di�eren t weak
orders and di�eren t distance enumerators, viz., 1 + 2t + 2t2 + t3 and 1 + 3t + 2t2.

89
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Figure 1. Examples of weak orders

Consider now the braid arrangement Bn . We know from Example 1.3 that the
regionsof Bn are in one-to-onecorrespondencewith the permutations of [n], viz.,

R(Bn ) $ S n

xw(1) > xw(2) > � � � > xw(n ) $ w:

Given w = a1a2 � � � an 2 S n , de�ne an inversion of w to be a pair (i; j ) such that
i < j and ai > aj . Let `(w) denote the number of inversionsof w. The inversion
sequence IS(w) of w is the vector (c1; � � � ; cn ), where

cj = # f i : i < j; w� 1(j ) < w� 1(i )g:

Note that the condition w� 1(j ) < w� 1(i ) is equivalent to i appearing to the right
of j in w. For instance, IS(461352)= (0; 0; 1; 3; 1; 4). The inversion sequenceis a
modi�ed form of the inversion table or of the code of w, asde�ned in the literature,
e.g., [31, p. 21][32, solution to Exer. 6.19(x)]. For our purposesthe inversion
sequenceis the most convenient. It is clear from the de�nition of IS(w) that if
IS(w) = (c1; : : : ; cn ) then `(w) = c1 + � � � + cn . Moreover, is easyto see(Exercise2)
that a sequence(c1; : : : ; cn ) 2 Nn is the inversionsequenceof a permutation w 2 S n

if and only if ci � i � 1 for 1 � i � n. It follows that
X

w2 S n

t ` (w ) =
X

(c1 ;:::;c n )
0� ci � i � 1

tc1 + ��� + cn

=

 
0X

c1 =0

tc1

!

� � �

 
n � 1X

cn =0

tcn

!

= 1 � (1 + t)(1 + t + t2) � � � (1 + t + � � � + tn � 1);(49)

a standard result on permutation statistics [31, Cor. 1.3.10].
Denoteby Rw the region of Bn corresponding to w 2 S n , and chooseR0 = Rid ,

where id= 12� � � n, the identit y permutation. Supposethat Ru ; Rv 2 R(Bn ) such
that sep(R0; Rv ) = f H g[ sep(R0; u) for someH 2 Bn , H 62sep(R0; Ru ). Thus Ru

and Rv are separatedby a single hyperplane H , and R0 and Ru lie on the same
side of H . Supposethat H is given by x i = x j with i < j . Then i and j appear
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Figure 2. The inversion sequencelabeling of the regions of B 3

consecutively in u written as a word a1 � � � an (since H is a bounding hyperplane of
the region Ru ) and i appearsto the left of j (since R0 and Ru lie on the sameside
of H ). Thus v is obtained from u by transposing the adjacent pair ij of letters. It
follows that `(v) = `(u) + 1. If u(k) = i and we let sk = (k; k + 1), the adjacent
transposition interchanging k and k + 1, then v = usk .

The following result is an immediate consequenceof equation (49) and mathe-
matical induction.

Prop osition 6.18. Let R0 = Rid as above. If w 2 S n then d(R0; Rw ) = `(w).
Moreover,

DB n (t) = (1 + t)(1 + t + t2) � � � (1 + t + � � � + tn � 1):

There is a somewhatdi�eren t approach to Proposition 6.18 which will be gen-
eralized to the Shi arrangement. We label each region R of Bn recursively by a
vector � (R) = (c1; : : : ; cn ) 2 Nn as follows.

� � (R0) = (0; 0; : : : ; 0)
� Let ei denotethe i th unit coordinate vector in Rn . If the regionsR and R0

of Bn are separatedby the singlehyperplaneH with the equation x i = x j ,
i < j , and if R and R0 lie on the sameside of H , then � (R0) = � (R) + ej .

Figure 2 shows the labels � (R) for B3.

Prop osition 6.19. Let w 2 S n . Then � (Rw ) = IS(w), the inversion sequence of
w.

Pro of. The proof is a straightforward induction on `(w). If `(w) = 0, then w =id
and

� (Rid ) = � (R0) = (0; 0; : : : ; 0) = IS(id):

Suppose w = a1 � � � an and `(w) > 0. For some 1 � k � n � 1 we must have
ak = j > i = ak+1 . Thus `(wsk ) = `(w) � 1. Henceby induction we may assume
� (wsk ) = IS(wsk ). The hyperplane x i = x j separatesRw from Rwsk . Hence by
the de�nition of � we have

� (Rw ) = � (Rwsk ) + ej = IS(wsk ) + ej :
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By the de�nition of the inversion sequencewe have IS(wsk ) + ej = IS(w), and the
proof follows. �

Note. The weak order WB n of the braid arrangement is an interesting poset,
usually called the weakorder or weakBruhat order on S n . For instance[14][17][30],
the number of maximal chains of WB n is given by

� n
2

�
!

1n � 13n � 25n � 3 � � � (2n � 3)
:

For additional properties of WB n , see[5].

6.2. Parking functions and tree in versions

Somebeautiful enumerative combinatorics is associated with the distance enumer-
ator of the Shi arrangement Sn (for a suitable choice of R0). The fundamental
combinatorial object neededfor this purposeis a parking function.

De�nition 6.15. Let n 2 P. A parking function of length n is a sequence
(a1; : : : ; an ) 2 Zn whose increasing rearrangment b1 � b2 � � � � � bn satis�es
1 � bi � i for 1 � i � n. Equivalently , the sequence(b1 � 1; : : : ; bn � 1) is the
inversion sequenceof somepermutation w 2 S n .

The parking functions of length at most 3 are given as follows:

1 11 12 21
111 112 121 211 113 131 311 122
212 221 123 132 213 231 312 321

:

The term \parking function" [21, x6] arises from the following scenario. A one-
way street has parking spaceslabelled 1; 2; : : : ; n in that order. There are n cars
C1; : : : ; Cn which enter the street one at a time and try to park. Each car Ci has
a preferred spaceai 2 [n]. When it is Ci 's turn to look for a space, it immedi-
ately drives to spaceai and then parks in the �rst available space. For instance,
if (a1; a2; a3; a4) = (2; 1; 2; 3), then C1 parks in space2, then C2 parks in space
1, then C3 goes to space2 (which is occupied) parks in space3 (the next avail-
able), and �nally C4 goes to space3 and parks in space4. On the other hand, if
(a1; a2; a3; a4) = (3; 1; 4; 3), then C4 is unable to park, since its preferred space3
and all subsequent spacesare already occupied. It is not hard to show (Exercise3)
that all the cars can park if and only if (a1; : : : ; an ) is a parking function.

A basic question concerningparking functions (to be re�ned in Theorem 6.22)
is their enumeration. The next result was �rst proved by Konheim and Weiss[21,
x6]; we give an elegant proof due to Pollak (described in [26][16, p. 13]).

Prop osition 6.20. The number of parking functions of length n is (n + 1)n � 1.

Pro of. Arrange n+ 1 (rather than n) parking spacesin a circle, labelled1; : : : ; n+ 1
in counterclockwise order. We still have n cars C1; : : : ; Cn with preferred spaces
(a1; : : : ; an ), but now we can have 1 � ai � n + 1 (rather than 1 � ai � n).
Each car enters the circle one at a time at their preferred spaceand then drives
counterclockwise until encountering an empty space,in which casethe car parks
there. Note the following:

� All the cars can always park, since they drive in a circle and will always
�nd an empty space.

� After all cars have parked there will be one empty space.
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Figure 3. A rooted forest on [12]

� The sequence(a1; : : : ; an ) is a parking function if and only if the empty
spaceafter all the cars have parked is n + 1.

� If the preferencesequence(a1; : : : ; an ) producesthe empty spacei at the
end, then the sequence(a1 + k; : : : ; an + k) (taking entries modulo n + 1 so
they always lie in the set [n + 1]) producesthe empty spacei + k (modulo
n + 1).

It follows that exactly one of the sequences(a1 + k; : : : ; an + k) (modulo n + 1),
where1 � k � n+ 1, is a parking function. There are (n+ 1)n sequences(a1; : : : ; an )
in all, so exactly (n + 1)n =(n + 1) = (n + 1)n � 1 are parking functions. �

Many readerswill have recognizedthat the number (n + 1)n � 1 is closelyrelated
to the enumeration of trees. Indeed, there is an intimate connection betweentrees
and parking functions. We therefore now present some background material on
trees. A tree on [n] is a connectedgraph without cycleson the vertex set [n]. A
rooted tree is a pair (T; i ), where T is a tree and i is a vertex of T , called the root.
We draw trees in the standard computer sciencemanner with the root at the top
and all edgesemanating downwards. A forest on [n] is a graph F on the vertex set
[n] for which every (connected)component is a tree. Equivalently , F hasno cycles.
A rooted forest (also called a planted forest) is a forest for which every component
hasa root, i.e., for each tree T of the forest selecta vertex i T of T to be the root of
T . A standard result in enumerative combinatorics (e.g., [32, Prop. 5.3.2]) states
that the number of rooted forests on [n] is (n + 1)n � 1.

An inversion of a rooted forest F on [n] is a pair (i; j ) of verticessuch that i < j
and j appearson the (unique) path from i to the root of the tree in which i occurs.
Write inv(F ) for the number of inversionsof F . For instance, the rooted forest F
of Figure 3 has the inversions(6; 7), (1; 7), (5; 7), (1; 5), and (2; 4), so inv(F ) = 5.

De�ne the inversion enumerator I n (t) of rooted forests on [n] by

I n (t) =
X

F

t in v( F ) ;

where F rangesover all rooted forests on [n]. Figure 4 shows the 16 rooted forests
on [3] with their number of inversionswritten underneath, from which it follows
that

I 3(t) = 6 + 6t + 3t2 + t3:

We collect below the three main results on I n (t). They are theoremsin \pure"
enumeration and have no direct connection with arrangements. The �rst result,
due to Mallows and Riordan [23], gives a remarkable connection with connected
graphs.
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Figure 4. The 16 rooted forests on [3] and their number of inversions

Theorem 6.21. We have

I n (1 + t) =
X

G

te(G) � n ;

where G rangesover all connected (simple) graphson the vertexset [0; n] = f 0; 1; : : : ; ng
and e(G) denotesthe number of edgesof G.

For instance,
I 3(1 + t) = 16+ 15t + 6t2 + t3:

Thus, for instance, there are 15 connectedgraphson [0; 3] with four edges.Three of
theseare 4-cyclesand twelve consist of a triangle with an incident edge. The enu-
meration of connectedgraphs is well-understood [32, Exam. 5.2.1]. In particular,
if

Cn (t) =
X

G

te(G) ;

where G rangesover all connected(simple) graphs on [n], then

(50)
X

n � 0

Cn (t)
xn

n!
= log

X

n � 1

(1 + t)(
n
2 ) xn

n!
:

Thus Theorem 6.21 \determines" I n (t). There is an alternativ e way to state this
result that doesn't involve the logarithm function.

Corollary 6.13. We have

(51)
X

n � 0

I n (t)( t � 1)n xn

n!
=

X

n � 0

t(
n +1

2 ) xn

n!
X

n � 0

t(
n
2 ) xn

n!

The third result, due to Kreweras [22], connects inversion enumerators with
parking functions. Let PFn denote the set of parking function of length n.
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Theorem 6.22. Let n � 1. Then

(52) t(
n
2 ) I n (1=t) =

X

(a1 ;::: ;a n )2 PF n

ta1 + ��� + an � n :

We now give proofs of Theorem 6.21, Corollary 6.13, and Theorem 6.22.
Pro of of Theorem 6.21 (sketch). The following elegant proof is due to Gessel

and Wang [18]. Let G be a connectedgraph on [0; n]. Start at vertex 0 and let
T be the \depth-�rst spanning tree," i.e., move to the largest unvisited neighbor
or else(if there is no unvisited neighbor) backtrack. The edgestraversedwhen all
vertices are visited are the edgesof the spanning tree T. Remove the vertex 0 and
root the trees that remain at the neighbors of 0. Denote this rooted forest by FG .

F
2 6

3 4

5 1

0

15

4

62

3

T
G

2

5

640
1

3

Given a spanning forest F on [n], what connectedgraphs G on [0; n] satisfy
F = FG ? The answer, whosestraightforward veri�cation we leave to the reader, is
the following. Add the vertex 0 to F and connect it the roots of F , obtaining T.
Clearly G consistsof T with someadded edgesij . The edgeij can be added to T
if and only if the path from 0 to j contains i (or vice versa), and if i 0 is the next
vertex after i on the path from i to j , then (j; i 0) is an inversion of F . Thus each
inversion of F corresponds to a possibleedgethat can be added to T, and these
edgescan be added or not added independently . It follows that

X

G : F = FG

te(G) = te(T ) (1 + t) in v( F )

= tn (1 + t) in v (F ) :

Summing on all rooted forests F on [n] gives
X

G

te(G) = tn
X

F

(1 + t) in v (F )

= tn I n (1 + t);

where G rangesover all connectedgraphs on [0; n]. �
Pro of of Corollary 6.13. By equation (50) and Theorem 6.21 we have

X

n � 0

tn � 1I n � 1(1 + t)
xn

n!
= log

X

n � 0

(1 + t)(
n
2 ) xn

n!
:

Substituting t � 1 for t gives
X

n � 0

(t � 1)n � 1I n � 1(t)
xn

n!
= log

X

n � 0

t(
n
2 ) xn

n!
:

Now di�eren tiate both sideswith respect to x to obtain equation (51). �
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Pro of of Theorem 6.22. Let

Jn (t) =
X

(a1 ;::: ;a n )2 PF n

t(
n
2 )�

P
(a i � 1)

=
X

(a1 ;::: ;a n )2 PF n

t(
n +1

2 )�
P

a i :

Claim #1:

(53) Jn +1 (t) =
nX

i =0

�
n
i

�
(1 + t + t2 + � � � + t i )J i (t)Jn � i (t):

Proof of claim. Choose0 � i � n, and let S be an i -element subsetof [n]. Choose
also � 2 PF i , � 2 PFn � i , and 0 � j � i . Form a vector 
 = (
 1; : : : ; 
 n +1 ) by
placing � at the positions indexed by S, placing (� 1 + i + 1; : : : ; � n � i + i + 1) at
the positions indexed by [n] � S, and placing j + 1 at position n + 1. For instance,
supposen = 7, i = 3, S = f 2; 3; 6g, � = (1; 2; 1), � = (2; 1; 4; 2), and j = 1. Then

 = (6; 1; 2; 5; 8; 1; 6; 2) 2 PF8. It is easyto check that in general 
 2 PFn +1 . Note
that

n +1X

k=1


 k =
iX

k=1

� k +
n � iX

k=1

� k + (n � i )( i + 1) + j + 1;

so
�

n + 2
2

�
�

X

 k =

�
i + 1

2

�
�

X
� k +

�
n � i + 1

2

�
�

X
� k + i � j:

Equation (53) then follows if the map (i; S; �; � ; j ) 7! 
 is a bijection, i.e., given

 2 PFn +1 , we can uniquely obtain (i; S; �; � ; j ) so that (i; S; �; � ; j ) 7! 
 . Now
given 
 , note that i + 1 is the largest number that can replace
 n +1 so that we still
have a parking function. Once i is determined, the rest of the argument is clear,
proving the claim.

Note. Several bijections are known betweenthe set of all rooted forests F on
[n] (or rooted trees on [0; n]) and the set PFn of all parking functions (a1; : : : ; an )
of length n, but none of them have the property that inv(F ) = a1 + � � � + an � n.
Hencea direct bijective proof of Theorem 6.22is not known. It would be interesting
to �nd such a proof (Exercise 4).

Claim #2:

(54) I n +1 (t) =
nX

i =0

�
n
i

�
(1 + t + t2 + � � � + t i )I i (t)I n � i (t):

Proof of claim. We give a proof due to G. Kreweras[22]. Let F be a rooted forest
on S � [n], # S = i , and let G be a rooted forest on �S = [n] � S. Let u1 < � � � < ui

be the vertices of F , and set ui +1 = n + 1. Choose1 � j � i + 1. For all m � j
replaceum by um +1 . (If j = i + 1, then do nothing.) This givesa labelled forest F 0

on (S [ f n + 1g) � f uj g. Let T 0 be the labelled tree obtained from F 0 by adjoining
the root uj and connecting it to the roots of F 0. Keep G the same. We obtain a
rooted forest H on [n + 1] satisfying

inv(H ) = j � 1 + inv(F ) + inv(G):
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This processgives a bijection (S;F; G; j ) 7! H , where S � [n], F is a rooted
forest on S, G is a rooted forest on �S, 1 � j � 1+ # S, and H is a rooted forest on
[n + 1]. Hence

nX

i =0

X

S� [n ]
# S= i

I i (t)I n � i (t)(1 + t + � � � + t i ) = I n +1 (t);

and the claim follows.
The initial conditions I 0(t) = J0(t) = 1 agree,so by the two claims we have

I n (t) = Jn (t) for all n � 0. The proof of equation (52) follows by substituting 1=t
for t. �

6.3. The distance enumerator of the Shi arrangemen t

Recall that the Shi arrangement Sn is given by the de�ning polynomial

QSn =
Y

1� i<j � n

(x i � x j )(x i � x j � 1):

Let K = R, and let R0 denote the region

(55) x1 > x2 > � � � > xn > x1 � 1;

so x 2 R0 if and only if 0 � x i � x j � 1 for all i < j . We de�ne a labeling
� : R(Sn ) ! Nn of the regionsof Sn as follows.

� � (R0) = (0; 0; : : : ; 0)
� If the regions R and R0 of Sn are separatedby the single hyperplane H

with the equation x i = x j , i < j , and if R and R0 lie on the sameside of
H , then � (R0) = � (R) + ej (exactly as for the braid arrangement).

� If the regions R and R0 of Bn are separatedby the single hyperplane H
with the equation x i = x j + 1, i < j , and if R and R0 lie on the sameside
of H , then � (R0) = � (R) + ei .

Note that the labeling � is well-de�ned, since � (R) depends only on sep(R0; R).
Figure 5 shows the labeling � for the casen = 3.

Theorem 6.23. All labels � (R), R 2 R(Sn ), are distinct, and

PFn = f (a1 + 1; : : : ; an + 1) : (a1; : : : ; an ) = � (R) for someR 2 R(Sn )g:

In other words, the labels� (R) for R 2 R(Sn ) are obtained from the labels� (R)
for R 2 R(Bn ) by permuting coordinates in all possibleways. This remarkable fact
seemsmuch more di�cult to prove than the corresponding result for Bn , viz., the
labels � (R) for Bn consist of the sequences(a1; : : : ; an ) with 0 � ai � i � 1 (an
immediate consequenceof Proposition 6.19 and Exercise2.

Pro of of Theorem 6.23 (sketch). An antichain I of proper intervals of [n]
is a collection of intervals [i; j ] = f i; i + 1; : : : ; j g with 1 � i < j � n such that if
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Figure 5. The labeling � of the regions of S3

I ; I 0 2 I and I � I 0, then I = I 0. For instance, there are �v e antichains of proper
intervals of [3], namely (writing ij for [i; j ])

; ; f 12g; f 23g; f 12; 23g; f 13g:

In general,the number of antichainsof proper intervals of [n] is the Catalan number
Cn (immediate from [32, Exer. 6.19(bbb]), though this fact is not relevant here.

Every region R 2 R(Sn ) correspondsbijectively to a pair (w; I ), wherew 2 S n

and I is an antichain of proper intervals such that if [i; j ] 2 I then w(i ) < w(j ).
Namely, the pair (w; I ) corresponds to the region

xw(1) > xw(2) > � � � > xw(n )

xw(r ) � xw(s) < 1 if [r; s] 2 I

xw(r ) � xw(s) > 1 if r < s;w(r ) < w(s); and 69[i; j ] 2 I such that i � r < s � j:

We call (w; I ) a valid pair . Given a valid pair (w; I ) corresponding to a region R,
write d(w; I ) = d(R0; R). It is easyto seethat

(56) d(w; I ) = # f (i; j ) : i < j; w(i ) > w(j )g
+# f (i; j ) : i < j; w(i ) < w(j ); no I 2 I satis�es i; j 2 I g:

We say that the pair (i; j ) is of type 1 if i < j and w(i ) > w(j ), and is of type 2 if
i < j , w(i ) < w(j ), and no I 2 I satis�es i; j 2 I . Thus d(w; I ) is the number of
pairs (i; j ) that are either of type 1 or type 2.

Example. Let w = 521769348and I = f 14; 27; 49g. We can represent the pair
(w; I ) by the diagram
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5 2 1 7 6 9 3 4 8

This corresponds to the region

x5 > x2 > x1 > x7 > x6 > x9 > x3 > x4 > x8

x5 � x7 < 1; x2 � x3 < 1; x7 � x8 < 1:

This region is separatedfrom R0 by the hyperplanes

x5 = x2; x5 = x1; : : : (13 in all)

x5 = x6 + 1; x5 = x9 + 1; : : : (7 in all) :

Let � (w; I ; w(i )) be the number of integers j such that (i; j ) is either of type 1 or
type 2. Thus

� (R) = (� (w; I ; 1); : : : ; � (w; I ; n)) :

For the example above we have � (R) = (2; 3; 0; 0; 7; 2; 3; 0; 3). For instance, the
entry � (w; I ; 5) = 7 corresponds to the seven pairs 12, 13, 17, 18 (t ype 1) and 15,
16, 19 (t ype 2).

Clearly � (R) + (1; 1; : : : ; 1) 2 PFn , since � (w; I ; w(i )) � n � i (the number of
elements to the right of w(i ) in w).

Key lemma. Let X be an r -element subset of [n], and let v = v1 � � � vr be a
permutation of X . Let J be an antichain of proper intervals [a; b], where va < vb.
Supposethat the pair (i; j ) is either of type 1 or type 2. Then

� (v; J; vi ) > � (v; J; vj ):

The proof of this lemma is straightforward and is left to the reader. For the ex-
ample above, writing � (R) = (� 1; : : : ; � 9) = (5; 2; 1; 7; 6; 9; 3; 4; 8), the above lemma
implies that

(a) � 5 > � 2; � 5 > � 1; � 5 > � 3; � 5 > � 4; � 2 > � 1; � 7 > � 6; � 7 > � 3; � 7 > � 4;
� 6 > � 3; � 6 > � 4; � 9 > � 3; � 9 > � 4; � 9 > � 8

(b) � 5 > � 6; � 5 > � 9; � 5 > � 8; � 2 > � 4; � 2 > � 8; � 1 > � 4; � 1 > � 8:

The crux of the proof of Theorem 6.23 is to show that given � + (1; 1; : : : ; 1) 2
PFn , there is a unique region R 2 R(Sn ) satisfying � (R) = � . We will illustrate the
construction of R from � with the example � = (2; 3; 0; 0; 7; 2; 3; 0; 3). We build up
the pair (w; I ) representing R one step at a time. First let v be the permutation
of [n] obtained from \standardizing" � from right-to-left. This means replacing
the 0's in � with 1; 2; : : : ; m1 from right-to-left, then replacing the 1's in � with
m1 + 1; m1 + 2; : : : ; m2 from right-to-left, etc. Let v� 1 = (t1; : : : ; tn ). For our
example,we have

� = 2 3 0 0 7 2 3 0 3
v = 5 8 3 2 9 4 7 1 6

v� 1 = 8 4 3 6 1 9 7 2 5
:

Next we insert t1; : : : ; tn from left-to-righ t into w. From � we can read o� where t i

is inserted. After inserting t i , we also record which of the positions of the elements
so far inserted belong to someinterval I 2 I . We can also determine from � the
unique way to do this. The best way to understand this insertion technique is to
practice with someexamples.Figure 6 illustrates the stepsin the insertion process
for our current example. Thesestepsare explained as follows.
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Figure 6. Constructing a valid pair (w; I ) from the parking function � = (2; 3; 0; 0; 7; 2; 3; 0; 3)

(1) First insert 8.
(2) Insert 4. Since � 8 = 0, 4 appears to the left of 8, so we have the partial

permutation 48. We now must decide whether the positions of 4 and 8
belong to someinterval I 2 I . (In other words, in the pictorial represen-
tation of (w; I ), will 4 and 8 lie under somearc?) By the �rst term on
the right-hand side of (56), we would have � 4 � 1 if there wereno such I .
Since� 4 = 0, we obtain the secondrow of Figure 6.

(3) Insert 3. As in the previous step, we obtain 348 with a single arc over all
three terms.

(4) Insert 6. Supposewe inserted it after the 3, obtaining 3648,with a single
arc over all four terms (since 3 and 8 have already beendetermined to lie
under a single arc). We have � 6 = 2, but the contribution so far (of 3648
with an arc over all four terms) to � 6 is 1. Thus later we must insert some
j to the right of 6 so that the pair (6; j ) is of type 1 or type 2. By the
lemma, we would have � (w; I ; 6) > � (w; I ; j ), contradicting that we are
inserting elements in order of increasing� i 's. Similarly 3468and 3486are
excluded, so 6 must be inserted at the left, yielding 6348. If the arc over
4,6,8 is not extended to 6, then we would have � 6 � 3. Hencewe obtain
the fourth row of Figure 6.
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(5) Insert 1. Using the lemma we obtain 16348. Since� 1 = 2, there is an arc
over 1 and two other elements to the right to 1. This gives the �fth row
of Figure 6.

(6) Insert 9. Placing 9 before 1 or 6 yields � 9 � 4, contradicting � 9 = 3.
Placing 9 after 3,4, or 8 is excludedby the lemma. Hencewe get the sixth
row of Figure 6.

(7) Insert 7. Placing 7 at the beginning yields four terms j < 7 appearing to
the right of 7, giving � 7 � 4, a contradiction. Placing 7 after 6,9,3,4,8will
violate the lemma, so we get the partial permutation 1769348. In order
that � 7 = 3, we must have 7 and 8 appearing under the samearc. Hence
the arc from 6 to 8 must be extendedto 7, yielding row seven of Figure 6.

(8) Insert 2 and 5. By now we hope it is clear that there is always a unique
way to proceed.

The uniquenessof the above procedure shows that the map from the regions
R of Sn (or the valid pairs (w; I ) that index the regions) to parking functions �
is injective. Since the number of valid pairs and number of parking functions are
both (n + 1)n � 1, the map is bijective, completing the (sketched) proof. In fact,
it's not hard to show surjectivit y directly, i.e., that the above procedureproduces
a valid pair (w; I ) for any parking function, circumventing the need to know that
r (Sn ) = #PF n in advance. �

Corollary 6.14. The distance enumerator of Sn is given by

(57) DSn (t) =
X

(a1 ;::: ;a n )2 PF n

ta1 + ��� + an � n :

Pro of. It is immediate from the de�nition of the labeling � : R(Sn ) ! Nn that if
� (R) = (a1; : : : ; an ), then d(R0; R) = a1 + � � � + an . Now useTheorem 6.23. �

Note. An alternativ e proof of Corollary 6.14 is given by Athanasiadis [3].

6.4. The distance enumerator of a sup ersolv able arrangemen t

The goal of this section is a formula for the distance enumerator of a supersolvable
(central) arrangement with respect to a \canonical" baseregion R0. The proof will
be by induction, basedon the following lemma of Bj•orner, Edelman, and Ziegler
[8].

Lemma 6.7. Every central arrangement of rank 2 is supersolvable. A central
arrangementA of rank d � 3 is supersolvableif and only if A = A 0 �[ A1 (disjoint
union), where A0 is supersolvableof rank d� 1 (so A 1 6= ; ) and for all H 0; H 002 A1

with H 0 6= H 00, there exists H 2 A0 such that H 0 \ H 00� H .

Pro of. Every geometric lattice of rank 2 is modular, hencesupersolvable, so let A
be supersolvable of rank d � 3. Let 0̂ = x0 l x1 l � � � l xd� 1 l xd = 1̂ be a modular
maximal chain in L A . De�ne

A0 = Ax d � 1 = f H 2 A : xd� 1 � H g;

so L (A0) �= [0̂; xd+1 ]. Clearly A0 is supersolvable of rank d � 1. Let A 1 = A � A0.
Let H 0; H 002 A1, H 0 6= H 00. Since xd� 1 6� H 0 we have xd� 1 _ (H 0 _ H 00) = 1̂ in
L (A). Now rk( xd� 1) = d � 1, and rk(H 0_ H 00) = 2 by semimodularit y. Sincexd� 1

is modular we obtain

rk(xd� 1 ^ (H 0_ H 00)) = (d � 1) + 2 � d = 1;
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i.e., xd� 1 ^ (H 0_ H 00) = H 2 A. SinceH � xd� 1 it follows that H 2 A0. Moreover,
H 0 \ H 00 � H since H � H 0 _ H 00. This proves the \only if " part of the lemma.
The \if " part is straightforward and not neededhere, so we omit the proof. �

Given A0 = Ax d � 1 as above, de�ne a map � : R(A) � R(A 0) (the symbol �
denotessurjectivit y) by � (R) = R0 if R � R0. For R 2 R(A) let

F(R) = f R1 2 R(A) : � (R) = � (R1)g = � � 1(� (R)) :

For example, let A be the arrangement

5
6 4

1 3

2

H

Let A0 = f H g. Then F(1) = f 1; 2; 3g and F(5) = f 4; 5; 6g.
Now let R0 2 R(A0). By Lemma 6.7 no H 0; H 002 A can intersect inside R0.

The illustration below is a projective diagram of a bad intersection. The solid lines
de�ne A0 and the dashedlines A1.

no!

Thus � � 1(R0) must be arranged \linearly" in R0, i.e., there is a straight line
intersecting all R 2 � � 1(R0).
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Sincerank(A) > rank(A0), we have # � � 1(R0) > 1 (for H 2 A doesnot bisect
R0 if and only if rank(A0 [ H ) = rank(A0)). Thus there are two distinct regions
R1; R2 2 � � 1(R0) that are endpoints of the \c hain of regions."

Let ed have the meaning of equation (34), i.e.,

ed = # f H 2 A : H 62A0g = # A1:

Then � � 1(R0) is a chain of regions of length ed, so # � � 1(R0) = 1 + ed. We now
come to the key de�nition of this subsection. The de�nition is recursive by rank,
the basecasebeing rank at most 2.

De�nition 6.16. Let A be a real supersolvable central arrangement of rank d, and
let A0 be a supersolvable subarrangement of rank d� 1 (which always exists by the
de�nition of supersolvabilit y). A region R0 2 R(A) is called canonical if either (1)
d � 2, or else(2) d � 3, � (R0) 2 R(A0) is canonical, and R0 is an endpoint of the
chain F(R0).

Since every chain has two endpoints and a central arrangement of rank 1 has
two (canonical) regions, it follows that there are at least 2d canonical regions.

The main result on distance enumerators of supersolvable arrangements is the
following, due to Bj•orner, Edelman, and Ziegler [8, Thm. 6.11].

Theorem 6.24. Let A be a supersolvablecentral arrangementof rank d in Rn . Let
R0 2 R(A) be canonical, and supposethat

� A (t) = (t � e1)( t � e2) � � � (t � ed)tn � d:

(There alwaysexist such positive integers ei by Corollary 4.9.) Then

DA ;R 0 (t) =
dY

i =1

(1 + t + t2 + � � � + tei ):

Pro of. Let WA be the weak order on A with respect to R0, i.e.,

WA = f sep(R0; R) : R 2 R(A)g;

ordered by inclusion. Thus WA is graded with rank function given by rk(R) =
d(R0; R) and rank generating function

X

R2 W A

t rk (R ) = DA (t):
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SinceR0 is canonical, for all R0 2 R(A0) we have that � � 1(R0) is a chain of length
ed. Henceif R 2 R(A) and h(R) denotesthe rank of R in the chain F(R), then

dA (R0; R) = dA 0 (� (R)) + h(R):

Therefore
DA (t) = DA 0 (t)(1 + t + � � � + ted );

and the proof follows by induction. �
Note. The following two results werealsoproved in [8]. We simply state them

here without proof.

� If A is a real supersolvable central arrangement and R0 is canonical, then
WA is a lattice (Exercise 7).

� If A is any real central arrangement and WA is a lattice, then R0 is
simplicial (boundedby exactly rk(A) hyperplanes,the minimum possible).
In other words, the closure �R0 is a simplex. As a partial converse,if every
region R is simplicial, then WA is a lattice (Exercise 8).

6.5. The Varchenk o matrix

Let A be a real arrangement. For each H 2 A let aH be an indeterminate. De�ne
a matrix V = V (A) with rows and columns indexed by R(A) by

VRR 0 =
Y

H 2 sep(R;R 0)

aH :

For instance, let A be given as follows:

1

21

5 7

6

3

2

4

3

Then

V =

1 2 3 4 5 6 7
1 1 a1 a1a2 a1a3 a3 a2a3 a1a2a3

2 a1 1 a2 a3 a1a3 a1a2a3 a2a3

3 a1a2 a2 1 a2a3 a1a2a3 a1a3 a3

4 a1a3 a3 a2a3 1 a1 a1a2 a2

5 a3 a1a3 a1a2a3 a1 1 a2 a1a2

6 a2a3 aaa2a3 a1a3 a1a2 a2 1 a1

7 a1a2a3 a1a3 a3 a2 a1a2 a1 1

The determinant of this matrix happens to be given by

det(V ) =
�
1 � a2

1

� 3 �
1 � a2

2

� 3 �
1 � a2

3

� 3
:
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In order to state the general result, de�ne for x 2 L (A),

ax =
Y

H � x

aH

n(x) = r (A x )

p(x) = b(c� 1Ax ) = � (A x );

where as usual A x = f x \ H 6= ; : x 6� H g and A x = f H 2 A : H � xg, and
where c� 1 denotesdeconingand � is de�ned in Exercise4.22. Thus

n(x) = j� A x (� 1)j =
X

y � x

j� (x; y)j

p(x) =
�
� � 0

A x
(1)

�
� :

Example 6.14. The arrangement of three lines illustrated above has two typesof
intersections (other than 0̂): a line x and a point y. For a line x, A x consistsof
two points on a line, so n(x) = r (A x ) = 3. Moreover, A x consists of the single
hyperplane x in R2, so c� 1Ax = ; and p(x) = b(; ) = 1. Hence we obtain the
factor (1 � ax )3 in the determinant. On the other hand, A y = ; son(y) = r (; ) = 1.
Moreover, A y consistsof two intersecting lines in R2, with characteristic polynomial
� A y (t) = (t � 1)2. Hencep(y) = j� 0

A y
(1)j = 0. Equivalently , c� 1Ay consistsof a

single point on a line, so again p(y) = b(c� 1Ay ) = 0. Thus y contributes a factor
(1 � a2

y )0 = 1 to det(V ).

We can now state the remarkable result of Varchenko [37], generalized to
\w eighted matroids" by Brylawski and Varchenko [11].

Theorem 6.25. Let A be a real arrangement. Then

det V (A) =
Y

0̂6= x 2 L (A )

(1 � a2
x )n (x )p(x ) :

Pro of. Omitted.
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Exercises
(1) Let A be a central arrangement in Rn with distance enumerator D A (t) (with

respect to some base region R0). De�ne a graph GA on the vertex set R(A)
by putting an edgebetween R and R0 if #sep(R; R0) = 1 (i.e., R and R0 are
separatedby a unique hyperplane).
(a) [2{] Show that GA is a bipartite graph.
(b) [2] Show that if # A is odd, then D A (� 1) = 0.
(c) [2] Show that if # A is evenand r (A) � 2 (mod 4), then D A (� 1) � 2 (mod 4)

(so DA (� 1) 6= 0).
(d) [2] Give an example of (c), i.e., �nd A so that # A is even and r (A) �

2 (mod 4).
(e) [2] Show that (c) cannot hold if A is supersolvable. (It is not assumedthat

the baseregion R0 is canonical. Try to avoid the useof Section 6.4.)
(f ) [2+] Show that if # A is even and r (A) � 0 (mod 4), then it is possiblefor

DA (� 1) = 0 and for DA (� 1) 6= 0. Can examplesbe found for rank(A) � 3?
(2) [2{] Show that a sequence(c1; : : : ; cn ) 2 Nn is the inversion sequenceof a per-

mutation w 2 S n if and only if ci � i � 1 for 1 � i � n.
(3) [2] Show that all cars can park under the scenario following De�nition 6.15 if

and only if the sequence(a1; : : : ; an ) of preferred parking spacesis a parking
function.

(4) [5] Find a bijective proof of Theorem 6.22, i.e., �nd a bijection ' between the
set of all rooted forestson [n] and the set PFn of all parking functions of length
n satisfying inv(F ) =

� n +1
2

�
� a1 � � � � � an when ' (F ) = (a1; : : : ; an ). Note.

In principle a bijection ' can be obtained by carefully analyzing the proof of
Theorem 6.22. However, this bijection will be of a messyrecursive nature. A
\nonrecursive" bijection would be greatly preferred.

(5) [5] There is a natural two-variable re�nement of the distance enumerator (57)
of Sn . Given R 2 R(Sn ), de�ne d0(R0; R) to be the number of hyperplanes
x i = x j separating R0 from R, and d1(R0; R) to be the number of hyperplanes
x i = x j + 1 separating R0 from R. (Here R0 is given by (55) as usual.) Set

Dn (q; t) =
X

R2 R (Sn )

qd0 (R 0 ;R ) td1 (R 0 ;R ) :

What can be said about the polynomial D n (q; t)? Can its coe�cien ts be inter-
preted in a simple way in terms of tree or forest inversions?Are there formulas
or recurrencesfor D n (q; t) generalizing Theorem 6.21, Corollary 6.13, or equa-
tion (53)? The table below give the coe�cien ts of qi t j in Dn (q; t) for 2 � n � 4.

t nq 0 1
0 1 1
1 1

t nq 0 1 2 3
0 1 1 2 1
1 2 2 2
2 2 2
3 1

t nq 0 1 2 3 4 5 6
0 1 1 2 3 3 3 1
1 3 3 6 7 6 3
2 5 5 8 9 5
3 6 7 9 6
4 5 6 5
5 3 3
6 1
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Someentries of these table are easy to understand, e.g., the �rst and last
entries in each row and column, but a simple way to compute the entire table is
not known.

(6) [5{] Let Gn denote the genericbraid arrangement

x i � x j = aij ; 1 � i < j � n;

in Rn . Can anything interesting be said about the distance enumerator D Gn (t)
(which dependson the choiceof baseregion R0 and possibly on the aij 's)? Gen-
eralize if possibleto genericgraphical arrangments, especially for supersolvable
(or chordal) graphs.

(7) [3{] Let A be a real supersolvable arrangement and R0 a canonical region of A.
Show that the weak order WA (with respect to R0) is a lattice.

(8) (a) [2+] let A be a real central arrangement of rank d. Supposethat the weak
order WA (with respect to someregion R0 2 R(A)) is a lattice. Show that
R0 is simplicial, i.e., bounded by exactly d hyperplanes.

(b) [3{] Let A be a real central arrangement. Show that if every region R 2
R(A) is simplicial, then WA is a lattice.

(9) (a) [2] Set each aH = q in the Varchenko matrix V of an arrangement R in Rn ,
obtaining a matrix V(q). Let r = r (A). The entries of V (q) belong to the
principal ideal domain Q[q], so V (q) has a Smith normal form AV (q)B =
diag(p1; : : : ; pr ), whereA; B are r � r matrices whoseentries belongto Q[q]
and whosedeterminants are nonzeroelements of Q, and where p1; : : : ; pr 2
Q[q] such that pi j pi +1 for 1 � i � r � 1. The Smith normal form is unique
up to multiplication of the pi 's by nonzero elements of Q. For instance, if
A = B3, then

AV (q)B = diag(1; q2 � 1; q2 � 1; q2 � 1; (q2 � 1)2; (q2 � 1)2(q4 + q2 + 1)):

Show that each pi is a polynomial in q2.
(b) [3+] Let ai be the number of j 's for which (q2 � 1)i j pj but (q2 � 1)i +1 - pj .

Show that
� A (t) =

X

i � 0

(� 1)n � i ai qn � i :

(c) [5] What more can be said about the polynomials pi ? By Theorem 6.25
they are products of cyclotomic polynomials, so one could begin by asking
for the largest powers of q2 + 1 or q4 + q2 + 1 dividing each pi .
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