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LECTURE 1

Basic de nitions, the intersection poset and the
characteristic polynomial

1.1. Basic de nitions

The following notation is usedthroughout for certain setsof numbers:

N nonnegative integers
P positive integers

Z integers

Q rational numbers

R real numbers

R: positive real numbers

complex humbers
[m] thesetfl;2;:::;mgwhenm 2 N

We alsowrite [t%] (t) for the coe cien t of tX in the polynomial or power series (t).
For instance, [t2](1 + t)* = 6.

A nite hyperplane arrangementA is a nite setof ane hyperplanesin some
vector spaceV = K", whereK isa eld. We will not considerin nite hyperplane
arrangemerns or arrangemerts of general subspacesor other objects (though they
have many interesting properties), sowe will simply usethe term arrangementfor
a nite hyperplanearrangemert. Most often we will take K = R, but aswe will see
even if we're only interestedin this caseit is usefulto considerother elds aswell.
To make sure that the de nition of a hyperplane arrangemern is clear, we de ne a
linear hyperplane to be an (n  1)-dimensional subspaceH of V, i.e.,

H=fv2V: v = 0g;
where isa xed nonzerovectorin V and v is the usual dot product:
(25005 ) (Vasiiiive) = . Vi
An ane hyperplane is a translate J of a linear hyperplane, i.e.,
J=fv2V: vV = ag;

where isa xed nonzerovectorin V anda?2 K.

call the polynomial
Qa(x) = (Li(x) a) (Lm(x) am)

the de ning polynomial of A. It is often corvenient to specify an arrangemert
by its de ning polynomial. For instance, the arrangemernt A consisting of the n
coordinate hyperplaneshas Qa (X) = X1X2  Xj.

Let A be an arrangemert in the vector spaceV. The dimension dim(A) of
A is de ned to be dim(V) (= n), while the rank rank(A) of A is the dimension
of the spacespannedby the normals to the hyperplanesin A. We say that A is
essential if rank(A) = dim(A). Supposethat rank(A) = r, and takeV = K". Let
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Y be a complemernary spacein K" to the subspaceX spannedby the normals to
hyperplanesin A. De ne

W=fv2V : :vy=08y2Yq

If char(K) = 0 then we can simply take W = X. By elemenary linear algebrawe
have

(1) codimy (H\ W) = 1

forall H 2 A. In other words, H \ W is a hyperplane of W, sothe set Ay =

fH\ W : H 2 Agisanessetial arrangemert in W. Moreover, the arrangemerts A

and Ay are \essertially the same," meaningin particular that they have the same
intersection poset(as de ned in De nition 1.1). Let uscall Ay the essentialization
of A, denotedess@\). When K = R and we take W = X, then the arrangemen A

is obtained from Ay by \stretc hing" the hyperplaneH \ W 2 Ay orthogonally to

W. Thusif W? denotesthe orthogonal complemeri to W in V, then H?2 Ay if

andonly if H® W? 2 A. Note that in characteristic p this type of reasoningfails
sincethe orthogonal complemen of a subspaceW can intersect W in a subspace
of dimension greater than 0.

Now let K = R. A region of an arrangemert A is a connectedcomponert of
the complemen X of the hyperplanes:
X =R" H:
H2A
Let R(A) denote the set of regionsof A, and let
r(A) = #R(A);
the number of regions. For instance, the arrangemert A showvn below hasr(A) = 14.

It is a simple exerciseto show that every region R 2 R(A) is open and cornvex
(continuing to assumeK = R), and hencehomeomorphicto the interior of an n-
dimensional ball B" (Exercise 1). Note that if W is the subspaceof V spannedby
the normalsto the hyperplanesin A, then R 2 R(A) if and only if R\ W 2 R(Aw ).
We say that a region R 2 R(A) is relatively bounded if R\ W is bounded. If A
is essetial, then relatively bounded is the same as bounded. We write b(A) for
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the number of relatively bounded regionsof A. For instance, in Example 1.1 take
K = Randa; < a; < < ak. Then the relatively bounded regions are the
regionsa; < x< aj+1,1 1 k 1. In ess@) they becomethe (bounded) open
intervals (a;; ai+1 ). There are alsotwo regionsof A that are not relatively bounded,
viz., X < a; and x > a.

A (closed) half-space isa setfx 2 R" : x cg forsome 2 R",c2R. If
H is a hyperplanein R", then the complemert R" H hastwo (open) componerts
whose closuresare half-spaces. It follows that the closure R of a region R of A is
a nite intersection of half-spaces,i.e., a (convex) polyhedron (of dimensionn). A
bounded polyhedron is called a (convex) polytope. Thus if R (or R) is bounded,
then R is a polytope (of dimensionn).

An arrangemen A is in geneal position if

fHy; i Hpg Ay p ono ) dim(H1\ \Hp)=n p
fHy; i Hpg A p>n ) Hi\ \ Hp=;:

For instance, if n = 2 then a set of lines is in generalposition if no two are parallel
and no three meet at a point.

Let us considersomeinteresting examplesof arrangemerts that will anticipate
somelater material.

Example 1.2. Let A, consistof m linesin generalposition in R?. We cancompute
r(Am) using the sweep hyperplane method. Add a L line to A (with Ax [ fLgin
generalposition). When we travel along L from one end (at in nit y) to the other,
every time we intersecta line in Ay we create a new region, and we create one new
region at the end. Before we add any lines we have one region (all of R?). Hence

r(Am) = #intersections+ #lines + 1
m
= +m+ 1
2

Example 1.3. The braid arrangementB,, in K" consistsof the hyperplanes
Brh: X Xx=0 1 i<j n

Thus B, has '; hyperplanes. To count the number of regionswhen K = R, note

that specifying which side of the hyperplane x; x; = 0 a point (ai;:::;a,) lies

on is equivalert to specifying whether & < & or & > a. Hencethe number of

regionsis the number of ways that we can specify whether a; < a; or & > g; for

1 i< n. Such a speci cation is given by imposing a linear order on the

a;'s. In other words, for eadh permutation w 2 S,, (the symmetric group of all
permutations of 1;2;:::;n), there corresponds a region Ry, of B, given by

Ry = f(al;:::;an)ZR” Dy 2 aAw(e) 2 > aw(n)d:
Hencer(B,) = n!. Rarely is it soeasyto compute the number of regions!

Note that the braid arrangemert B, is not essetial; indeed,rank(Bn) = n 1.
When char(K ) doesnot divide n the spaceW K" of equation (1) can be taken
to be

W =f(as;:::;ap) 2 K" ta;+ +a, =0g

The braid arrangemert hasa number of \deformations" of considerableinterest.
We will just de ne some of them now and discussthem further later. All these
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arrangemeris lie in K", and in all of them wetakel i< | n. The readerwho
likesa challengecan try to compute their number of regionswhen K = R. (Some
are much easierthan others.)

generic braid arrangement x; x; = &; , wherethe a; 's are \generic"
(e.g.,linearly independert overthe prime eld, soK hasto be\su cien tly
large™). The precisede nition of \generic" will be givenlater. (The prime
eld of K isits smallestsub eld, isomorphicto either Q or Z=pZ for some
prime p.)

semigenericbraid arrangement x; X; = &, wherethe a's are\generic."
Shiarrangement x; X; = 0;1(son(n 1) hyperplanesin all).

Linial arrangement x; x; = 1.

Catalan arrangement x; x; = 1;0;1.

semioder arrangement x;  x; = 1;1.

thresholdarrangement x; + x; = 0 (not really a deformation of the braid
arrangemen, but closelyrelated).

An arrangemert A is central if ,,, H 6 ;. Equivalertly, A is a translate
of a linear arrangement (an arrangemert of linear hyperplanes,i.e., hyperplanes
passingthrough theTorigin). Many other writers call an afrangemert certral, rather
than linear, if 02 ,, H. If Alis certral with X = ,,, H, then rank(A) =
codim(X). If A is certral, then note alsothat b(A) = 0 [why?].

There are two useful arrangemerts closely related to a given arrangemen A.
If A is a linear arrangemert in K", then projectivize A by choosingsomeH 2 A
to be the hyperplaneat in nit y in projective spacePy 1 Thusif we regard

Pp 1= 1f(x1;:5 %) 1 % 2 K; not all x; = 0g= ;
whereu vifu= v forsome06 2 K, then
H=(f(X1;:::;%Xn 1;0) : x; 2K; notall xj = 0g= )= P,Q 2.

The remaining hyperplanesin A then correspond to \ nite" (i.e., not at in nit y)

projective hyperplanesin P,/ 1. This givesan arrangemert proj(A) of hyperplanes
in P? 1. When K = R, the two regionsR and R of A becomeidentied in

proj(A). Hencer(proj(A)) = %r(A). When n = 3, we can draw P2 as a disk with

antip odal boundary points identi ed. The circumferenceof the disk represerts the
hyperplaneat in nit y. This providesa good way to visualize three-dimensionalreal
linear arrangemernts. For instance, if A consistsof the three coordinate hyperplanes
x1 = 0, X2 = 0, and x3 = 0, then a projective drawing is given by
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The line labelledi is the projectivization of the hyperplanex; = 0. The hyperplane
at innit y is xg = 0. There are four regions,sor(A) = 8. To draw the incidences
amongall eight regionsof A, simply \re ect" the interior of the disk to the exterior:

Regarding this diagram as a planar graph, the dual graph is the 3-cube (i.e., the
vertices and edgesof a three-dimensional cube) [why?].

For a more complicated example of projectivization, Figure 1 shows proj(B4)
(where we regard B4 as a three-dimensional arrangemen contained in the hyper-
plane x; + X, + X3 + X4 = 0 of R*), with the hyperplane x; = x; labelled ij , and
with x; = X4 asthe hyperplaneat in nit y.

We now de ne an operation which is \in verse" to projectivization. Let A be
an (ane) arrangemert in K", given by the equations

Li(x) = az; i Lm(X) = am:

Intro duce a new coordinate y, and de ne a certral arrangemert cA (the cone over
A)in K" K = K" py the equations

Li(x) = aty; @50 Lm(X) = amy; y= O

For instance, let A be the arrangemert in R givenby x = 1,x = 2,and x = 3.
The following gure should explain why cA is called a cone.
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a )
&

Figure 1. A projectivization of the braid arrangement B4

It is easyto seethat whenK = R, we haver(cA) = 2r(A). In general,cA has
the \same combinatorics as A, times 2." SeeExercise2.1.

1.2. The intersection poset
Recall that a poset (short for partially ordered set) is a set P and a relation
satisfying the following axioms (for all x;y;z 2 P):

(P1) (reexivit y) X x

(P2) (antisymmetry) If x yandy Xx,thenx=y.

(P3) (transitivit y) If x yandy z, thenx z.
Obvious notation suchasx < yforx yandx6 y,andy x forx vy will be
usedthroughout. If x vy in P, then the (closed)interval [x;y] is de ned by

X;yl=fz2P :x z vyg:

Note that the empty set; is not a closedinterval. For basicinformation on posets
not covered here, see[31].
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X
SRV,

Figure 2. Examples of intersection posets

Denition 1.1. Let A be an arrangemen in V, and let L(A) be the set of all
nonempty intersections of hyperplanesin A, including V itself as the intersection
overthe empty set. Dene x yinL(A)ifx vy (assubsetsof V). In other words,
L(A) is partially ordered by reverseinclusion. We call L(A) the intersection poset
of A.

Note. The primary reasonfor ordering intersectionsby reverseinclusion rather
than ordinary inclusion is Proposition 3.8. Wedon't want to alter the well-established
de nition of a geometric lattice or to refer constartly to \dual geometric lattices."

The elemernt V 2 L(A) satises x V for all x 2 L(A). In general,if P is a
posetthen we denote by 0 an elemen (necessarilyunique) such that x  © for all
X 2 P. We say that y covers x in a posetP, denotedx | y,if x<yandnoz2 P
satises x < z < y. Every nite posetis determined by its cover relations. The
(Hasse)diagram of a nite posetis obtained by drawing the elemeris of P asdots,
with x drawn lower than y if x < y, and with an edgebetweenx and y if x| v.
Figure 2 illustrates four arrangemerts A in R?, with (the diagram of) L(A) drawn
below A.

A chain of length k in a posetP is a setxg < X3 < < Xk of elemens of
P. The chain is saturated if xg | xq | | Xkx. We say that P is graded of rank
n if every maximal chain of P has length n. In this caseP has a rank function
rk : P! N dened by:

rk(x) = 0if x is a minimal elemen of P.
rk(y) = rk(x) + 1if x| yin P.

If Xx < y in a graded poset P then we write rk(x;y) = rk(y) rk(x), the length
of the interval [x;y]. Note that we use the notation rank(A) for the rank of an
arrangemert A but rk for the rank function of a graded poset.

Prop osition 1.1. Let A be an arrangementin a vector sppce V = K". Then the
intersection poset L (A) is graded of rank equal to rank(A). The rank function of
L(A) is given by

rk(x) = codim(x) = n  dim(x);

where dim(x) is the dimension of x asan ane subspce of V.
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252X,

Figure 3. An intersection poset and Mwobius function values

Pro of. SinceL(A) has a unique minimal elemen 0 = V, it suces to show that
(@) if xI yin L(A) then dim(x) dim(y) = 1, and (b) all maximal elemerts of L (A)
have dimensionn rank(A). By linear algebra,if H is a hyperplaneand x an a ne

subspacethen H\ x = x or dim(x) dim(H\ x) = 1, so(a) follows. Now suppose
that x hasthe largest codimensionof any elemert of L (A), say codim(x) = d. Thus
X is an intersection of d linearly independert hyperplanes(i.e., their normals are

y is an intersection of e hyperplanes,sosomeH; (1 i d) islinearly independert
from them. Then y\ H; 6 ; and codim(y\ H;) > codim(y). Hencey is not a
maximal elemen of L (A), proving (b).

1.3. The characteristic polynomial

A poset P is locally nite if every interval [x;y] is nite. Let Int(P) denote the
set of all closedintervals of P. For a function f : Int(P) ! Z, write f (x;y) for
f ([x;y]). We now cometo a fundamertal invariant of locally nite posets.

De nition  1.2. Let P be a locally nite poset. Dene a function = p :
Int(P) ! Z, called the Mobius function of P, by the conditions:

x;x) = 1 f)(%r all x2 P
2) x;y) = (x;2); forall x < yin P:

X z<y
This secondcondition can also be written
X

(x;2)=0; forall x < yin P:

X zy

If P hasa0, then wewrite (x) = (0;x). Figure 3 shows the intersection poset
L of the arrangemert A in K3 (for any eld K) de ned by Qa (X) = xyz(x + y),
together with the value (x) for all x 2 L.

A important application of the Meobius function is the Meobius inversion for-
mula. The best way to understand this result (though it doeshave a simple direct
proof) requires the machinery of incidence algebras. Let I(P) = [(P;K) denote
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the vector spaceof all functions f : Int(P) ! K. Write f (x;y) for f ([x;y]). For
f;g2 I(P), de ne the product f g 2 ISI(D) by

fo(xy) = f(x;2)a(z;y):
X zy

It is easyto seethat this product makes|(P) an assaiative Q-algebra, with mul-
tiplicativ e identity  given by
- Lo xX=y

(Xv y) - O’ X < y
De ne the zetafunction 2 I(P)of P by (x;y)= 1forall x yin P. Note that
the Mebius function is an elemen of I(P). The de nition of (De nition 1.2)is

equivalert to the relation = in I(P). In any nite-dimensional algebraover a
eld, one-sidedinversesare two-sidedinversesso = !in I(P).

Theorem 1.1. LetP bea nite posetwith Mebiusfunction , andletf;g:P! K.
Then the following two oonditior)n(s are equivalent:

f(x)

g(y); for allx2 P
¥( X

y X

a(x) (x;y)f (y); for all x 2 P:

Pro of. The set KP of all functions P | K forms a vector spaceon which | (P)
acts (on the left) asan algebra of Iinea)r( transformations by

()= ;s f(y);
y X

wheref 2 KP and 2 I(P). The Mebius inversion formula is then nothing but
the statemert

f=g, f=g9:

We now cometo the main conceptof this section.

De nition  1.3. The characteristic polynomial A (t) of the arrangemen A is de-
ned by
X .
3) A(t) = OtAmeo:
x2L(A)
For instance, if A is the arrangemern of Figure 3, then
Al)=t3 4t2+5t 2=(t 13t 2):

Note that we have immediately from the de nition of A (t), whereA isin K",
that
Aty =t #A" T+

Example 1.4. Considerthe coordinate hyperplane arrangement A with de ning
polynomial Qa (X) = XiX2 Xn. Every subset of the hyperplanesin A has a
di erent nonempty intersection, soL (A) is isomorphic to the boolean algeba B, of
all subsetsof [n] = f1;2;:::;ng, ordered by inclusion.

Prop osition 1.2. Let A be given by the alove example. Then A (t) = (t 1)".
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Pro of. The computation of the Mebius function of a booleanalgebrais a standard
result in enumerative combinatorics with many proofs. We will give here a naive
proof from rst principles. Let y 2 L(A), r(y) = k. We claim that

(4) )= ( D

The assertionis clearly true for rk(y) = 0, wheny = 0. Now let y > 0. We needto
show that

X
(5) ( D=0
Xy
The number of x suclg that x yandrk(x) =1iis ‘I‘ , S0 (5) is equivalert to the

well-known identity ik:O( 1) 'I‘ = 0 for k > 0 (easily proved by substituting
g= 1in the binomial expansionof (q+ 1)X).
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Exercises
We will (subjectively) indicate the di cult y level of ead problem as follows:

[1] easy: most students should be able to solve it

[2] moderately dicult: many students should be able to solve it

[3] dicult: afew students should be able to solve it

[4] horrendous: no students should be able to solve it (without already knowing how)
[5] unsolved:

Further gradations are indicated by + and . Thus a [3{] problem is about the
most di cult that makesa reasonablehomework exercise,and a [5{] problem is an
unsolved problem that has receiwved little attention and may not be too di cult.

Note. Unlessexplicitly stated otherwise, all graphs, posets, lattices, etc., are
assumedto be nite .

(1) [2] Show that every region R of an arrangemert A in R" is an open corvex set.
Deducethat R is homeomorphicto the interior of an n-dimensional ball.
(2) [1+] Let A be an arrangemert and ess@\) its essetialization. Show that

gdim ©ss(A) (1) = (9 (0):

(3) [2+] Let A bethe arrangemert in R" with equations
X1 = X2, X2 = X3, 10, Xn 1= Xp; Xp = Xi:
Compute the characteristic polynomial 4 (t), and compute the number r (A) of
regionsof A.
(4) [2+] Let A be an arrangemert in R" with m hyperplanes. Find the maximum
possiblenumber f (n; m) of regionsof A.
(5) [2] Let A bean arrangemern in the n-dimensional vector spaceV whosenormals

spana subspaceW, and let B be another arrangemert in V whosenormals span
a subspaceY . Supposethat W\ Y = f0g. Shaw that
ars(® =1t " A(t) s(1):
(6) [2] Let A bean arrangmert in a vector spaceV. Supposethat 4 (t) is divisible

by tX but not t“*1 . Shaw that rank(A) = n k.

(7) Let A be an essetial arrangemert in R". Let be the union of the bounded

facesof A.

() [3] Show that is cortractible.

(b) [2] Show that neednot be homeomorphicto a closedball.

(c) [2+] Show that neednot be starshaped. (A subsetS of R" is starshaped
if there is a point x 2 S sud that for all y 2 S, the line segmen from x to
y liesin S.)

(d) [3]Shownthat ispure,i.e., all maximal facesof havethe samedimension.
(This was an open problem solved by Xun Dong at the PCMI Summer
Sessionin Geometric Combinatorics, July 11{31, 2004.)

(e) [5] Supposethat A is in general position. Is homeomorphicto an n-
dimensional closedball?



LECTURE 2

Prop erties of the intersection poset and graphical
arrangemen ts

2.1. Prop erties of the intersection poset

Let A be an arrangemern in the vector spaceV. A sularrangementof A is a
subsetB  A. Thus B is also an arrangemert in V. If x 2 L(A), dene the
subarrangemenm Ay A by

(6) Ay=fH2A :x Hg:
Also de ne an arrangemert A* in the ane subspacex 2 L(A) by
A*=fx\H6; :H2A AsQ
Note that if x 2 L(A), then
L(Ax)= x = fy2L(A):y Xxg

@) L(AY) =V = fy2L(A):y Xxg
K
X
Ax
——————— *---0--------K
A AK

ChooseHp 2 A. Let A= A fHpg and A%= AHo. We call (A;A%A% a
triple of arrangemeris with distinguished hyperplane Hy.

13
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° ° A"

The main goal of this sectionis to give a formula in terms of A (t) for r(A)
and b(A) when K = R (Theorem 2.5). We rst establish recurrencesfor thesetwo
quartities.

Lemma 2.1. Let (A;A%A% ke a triple of real arrangementswith distinguished
hyperplane Ho. Then
r(A) = r(A)+r(A%
BA) (A9 + B(A%Y; if rank(A) = rank(A9
- 0; if rank(A) = rank(A9 + 1:

Note. If rank(A) = rank(A9, then alsorank(A) = 1+ rank(A%. The gure
below illustrates the situation when rank(A) = rank(A9 + 1.

I_IO
Pro of. Note that r(A) equalsr (A9 plus the number of regionsof A° cut into two
regionsby Ho. Let R® be such a region of A Then R%\ Hy 2 R(A%. Conversely
if R%°2 R(A% then points near R%on either side of Hy belongto the sameregion
RO2 R(AY, sinceany H 2 R(A% separating them would intersect R Thus RCis
cut in two by Ho. We have establisheda bijection betweenregions of A° cut into
two by Ho and regionsof A% establishingthe rst recurrence.

The secondrecurrenceis proved analogously;the details are omitted.

We now cometo the fundamental recursive property of the characteristic poly-
nomial.

Lemma 2.2. (Deletion-Restriction) Let (A;A%A% be a triple of real arrange-
ments. Then

Aa(t) = ao(t) aoo(t):



LECTURE 2. PROPERTIES OF THE INTERSECTION POSET 15

Figure 1. Two non-lattices

For the proof of this lemma, we will needsometools. (A more elemerary proof
could be given, but the tools will be useful later.)

Let P be a poset. An upper bound of x;y 2 P is an elemen z 2 P satisfying
z xandz vy. A leastupper bound or join of x andy, denotedx _y, is an upper
bound z such that z  z°for all upper bounds z°. Clearly if x _y exists, then it
is unique. Similarly de ne a lower bound of x and y, and a greatest lower bound
or meet, denotedx * y. A lattice is a posetL for which any two elemeris have a
meet and join. A meet-semilattice is a poset P for which any two elemens have
a meet. Dually, a join-semilattice is a poset P for which any two elemeris have a
join. Figure 1 shaows two non-lattices, with a pair of elemens circled which don't
have a join.

Lemma 2.3. A nite meet-semilattice L with a unique maximal element% is a
lattice. Dually, a nite join-semilattice L with a unique minimal element0 is a
lattice.

Pro of. Let L bea nite meet-semilattice. If x; y 2 L then the set of upper bounds
of x; y is nonempty since? is an upper bou/pd. Hence

X_y= Z:
zZ X
zy

The statemert for join-semilattices is by \dualit y," i.e., interchanging  with
and N with _.
The readershould chedk that Lemma 2.3 neednot hold for in nite semilattices.

Prop osition 2.3. Let A be an arrangement. Then L(A) is a meet-semilattice. In
particular, every interval [x;y] of L(A) is a lattice. Moreover, L(A) is a lattice if
and only if A is central.

T
Proof. If ,,,H =, then adjoin ; to L(A) asthe uniqgue maximal elemen,
obtaining the augmerted intersection posetLYA). In LYA) it is clearthat x _y =
x\ y. HenceLYA) is a join-semilattice. Sinceit hasa®, it is alattice by Lemma2.3.
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SinceL(A) = LYA) or L(A) = LYA) fig, it follows that L(A) is\g/ways a meet-
semilattice, and is a lattice if A is certral. If A isn't certral, then ,, ,)X does
not exist, soL(A) is not a lattice.

We now cometo a basic formula for the Mebius function of a lattice.

Theorem 2.2. (the Cross-CutTheorem) LetL be a nite lattice. Let X be a subset
of L suchthat © 62X, and suchthat if y 2 L, y 6 0, then somex 2 X satis es
X Y. Let Ny be the number of k-element subsetsof X with join 4. Then

L(B;1)=No Ni+N;

We will prove Theorem 2.2 by an algebraic method. Such a sophisticated proof
is unnecessary but the machinery we dewvelop will be used later (Theorem 4.13).
Let L bea nite lattice and K a eld. The Mobius algebea of L, denoted A(L), is
the semigroup algebra of L over K with respect to the operation _. (Sometimes
the operation is taken to be ~ instead of _, but for our purposes, is more con-
veniert.) In other words, A(L) = KL (the vector spacewith basisL) as a vector
space. If x;y 2 L then we dene xy = x _y. Multiplication is extended to all
of A(L) by bilinearity (or distributivit y). Algebraists will recognizethat A(L) is
a nite-dimensional commutativ e algebra with a basis of idempotents, and hence
is isomorphic to K#L (as an algebra). We will shaw this by exhibiting an explicit

isomorphismA(L) © K#L. For x)?_ L, de ne

(8) x = (xy)y 2 A(L);

y X
where denotesthe Mebius func;t(ion of L. Thus by the Meobius inversion formula,
(9) X = y; forall x 2 L:

y X

Equation (9) shows that the 's span A(L). Since#f x : x 2 Lg= #L =
dim A(L), it followsthat the 's form a basisfor A(L).

Theorem 2.3. Letx;y 2 L. Then y y = x x, Wher y is the Kronecker
delta. In other words, the X'ﬁ‘/lare orthogonal idempotents. Hence

A(L) = K x (algebma direct sum):
x2L
Pro of. De ne a K -algebra AO(L)PWith basisf ¢ : x 2 Lg and multiplication
LY= x % Forx2L setx®= g " g.il'%en .
X X
Xy = @ A@ A
s X ty
X
= S
S X
X
= S
S X_Y
= (x_yt
Hence the linear transformation ' : A(L) ! AYL) dened by ' (x) = x%is an

algebraisomorphism. Since' ( x) = Q, it followsthat x y = x «x.
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P
Note. The algebraA(L) hasa multiplicativ e identity, viz., 1= 0= T

Pro of of Theorem 2.2. Let char(K) = 0,e.9.,K = Q. Forany x 2 L, we

havein A(L) that X X X
0 x= y y = y:
y 0 y X y6 x
Henceby the orthogonality of tb{e y'S we have
® =
x2 X y

wherey rangesover all elemerts of L satisfyingy 6 x for all x 2 X . By hypothesis,
the only such elemen is 0. Henca

® x)= 4
X2 X
If we now expand both sidesas linear combinations of elemerns of L and equate
coe cien ts of 4, the result follows.
Note. In a nite lattice L, an atom is an elemen covering 0. Let T be the set
ofatomsof L. ThenasetX L f0g satis es the hypothesesof Theorem 2.2 if
andonly if T X. Thus the simplest choiceof X isjust X = T.

Example 2.5. Let L = By, the booleanalgebraof all subsetsof [n]. Let X = T =
ffig:i2[n]g. ThenNg=N1= =N, 1= 0,N, = 1. Hence (0;%) = ( 1)",
agreeingwith Proposition 1.2.

We will usethe Crosscut Theorem to obtain a formula for the characteristic
polynomial of an arrangemert A. Extending $lightly the de nition of a certral
arrangemen, call any subsetB of A central if |,z H 6 ;. The following result
is due to HasslerWhitney for linear arrangemerts. Its easyextensionto arbitrary
arrangemernts appearsin [24, Lemma 2.3.8].

Theorem 2.4. (Whitney's theorem) Let A be an arrangementin an n-dimensional
vector space. Then

X
(20) a(t) = ( 1)#Bgn rank(B).

B A
B central

Example 2.6. Let A bethe arrangemert in R? shawvn below.

C d
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The following table shows all certral subsetsB of A and the valuesof # B and
rank(B).
B |#B rank(B)
0

o0 oo

ac
ad
bc
bd
cd
acd

WNNNNNMNNREPRPRERPPRPRO
NNNMNNNNRPRRPRE

It followsthat A(t)=1t2 4t+ (5 1)=t> 4t+ 4.
Pro of of Theorem 2.4. Let z2 L(A). Let
:=fx2L(A) : x zg;
the principal order ideal generatedby z. Recall the de nition
A,=fH2A :H z(:e; z H)g
By the Crosscut Theorem (Theorem )2(.2), we have
@)= ( YNu(2);
k
where N (z) is the number of k-subsetsof A, with join z. In other words,
(2) = § (1
B A:

Z= g H

Note that z = THZB H implies that rank(B) = n  dim z. Now multiply both sides
by t9™M () and sum over z to obtain equation (10).

We have now assenbled all the machinery necessaryto prove the Deletion-
Restriction Lemma (Lemma 2.2) for  (t).

Pro of of Lemma 2.2. Let Hy 2 A be the hyperplane de ning the triple
(A; A% A%, Split the sum on the right-hand side of (10) into two sums, depending
on whether Hy 62B or HOXZ B. In the former casewe get

( 1)#Btn rank (B) — AO(t):

Ho6B A
B central

In the latter case,setB; = (B fHog)"°, acertral arrangemert in Hp = K" ! and
asubarrangemen of AHe = A% Since# B, = #B 1landrank(B;) = rank(B) 1,
we get

( 1)# Btn rank (B) — X ( 1)# Bi+1 t(n 1) rank (B1)

Ho2B A B12A00

B central
aoo(t);

and the proof follows.
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2.2. The number of regions

The next result is perhapsthe rst major theorem in the subject of hyperplane
arrangemerts, due to Thomas Zaslavsky in 1975.

Theorem 2.5. Let A be an arrangementin an n-dimensional real vector space.
Then

(11) r(A) = (D" a( D
(12) bA) = (DR L(1):
First pro of. Equation (11) holds for A = ;, sincer(;) = 1 and . (t) = t".

By Lemmas2.1and 2.2, both r(A) and ( 1)" a( 1) satisfy the samerecurrence,
sothe proof follows.

Now considerequation (12). Again it holds for A = ; sinceb(;) = 1. (Recall
that b(A) is the number of relatively bounded regions. When A = ;, the ertire
ambient spaceR" is relatively bounded.) Now

A(l)= ao(l)  aAc(l):

Let d(A) = ( 1)a(A) 4 (1). If rank(A) = rank(A9 = rank(A% + 1, then d(A) =
d(A9+ d(A%. If rank(A) = rank(A9+ 1then b(A) = 0[why?] and L (A9 = L(A%
[why?]. Thusfrom Lemma 2.2 we have d(A) = 0. Hencein all cases(A) and d(A)
satisfy the samerecurrence,sob(A) = d(A).

Second pro of. Our secondproof of Theorem 2.5 is basedon Meobius inversion
and some instructiv e topological considerations. For this proof we assumebasic
knowledge of the Euler characteristic () of a topological space . (Standard
notation is (), but this would causetoo much confusion with the character-
istic polynomial.) In particular, if is suitably decomposedinto cells with f;
i-dimensional cells, then

(13) () =fo fatfy

We take (13) asthe de nition of (). For \nice" spacesand decompositions, it is
independert of the decomposition. In particular, (R") = ( 1)". Write R for the
closureof aregionR 2 R(A).

Denition  2.4. A (closed) face of a real arrangement A isaset; 6 F = R\ X,
whereR 2 R(A) and x 2 L(A).

If we regard R as a convex polyhedron (possibly unbounded), then a face of
A is just a face of someR in the usual senseof the face of a polyhedron, i.e., the
intersection of R with a supporting hyperplane. In particular, ead R is a face of
A. The dimension of a faceF is de ned by

dim(F) = dim(a (F));

where a ( F) denotesthe ane spanof F. A k-face is a k-dimensional face of A.
For instance, the arrangemen below hasthree 0-faces(vertices), nine 1-faces,and
sewen 2-faces(equivalertly, seven regions). Hence (R?)=3 9+ 7= 1.
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Write F(A) for the setof facesofAéand let relint denoterelativeinterior. Then
R" = relint(F);
F2F(A)

F
where  denotesdisjoint union. If fi(A) denotesthe number of k-facesof A, it
follows that

( D"= (R")="fo(A) fi(A)+ f2(A)
Every k-faceis a region of exactly one A;’( fory 2 L(A). Hence
fr(A) = r(AY):

y2L(A)
dim (y)= k

Multiply by ( 1)X and sum over k to get
("= RY= ( pImOr(aY):
y2L(A)
ReplacingR" by x 2 L(A) gives

X
( 1)9me) = (x) = ( )M rAY):

y2L(A)
y X

Mebius inversion yields X
( DImIr(a) = ( DO 0 y):

y2L(A)
y X
Putting x = R" gives X
( D"'r(A) = ( D™ (y)y= a( 1)
y2L(A)

thereby proving (11).
The relatively bounded case(equation (12)) is similar, but with one technical
complication. We may assumethat A is essetial, sinceb(A) = b(esgA)) and

A(t) = tdim (A) dim (ess(A)) essa) (1):
In this case,the relatively bounded regionsare actually bounded. Let
Fo(A) = fF 2 F(A) : F isrelatively boundedy
= [ F:
F2F,(A)

The dicult y liesin computing (). Zaslavsky conjectured in 1975that is
star-shaped, i.e., there exists x 2  sud that for every y 2 , the line segmen
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C d C d

Figure 2. Two arrangements with the same intersection poset

joining x andy liesin . This would imply that is contractible, and hence(since

is compact when A is essetial) () = 1. A counterexample to Zaslavsky's
conjecture appears as an exercisein [7, Exer. 4.29], but neverthelessBjorner and
Ziegler shovedthat is indeedcortractible. (See[7, Thm. 4.5.7(b)] and Lecture 1,
Exercise7.) The argumernt just given for r(A) now carries over mutatis mutandis
to b(A). There is alsoa direct argumert that () = 1, circumverting the needto
show that  is contractible. We will omit proving herethat () = 1.

Corollary 2.1. Let A be a real arrangement. Then r(A) and b(A) depgend only on
L(A).

Figure 2 shows two arrangemerts in R? with dierent \face structure” but
the sameL(A). The rst arrangemen has for instance one triangular and one
guadrilateral face, while the secondhas two triangular faces. Both arrangemerts,
however, have ten regionsand two bounded regions.

We now give two basic examplesof arrangemerts and the computation of their
characteristic polynomials.

Prop osition 2.4. (general position) Let A be an n-dimensional arrangementof m
hyperplanesin geneal position. Then

m
Al)=t" mt" T+ , 2 +( 1"

In particular, if A is a real arrangement,then

m
A) = 1+m+ + +
r(A) m 5 N
KA) = (1" 1 m+ r; +( "
— m 1 .
- n

T
Proof. EveryB A with #B n denes an elemen xg = ,,5 H of L(A).
HencelL (A) is a truncated boolean algeba:

L(A)=fS [m]:#S ng;
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Figure 3. The truncated boolean algebra of rank 2 with four atoms

ordered by inclusion. Figure 3 shows the casen = 2 and m = 4, i.e., four lines in
general position in R2. If x 2 L(A) and rk(x) = k, then [0;x] = By, a boolean
algebra of rank k. By equation (4) there follows (x) = (1)¥. Hence

X

al) = (DS 7S
s [m)
#S n
= 0 mt" 4 +(1)”r::2

Note. Arrangemens whosehyperplanesare in generalposition were formerly
called free arrangements Now, however, free arrangemerts have another meaning
discussedin the note following Example 4.11.

Our secondexample concernsgenerictranslations of the hyperplanesof a lin-

where a;;:::;am are generic elemens of K. This meansif H; = ker(L;(v) &),
then

Hi, \ \ Hy, 6; , Li,;:::;L, arelinearly independert.
For instance, if K = R and L;;:::;Ly are de ned over Q, then az;:::;ay are

genericwhene\er they are linearly independert over Q.

nongeneric generic

It follows that if x = Hj,

\" \ Hj, 2 L(A), then [0;x] = Bi. Hence
X

A= (PR TR
B
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Figure 4. The forests on four vertices

whereB rangesover all linearly independert subsetsof A. (We say that a setof hy-
perplanesare linearly independent if their normals are linearly independert.) Thus
a(t), or more precisely ( t)" a( 1=t), is the generating function for linearly
independert subsetsof L;:::;Ly accordingto their number of elemers. For in-
stance,if A is givenby Figure 2 (either arrangemen) then the linearly independert
subsetsof hyperplanesare ; ; a;b;c;d;ac;ad;bc;bd;cd, so A (t) = t2 4t+ 5.
Considerthe more interesting examplex; x; = a&;,1 i<]j n, wherethe
a; are generic. We could call this arrangemert the generic braid arrangementG, .
Identify the hyperplanex; x; = a; with the edgeij on the vertex set[n]. Thus
asubsetB G, correspondsto a simple graph Gg on [n]. (\Simple" meansthat
there is at most one edgebetweenany two vertices, and no edgefrom a vertex to
itself.) It is easyto seethat B is linearly independert if and only if the graph Gg
has no cycles,i.e., is a forest Hencewe obtain the interesting formula

(14) ()= (1P o)
F

where F rangesover all forests on [n] and e(F) denotesthe number of edgesof
F. For instance, the isomorphism types of forests (with the number of distinct
labelings written below the forest) on four vertices are given by Figure 4. Hence

G (t) = t* 6t3+ 152 16t
Equation (11) can be rewritten :;1(5
r(A) = ( D (x):
x2L(A)

(Theorem 3.10 will show that ( 1)*®) (x) > 0, sowe could also write j (x)j for
this quantity.) It is easyto extend this result to count facesof A of all dimensions,
not just the top dimensionn. Let fx(A) denote the number of k-facesof the real
arrangemern A.

Theorem 2.6. We have

X ) )
(15) f(A) = (1AM dmO - (x;y)
X yin L(A)
dim (x)= k
(16) = i Gy
X yin L(A)
dim (x)=k

Pro of. As mertioned above, every faceF is a region of a unique A* for x 2 L(A),

viz., x = a (F). In particular, dim(F) = dim(x). Henceif dim(F) = k, then r(AX)

is the number of k-facesof A contained in x. By Theorem 2.5 and equation (7) we

get X

A= (IO M (g y);
y X
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wherewe are dealing with the posetL (A). Summingoverall x 2 L(A) of dimension
k yields (15), and (16) then follows from Theorem (3.10) below.

2.3. Graphical arrangemen ts

There are close connectionsbetween certain invariants of a graph G and an asso-
ciated arrangement Ag. Let G be a simple graph on the vertex set [n]. Let E(G)
denote the set of edgesof G, regarded as two-elemen subsetsof [n]. Write ij for
the edgefi; j g.

De nition  2.5. The graphical arrangementAg in K" is the arrangemert
Xi Xj =01 2 E(G):

Thus a graphical arrangemert is simply a subarrangemen of the braid arrange-
ment B,. If G = K, the complete graph on [n] (with all possibleedgesij ), then
AKn = Bn.

De nition  2.6. A coloring ofagraph G on[nlisamap :[n]! P. The coloring

is proper if (i) 6 (j) whenewrij 2 E(G). If g2 P thenlet (q) denotethe
number of proper colorings :[n]! [q] of G, i.e., the number of proper colorings
of G whosecolors comefrom 1;2;:::;g. The function ¢ is called the chromatic
polynomial of G.

For instance, supposethat G is the complete graph K,,. A proper coloring
:[n] ! [q] is obtained by choosing a vertex, say 1, and coloring it in q ways.
Then chooseanother vertex, say 2, and color it in g 1 ways, etc., obtaining

17) ko (@=0ad 1) (g9 n+1)
A similar argumert appliesto the graph G of Figure 5. There are q ways to color
vertex 1, then g 1 to color vertex 2, then g 1 to color vertex 3, etc., obtaining
c(@ = oa @ (@ 2(q (@ (a 2)(a 2)(a 3)
= aoa 1*a 2°%a 3

Unlik e the caseof the complete graph, in order to obtain this nice product formula
one factor at a time only certain orderings of the vertices are suitable. It is not
always possibleto evaluate the chromatic polynomials \one vertex at a time." For
instance, let H be the 4-cycleof Figure 5. If a proper coloring :[4]! [q] satis es

(1) = (3), then there are q choicesfor (1), then q 1 choicesead for (2) and

(4). On the other hand, if (1) 6 (3), then there are q choicesfor (1), then
g 1 choicesfor (3), andthen q 2 choicesead for (2) and (4). Hence
H (9) aa@ 1?+d@ (@ 2)7°
qa 1 3q+ 3):
For further information on graphs whose chromatic polynomial can be evaluated
onevertex at a time, seeCorollary 4.10 and the note following it.

It is easyto seedirectly that (q) is a polynomial function of g. Let ¢(G)
denote the number of surjective proper colorings :[n]! [i] of G. We can choose
an arbitrary proper coloring :[n]! [q] by rst choosingthe sizei = # ([n]) of
its imagein { ways, and then choose in e ways. Hence

X q
(18) s@= &

i=0
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Figure 5. Two graphs

Since ‘ﬁ =q(g 1) (g i+21)=i!, apolynomialin q(of degreei), weseethat s(Q)
is a polynomial. We therefore write g(t), wheret is an indeterminate. Moreover,
any surjection (= bijection) :[n]! [n]is proper. Hencee, = n!l. It follows from
equation (18) that ¢ (t) is monic of degreen. Using more sophisticated methods
we will later derive further properties of the coe cien ts of g(t).

Theorem 2.7. For any graph G, we have a.(t) = &(t).

First proof. The rst proof is basedon deletion-restriction (which in the
context of graphs is called deletion-mntraction). Let e=ij 2 E(G). Let G e
(also denoted Gne) denote the graph G with edgee deleted, and let G=e denote G
with the edgee cortracted to a point and all multiple edgesreplacedby a single
edge(i.e., whene\er there is more than one edgebetweentwo vertices, replacethese
edgesby a singleedge). (In somecontexts we want to keeptrack of multiple edges,
but they are irrelevant in regard to proper colorings.)

2 4 2 4 4

G G-e Gle
Let Ho 2 A = Ag bethe hyperplanex; = x;. It isclearthat A fHog= Ag .
We claim that
(19) Ao = Age;
so by Deletion-Restriction (Lemma 2.2) we have
Ac(t) = ac (D= ag, (1)

To prove (19), de ne an ane isomorphism' :Hy!© R" 1 by

where X} denotesthat the jth coordinate is omitted. (Hence the coordinates in
R Yare1;2;:::;1:::::n.) Write Hgp, for the hyperplane x, = xp of A. If neither
of a;bareequalto i orj, then' (Hap\ Ho) is the hyperplanex, = Xp in R" 1. If
a6 i;j then' (Hia\ Ho) ="' (Hg \ Ho), the hyperplanex, = x; in R" . Hence'
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Figure 6. A graph G with edge subset F and closure F

de nes an isomorphism betweenA"° and the arrangemen Ag—. in R" 1, proving
(29).

Let n denote the graph with n vertices and no edges,and let ; denote
the empty arrangemen in R". The theorem will be proved by induction (using
Lemma 2.2) if we show:

(a) Initialization: , (t) = . (t)
(b) Deletion-contraction:

(20) c()= & e(t) c=e(t)

To prove (a), note that both sidesare equal to t". To prove (b), obsene that
¢ e(Q) is the number of coloringsof :[n]! [q] that are proper except possibly
(i) = (j), while g=(q) is the number of colorings :[n]! [q] of G that are

proper exceptthat (i) = (j).

Our secondproof of Theorem 2.7 is basedon Mebius inversion. We rst obtain

a combinatorial description of the intersection lattice L (Ag). Let H; denote the

Ifyperplane Xi = X;j as above, and let F E(G). Consider the element X =
i 2F Hij of L(Ag). Thus

with edgeset F. (A subgraph of G is spanning if it contains all the vertices of G.
Thusif the edgesof F do not spanall of G, we needto include all remaining vertices
asisolated verticesof Gg.) If i; | areverticesof someC,, then there is a path from

i to ] whoseedgesall belongto F. Hencex; = x; for all (x1;:::;%,) 2 X. On the
other hand, if i andj belongto dierent Cy's, then there is no such path. Let
F=fe=1i 2E(G) :i;j 2V(Cy) for somemg;

where V(Cp,) denotesthe vertex set of C,. Figure 6 illustrates a graph G with
a set F of edgesindicated by thickening. The set F is showvn below G, with the
additional edgesF F not in F drawn as dashedlines.

A partition  of a nite setSisacollectionfBj;:::;Bkg of subsetsof S, called
blacks that are nonempty, pairwise disjoint, and whoseunion is S. The set of all
partitions of S is denoted s, and when S = [n] we write simply  for 4. It
follows from the above discussionthat the elemenis X of L(Ag) correspond to the
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Figure 7. A graph G and its bond lattice Lg

X =f(Xy;ii5%n) 2K i) 2 By for somem) x; = xj0:

We have X X in L(A) if and only if every block of is contained in a block of
. In other words, is arenement of . This re nement order is the \standard"
ordering on , soL(Ag) is isomorphic to an induced subposetLg of ,, called

the bond lattice or lattice of contractions of G. (\Induced" meansthat if
in ,and ; 2 L(Ag), then in L(Ag).) In particular, , = L(Ak,).
Note that in generalL ¢ is not a sublattice of |, but only a sub-join-semilattice of

» [why?]. The bottom elemen 0 of L is the partition of [n] into n one-elemen
blocks, while the top elemen 1 is the partition into one block. The caseG = K,
shawsthat the intersection lattice L (B ) of the braid arrangemert B, is isomorphic
to the full partition lattice . Figure 7 shows a graph G and its bond lattice Lg
(singleton blocks are omitted from the labels of the elemens of Lg).

Second pro of of Theorem 2.7. Let 2 Lg. Forg2 Pdene (q) to be

the number of colorings :[n]! [q] of G satisfying:

If i;j arein the sameblock of ,then (i)= (j).
If i;j arein dierent blocksof andij 2 E(G), then (i)6 (j).

Givenany :[n]! [q], thereis aunique 2 Lg sud that is enumerated by
(g). Moreover, will be constart on the blocks of some 2 Lg if and only if
in Lg. Hence

X
q = (@ 8 2Lg;

where| j denotesthe number of blocks of . By Mebius inversion,

X
(@= d' ()
where denotesthe Meobius function of Lg. Let = 0. We get
X o
(21) c(d) = o) = ()d

2Lg
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It is easily seenthat j j = dim X , socomparing equation (21) with De nition 1.3
showsthat ¢(t) = a.(1).

Corollary 2.2. The characteristic polynomial of the braid arrangementB , is given

by
g, ()=tt 1) (t n+ 1)

Pro of. SinceB, = Ak, (the graphical arrangemert of the complete graph K ),
we have from Theorem 2.7that g, (t) = «,(t). The proof follows from equation
a.

There is a further invariant of a graph G that is closely connected with the
graphical arrangemert Ag.

De nition  2.7. An orientation o of a graph G is an assignmen of a direction
i! jorj! itoead edgeij of G. A directed cycle of 0 is a sequenceof vertices
ig;ig;:ii;ik of Gsudchthat ig! i1! is! I ix! igin 0. An orientation ois
acyclic if it contains no directed cycles.

A graph G with no loops (edgesfrom a vertex to itself) thus has 2# () orien-

for all ij 2 E(G) whether x; < X; or x; > X;. Indicate by an arrow i ! | that
Xj < Xj,andbyj ! ithat x; > x;. In this way the region R de nes an orientation
or of G. Clearly if R 6 RY then or 6 ogro. Which orientations can arise in this
way?

Prop osition 2.5. Leto be an orientation of G. Then o= or for someR 2 R(Ag)
if and only if o is acyclic.

Pro of. If o hadacyclei; ! ip! I ix! i1, then apoint (X1;:::;%Xn) 2 R
would satisfy xj, < Xj, < < Xj, < Xi,, which is absurd. Henceog is acyclic.
Conversely let o be an acyclic orientation of G. First note that o must have a
sink, i.e., a vertex with no arrows pointing out. To seethis, walk along the edges
of o by starting at any vertex and following arrows. Sinceo is acyclic, we can never
return to a vertex sothe processwill endin a sink. Let j, be a sink vertex of o.
When we remove j,, from o the remaining orientation is still acyclic, soit contains

asink jn 1. Continuing in this manner, we obtain an ordering j1;j2;:::;jn Of [n]
such that j; is a sink of the restriction of oto j1;:::;j;. Henceif x3;:::;Xy 2 R
satisfy xj, < xj, < < Xj, then the region R 2 R(A) containing (X1;:::;Xn)

satises 0= oR.
Note. The transitiv e, re exiv e closure o of an acyclic orientation o is a par-

constructing a linear extension of o.
Let AO(G) denote the set of acyclic orientations of G. We have constructed a
bijection betweenAO(G) and R(Ag). Hencefrom Theorem 2.5 we conclude:

Corollary 2.3. For any graphG with n vertices,wehave#A O(G) = ( 1)" s( 1).

Corollary 2.3was rst proved by Stanleyin 1973by a\direct" argumert based
on deletion-cortraction (see Exercise 7). The proof we have just given basedon
arrangemerts is due to Greeneand Zaslavsky in 1983.

Note. Given a graph G on n vertices, let A’é be the arrangemert de ned by

Xi  Xj = aj; ij 2 E(G);
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where the a;; 's are generic. Just as we obtained equation (14) (the caseG = K)
we have X
ar®= (DO )
G
F
where F rangesover all spanning forests of G.
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Exercises

(1) [3{] Show that for any arrangemert A, wehave ca(t) = (t 1) a(t), wherecA
denotesthe coneover A. (Use Whitney's theorem.)

(2) [2{] Let G be a graph on the vertex set [n]. Show that the bond lattice L¢ is a
sub-join-semilattice of the partition lattice , but is not in generala sublattice
of ,.

(3) [2{] Let G be a forest (graph with no cycles) on the vertex set [n]. Show that
Le = Bg(c), the boolean algebra of all subsetsof E(G).

(4) [2] Let G be a graph with n vertices and Ag the corresponding graphical ar-
rangemen. Supposethat G hasa k-elemen clique, i.e., k verticessuch that any
two are adjacert. Show that k!jr(A).

(5) [2+] Let G be a graph on the vertex set[n] = f1;2;:::;ng, and let Ag be the
corresponding graphical arrangemert (over any eld K, but you may assume
K = R if you wish). Let C, be the coordinate hyperplane arrangemeri, con-
sisting of the hyperplanesx; = 0,1 i n. Express a.|c,(t) in terms of

Ag (t)

(6) [4] Let G be a planar graph, i.e., G can be drawn in the plane without crossing
edges.Show that A, (4) 6 0.

(7) [2+] Let G be a graph with n vertices. Show directly from the the deletion-
contraction recurrence(20) that

( D" o( 1)=#A O(G):

(8) [2+] Let g(t) =t" ¢, t" T+  +( 1)" it bethe chromatic polynomial
of the graph G. Let i be a vertex of G. Shaw that c; is equalto the number of
acyclic orientations of G whoseunique sourceis i. (A source is a vertex with no
arrows pointing in. In particular, an isolated vertex is a source.)

(9) [5] Let A be an arrangemert with characteristic polynomial A (t) = t"

Ch 1t" T+ gy ot" 2 + ( 1)"cg. Show that the sequencecy;cy;::i:;ch = 1
is unimodal, i.e., for somej we have
C C G G+ Cn:

(10) [2+] Let f (n) be the total number of facesof the braid arrangemert B,. Find
a simple formula for the generating function
x" x? x3 x4 x5 x©
Of (n)m =1+x+ 35 + 135 + 7SE + 5415 + 4683a +
n
More generally, let f¢(n) denote the number of k-dimensional facesof B,,. For
instance,f1(n) = 1 (for n 1) and f,(n) = n!. Find a simple formula for the
generating function
X X XN x2 X3
Fr(my T3 = 1+ yx+ (y+ 2y%) 5 + (v + By° + 6y°) 7 +
n 0k 0 ) ’ ’



LECTURE 3
Matroids and geometric lattices

3.1. Matroids

A matroid is an abstraction of a set of vectorsin a vector space(for us, the normals
to the hyperplanesin an arrangemert). Many basic facts about arrangemens
(especially linear arrangemerts) and their intersection posetsare best understood
from the more general viewpoint of matroid theory. There are many equivalent
ways to de ne matroids. We will de ne them in terms of independert sets, which
are an abstraction of linearly independert sets. For any set S we write

2=fT:T Sg

De nition  3.8. A (nite) matroid isapair M = (S;1), whereS isa nite setand
| is a collection of subsetsof S, satisfying the following axioms:

(1) I isanonempty (abstract) simplicial complex i.e.,|1 6 ;,andif J 2 | and
I J,thenl 21.

(2) Forall T S, the maximal elemerts of I \ 2T have the samecardinality.
In the languageof simplicial complexes,every induced subcomplex of | is
pure.

The elemerts of | are called independentsets All matroids consideredhere will
be assumedto be nite. By standard abuseof notation, if M = (S;I) then we write
X 2 M to meanx 2 S. The archetypal example of a matroid is a nite subsetS of
a vector space,where independencemeanslinear independence. A closely related
matroid consistsof a nite subsetS of an ane space,where independencenow
meansa ne independence.

It should be clear what is meart for two matroids M = (S;1) and M °= (S%19
to be isomorphic, viz., there exists a bijection f : S! S%suchthat fxq;:::;xjg2 |

R", regarded as a matroid with independencemeaningane independence.If M
and S are isomorphic matroids, then S is called an ane diagram of M. (Not all
matroids have a ne diagrams.)

Example 3.7. (a) Regardthe con guration in Figure 1 asasetof v epoints in the
two-dimensionala ne spaceR?. These v e points thus de ne the ane diagram
of a matroid M. The lines indicate that the points 1,2,3 and 3,4,5 lie on straight

31
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1 5

3

Figure 1. A v e-point matroid in the ane spaceR?

lines. Hencethe setsf 1; 2; 3gand f 3;4;5g area nely dependert in R? and therefore
dependert (i.e., not independert) in M. The independert setsof M consist of all
subsetsof [5] with at most two elemerts, together with all three-elemen subsetsof
[5] except 123 and 345 (where 123 is short for f1; 2; 3g, etc.).

i.e.,

@
_U.)
o

1

fT: T S for someig
251 [ 25
Then | = h13;14;23; 24i is the set of independert setsof a matroid M on [4]. This

matroid is realizedby a multiset of vectorsin a vector spaceor a ne space,e.g., by
the points 1,1,2,2in the ane spaceR. The ane diagam of this matroid is given

by

1,2 3,4

(c) Let | = W12 23;,34;45;15i. Then | is not the set of independert setsof a
matroid. For instance, the maximal elemens of | \ 21249 gre 12 and 4, which do
not have the samecardinality.

(d) The ane diagram below shows a seven point matroid.
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If we further require the points labelled 1,2,3to lie on a line (i.e., remove 123
from ), we still have a matroid M, but not onethat can be realizedby real vectors.

In fact, M is isomorphic to the set of nonzerovectorsin the vector spaceF3, where
F, denotesthe two-elemen eld.

010

110 011

100 101 001

Let us now de ne a number of important terms assaiated to a matroid M.
A hasis of M is a maximal independert set. A circuit C is a minimal dependen
set, i.e., C is not independert but becomesindependernt when we remove any point
from it. For example,the circuits of the matroid of Figure 1 are 123,345, and 1245.
If M = (S;l) isamatroid and T S then de ne the rank rk(T) of T by

rk(T)=maxf#1 : 1 21 andl Tg

In particular, rk(;) = 0. We de ne the rank of the matroid M itself by rk(M) =
rk(S). A k-at is a maximal subset of rank k. For instance, if M is an ane
matroid, i.e., if S is a subsetof an a ne spaceand independencein M is given by
ane independence,then the ats of M are just the intersectionsof S with a ne
subspaces.Note that if F and F%are ats of a matroid M, then sois F \ F° (see
Exercise2). Sincethe intersection of ats is a at, we cande ne the closure T of

asubsetT S to bethe smallest at containing T, i.e.,

_ \
T= F:
ats F T

This cl(())sure operator has a number of nice properties, suc as T=TandT®
T) T T

3.2. The lattice of ats and geometric lattices

For a matroid M dene L(M) to be the posetof ats of M, ordered by inclusion.
Sincethe intersection of ats isa at, L(M) is a meet-semilattice; and sinceL (M)
has a top elemernt S, it follows from Lemma 2.3 that L(M) is a lattice, which we
call the lattice of ats of M. Note that L(M ) hasa unique minimal elemer 9, viz.,
; or equivalently, the intersection of all ats. It is easyto seethat L(M) is graded
by rank, i.e., every maximal chain of L (M) haslength m = rk(M). Thusif x| yin
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Figure 2. The lattice of ats of the matroid of Figure 1

L(M) then rk(y) = 1+ rk(x). We now de ne the characteristic polynomial y (t),
in analogy to the de nition (3) of A (t), by
X

(22) m(t) = (0;)tm O,
x2L (M)

where denotesthe Mebius function of L(M ) and m = rk(M). Figure 2 shows the
lattice of ats of the matroid M of Figure 1. From this gure we seeeasily that

m(t) =t 52+ 8t 4

Let M beamatroid andx 2 M. If the setfxgis dependert (i.e., if rk(fxg) = 0)
then we call x aloop. Thus; is just the setof loopsof M. Supposethat x;y 2 M,
neither x nor y are loops, and rk(f x; yg) = 1. We then call x and y parallel points.
A matroid is simple if it hasno loopsor pairs of parallel points. It is clearthat the
following three conditions are equivalent:

M is simple.
; =;andx=xforal x2 M.
rk(fx; yg) = 2 for all points x 6 y of M (assumingM has at least two
points).
For any matroid M andx;y 2 M, dene x yif x=y. It is easyto seethat is
an equivalencerelation. Let

(23) M=fx:x2M; x62g;

with an obvious de nition of independence,i.e.,

Then M is simple, and L(M) = L(M). Thus insofar asintersection lattices L (M)
are concerned,we may assumethat M is simple. (Readersfamiliar with point set
topology will recognizethe similarity betweenthe conditions for a matroid to be
simple and for a topological spaceto be Ty.)

Example 3.8. Let S beany nite setand V a vector space.If f : S! V, then
de ne a matroid M; on S by the condition that givenl S,

I 21(M), ff(x):x2lIlgislinearly independert:
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Then aloop is any elemen x satisfying f (x) = 0, and x vy if and only if f (x) is
a nonzeroscalar multiple of f (y).

Note. If M = (S;1) is simple, then L(M ) determinesM . For we can identify
S with the set of atoms of L(M ), and we have

fxg;iinxeg2 1, rk(xa_  _Xk)=kinL(M):

Seethe proof of Theorem 3.8 for further details.

We now cometo the primary connectionbetweenhyperplanearrangemerns and
matroid theory. If H is a hyperplane, write ny for some(nonzero) normal vector
toH.

Prop osition 3.6. Let A be a certral arrangementin the vector space V. De ne
a matroid M = Ma on A byletting B 2 I(M) if B is linearly independent (i.e.,
fny : H 2 Bgis linearly independent). Then M is simpleand L(M) = L(A).

Pro of. M has no loops, sinceevery H 2 A has a nonzeronormal. Two distinct
nonparallel hyperplaneshave linearly independert normals, sothe points of M are
closed. HenceM is simple.

Let B;B® A, and set
\ \
X = H=Xg; X°%= H = Xgo:
H2B H2BO

Then X = X 2if and only if

sparfny : H 2 Bg= sparfny : H 2 B%:
Now the closurerelation in M is given by

B=fH°2A : nyo2 sparfny : H 2 Bgg:

HenceX = X °if and only if B = B soL(M) = L(A).

It followsthat for a certral arrangemen A, L(A) dependsonly on the matroidal
structure of A, i.e., which subsetsof hyperplanesare linearly independert. Thus
the matroid M encapsulatesthe essetial information about A neededto de ne
L(A).

Our next goalis to characterize those lattices L which have the form L (M) for
somematroid M .

Prop osition 3.7. Let L be a nite gradal lattice. The following two conditions
are equivalent.
(1) For all x;y 2 L, we haverk(x) + rk(y) rk(x”™y)+ rk(x _y).
(2) If x andy both cover x * y, then x _ y covershoth x andy.
Pro of. Assume (1). Let x;y mx vy, sork(x) = rk(y) = rk(x*y)+ 1 and
rk(x _y) > rk(x) = rk(y). By (1),
rk(x) + rk(y) (rk(x) 1)+ rk(x _y)
) rk(y) rk(x_y) 1
) X_y m X

Similarly x _y my, proving (2).
For (2)) (1), see[31, Prop. 3.3.2].
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(@) (b) (©)

Figure 3. Three nongeometric lattices

Denition 3.9. A nite lattice L satisfying condition (1) or (2) above is called
(upper) semimalular. A nite lattice L is atomic if every x 2 L is a join of atoms
(where we regard © as an empty join of atoms). Equivalertly, if x 2 L is join-
irreducible (i.e., covers a unique elemen), then x is an atom. Finally, a nite
lattice is geometric if it is both semimadular and atomic.

To illustrate thesede nitions, Figure 3(a) shavs an atomic lattice that is not
semimadular, (b) showvs a semimadular lattice that is not atomic, and (c) shows a
graded lattice that is neither semimadular nor atomic.

We are now ready to characterize the lattice of ats of a matroid.

Theorem 3.8. LetL bea nite lattice. The following two conditions are equivalent.

(1) L is a geometric lattice.
(2) L = L(M) for some(simple) matroid M .

Pro of. Aswmetw L is geometric,and let A bethe setof atomsof L. If T A
thenwrite T = _,; X, the join of all elemeris of T. Let

I=fl A:rk(_I)=#Ig

Nthhat by semimadularity, we havefW anyS A andx 2 A that rk((WS)_x)
rk( S)+ 1. (Hencein particular, rk( S) #S.) It followsthat | is a simplicial
complex. Let S A, and let T; T°be maximal elemerns of 25\ |. We needto show
that #T = #TC W
ssume#T < #T% say. Ify 2 Stheny TO elseT®= TO[ y satises

rk(" T = # TR conygdicting the maximality of T% Since# T < #T%andT S,
it follows that wT < TO [why?\}\., SincelL is atomic, there existsy 2 S sud that
y2Shuty6 T.Butthenrk( (T[y)) = 1+#T, contradicting the maximality
of T. HenceM = (A;1) is a matroid, andL = L(M).

Conversely given a matroid M, which we may assumeis simple, we need to
show that L(M) is a geometric lattice. Clearly L(M ) is atomic, sinceevery at is
the join of its elemerns. Let S;T M. We will show that

(24) rk(S) + rk(T) rk(S\ T)+ rk(S[ T):
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Note that if S and T are ats (i.e., S;T 2 L(M)) then S\ T = S~ T and
rk(S[ T) = rk(S_T). Hencetaking S and T to be ats in (24) shovsthat L(M)
is semimadular and thus geometric. Suppose(24) is false, so

k(ST T) > rk(S) + rk(T) rk(S\ T):

Let B beabasisfor S[ T extending a basisfor S[ T. Then either #( B\ S) > rk(S)
or#( B\ T) > rk(T), a contradiction completing the proof.

Note that by Proposition 3.6 and Theorem 3.8, any results we prove about geo-
metric lattices hold a fortiori for the intersectionlattice L o of a certral arrangemen
A.

Note. If L is geometricand x y in L, then it is easyto show using semi-
modularity that the interval [x; y] is also a geometric lattice. (SeeExercise3.) In
general,however, an interval of an atomic lattice neednot be atomic.

For noncertral arrangemerts L (A) is not a lattice, but there is still a connection
with geometric lattices. For a stronger statemert, seeExercise4.

Prop osition 3.8. Let A be an arrangement. Then every interval [x; y] of L(A) is
a geometric lattice.

Pro of. By Exercise3, it suces to take x = 0. Now [0;y] = L(Ay), where A, is
given by (6). SinceAy is a certral arrangemen, the proof follows from Proposi-
tion 3.6.

The proof of our next result about geometric lattices will use a fundamental
formula concerningMebius functions known as Weisner's theorem. For a proof, see
[31, Cor. 3.9.3] (where it is stated in dual form).

Theorem 3.9. LetL bea nite lattice with at least two elementsand with Mebius
function . Let®6 a2 L. Then

X
(25) (x) = 0
x:x_a=1%

Note that Theorem 3.9 givesa \shortening" of the recurrence (2) de ning
Normally we take a to be an atom, sincethat producesfewer terms in (25) than
choosingany b> a. As an example,let L = B, the boolean algebra of all subsets
of [n], and let a = fng. There are two elemens x 2 B, such that x _a= 4= [n],
viz., x3 = [n 1] and x; = [n]. Hence (x1)+ (x2)= 0. Since[0;x1]= B, 1 and
[0;x2] = B, we easilyobtain g, (1) = ( 1), agreeingwith (4).

If x vy in agraded lattice L, write rk(x;y) = rk(y) rk(x), the length of
every saturated chain from x to y. The next result may be stated as\the Mobius
function of a geometriclattice strictly alternatesin sign."

Theorem 3.10. LetL be a nite geometric lattice with Mebius function , and let
X yin L. Then
( D™ (xy) > O

Pro of. Sinceevery interval of a geometriclattice is a geometriclattice (Exercise 3),
it suces to prove the theorem for [x; y] = [0:4]. The proof is by induction on the
rank of L. It is clearif rk(L) = 1, in which case (0;%) = 1. Assumethe result
for geometric lattices of rank < n, and let rk(L) = n. Let a be an atom of L in
Theorem 3.9. For any y 2 L we have by semimadularity that

rk(y™ a)+ rk(y _a) rk(y) + rk(a) = rk(y) + 1.
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Hencex _a= %if and only if x = % or x is a coatom (i.e., x | %) satisfying a6 x.
From Theorem 3.9 there follows

X
6:1) = (0;%):
a6 x1 1
The sum on the right is nonempty since L is atomic, and by induction ewvery x
indexing the sumsatises ( )" * (§;x) > 0. Hence( 1) (6;%1)> o.
Combining Proposition 3.8 and Theorem 3.10 yields the following result.
Corollary 3.4. Let A be any arrangementand x y in L(A). Then
( DY) (xy) > 0;
where denotesthe Meobius function of L(A).

Similarly, combining Theorem 3.10 with the de nition (22) of y (t) givesthe
next corollary.

Corollary 3.5. Let M be a matroid of rank n. Then the characteristic polynomial
m (t) strictly alternatesin sign, i.e., if

m(t) = ant" +a, 1t" T+ + ag;
then( 1)" 'a;>0for0 i n.

Let A be an n-dimensional arrangemen of rank r. If M is the matroid
corresponding to A, asde ned in Proposition 3.6, then

(26) Aty =t" " w(t):

It follows from Corollary 3.5 and equation (26) that we can write
A(t) = bpt" + by ot" T+ 4+ by "

where( 1)" ' >0forn r i n.
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Exercises

(1)

(2)
@)
(4)
(5)

(6)

(7)

(@) [1+] Let (t) be the characteristic polynomial of the graphical arrange-

ment Ag. Supposethat (i) = O, wherei 2 Z, i > 1. Show that
c(i 1)=0.

(b) [2] Is the sameconclusiontrue for any certral arrangemert A?

[2] Show that if F and F%are ats of a matroid M, then sois F \ FC

[2] Prove the assertionin the Note following the proof of Theorem 3.8 that an

interval [x; y] of a geometric lattice L is also a geometric lattice.

[2{] Let A be an arrangemen (not necessarilycertral), and let cA denote the

cone over A. Shaw that there exists an atom a of L(cA) sud that L(A) =

L(CA) Vi, whereV,=fx2L :x ag

[2{] Let L be a geometric lattice of rank n, and de ne the truncation T(L) to

be the subposet of L consisting of all elemerns of rank 6 n 1. Show that T(L)

is a geometric lattice.

Let W; be the number of elemens of rank i in a geometriclattice (or just in the

intersection poset of a certral hyperplane arrangemen, if you prefer) of rank n.

(@) [3] Show that for k n=2,

Wi+ W, + + Wy Wy k+ W, ki1 + + W, 1:

(b) [2{] Deducefrom (a) and Exercise5 that W; Wy foralll k n 1.

(c) [5]Showthat W; W, ; fori < n=2andthat the sequenceNy; W1;:::; W,
is unimodal. (Compare Lecture 2, Exercise9.)

[3{] Let x vy in a geometriclattice L. Show that (x;y) = 1if and only if

the interval [x; y] is isomorphic to a boolean algebra. (Use Weisner'stheorem.)

Note. This problem becomesmuch easierusing Theorem 4.12 (the Broken

Circuit Theorem); seeExercise4.13.






LECTURE 4
Brok en circuits, modular elements, and supersolvabilit y

This lecture is concernedprimarily with matroids and geometriclattices. Since
the intersection lattice of a certral arrangemert is a geometriclattice, all our results
can be applied to arrangemerts.

4.1. Brok en circuits

For any geometric lattice L and x y in L, we have seen(Theorem 3.10) that
( DkOY) (x:y) is a positive integer. It is thus natural to askwhether this integer
has a direct combinatorial interpretation. To this end, let M be a matroid on the
setS = fuy;:::;ung. Linearly order the elemens of S, say u; < u;y < < Unp.
Recall that a circuit of M is a minimal dependent subsetof S.

De nition  4.10. A broken circuit of M (with respect to the linear ordering O of
S)isasetC fug, whereC is a circuit and u is the largest elemer of C (in the
ordering O). The broken circuit complex BCo(M) (or just BC(M) if no confusion
will arise) is de ned by

BC(M)=fT S : T contains no broken circuitg:

Figure 1 shows two linear orderings O and O° of the points of the a ne matroid
M of Figure 1 (wherethe ordering of the pointsis1< 2< 3< 4< 5). With respect
to the rst ordering O the circuits are 123, 345, 1245, and the broken circuits are
12,34, 124. With respect to the secondordering O° the circuits are 123, 145, 2345,
and the broken circuits are 12, 14, 234.

It is clear that the broken circuit complex BC(M) is an abstract simplicial
complex, i.e., if T 2 BC(M) and U T, then U 2 BC(M). In Figure 1 we

1 5 3 5

3 1

Figure 1. Two linear orderings of the matroid M of Figure 1

41
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have BCo(M ) = hl35 145,235,245, while BCpo(M ) = hl35 235,245, 345. These
simplicial complexeshave geometric realizations as follows:

2
1 3

4 2 43

Note that the two simplicial complexesBCo(M) and BCpo(M ) are not iso-
morphic (as abstract simplicial complexes);in fact, their geometricrealizations are
not even homeomorphic. On the other hand, if f;() denotesthe number of i-
dimensional faces(or facesof cardinality i 1) of the abstract simplicial complex
, then for given by either BCo(M) or BCoo(M ) we have

f () =L fo() =5 fi() =8 f2) =4
Note, moreover, that

m(t) =t 52+ 8t 4

In order to generalizethis obsenation to arbitrary matroids, we needto intro duce
a fair amount of machinery, much of it of interest for its own sake. First we give
a fundamertal formula, known as Philip Hall's theorem, for the Mebius function

value (0;%).

Lemma 4.4. Let P be a nite posetwith 0 and 4, and with Mebius function
Let ¢ denotethe numkber of chains®=yo<yi1< <y =%in P. Then

Ol= a+c c+
Pro of. We work in the incidencealgebral (P). We have
;1) Y(0:D)

(+C ) B
&hH  E&DH+( HABD
This expansionis easilyjusti ed since( )k(®; %) = 0if the longestchain of P has
length lessthan k. By de nition of the product in | (P) we have ( Y1) = ¢,
and the proof follows.

Note. Let P bea nite posetwith ® and 4, and let P°= P  f0;%g. De ne

( P9 to bethe setof chainsof P, so ( P9 is an abstract simplicial complex. The
reduced Euler characteristic of a simplicial complex is de ned by

~P)= f 1+fo f1+ ;

wheref; is the number of i-dimensionalfacesF 2 (or #F = i + 1). Comparing
with Lemma 4.4 shows that

;1) = ~(( PY:

Readersfamiliar with topology will know that ~() hasimportant topological sig-
ni cance related to the homology of . It is thus natural to ask whether results
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(a) (b) (€)
Figure 2. Three examples of edge-labelings

concerning Mobius functions can be generalizedor re ned topologically. Suc re-
sults are part of the subject of \top ological combinatorics," about which we will
say a little more later.

Now let P be a nite graded posetwith 0 and 4. Let

E(P) = f(x;y) : x| yin Pg;
the set of (directed) edgesof the Hassediagram of P.

De nition  4.11. An E-lakeling of P isamap :E(P)! Psudthat if x<yin
P then there exists a unique saturated chain

C:Xx=Xgl x11 xq1 | Xk =y
satisfying
(Xo;x1)  (X1;X2) (Xk 13 Xk):
We call C the increasing chain from x to y.

Figure 2 shows three examplesof posetsP with a labeling of their edges,i.e.
amap : EP)! P. Figure 2(a) is the boolean algebra B3 with the labeling
(S;S[ fig) = i. (The one-elemen subsetsfig are also labelled with a small
i.) For any boolean algebra B, this labeling is the archetypal example of an E-
labeling. The unique increasing chain from S to T is obtained by adjoining to S
the elemeris of T S oneat atime in increasingorder. Figures 2(b) and (c) show
two di erent E-labelings of the sameposet P. These labelings have a number of
di erent properties, e.g.,the rst hasa chain whoseedgelabelsare not all di erent,
while every maximal chain label of Figure 2(c) is a permutation of f 1; 2g.

Theorem 4.11. Let be an E-lakeling of P, andletx yin P. Let denote
the Mebius function of P. Then ( 1)*C%Y) (x:y) is equal to the number of strictly
decreasing saturated chains from x to y, i.e.,

( D™V (x;y) =
#Ex=xol x¢l I Xk =y (Xo;X1) > (X1;X2) > > (Xk 1;Xk)0:

Pro of. Since restricted to [x;y] (i.e., to E([x; y])) is an E-labeling, we canassume
Xyl=[0:4=P. Let S=fa;ay: ;8 19 [N 1, witha<a< <ag 1.
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Dene p(S) to be the number of chains0< y; < <y 1< %inP sud that

rk(yj)=a forl i j 1. The function p is calledthe ag f-vector of P.

Claim. p(S) is the number of maximal chains 0 = xo1 x11 | xp, = 1such
that
(27) (X 1:xi)> (XisXj+1)) 1281 i n
To prove the claim, let 0= yo < y1 < <y 1<y = T with rk(yi) = & for
1 i j 1. By the denition of E-labeling, there exists a unique re nement

0=vyo=xol x1l | Xa, = Y2l Xaye1 | | Xa, = Yol | xn=y; =1
satisfying
(Xo;X1)  (X1:X2) (Xa; 1;Xay)
(Xa1 y Xag+1 ) (Xa1+l y Xa+2 ) (Xaz 1; Xaz)

Thusif (X; 1;%i) > (Xi;Xi+1), theni 2 S, so(27) is satis ed. Conversely given
a maximal chain 0 = xg1 x;1 | x, = 1 satisfying the above conditions on
let yi = X5, . Therefore we have a bijection betweenthe chains counted by p(S)
and the maximal chains satisfying (27), sothe claim follows.

Now for S [n 1] dene

X
(28) p(S) = ( DHS D H(T):
T S
The function p is called the ag h-vector of P. A simple Inclusion-Exclusion
argumert gives
X
(29) p(S) = p(T);
T S

forall S [n 1]. It followsfrom the claim and equation (29) that p (T) is equalto

the number of maximal chains0 = xo! x4 | x, = $suchthat (xi)> (Xi+1)
if and only if i 2 T. In particular, p([n 1]) is equal to the number of strictly
decreasingmaximal chains0 = xo | x| | xp,=%ofP,ie.,

(Xo;X1) > (X1;X2) > > (Xn 1;Xn):

Now by (28) we have
p([n 1]

X
(" tET R

T [n 1]
X
= (-

k 10:&<y1< <y =%

(D" (Do
k 1

where ¢ is the number of chains® = yy < y; < <y = %in P. The proof now
follows from Philip Hall's theorem (Lemma 4.4).

We cometo the main result of this subsection,a combinatorial interpretation
of the coe cien ts of the characteristic polynomial y; (t) for any matroid M.
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Figure 3. The edgelabeling ~ of a geometric lattice L(M)

Theorem 4.12. Let M be a matroid of rank n with a linear ordering X; < X, <
< Xy of its points (so the broken circuit complex BC(M ) is de ned), and let
O i n. Then

( D'" T M) =fi 1(BC(M)):

Pro of. We may assumeM is simple since the \simpli cation” & has the same
lattice of ats and samebroken circuit complexasM (Exercisel). The atomsx; of
L(M) canthen beidenti ed with the points of M. De ne alabeling = : E(L(M)) !

P asfollows. Let x| y in L(M). Then set

(30) T(x;y) = maxfi @ X _ X = yg:

Note that ~(x;y) is de ned sinceL (M) is atomic.

As an example, Figure 3 shows the lattice of ats of the matroid M of Figure 1
with the edgelabeling (30).

Claim 1. Dene :E(L(M))! Phy

y)=m+1 ~(xy):

Then is an E-labeling.
To prove this claim, we needto show that for all x < y in L(M) there is a
unique saturated chain x = yo | y1 | I yx = y satisfying

“(Yosy1)  T(y1ry2) Yk 13 Yk):

The proof is by induction on k. There is nothing to provefor k = 1. Let k > 1 and
assumethe assertionfor k 1. Let

j=maxfi i xj vy, X 6 XQ:
For any saturated chain x = zg| z; | | zx = vy, there is somei for which
Xj 6 zi andx; Zz+1 . Hence™(z;zi+1) = j. Thusif ~(zo0;21) “(zk 1;2k),
then ~(z0;2z1) = j. Moreover, there is a unique y; satisfyingx = xo! y1 y and
“(Xo;y1) = J, viz., y1 = Xo _ Xj. (Note that y; mxo by semimadularity.)
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By the induction hypothesis there exists a unique saturated chain y; | y» |
Iy =y satisfying ~(y1;Y2) “(Yk 1:¥k)- Since~(yo;y1) = | > “(Y1:¥2),
the proof of Claim 1 follows by induction.

Claim 2. The broken circuit complex BC(M ) consistsof all chain labels (C),
where C is a saturated increasing chain (with respect to ~) from 0 to somex 2
L(M). Moreover, all such (C) are distinct.

To prove the distinctness of the labels (C), supposethat C is given by 0 =
Yol yil I yi, with 7(C) = (a1;az2;:::;8k). Thenyi = Vyi 1_ Xa, SOC is the
only chain with its label.

Now let C and ~(C) be as in the previous paragraph. We claim that the

set fXa,;:11;Xa, g contains no broken circuit. (We don't even require that C is
increasingfor this part of the proof.) Write z; = X,,, and supposeto the contrary
that B = fz,;:::;z gisabrokencircuit, with 1 i3 < <ij k. LetB[ fx/g
be a circuit with r > &, for1 t j. Now for any circuit fuy;:::;ung and any
1 i hwehave
Up_Uzx_  _Un=Ur_ _U 1_U+ _  _ Un:
Thus
Zi, _Z,_ _Z, ,_%= 2=, _Z,_ _Z:
z2B

Then yi; 1 _ X = Y, contradicting the maximality of the label a;. Hence
fXa,;::1;Xa,92 BC(M).

Conversely supposethat T := fXa,;:::;Xa, g contains no broken circuit, with
a3 < < a. Letyj=Xas_ _Xa,andlet C bethe chain 0:= yol yiI | y.

If not, theny; 1_ Xj =y for somej > a. Thus
rk(T) = rk(T[ fx;0) = i
Since T is independert, T [ fx;g contains a circuit Q satisfying x; 2 Q, soT
contains a broken circuit. This contradiction completesthe proof of Claim 2.
To completethe proof of the theorem, note that we haveshown that f; 1(BC(M))
is the number of chainsC : = yg!l yi 1 | y; such that ~(C) is strictly increas-

ing, or equivalertly, (C) is strictly decreasing.Since is an E-labeling, the proof
follows from Theorem 4.11.

Corollary 4.6. The broken circuit complexBC(M) is pure, i.e., every maximal
face has the same dimension.

The proof is left as an exercise(Exercise 21).

Note (for readerswith someknowledge of topology). (a) Let M be a matroid
on the linearly orderedsetu; < u; < < Um. Note that F 2 BC(M) if and only
if F[ fung2 BC(M). De ne the reduced broken circuit complex BC, (M) by

BC,(M)=fF 2BC(M) : u, 62ZFg:
Thus
BC(M) = BC/(M) Unm;
the join of BC, (M) andthe vertex un,. Equivalently, BC(M ) isacone over BC, (M)
with apex uy,. As a consequenceBC(M ) is contractible and therefore hasthe ho-

motopy type of a point. A more interesting problem is to determine the topological
nature of BC,(M). It canbeshown that BC, (M) hasthe homotopy type of awedge
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of (M) spheresof dimension rank(M) 2, where ( 1)« M) 1 (M) = 9 (1)
(the derivative of \ (t) att = 1). SeeExercise22 for more information on (M).

As an example of the applicability of our results on matroids and geometric
lattices to arrangemernts, we have the following purely combinatorial description of
the number of regions of a real certral arrangemert.

Corollary 4.7. Let A be a central arrangementin R", and let M be the matroid
de ned by the normalsto H 2 A, i.e., the independent setsof M are the linearly
independent normals. Then with respect to any linear ordering of the points of M,
r(A) is the total number of subsetsof M that dorit contain a broken circuit.

Pro of. Immediate from Theorems2.5 and 4.12.

4.2. Mo dular elements

We next discussa situation in which the characteristic polynomial y (t) factorsin
a nice way.

De nition  4.12. An elemen x of a geometriclattice L is modular if forally 2 L
we have

(31) rk(x) + rk(y) = rk(x * y) + rk(x _y):

Example 4.9. Let L be a geometric lattice.

(a) © and % are clearly modular (in any nite lattice).
(b) We claim that atoms a are modular.

Pro of. Supposethat a y. Thena”y = aanda_y=Yy, soequation
(31) holds. (We don't needthat a is an atom for this case.) Now suppose
a 6 y. By semimdularity, rk(a_y) = 1+ rk(y), while rk(a) = 1 and
rk(a” y) = rk(0) = 0, soagain (31) holds.

(c) Supposethat rk(L) = 3. All elemens of rank 0, 1, or 3 are modular by
(a) and (b). Supposethat rk(x) = 2. Then x is modular if and only if for
all elemeris y 6 x and rk(y) = 2, we have that rk(x "~ y) = 1.

(d) Let L = B,. If x 2 B, then rk(x) = # x. Moreover, for any x;y 2 B,, we
havex”y=x\ yandx _y= x[ y. Sincefor any nite setsx andy we
have

#xX+#HYy=#(X\ y)+ #H X[ Y);
it follows that every elemert of B, is modular. In other words, B, is a
modular lattice.

(e) Let q be a prime power and Fq the nite eld with ¢ elemens. De ne
Bn(0) to be the lattice of subspacesordered by inclusion, of the vector
spaceFg. Note that Bn(q) is also isomorphic to the intersection lattice
of the arrangemern of all linear hyperplanesin the vector spaceFn(q).
Figure 4 shows the Hassediagrams of B,(3) and B3(2).

Note that for x;y 2 Bh(q) wehavex*y=x\ yandx_y=x+y
(subspacesum). Clearly B,(q) is atomic: every vector spaceis the join
(sum) of its one-dimensionalsubspaces.Moreover, B, (q) is gradedof rank
n, with rank function given by rk(x) = dim(x). Sincefor any subspaces
x and y we have

dim(x) + dim(y) = dim(x\ y) + dim(x + y);
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B,(3)

Figure 4. The lattices B2(3) and B3(2)

it follows that L is a modular geometric lattice. Thus every x 2 L is
modular.

Note. A projective plane R consists of a set (also denoted R) of
points, and a collection of subsetsof R, called lines, such that: (a) every
two points lie on a unique line, (b) every two linesintersectin exactly one
point, and (c) (non-degeneracy)there exist four points, no three of which
are on a line. The incidence lattice L(R) of R is the set of all points
and lines of R, ordered by p < L if p 2 L, with © and 4 adjoined. It
is an immediate consequenceof the axioms that when R is nite, L(R)
is a modular geometric lattice of rank 3. It is an open (and probably
intractable) problem to classifyall nite projective planes. Now let P and
Q be posetsand de ne their direct product (or cartesian product) to be
the set

P Q=f(xy)  :x2P;y2Qg;

orderedcomponertwise,i.e., (x;y) (x%y9)ifx x%andy y° It iseasy
to seethat if P and Q are geometric (respectively, atomic, semimadular,

modular) lattices, then soisP  Q (Exercise7). It is a consequencef the

\fundamental theorem of projective geometry" that every nite modular

geometric lattice is a direct product of boolean algebras B, subspace
lattices B, (q) for n 3, lattices of rank 2 with at least v e elemerns

(which may be regardedasB,(q) for any q 2) and incidencelattices of
nite projective planes.

The following result characterizesthe modular elemers of |, which is
the lattice of partitions of [n] or the intersection lattice of the braid ar-
rangemen By.

Prop osition 4.9. A partition 2 . is a modular elementof | if
and only if  has at most one nonsingleton block. Hence the number of
modular elementsof  is2" n.

Pro of. If all blocks of are singletons,then = 0, which is modular by
(a). Assumethat hasthe block A with r > 1 elemerns, and all other
blocks are singletons. Hencethe number j j of blocks of is given by



LECTURE 4. BROKEN CIRCUITS AND MODULAR ELEMENTS 49

n r+1 Forany 2 ,,wehaverk( )=n | j. Letk=j jand

j=#fB2 A\ B®6 .g:

Thenj ~ j=j+(n r)andj _ j=k j+ 1. Hencerk( )=r 1,
rk()=n k,rk( » )=r j,andrk( _ )=n k+j 1,s0 is
modular.

Conversely let = fBj1;By;:::;Byxg with #B; > 1 and #B, > 1.
Leta2 B; and b2 B,, and set

=f(Bi[ b a(B2[ @ b;Bs;:::;Bkg:

Then

ji=ii=
n = fa;b;B; aB, b;:i:i;BziiisBekg ) j M j=k+2
_ = fBi[ Bz Bs;iiiiBig ) J _ j=k &L
Hencerk( )+ rk( )6 rk( ~ )+ rk( _ ), so isnot modular.

In a nite lattice L, a complementof x 2 L is an elemen y 2 L sud that
x~y=0andx_y= 1% Forinstance,in the booleanalgebraB, every elemer has
a unique complemen. (SeeExercise3 for the corverse.) The following proposition
collects someuseful properties of modular elemens. The proof is left asan exercise
(Exercises4{5).

Prop osition 4.10. Let L be a geometric lattice of rank n.

(@) Letx 2 L. The following four conditions are equivalent.
() x is a modular elementof L.
(i) 1f x~y=0, thenrk(x) + rk(y) = rk(x _y).
(i) If x andy are complements,then rk(x) + rk(y) = n.
(iv) All complementsof x are incomparable.
(b) (transitivity of modularity) If x is a modular elementof L andy is modular
in the interval [0;x], theny is a modular elementof L.
(c) If x and y are modular elementsof L, then x * y is also modular.

The next result, known as the modular element factorization theorem [28], is
our primary reasonfor de ning modular elemens | sud an elemen induces a
factorization of the characteristic polynomial.

Theorem 4.13. Let z be a modular element of the geometric lattice L of rank n.
Write  ,(t) = (p(t). Then

2 3

X
(32) L(t) = Z(t)4 L(y)t" k(y) ®(2)5 -
y:yrz=0

Example 4.10. Before proceedingto the proof of Theorem 4.13, let us consider
an example. The illustration below is the a ne diagram of a matroid M of rank
3, together with its lattice of ats. The two lines (ats of rank 2) labelled x and y
are modular by Example 4.9(c).
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Henceby equation (32) v (t) is divisible by ,(t). Moreover, any atom a of
the interval [0;x] is modular, so «(t) is divisible by 4(t) = t 1. From this it
is immediate (e.g., becausethe characteristic polynomial ¢(t) of any geometric
lattice G of rank n beginsx"™ ax" '+ , whereaisthe number of atoms of G) that

xt)=( 1 5and ()= (t 1)(t 3)(t 5). On the other hand, sincey is
modular,  (t) is divisible by (t), and we getasbefore (t) = (t 1)(t 3)and

m@®)=( Dt 3)(t 5). Geometric lattices whose characteristic polynomial
factors into linear factors in a similar way due to a maximal chain of modular
elemerts are discussedfurther beginning with De nition 4.13.

Our proof of Theorem 4.13will depend on the following lemma of Greene[19].
We give a somewhatsimpler proof than Greene.

Lemma 4.5. LetL be a nite lattice with Mebius function , andletz2 L. The
following identity is valid in the Mobius algeba A(L) of L:

0 10 1
X X X
(33) 6= x=@ (WwA®@ ()YA

x2L vV z yrz=10
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Pro of. Let ¢ for s2 L be given by (8). The right-hand side of equation (33) is
then given by

X
(v) (\D(v_y) = (v) (v) s
v z v z s v_y
Az=10 Anz=0
yrhz ¥(z
= s (v) (¥)
s vV sV z
b syrz=0
0 1
X X X
=7 wER " Wk
) —S{ZZ—} y}‘,z:SO
0 057z 1
X X
= s ()
sz=0 0{ dS dan t)
~z=10 (redyndan t
{z }
0:s
= b:

Pro of of Theorem 4.13. We are assumingthat z is a modular elemen of
the geometric lattice L.

Claim 1. Letv zandy~z=0(sovry=0). Thenz” (v_y) = v (as
illustrated below).

vy

z Vvy
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Proof of Claim 1. Clearly z™ (v_y) v, soit suces to show that rk(z” (v_
y)) rk(v). Sincez is modular we have

rk(z™ (v_Y)) rk(z) + rk(v_y) rk(z_y)
= rk(z) + rk(v_y) (rk(2) + rk(y) [Iiizl\_yg)
0

= rk(v_y) rk(y)
(rk (v) + rk(y) {k(\fz/\ y;) rk(y) by semimadularity

0
= rk(v);

proving Claim 1.
Claim 2. With v and y as above, we have rk(v _y) = rk(v) + rk(y).
Proof of Claim 2. By the modularity of z we have

rk(z™ (v_y) +rk(z_(v_y)) =rk(z) + rk(v_y):

By Claim 1 we haverk(z”™ (v_y)) = rk(v). Moreover, again by the modularity of
z we have

rk(z_(v_vy)) =rk(z_y)=rk(z)+ rk(y) rk(z™y)=rk(z)+ rk(y):
It follows that rk(v) + rk(y) = rk(v _y), asclaimed.
Now substitute (vV)v!  (WtK@ ®M and (y)y! (y)t" ®O) (@) jn the
right-hand side of equation (33). Then by Claim 2 we have

vy! " rk(v) rk(y) = tn rk(v_y):
Now v _ y is just vy in the Mebius algebra A(L). Hence if we further substi-

tute (x)x ! (x)t" &) in the left-hand side of (33), then the product will be
presened. We thus obtaig

1
0 1

X X X

(X)tn rk(x) = (V)trk(z) rk( v) @ (y)tn rk(y) rk(z)A;
2L Ag=
[z ) yr ynest

L () 2 (1)

asdesired.

Corollary 4.8. Let L be a geometric lattice of rank n and a an atom of L. Then
X
L= 1 ()"
yra=0
Pro of. The atom a is modular (Example 4.9(b)), and ,(t)=1t 1.

Corollary 4.8 provides a nice context for understanding the operation of coning
de ned in Chapter 1, in particular, Exercise 2.1. Recall that if A is an ane
arrangemert in K" given by the equations

Li(x) = a1; 1255 Lm(X) = am;
then the conexA isthe arrangemen in K" K (wherey denotesthe last coordinate)
with equations
Li(X) = a1y; i5ibm(X) = amy; y = O
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Let Ho denotethe hyperplaney = 0. It is easyto seeby elemenary linear algebra
that

L(A) = L(cA) fx2L(A) :x Hog=L(A) L(AH0):

Now Hg is a modular elemert of L(A) (sinceit's an atom), so Corollary 4.8 yields

X
()= (t 1) ()t E )

y6 Ho
= (t 1) a®):
There is a left inverseto the operation of coning. Let A be a nonempty linear
arrangemert in K"*1 ., Let Hp 2 A. Choosecoordinates (Xo; X1;:::;Xn) in K"

sothat Hg = ker(xg). Let A be de ned by the equations

Clearly c(c 'A)= A andL(c 'A)=L(A) fx2L(A):x Hog.

4.3. Supersolv able lattices

For some geometric lattices L, there are \enough" modular elemens to give a
factorization of | (t) into linear factors.

De nition  4.13. A geometric lattice L is supersolvableif there exists a modular
maximal chain, i.e., a maximal chain 0= x| x| | Xn = % sudh that ead x;
is modular. A certral arrangemen A is supersolvableif its intersection lattice L a
is supersohable.

Note. Let O = xgl xq1 | x, = 1 be a modular maximal chain of the
geometric lattice L. Clearly then ead x; 1 is a modular elemen of the interval
[0: x;]. The conversefollows from Proposition 4.10(b): if 0= xo! x1| | xp=4%

is a maximal chain for which ead x; 1 is modular in [0; x;], then ead x; is modular
inL.

Note. The term \supersohable" comesfrom group theory. A nite group
is supersolvableif and only if its subgroup lattice contains a maximal chain all of
whoseelemeris are normal subgroupsof . Normal subgroupsare \nice" analogues
of modular elemers; see[29, Example 2.5] for further details.

Corollary 4.9. Let L be a supersolvablegeometric lattice of rank n, with modular

maximal chain 0= xo1 x;1 | x, = 4. Let T denotethe set of atoms of L, and
set
(34) g =#fa2T :a xj; ab x; 10:

Then ()= (t e)(t e) (t en).
Pro of. Sincex,, 1 is modular, we have

yAX, 1=0, y2Tandy6 x, 1; ory= 0
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By Theorem 4.13 we therefore have
3

2
X
L(t): « 1(t)§ (a)t” rk(a) rk(xn 1)+ (O)tn rk(0) rk(xp 1)2:

a2T
a6 xn 1

Since (&) = 1, (0 = 1, rk(a) = 1, rk(0) = 0, and rk(x, 1) = n 1, the
expressionin bracketsis just t e,. Now cortinue this with L replacedby [0;x, 1]
(or useinduction on n).

of L.

Example 4.11. (a) Let L = Bp, the boolean algebra of rank n. By Exam-
ple 4.9(d) every elemen of B, is modular. Hence B, is supersohable.
Clearly eath g = 1,s0 g, (t)=(t 1)".

(b) Let L = Bn(Q), the lattice of subspacesof F3. By Example 4.9(e) every
elemen of B () is modular, soB,(q) is supersohable. If j‘ denotesthe
number of j -dimensional subspacesof a k-dimensional vector spaceover
Fq, then

@
I

WL
qi 1 qi 1 1
q

1 q 1
|l:

q
Hence

Ba@() = (6 D ot o) ¢ g
In particular, setting t = 0 gives

gD =( D"qB):

Note. The expression }‘ is called a g-binomial coe cient . It is a

polynomial in g with many interesting properties. For the most basic
properties, seee.g.[31, pp. 27{30].

(c) Let L = |, the lattice of partitions of the set [n] (a geometric lattice of
rank n 1). By Proposition 4.9, a maximal chain of , is modular if and

only if it hasthe form 0= 1 11 | o 1=1%, where ; fori > 0has
exactly one nonsingleton block B; (necessarilywith i + 1 elemens), with
B:1 B Bn 1 = [n]. In particular, , is supersohable and has

exactly n!=2 modular chains for n > 1. The atoms coveredby ; are the
partitions with one nonsingleton block fj; kg B;. Hence ; lies above

exactly "' atoms, so

i+ 1 i
2 2

It follows that =@ Dt 2 (@t n+1and @) =
( )™ Y(n 1). Compare Corollary 2.2. The polynomials g, (t) and
., (t) dier by a factor of t becauseB,, (t) is an arrangemert in K" of
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rank n 1. In general,if A is an arrangemert and ess@\) its essetializa-
tion, then

(35) trEsAY o (1) = ™A gqa) (1)
(Seelecture 1, Exercise?2.)

Note. It is natural to ask whether there is a more general classof geometric
lattices L than the supersohable onesfor which | (t) factors into linear factors
(over Z). There is a profound such generalization due to Terao[35] when L is an
intersection poset of a linear arrangement A in K". Write K[x] = K[X1;:::;Xn]
and de ne

The K [x]-module structure K[x] T(A)! T(A) is given explicitly by

arrangemen, T(A) is indeed a K [x]-module. (We have given the most intuitiv e
de nition of the module T(A), though it isn't the most useful de nition for proofs.)
It is easyto seethat T(A) hasrank n as a K [x]-module, i.e., T(A) contains n,
but not n + 1, elemeris that are linearly independert over K [x]. We say that A

T(A) such that every elemert Q 2 T(A) can be uniquely written in the form
Q= mQ1+ + hQn, Whereqg 2 K[x]. It is easyto seethat if T(A) is free,

of eadh Q; are homogeneouspolynomials of the same degreed;. We then write
di = degQ;. It can be shown that supersohable arrangemerts are free, but there
are also nonsupersohable free arrangemeris. The property of freenessseemsquite
subtle; indeed, it is unknown whether freenesds a matroidal property, i.e., depends
only on the intersection lattice L (regarding the ground eld K as xed). The
remarkable \factorization theorem" of Teraois the following.

Theorem 4.14. Suppmsethat T(A) is free with homa@eneus basis Qy;:::; Qn. If
degQi = d; then
at)=(t di)(t d2) (t dn):

We will not prove Theorem 4.14 here. A good referencefor this subject is [24,
Ch. 4].

Returning to supersohability, we cantry to characterizethe supersohable prop-
erty for various classesof geometric lattices. Let us considerthe caseof the bond
lattice L of the graph G. A graph H with at least one edgeis doubly connected if
it is connectedand remains connectedupon the removal of any vertex (and all in-
cident edges).A maximal doubly connectedsubgraph of a graph G is called a black
of G. For instance, if G is a forest then its blocks are its edges.Two di erent blocks
of G intersectin at most onevertex. Figure 5 shaws a graph with eight blocks, v e
of which consist of a single edge. The following proposition is straightforward to
prove (Exercise 16).
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Figure 5. A graph with eight blocks

Lg = LG1 LGk:

It is also easyto seethat if L; and L, are geometric lattices, then L, and
L, are supersohable if and only if L; L2 is supersolvable (Exercise 18). Hence
in characterizing supersolvable graphs G (i.e., graphs whose bond lattice Lg is
supersohable) we may assumethat G is doubly connected. Note that for any
connected (and hencea fortiori doubly connected) graph G, any coatom of Lg
has exactly two blocks.

Prop osition 4.12. Let G be a doubly connected graph, and let = fA;Bghbe a
coatom of the bond lattice Lg, where # A #B. Then is a modular element of
Lg if andonly if #A = 1, say A = fvg, and the neightorhood N (v) (the set of
vertices adjacent to v) forms a clique (i.e., any two distinct vertices of N (v) are
adjaaent).

Pro of. The proof parallelsthat of Proposition 4.9, which is a special case. Suppose
that # A > 1. SinceG is doubly connected,there exist u;v 2 A and u%v®2 B suc
that u6 v, u°6 v° uu®2 E(G), andw®2 E(G). Set = f(A[u% v;(B[v) u%.
If G hasn verticesthenrk( )=rk( )=n 2,rk( _ )=n 2L1,andrk( ~ )=n 4.
Hence is not modular.

Assumethen that A = fvg. Supposethat av;bv2 E(G) but ab62E(G). We
needto showv that is not modular. Let = fA fa;bg;fa;b;vgg Then

_ =% ~ =fA fahbgabvg
rk( )=rk( )=n 2, rk( _ )=n 1; tk( » )=n 4&
Hence is not modular.
Conversely let = fA;vg. Assumethat if av;bv 2 E(G) then ab 2 E(G).
It is then straightforward to show (Exercise 8) that is modular, completing the
proof.

As an immediate consequenceof Propositions 4.10(b) and 4.12 we obtain a
characterization of supersohable graphs.

Corollary 4.10. A graph G is supersolvableif and only if there existsan ordering
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the neighlorhood of v; is a clique.

Note. Supersohable graphs G had appearedearlier in the literature under the
nameschordal, rigid circuit, or triangulated graphs. One of their many characteri-
zations s that any circuit of length at least four contains a chord. Equivalently, no
induced subgraph of G is a k-cycle for k 4.
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Exercises

(1) [2{] Let M be a matroid on a linearly orderedset. Shav that BC(M ) = BC(M),
where M is de ned by equation (23).

(2) [2+] Let M be a matroid of rank at least one. Show that the coe cien ts of the
polynomial y (t)=(t 1) alternate in sign.

(3) (a) [2+] Let L be nite lattice for which every elemen has a unique comple-

ment. Shaw that L is isomorphic to a booleanalgebraB,,.

(b) [3] A lattice L is distributive if

x_(yrz) = (x_y)"(x_2)
xM(y_z) = (x"y)_(x"2)

forall x;y;z2 L. Let L beanin nite lattice with 0 and 4. If every elemen
of L hasa unique complemen, then is L a distributiv e lattice?
(4) [3{] Let x be an elemen of a geometric lattice L. Show that the following four
conditions are equivalert.
(i) x is a modular elemen of L.
(i) 1f x~y=0,then

rk(x) + rk(y) = rk(x _vy):
(iii) If x and y are complemers, then rk(x) + rk(y) = n.
(iv) All complemerns of x are incomparable.

(5) [2+] Let x;y be modular elemens of a geometric lattice L. Show that x * y is
also modular.

(6) [2] Let L be a geometric lattice. Prove or disprove: if x is modular in L and y
is modular in the interval [x; 4], then y is modular in L.

(7) [2{] Let L and L°be nite lattices. Show that if both L and L° are geometric
(respectively, atomic, semimadular, modular) lattices, then soisL L°

(8) [2] Let G be a (loopless)connectedgraphandv 2 V(G). Let A= V(G) vand

= fA;vg 2 Lg. Supposethat whenewer av;bv 2 E(G) we have ab2 E(G).
Show that is a modular elemen of Lg.

(9) [2+] Generalizethe previous exerciseas follows. Let G be a doubly-connected
graph with lattice of contractions Lg. Let 2 Lg. Show that the following two
conditions are equivalert.

(@) isamodular elemen of Lg.
(b) satis es the following two properties:

(i) At most oneblock B of contains more than one vertex of G.

(i) Let H be the subgraphinduced by the block B of (i). Let K be any
connectedcomponert of the subgraphinducedby G B, and let H,
be the graph induced by the set of verticesin H that are connected
to somevertex in K. Then H; is a clique (complete subgraph) of G.

(10) [2+] Let L bea geometriclatti)c(e of rank n, and x x 2 L. Show that

L(t) = () L, (Ot *OY;
y2L
x~y=10
where Ly is the image of the interval [0; x] under the mapz 7! z_y.
(11) [2+] Let (M) be the set of independen sets of a matroid M. Find another
matroid N and a labeling of its points for which (M) = BC,(N), the reduced
broken circuit complex of N .
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(12) (a) [2+] If and are simplicial complexeson disjoint setsA and B, respec-
tively, then de ne the join to be the simplicial complex on the set
A[ B with facesF [ G, whereF 2 and G2 . (E.g, if consistsof
a single point then is the cone over . If consistsof two disjoint
points, then is the suspension of .) Wesay that and arejoin-
factors of . Nowlet M beamatroid andS M amodular at, i.e., S
is a modular elemen of Ly, . Order the points of M such that if p2 S and
g 62S, then p < g. Shaow that BC(S) is a join-factor of BC(M). Deduce
that u (t) is divisible by s(t).
(b) [2+] Conversely let M bea matroid and S M. Label the points of M so
that if p2 S and q62S, then p< g. Supposethat BC(S) is a join-factor of
BC(M). Show that S is modular.
(13) [2] Do Exercise3.7, this time using Theorem 4.12 (the Broken Circuit Theorem).
(14) [1] Show that all geometric lattices of rank two are supersohable.
(15) [2] Give an example of two nonisomorphic supersohable geometric lattices of
rank 3 with the samecharacteristic polynomials.

L, Lg,-

(17) [2+] Give an exampleof a nonsupersohable geometriclattice of rank three whose
characteristic polynomial has only integer zeros.

(18) [2] Let L, and L, be geometriclattices. Show that L1 and L, are supersohable
if andonly if L; L is supersohable.

(19) [3{] Let L be a supersolable geometric lattice. Shaw that every interval of L is
also supersohable.

(20) [2] (&) Find the number of maximal chains of the partition lattice .
(b) Find the number of modular maximal chains of .

(21) [2+] Show that the broken circuit complex of a matroid is pure (Corollary 4.6).

(22) Let M be a matroid with a linear ordering of its points. The internal activity of
a basisB is the number of points p 2 B sudc that p < g for all points q6 p not
in the closure pof B p. The external activity of B is the number of points
p’2 M B sud that p°< ¢’ for all @°6 p°contained in the unique circuit that
is a subsetof B [ fp%. De ne the Crapo beta invariant of M by

(M) =( ™M {();

where © denotesdi eren tiation.

(@) [1+] Shovthat 1  § (1) = (BC,), the Euler characteristic of the reduced
broken circuit complex of M .

(b) [3{] Show that (M) is equal to the number of basesof M with internal
activity 0 and external activity O.

(c) [2] Let A be areal certral arrangemen with assaiated matroid M . Sup-
posethat A = cA°for somearrangemert A% where cA° denotesthe cone
over A% Shav that (Ma) = b(A9).

(d) [2+] With A asin (c), let H? be a (proper) translate of somehyperplane
H 2 A. Shovthat (M) = b(A[ fH%Y).






LECTURE b5
Finite elds

5.1. The nite eld metho d

In this lecture we will describe a method basedon nite elds for computing the
characteristic polynomial of an arrangemen de ned over Q. We will then discuss
seweral interesting examples. The main result (Theorem 5.15) is implicit in the
work of Crapo and Rota [13, x17]. It was rst deweloped into a systematic tool for
computing characteristic polynomials by Athanasiadis[1][2], after a closelyrelated
but not as generaltechnique was preserted by Blass and Sagan[9].

Supposethat the arrangemert A is de ned over Q. By multiplying ead hyper-
plane equation by a suitable integer, we may assumeA is de ned over Z. In that
casewe can take coe cien ts modulo a prime p and get an arrangemert Aq de ned
overthe nite eld Fq, whereq= p". We say that A has gaod reduction mod p (or
over Fq) if L(A) = L(Ag).

For instance, let A bethe ane arrangemert in Q' = Q consistingof the points
0 and 10. Then L(A) cortains three elemers, viz., Q, fOg, and f10g. If p6 2;5
then 0 and 10 remain distinct, so A has good reduction. On the other hand, if
p=2orp=5then 0= 10in Fy, soL(Ap) cortains just two elemens. HenceA
has bad reduction when p = 2;5.

Prop osition 5.13. Let A be an arrangementde ned over Z. Then A has gaod
reduction for all but nitely many primes p.

Pro of. Let Hy;:::;H; be ane hyperplanes, where H; is given by the equation
Vi X=a (vi;a 2 Z"). By linear algebra, we have H \ \ H; 6 ; if and only if
2 3 2 3
Vi ap Vi
(36) rankg P E: rankg : E:
Vi & Vi
Moreover, if (36) holds then
2 3
Vi
dim(Hi\  \H)=n rankd : §:
Vi

61
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Now for any r s matrix A, we haverank(A) tif andonly if somet t submatrix
B satises det(B) 6 0. It follows that L(A) & L(Ap) if and only if at least one
member S of a certain nite collection S of subsetsof integer matrices B satis es
the following condition:

(8B 2 S) det(B) 6 0 but det(B) 0(modp):

This canonly happenfor nitely many p, viz., for certain B we must have pj det(B),
soL(A) = L(A,) for p sucien tly large.

The main result of this sectionis the following. Like many fundamenrtal results
in combinatorics, the proof is easybut the applicability very broad.

Theorem 5.15. Let A be an arrangementin Q", and supmsethat L (A) = L(Ag)

for someprime power g. Then
0 1

# @F [ HA

H2Aq
= q # H:
H2Aq

A ()

Pro of. Let x 2 L(Ag) so#x = M ™) . Here dim(x) can be computed either over
Q or Fq. De ne two functions f;g: L(Aq) ! Z by

f(x) # X

1
3+
x

<

g(x)
In particular, 0 1

[
9(0) = g(Fg) = # OF HA:
H2Aq
Clearly X
fo)= aly):
y X

Let denote the Mobius function of L(A) = L(Ay). By Mebius inversion (Theo-
rem 1.1),

a(x) Y (y)
%( X

y X

(x; y) '™ )

Put x = 0 to get X
9(0) = ™Y = A (g):

y

For the remainder of this lecture, we will be concernedwith applications of
Theorem 5.15 and further interesting examplesof arrangemerts.
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Example 5.12. Let G be a graph with vertices1;2;:::;n, so
Y

Qac (x) = (xi xj):
ij 2E(G)
Then by Theorem 5.15,
As(@ = o #f( ;i n)2F] 0 = for someij 2 E(G)g
= #f( 1 n)2F3: 16 j8i) 2E(G)g

|
®
=

in agreemen with Theorem 2.7. Note that this equality holds for all prime powers
g, not just for p™ with p 0. This is becausethe matrix with rowse; e, where
ij 2 E(G) and g is the ith unit coordinate vector in Q", is totally unimodular, i.e.,
every minor (determinant of a squaresubmatrix) is 0; 1. Hencethe nonvanishing
of a minor is independert of the ambient eld.

A very interesting classof arrangemeris, including the braid arrangemert, is
assaiated with root systems,or more generally, nite re ection groups. We will
simply mention somebasic results here without proof. A root systemis a nite set
R of nonzerovectorsin R" satisfying certain properties that we will not give here.
(Referencesinclude [6][10][20].) The Coxeter arrangement A(R) consists of the
hyperplanes x = 0, where 2 R. There are four in nite (irreducible) classesof
root systems(all in R"):

Apb 1 = fe g :1 i<j ng=B,
Dn = feg eg;e+g:1 i<j ng
Bn = Dh[fe:1 i ng
Ch = Dn[f2¢:1 i ng

We should really regard A, 1 asbeing a subsetof the space
X
f( 1000 n) 2R i=0g=R" %
We thus obtain the following Coxeter arrangemerns. In all casesl i<j n

andl k n.

A(An 1)=Bn X X =0

ABr)=ACH) X X =0 %x+X%x =0, x=0

AMDn) X X =0 xi+x; =0

SeeFigure 1 for the arrangemeris A(B,) and A(D>).

Let us compute the characteristic polynomial 4 g,)(d). For p 0 (actually
p> 2) and g= p™ we have

Ae)(@=#f( 1,000 n)2F;: 16 j(i6j), 1601 i n)g

Choose ; 2 Fq = Fq fOgin g 1 ways. Then choose ; 2 Fq f 1; 19in
g 3ways,then 3inqg 5 ways,etc.,to obtain:

AaH®=( 1) 3 (t (@2n 1)
In particular,
r(ABn)) = ( 1)" a@,)( 1)=2 46 (2n)=2"nk
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A(B,) A(D;)
Figure 1. The arrangements A(B2) and A(D2)

By a similar but slightly more complicated argumert we get (Exercise 1)

(37) Ao =@ 1t 3) (t (2n 3I) (t n+1):

Note. Coxeter arrangemerts are always freein the senseof Theorem 4.14 (a result
of Terao [34]), but need not be supersohable. In fact, A(A,) and A(B,) are
supersohable, but A(Dy) is not supersohable for n 4[4, Thm. 5.1].

5.2. The Shi arrangemen t

We next considera modi cation (or deformation) of the braid arrangemern called
the Shi arrangement[27, x7] and denoted S, . It consistsof the hyperplanes

Xi Xp=01 1 i<j n
Thus S, hasn(n 1) hyperplanesand rank(S,) = n 1. Figure 2 shows the Shi

arrangemen Sz in ker(x; + X2 + x3) = R? (i.e., the spacef(x1;X2;%x3) 2 R® :
X1+ X2 + X3 = 0g).

Theorem 5.16. The characteristic polynomial of S, is given by
s, ()=tt n"

Pro of. Let p be a large prime. By Theorem 5.15 we have

ss(P)=#F( ;200 n)2F i<j) 6 jand {6 ;+1g
hoosea weak ordered partition = (B1;:::;Bp n) of [n] into p n blocks, i.e.,
Bi=[n]andB;\ Bj = ; if i 6 j, suth that 12 B;. (\W eak” meansthat we
allow B; = ;.) For2 i n therearep n choicesforj sud that i 2 Bj, so

(p m)" *choicesin all. Wewill illustrate the following argumert with the example
p=11,n= 6, and
(38) = (f1,49;1509;;:f2,3,60;;):

Arrange the elemerts of F, clockwise on a circle. Place 1;2;:::;n on somen of
thesepoints asfollows. Placeelemers of B consecutiwely (clockwise) in increasing
order with 1 placedat someelemert 1 2 Fy. Skip a spaceand place the elemeris

of B, consecutiwely in increasingorder. Skip another spaceand place the elemerts
of B3 consecutiwely in increasing order, etc. For our example (38), sy 1= 6.
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Figure 2. The Shi arrangement Sz in ker(x1 + X2 + X3)

Let ; bethe position (elemert of Fy) at which i was placed. For our example

we have
(15 25 3 4 5 6)=(612793)

It is easilyveri ed that we have de ned a bijection from the (p n)" ! weakordered
partitions = (B1;:::;Bp n)of[n]into p nblockssudhthat 12 B, togetherwith
the choiceof 12 Fpy, to thesetF] [ h2s,),H. Thereare(p n)" 1 choicesfor
and p choicesfor 1, soit followsfrom Theorem5.15that s, (t) = t(t n)" 1.

We obtain the following corollary immediately from Theorem 2.5.

Corollary 5.11. We haver(S,) = (n+ )" TandS,) = (n 1" 1.

Note. Sincer(S,) and (S,) have such simple formulas, it is natural to ask
for a direct bijective proof of Corollary 5.11. A number of such proofs are known;
a sketch that r(S,) = (n+ 1)" ! is givenin Exercise3.
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Note. It canbe showvn that the conecS, is not supersohable for n 3 (Ex-
ercise4) but is free in the senseof Theorem 4.14.

5.3. Exp onential sequences of arrangemen ts

The braid arrangemert (in fact, any Coxeter arrangemen) is highly symmetrical;
indeed, the group of linear transformations that presenesthe arrangemert acts
transitiv ely on the regions. Thus all regions\lo ok the same."” The Shi arrangemert
lacks this symmetry, but it still possessea kind of \combinatorial symmetry" that
allows us to expressthe characteristic polynomials g, (t), for all n 1, in terms
of the number r(S,) of regions.

De nition  5.14. A sequenceA = (A1;Ay;:::) of arrangemeris is called an exm-
nential sequene of arrangements(ESA) if it satis es the following three conditions.

(1) A isin K" for some eld K (independen of n).

(2) EveryH 2 A, is parallel to somehyperplaneH %in the braid arrangemert
B, (over K).

(3) Let S be a k-elemen subsetof [n], and de ne

Ay =fH 2 A, : H isparallel to x; x; = 0for somei;j 2 Sg:
Then L(AS) = L(Ay).

Examples of ESA's are givenby A, = B, or A, = S,. In fact, in these cases
wehave AS = A, K" k
The combinatorial properties of ESA's are related to the exmpnential formula
in the theory of exponertial generating functions [32, x5.1], which we now review.
Informally, we are dealing with \structures" that canbe put on a vertex setV suc
that ead structure is a disjoint union of its \connected componerts.” We obtain a
structure on V by partitioning V and placing a connectedstructure on ead block
(independertly). Examples of such structures are graphs, forests, and posets, but
not treesor groups. Let h(n) be the total number of structures on an n-setV (with
h(0) = 1), and let f (n) be the number that are connected. The exponertial formula
states that
X XN X XN
(39) h(in)— =exp f(n)—:
n! n!
n 0 n 1
More precisely let f : P! R, where R is a commutativ e ring. (For our purposes,
R = Z will do.) Dene a new{unction h:N! R byh(0)=1and

(40) h(n) = f#B)f #By) f(#By):

=fB1;:1;Bkg2 n
Then equation (39) holds. A straightforward proof can be given by consideringthe
expansion

X XN Y XN
exp 1‘(n)m = expf (n)m
n 1 n 10 1
@X . xkn A
- P ™
nl kO

We omit the details (Exercise5).
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For any arrangement Ain K", dener(A) = ( 1)" a( 1). Of courseif K = R
this coincideswith the de nition of r(A) asthe number of regionsof A. We come
to the main result concering ESA's.

Theorem 5.17. Let A= (A1;A2;:::) bean ESA. Then
0 1,

_ n X" A
(D= @ (AT
n 0 ' n o0 '

Example 5.13. For A = (B1;B3;:::) Theorem 5.17 assertsthat

0 1,
X XN X XN
tt 1) (t n+)==@ ( 1'nI=A
. n! . n!

as immediately follows from the binomial theorem. On the other hand, if A =
(S1;S;::1), then we obtain the much lessobvious identit y
0 1,
X X" X XN
t(t WlW:@ (NW+N1WA
! o !

n 0 n

Pro of of Theorem 5.17. By Whitney's theorem (Theorem 2.4) we have for
any arrangemert A in K" that

X
A (t) — ( 1)# Btn rank( B):
B A
B central
Let A= (A1;Ay;:::),andletB  Ap for somen. Dene (B) 2 , to haveblocks
that are the vertex sets of the connectedcomponerts of the graph G on [n] with
edges

(42) E(G)=fij :9x; x;=cinBg:
De ne X
A, (1) = (1F B B

B A

B central

(B)=[ n]
Then

X X

( 1)# Btn rk(B)

Anq (1)
=fB1;:;Bxkg2 n» B A
B central
(B)=
X
= ~A#Bl(t)~A#Bz(t) ~A#Bk(t):

=fB1;::;Bkg2 »n

Thus by the exponertial formula (39),

X XN X
PO = e o (0
n o0 ’ n 1 ’
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But (B) = [n]if andonly if rk(B) = n 1,50 ~a, (t) = cyt for somec, 2 Z. We
therefore get

X XN X XN
An(t)m = expt Cn oy
n O n 1
0 1,
@ b A
- h’]m )
n o
P Xn P Xn
whereexp , ;Chihr = |, obhjyr. Putt= 1to get
0 1,
XN X XN
( 1)nr(An)_: @ hw—A ;
n! n!
n O n 0

from which it follows that

X

0 1,

n X n
O A= @ « D"r(An) A

For a generalization of Theorem 5.17, seeExercise 10.

5.4. The Catalan arrangemen t

De ne the Catalan arrange\r(nentcn in K", where char(K) 6 2, by
Qc, (x) = i oxp))xi xp (X x; + 1)
1 i n
Equivalently, the hyperplanesof G, are given by
Xi Xj= 1,01 1 i<]j n:
Thus C, has3'; hyperplanes,and rank(G,) = n 1.

Assumenow that K = R. The symmetric group S, acts on R" by permuting
coordinates, i.e.,

W (X131 Xn) = (Xw@ 5100 Xw(n))
Here we are multiplying permutations left-to-right, e.g., (1;2)(2;3) = (1;3;2) (in
cycle form), so vw =v (w ). Both B, and G, are S-invariant, i.e., S,

permutes the hyperplanesof these arrangemeris. Hence S, also permutes their
regions,and ead region Xy1) > Xy(2) > > Xw(n) Of By is divided \in the same
way" in G,. In particular, if ro(G,) denotesthe number of regionsof C, contained
in some xed region of By, then r(C,) = nlro(G,) . SeeFigure 3 for C; in the
ambient spaceker(x; + X + x3), where the hyperplanesof B3 are drawn as solid
lines and the remaining hyperplanesas dashedlines. Each region of B3 contains
v eregionsof C;, sor(C;3) = 6 5= 30.

We can compute r(G,) (or equivalertly rq(C,)) by a direct combinatorial ar-
gumert. Let Ry denote the region x; > X, > > X, of B,. The regionsof C,
cortained in Rp are determined by thosei < j sudh that x; X; < 1. We needonly
specify the maximal intervals [i; j] such that x; x; < 1,ie.,ifa i<j band
Xa Xp<1l,thena=iandb=j. It iseasyto seethat any suc speci cation of
maximal intervals determinesa region of C, contained in Rg. Thusro(C,) is equal
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Figure 3. The Catalan arrangement Cz in ker(x1 + X2 + X3)

to the number of antichains A of strict intervals of [n], i.e., setsA of intervals[i; j ],
wherel i< j n,sud that nointerval in A is contained in another. (\Strict"
meansthat i = j is not allowed.) It is known (equivalert to [32, Exer. 6.19(bbb)])
that the number of such antichains is the Catalan number C,, = ﬁ Zn” . For
the sake of completenesswe give a bijection betweenthese antichains and a stan-
dard combinatorial structure courted by Catalan numbers, viz., lattice paths from
(0;0) to (n; n) with steps(1;0) and (0; 1), never rising above the line y = x ([32,
Exer. 6.19(h)]). Given an antichain A of intervals of [n], there is a unique lattice
path of the claimed type whose\outer corners” (a step (1;0) followed by (0;1))
consist of the points (j; i 1) where[i; j] 2 A, together with the points (i;i 1)
where no interval in A contains i. Figure 4 illustrates this bijection for n = 8 and
A = f[1,4];[3; 5], [7; 8.

We have therefore provedthe following result. For are nement, seeExercisell.

Prop osition 5.14. The number of regions of the Catalan arrangementC, is given
by r(G,) = nlC,. Each region of B,, contains C,, regions of G, .

In fact, there is a simple formula for the characteristic polynomial ¢, (t).
Theorem 5.18. We have
c, M=ttt n L)t n 2)(t n 3) (t 2n+ 1)
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Figure 4. A bijection corresponding to A = f[1;4];[3;5]; [7; 8]9

Pro of. Clearly the sequencgC;; C;;:::) is an ESA, soby Theorem 5.17 we have

0 1,
X XN X XN
o = @ (1'nC A
n O n 0
0 1
X
= @ ( 1)"Cx"A
n 0

One method for expanding this seriesis to use the Lagrange inversion formula
[32, Thm. 5.4.2]. Let F(X) = aix + axx? + be a formal power seriesover K,
where char(K) = 0 and a; 6 0. Then there exists a unique formal power series
Fh i =a x+  satisfying

F(FM 1 (x) = F" "(F(x)) = x:

Let k;t 2 Z. The Lagrangeinversionformula states that

t
X

F(x)
P
Lety= ", o( D)"Cyx"*1. By afundamertal property of Catalan numbers,

y>= y+ x. Hencey = (x + x?)" 1, Substitute t n for k and apply equation
(42)toy = F(x), soFM 1 (x) = x + x?:

(42) tX'JF" M0k = kX' K]

(43) txJx+ xH)t "= (¢ n)x"]
The right-hand side of (43) is just

(t n)[x”]% o e,

n!



LECTURE 5. FINITE FIELDS 71

Figure 5. An example of an interval order

The left-hand side of (43) is given by
t n _tt n(t n 1) (t 2n+1)

tttn1+ tn:t
XKt 1+ X) ] =

It follows that
c,)=tt n 1)t n 2)(t n 3) (t 2n+1)

for all t 2 Z. It then follows easily (e.g., using the fact that a polynomial in one
variable over a eld of characteristic 0 is determined by its valueson Z) that this
equation holds when't is an indeterminate.

Note. It is not dicult to give an alternativ e proof of Theorem 5.18 basedon
the nite eld method (Exercise 12).

5.5. Interv al orders

The subject of interval orders has a long history (see[15][36]), but only recertly

[33] was their connection with arrangemerts noticed. Let P = fly;:::;1,9 be a
nite set of closedintervals I; = [a;;l3], whereai;b 2 R and a < b. Partially
order P by dening I; < I if b < &, i.e,, |; liesertirely to the left of I; onthe real

number line. A posetisomorphic to P is called an interval order. Figure 5 gives
an example of six intervals and the corresponding interval order. It is understood

that the actual intervals are the projections of theseline segmetts to R. If all the

intervals |; have length one, then P is called a semiorder or unit interval order.
We will be consideringboth labelled and unlabelled interval orders. A lakelled

interval order is the sameas an interval order on a set S, often taken to be [n].
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1 6 3 3 6

Figure 6. The number of labelings of semiorders with three elements

labeling of P, viz., label the elemen corresponding to I; by i. Thus the intervals
I = [0;1] and |, = [2;3] correspond to the labelled interval order P; de ned by
1 < 2, while the intervals I; = [2;3] and I, = [0; 1] correspond to P, de ned by
2< 1. Note that P; and P, are di erent labelled interval ordersbut are isomorphic
as posets. As another example, consider the intervals I, = [0;2] and |, = [1; 3].
The corresponding labelled interval order P consistsof the disjoint points 1 and 2.
If wenow let 1, = [1;3]and I, = [0; 2], then we obtain the same labelled interval
order (or labelled poset) P, although the intervals themselveshave beenexchanged.
An unlakelled interval order may be regarded as an isomorphism class of interval
orders;two intervalsordersP; and P, represen the sameunlabelledinterval order if
and only if they are isomorphic. Of courseour discussionof labelled and unlabelled
interval orders applies equally well to semiorders.

Figure 6 shows the v e nonisomorphic (or unlabelled) interval orders (which
for three vertices coincideswith semiorders)with three vertices, and below them
the number of distinct labelings. (In general, the number of labelings of an n-
elemen poset P is n!=#Aut( P), where Aut( P) denotesthe automorphism group
of P.) It followsthat there are 19 labelled interval orders or labelled semiorderson
a 3-elemen set.

The following proposition collectssomebasicresults oninterval orders. We sim-
ply state them without proof. Only part (a) is neededin what follows (Lemma 5.6).
We usethe notation i to denotean i-elemer chain and P + Q to denotethe disjoint
union of the posetsP and Q.

Prop osition 5.15. (@) A nite posetis an interval order if and only if it has
no induced submsetisomorphic to 2 + 2.
(b) A nite posetis a semioder if and only if it has no induced submset
isomorphicto 2+ 2 or 3+ 1.
(c) A nite posetP is a semiomder if and only if its elementscan be ordered as

where m; = 1if I; < I; and mj = O otherwise) has the form shown
below. Moreover, all such semiorders are nonisomorphic.
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000 001 011 001 011
000 000 000 001 001
000 000 000 000 000

SIS VAR AN

Figure 7. The semiorders with three elements

1 “ e e n

1

0

n

In (c) above, the southwest boundary of the positions of the 1'sin M form a
lattice path which by suitable indexing goesfrom (0;0) to (n;n) with steps(0; 1)
and (1;0), newer rising above y = Xx. Since the number of such lattice paths is
the Catalan number C,, it follows that the number of nonisomorphic n-elemen
semiordersis C,,. Later (Proposition 5.17) we will give a proof basedon properties
of a certain arrangemert. Figure 7 illustrates Proposition 5.15(c) whenn = 3. It
shows the matrices M, the corresponding set of unit intervals, and the assaiated
semiorder.

Let “1;:::;hn > 0andset = (T1;:::;7n). Let P denotethe set of all interval

orders P on [n] sud that there exist a setl1;:::;I, of intervals corresponding to
P

P (with 1; corresponding to i 2 P) such that “(I;) = 7. In other words, i < j if

and only if I; lies ertirely to the left of I;. For instance, it follows from Figure 6
that # P(l;l;l) = 19.

We now cometo the connectionwith arrangemerts. Given = (T1;:::; n) as
above, de ne the arrangemert | in R" by letting its hyperplanesbe given by

Xi X =i, 16}
(Note the condition i 6 j, noti < j.) Thusl hasrank n 1 andn(n 1)

hyperplanes(since *; > 0). Figure 8 shows the arrangemert |;.1.1y in the space
ker(x1 + X2 + X3).

Prop osition 5.16. Let 2 R%. Thenr(l )= #P .
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XY/
/AN

Figure 8. The arrangement | .11y in the spaceker(xi + X2 + X3)

Pro of. Let (X1;:::;X,) belongto someregion R of | . De ne the interval I; =
[xi i;Xi]. The region R is determined by whether x; x; < “j orxi X; > 'j.
Equivalertly, 1; 6 I; or I; > I in the ordering on intervals that de nes interval
orders. Hence the number of possible interval orders corresponding to intervals

Consider the case™; = = 'n = 1, sowe are looking at the semiorder
arrangementx; x; = 1fori 6 j. We abbreviate (1;1;:::;1) as 1" and denote
this arrangemert by I1.. By the proof of Proposition 5.16the regionsof I ;» arein
a natural bijection with semiorderson [n].

Now note that G, = I1n [ B, where G, denotesthe Catalan arrangemert.
Fix a region R of By, say X1 < Xz < < Xp. Then the number of regions of
I that intersect R is the number of semiorderson [n] that correspond to (unit)

are nonisomorphic. It follows that the number of nonisomorphic semiorderson [n]
is equal to the number of regionsof | 1 intersecting the region x; < x, < < Xp
of B,,. SinceC, = In [ By, there follows from Proposition 5.14the following result
of Wine and Freunde [38].

Prop osition 5.17. The number u(n) of nonisomorphic n-element semiorers is
given by

u(n) = (G = Ca:

Figure 9 shows the nonisomorphic 3-elemen semiorderscorresponding to the
regionsof G, intersecting the region x; < x; < < Xp of By.

We now cometo the problem of determining r(l 1n ), the number of semiorders
on [n].
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X3= X

X3=X+1

rangementin R" with hyperplanes
An: Xi Xj=ap::;am; 16]

andlet A, = A, [ Bn. Dene

X n
FOO = AT
n 1 )
X n
GO = AT
n 1 ’

Then F(x) = G(1 e X).

Pro of. Let c(n; k) denotethe number of permutations w of n objects with k cycles
(in the disjoint cycledecomposition of w). The integer ¢(n; k) is known asa signless
Stirling number of the rst kind and for xed k has the exponertial generating
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function
X n
(44) cn k)= Loga x) K
n! k!
n 0
For futher information, seee.g.[31, pp. 17{20][32, (5.25)].
We have

FX)=G@1 e*), G(x) F(og(1 x) 1
X

r(Ak)% logl x) t“

k 1
X XN
= r(Ax) c(n; k)m:
k 1 n o ’
It follows that we needto show that
X
(45) r(An) = c(nk)r(Ag):

k=1

For simplicity we consideronly the casem = 1 and a; = 1, but the argumert is
completely analogousin the generalcase. When m = 1 and a; = 1 we have that
r(A,) = n!C, and that r(A,) is the number of semiorderson [n]. Thus it su ces
to give a map (P;w) 7! Q, wherew 2 Sy and P is a semiorder whose elemens
are labelled by the cyclesof w, and where Q is an unlabelled n-elemert semiorder,
such that is n!l-to-1, i.e., every Q appearsexactly n! times as an image of some
(P; w).

Choosew 2 S, with k cyclesin c(n; k) ways, and make thesecyclesthe vertices
of a semiorderP in r(Ay) ways. De ne a new poset (P;w) asfollows: if the cycle

Cy;:ii;¢. Givenl C n, let C(c) be the cycle of w containing c. De ne
c<din (P;w)if C(c) < C(d) in P. We illustrate this de nition with n = 8 and
w = (1;5;2)(3)(6;8)(4; 7):

) (4,7 3 4 7
N —

(1,5,2) (6,8) 1 5 2 6 8
(P,w) Q= r(Pw)

Given an unlabelled n-elemen semiorderQ, suc as



LECTURE 5. FINITE FIELDS 77

we now show that there are exactly n! pairs (P;w) for which (P;w) = Q. Call a
pair of elemens x;y 2 Q autonomousif for all z 2 Q we have

X<z, y<z X>z, y>z

Equivalently, the map : Q! Q transposingx;y and xing all other z 2 Q is an
automorphism of Q. Clearly the relation of being autonomousis an equivalence
relation. Partition Q into its autonomousequivalenceclasses.Regardthe elemerns
of Q as being distinguished, and choosea bijection (labeling) ' : Q! [n] (in n!
ways). Fix a linear ordering (independert of ' ) of the elemeris in ead equivalence
class. (The linear ordering of the elemers in eat equivalenceclassin the diagram
below is left-to-right.)

5 4 1

3 7 6 2 8

In ead class, place a left parenthesis before eat left-to-right maximum, and
place a right parenthesis before ead left parenthesis and at the end. (This is the
bijection S, ! Sy, W 7! w, in [31, p. 17].) Merge the elemerts cy;Cp;:::5¢G
(appearing in that order) between ead pair of parenthesesinto a single elemert

6)) @4 ., 1 () (4,1)

1
M - TN
3 7 ., 6) (2 8) 3 (76 (@ 8

Q P

We have thus obtained a poset P whoseelemers are labelled by the cyclesof
a permutation w 2 Sy, such that (P;w) = Q. For ead unlabelled Q, there are
exactly n! pairs (P;w) (where the poset P is labelled by the cyclesof w 2 S)
for which (P;w) = Q. Since by Proposition 5.17 there are C,, nonisomorphic
n-elemer semiorders,we get

X
n'C, = c(n; K)r(Ag):
k=1

Note. Theorem 5.19 can also be proved using Burnside's lemma (also called
the Cauchy-Frobeniuslemma) from group theory.

To test one's understanding of the proof of Theorem 5.19, consider why it
doesn't work for all posets. In other words, let f (n) denotethe numberoflposetson
[n] and g(n) |§he number of nonisomorphic n-elemen posets. SetF (x) = f(n)%
and G(x) = g(n)x". Why doesn't the above argument show that G(x) = F(1
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e X)? Let Q = 2+ 2 (the unigue obstruction to being an interval order, by
Proposition 5.15(a)). The autonomousclasseshave one elemert eath. Considerthe
two labelings' : Q! [4] and the corresponding  *:

2 4 1 2 4
EE—

1 3 1 3
4 2 (1 4 2
—

3 1 3 1

We obtain the samelabelled posetsin both casessothe proof of Theorem5.19
fails. The key property of interval orders that the proof of Theorem 5.19 uses
implicitly is the following.

Lemma 5.6. If : P ! P is an automorphism of the interval order P and
(X) = (y), thenx and y are autonomous.

Pro of. Assumenot. Then there existsan elemen s 2 P satisfyings > x,s6 y (or
dually). Since (x) =y, there must existt 2 P satisfyingt > y, t 8 x. But then
fx; s;y;tg form an induced 2 + 2, so by Proposition 5.15(a) P is not an interval
order.

Specializingm = 1 and a; = 1 in Theorem 5.19yields the following corollary,
due rst (in an equivalent form) to Chandon, Lemaire and Pouget [12].

Corollary 5.12. Let f (n) denote the number of semiorders on [n] (or n-element
lakelled semiorders). Then
Xn
f(==Cl e*);
C o n!
where X p
1 1 4x
_ n — .
C(x) = Cphx" = —
n 0

5.6. Interv als with generic lengths

A particularly interesting classof interval ordersarethosecorrespondingto intervals

with speci ed generic lengths = (T1;:::; q). Intuitiv ely, this meansthat the
intersection poset P(l ) is as\large as possible." One way to make this precise
is to say that is generic if P(1 ) = P(l o), where %= ('9;:::;°9%) and the

*0s are linearly independert over Q. Thus if is generic, then the intersection
posetL (I ) doesnot depend on , but rather only on n. In particular, r(l ) does
not depend on (always assuming is generic). Henceby Proposition 5.16, the

“(I;) = 7j dependsonly on n. This fact is not at all obvious combinatorially, since
the interval orders themselvesdo depend on . For instance, it is easyto seethat
= (1, 1:000% 1:001; 1:01; 1:1) is genericand that no corresponding interval order
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can be isomorphicto 4+ 1. On the other hand, = (1;10;100 100Q 10000)is also
generic, but this time there is a corresponding interval order isomorphicto 4 + 1.
(SeeExercise17.)

The preceding discussion raises the question of computing # P, when is
generic. We write G, for the corresponding interval order x; x; = i, i 6 j,
sincethe intersection posetdependsonly on n. The following result is a nice appli-
cation of arrangemeris to \pure" enumeration; no proof is known except the one
sketched here.

Theorem 5.20. Let
X XN x2 x3
zZ= r(&)m:1+x+3§+19

4 5
1955 + 28315 +
o 21 51

— +
3!
De ne a power series

2 3 4

X X X
=1+Xx+5=—+46=— + —+
y=1+x 52! 463! 6314
byl=y(2 ¢€Y). Equivalently,

1 1+ 2x h 1

o]
1+ X g1+x

y=1+

Then z is the unique power series satisfying z%&z = y?, z(0) = 1.

R
Note. The condition z%z = y? can be rewritten asz = exp y?dx.
Sketch of pro of. Putting t= 1in Theorem 2.4 gives

X
(46) 1(Gr) = ((1F8 *E):
B Gp
B central
Given a certral subarrangemen B G,, de ne a digraph (directed graph) Gg on
[n] by letting i ! j bea(directed) edgeif the hyperplanex; x; = *; belongsto B.

Onethen showsthat asan undirected graph Gg is bipartite, i.e., the verticescanbe
partitioned into two subsetsU and V sud that all edgesconnecta vertex in U to a
vertex in V. The pair (U;V) is called a vertex bipartition of Gg. Moreover, if B is
a block of Gg (as de ned preceding Proposition 4.11), say with vertex bipartition
(Us ;VB), then either all edgesof B are directed from Ug to Vg, or all edgesare
directed from Vg to Ug. It canalsobe seenthat all suc directed bipartite graphs
can arisein this way. It follows that equation (46) can be rewritten

X
(47) r(G)=( D" (AU,
G
where G ranges over all (undirected) bipartite graphs on [n], &(G) denotes the
number of edgesof G, and b(G) denotesthe number of blocks of G.
Equation (47) reducesthe problem of determining r(G to a (rather di cult)
problem in enumeration, whosesolution may be found in [25, x6].

5.7. Other examples

There are two additional arrangemeris related to the braid arrangemert that in-
volve nice enumerative combinatorics. We merely repeat the de nitions here from
Lecture 1 and assenble someof their basic properties in Exercises19{28.
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The Linial arrangementin K" is givenby the hyperplanesx; x; = 1,1 i<
j  n. It consistsof \half " of the semiorderarrangemeri | ;» . Despite its similarity
to l1n, it is considerably more di cult to obtain its characteristic polynomial and
other enumerative invariants. Finally the thresholdarrangementin K" is given by

the hyperplanesx; + x; = 0,1 i< j n. It isasubarrangemen of the Coxeter
arrangemens A(Bn) (=A(C,)) and A(Dy).
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Exercises
(1) [2] Verify equation (37), viz.,

Ao =@ 1t 3) (t (2n 3I) (t n+ 1)

(2) [2] Draw a picture of the projectivization of the Coxeter arrangemert A(B3),

similar to Figure 1 of Lecture 1.

(3) (@) [2] An emboidered permutation of [n] consists of a permutation w of [n]

together with a collection E of ordered pairs (i; j ) sud that:

1 i<j nforall(ijj)2E

If (i;j) and (h;Kk) are distinct elemernis of E, then it is false that

i h k j.

If (i;j) 2 Ethen w(i) < w(j).
For instance, the three embroidered permutations (w;E) of [2] are given
by (12;;), (12;f(1;2)g), and (21;;). Give a bijective proof that the num-
ber r(S,) of regions of the Shi arrangemert S, is equal to the number of
embroidered permutations of [n].

(b) [2+] A parking function of length n is a sequence(as;:::;an) 2 P" whose
increasingrearrangemert by by b, satises b i. For instance,
the parking functions of length three are 11, 12, 21. Give a bijective proof
that the number of parking functions of length n is equal to the number of
embroidered permutations of [n].

(c) [3{] Give a combinatorial proof that the number of parking functions of
length n is equalto (n+ 1)™ 1

(4) [2+] Show that if S, denotesthe Shi arrangemert, then the cone cS, is not

supersohable for n 3.

(5) [2] Show that if f : P! R andh:N! R arerelated by equation (40) (with

h(0) = 1), then equation (39) holds.

(6) (a) [2] Compute the characteristic polynomial of the arrangemert B in R"
with de ning polynomial
Y
Q(X) = (X2 xn 1) (xi X))

1 i n

In other words, B consists of the braid arrangemert together with the
hyperplanex; xp = 1.
(b) [5{ Is cB? (the coneover BY?) supersohable?
(7) [2+4] Let 1 k n. Find the characteristic polynomial of the arrangemen S
in R" de ned by

Xi Xj
Xi Xj

O for 1 i<j n
1 for 1 i<j k:

(8) [2+] Let 1 Kk n. Find the characteristic polynomial of the arrangemen C
in R" de ned by

Xxi=0 for 1 i n
Xi Xx;=0 for 1 i<j n
Xi+x;=1 for 1 i<j k

In particular, show that r(Cyk) = 2" *n! 2.
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(9) (a) [2+] Let A, be the arrangemert in R" with hyperplanesx; = 0 for all i,
Xi = x; foralli<j,andx; = 2x; foralli 6 j. Show that

A, (D)= Dt n 2)n g;

where (X)m = x(x 1) (X m+ 1). In particular, r(Ay) = 2(2n +
1)!=(n + 2)!. Can this be seencombinatorially? (This last question has not
beenworked on.)

(b) [2+] Now let A, be the arrangemert in R" with hyperplanesx; = x; for
alli<jandx; = 2x; foralli 6 j. Show that

A, ()= (t D n o 2) 3(t* Bn Dt+3n(n 1)

In particular, r(A,) = 6n?(2n  1)!=(n+ 2)!. Again, a combinatorial proof
can be asked for.

(c) [5{] Modify. For instance, what about the arrangemen with hyperplanes
xi = Oforalli, x; = x; foralli <j,andx; = 2x; forall i < j? (This
exampleis actually not dicult) Or x; = Ofor all i, x; = x; forall i <j,
Xi = 2x; foralli 6 j,andx; = 3x; foralli6 j?

(10) (a) [2+] Forn  1let A, be an arrangemert in R" such that every H 2 A,
is parallel to a hyperplane of the form x; = cx;, wherec 2 R. Just asin
the de nition of an exponertial sequenceof arrangemerts, de ne for every
subsetS of [n] the arrangemen

A; =fH 2 A, : H is parallel to somex; = cx;; wherei;j 2 Sg:

Supposethat for every sucdh S we haveLas = La,, Wherek = #S. Let

XN
FOO = (D' r(An)
n o ’
XN
G) = | ( LEMAIKAL)
n o n!
Shaow that
X XN G(X)(t+1) =2
4 =20
(8) . An(t) n' F(X)(’[ 1):2

Verify that this formula is correct for the braid arrangemer.

(b) [2] Simplify equation (48) wheneadh A,, n 1, is a certral arrangemert.
Make sure that your simpli cation is valid for the coordinate hyperplane
arrangemert.

(11) [2+] Let Ro(G,) denote the set of regions of the Catalan arrangemert C, con-
tained in the regionsx; > Xz > > X, of B,. Let R be the unique region
in Ro(G,) whose closure contains the origin. For R 2 Ro(G,), let Xg be the
set of hyperplanesH 2 C, such that R and R lie on dierent sidesof H. Let
W, = fXRr : R 2 Ro(C,)g, ordered by inclusion.



LECTURE 5. FINITE FIELDS 83

A I
W,

Let P, be the posetof intervals [i; j], 1 i < j n, ordered by reverse
inclusion.
[1,2] [2,3] [3.4]
[1,2] [2,3]
[1,3]

[1,4]
P ?

Show that W, = J(Py), the lattice of orderidealsof P,. (An order ideal of a
posetP isasubsetl P sucdhthatifx21 andy x,theny21. Dene J(P)
to be the set of order ideals of P, ordered by inclusion. See[31, Thm. 3.4.1].)
(12) [2] Usethe nite eld method to prove that

c,M=tt n 1)t n 2)(t n 3) (t 2n+ 1)

where G, denotesthe Catalan arrangemert.
(13) [2+4] Let k 2 P. Find the number of regionsand characteristic polynomial of the
extendel Catalan arrangement
Gk :xi x=0 1, 2::5; kyforl i<j n
GeneralizeExercise 11 to the arrangemerts C; (k).
(14) [3{] Let S& denotethe arrangemert
Xi X = 01 1 i<j n
2 = 01, 1 i n
called the Shi arrangementof type B. Find the characteristic polynomial and

number of regionsof S2. Is there a \nice" bijective proof of the formula for the
number of regions?
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(15) [5{] Let 1 k n. Find the number of regions (or more generally the charac-
teristic polynomial) of the arrangemert (in R")
1, 1 i k

i Xi= o k1 i

for all i & j. Thus we are courting interval orders on [n] where the elemens

to intervals of length two. Is it possibleto count suc interval orders up to
isomorphism (i.e., the unlabelled case)?What if the length 2 is replacedinstead
by a genericlength a?

(16) [2+] A doublesemiorder on [n] consistsof two binary relations < and  on [n]

i<j if x< Xj 1
i j if Xi < Xj 2
If we assciate the interval I; = [x; 2;x;] with the point x;, then we are
specifying whether |; lies to the left of the midpoint of I;, ertirely to the left of
Ij, or neither. It should be clear what is meart for two double semiordersto be
isomorphic.
(a) [2] Draw interval diagrams of the 12 nonisomorphic double semiorderson
f1;2;3g.
(b) [2] Let 2(n) denote the number of double semiorderson [n]. Find an
arrangemen Iﬁz) satisfying r(Iﬁz)) = ,(n).

(c) [2+] Show that the number of nonisomorphic double semiorderson [n] is

H 1 3n
givenby " -

@ [20 Let F(X) =, o5ap o x". Show that
X XN

2an)==F@1 eX):

. n!

(e) [2] Generalizeto \ k-semiorders,"whereordinary semiorders(or unit interval
orders) correspond to k = 1 and double semiordersto k = 2.

(17) [1+] Shaw that intervals of lengths 1;1:000%; 1:001; 1:01; 1:1 cannot form an in-
terval order isomorphicto 4 + 1, but that such an interval order can be formed
if the lengths are 1; 10; 100, 100Q 10000.

(18) [5{] What more can be said about interval orders with genericinterval lengths?
For instance, consider the two cases:(a) interval lengths very near eat other
(e.g.,1,1.001,1.01,1.1), and (b) interval lengths superincreasing(e.g., 1, 10, 100,
1000). Are there nitely many obstructions to being such an interval order? Can
the number of unlabelled interval orders of eac type be determined? (Perhaps
the numbers are the same,but this seemsunlikely.)

(19) (a) [3] Let L, denotethe Linial arrangemert, say in R". Show that

n

y t k"L

0= 1"
o 2" k=1
(b) [1+] Deducefrom (a) that
L) _ (D" L, (t+n)
t t+n '
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1 3 2 4 2 4 1 3
o —o—0 o —o—0
1 4 2 3 3 4 1 2
o —o—0 o —o—0
2 3 1 4
4
2 3
1 3
4

Figure 10. The sewen alternating trees on the vertex set [4]

(20) (a) [3{] An alternating tree on the vertex set [n] is a tree on [n] such that
every vertex is either lessthan all its neighbors or greater than all its neigh-
bors. Figure 10 shows the sewen alternating trees on [4]. Deduce from
Exercise 19(a) that r(L,) is equal to the number of alternating trees on
[n+ 1].

(b) [5] Find a bijective proof of (a), i.e., give an explicit bijection betweenthe
regionsof L, and the alternating treeson [n + 1].
(21) [3{] Let
L) =ant" ay ot" t+ o+ (D" gt
Deduce from Exercise 19(a) that & is the number of alternating trees on the
vertex set0; 1;:::;n such that vertex 0 hasdegree(number of adjacert vertices)
i.

(22) (a) [2+] Let P(t) 2 CJt] have the property that every (complex) zero of P(t)
hasreal part a. Let z 2 C satisfy jzj = 1. Show that ewvery zero of the
polynomial P(t 1)+ zP(t) hasreal part a+ 3.

(b) [2+] Deducefrom (a) and Exercise19(a) that every zero of the polynomial
L, (t)=t hasreal part n=2. This result is known asthe \Riemann hypothesis
for the Linial arrangemen.”

(23) (a) [2{] Computelimy;;  b(S,)=r(S,), where S, denotesthe Shi arrangemert.
(b) [3] Do the samefor the Linial arrangement L.

(24) [2+] Let L, denotethe Linial arrangemen in R". Fix anintegerr 6 0; 1, and
let M (r) bethe arrangemert in R" dened by x; = rxj,1 i<j n,together
with the coordinate hyperplanesx; = 0. Find arelationship between | (t) and

M, () (t) without explicitly computing these characteristic polynomials.

(25) (a) [3{] A thresholdgraph on [n] may be de ned recursively as follows: (i) the
empty graph ; is athreshold graph, (ii) if G is athreshold graph, then sois
the disjoint union of G and a singlevertex, and (iii) if G is athreshold graph,
then sois the graph obtained by adding a new vertex v and connecting it
to every vertex of G. Let T,, denotethe threshold arrangemen. Show that
r(T,) is the number of threshold graphs on [n].
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(b) [2+] Deducefrom (a) that
X x" el x).
i or(Tn)m B S

(c) [1+] Deducefrom Exercise 10 that
n
T, (t));—. = @1+ x)e D=
n o0 ’

(26) [5{ Let
L, =t" a, it" '+ +( 1 ay

For instance,

) = t2 32+3 1
T,(t) = t* et*+ 152 17+ 7
(1) = t° 10t*+ 45 10%2+ 12at 51

By Exercise 25(a), ag + a3 + + a, 1+ 1isthe number of threshold graphs
on the vertex set [n]. Give a combinatorial interpretation of the numbers a; as
the number of threshold graphs with a certain property.

(27) (a) [1+] Find the number of regionsof the \Linial threshold arrangemert"

Xit+xp=1 1 i<j n
(b) [5{] Find the number of regions, or even the characteristic polynomial, of
the \Shi threshold arrangemen”
Xit+Xx; =01 1 i<j n:

(28) [3{] Let A, denote the \generic threshold arrangement” (in R") x; + x; = &,

1 i<j n,wherethe g;'s are generic. Let
X n ZXn
n 1
the generating function for labelled trees on n vertices. Let
X n o1X"
R(x) = n T
n 1
the generating function for rooted labelled trees on n vertices. Show that
X 1=4
r(An)ﬁ - g0 trReo 1T RK)
|
0o n! 1 R(X)
x? _x3 x4 x5 x®
= 1+x+ 25+ 8§+ 54E+ 533§+ 6934a+

(29) [24] Fix n 1. Let f(k;n;r) be the number of k n (0;1)-matrices A over
the rationals such that all rows of A are distinct, every row has at least one 1,

that no nonempty subsetof the ertries sumsto O (in Fq). Show that forp 0,
whereq= p?, we have

X k
w@=" “fmnnd

k;r
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(The casek = 0is included, corresponding to the empty matrix, which hasrank
0.






LECTURE 6
Separating Hyp erplanes

6.1. The distance enumerator

Let A be a real arrangemert, and let R and R° be regions of A. A hyperplane
H 2 A semrates R and R%if R and RO lie on opposite sidesof H. In this chapter
we will considersomeresults dealing with separating hyperplanes. To begin, let

sefR;R%Y = fH 2 A : H separatesR and R%:

De ne the distance d(R;R% between the regions R and R° to be the number of
hyperplanesH 2 A that separateR and RY, i.e.,

d(R;RY = #sep(R;RY:
It is easily seenthat d is a metric on the set R(A) of regionsof A, i.e.,
d(R;R% Ofor all R;R%2 R(A), with equality if and only if R = R°
d(R;RY = d(R%R) for all R;R%2 R(A)
d(R;RY + d(R%R% d(R;R% for all R;R%R%2 R(A).
Now x aregionRg 2 R(A), called the baseregion. The distance enumerator of A
(with respect to Rp) is the polynomial

DaRr,(t) = td(Ro:R).
R2R(A)
We simply write D4 (t) if no confusionwill result. Also de ne the weak order (with
respect to Rp) of A to be the partial order Wa on R(A) given by
R Rif sepRo;R) sepRo;RY:

It is easyto seethat W, is a partial ordering of R(A). The poset W, is graded
by distance from Ry, i.e., R is the 0 elemen of R(A), and all saturated chains
betweenRy and R have length d(Rg; R).

Figure 1 shows three arrangemerts in R?, with Rg labelled 0 and then eadh
R 6 Ry labelled d(Ro;R). Under ead arrangemert is shown the corresponding
weakorder W, . The rst arrangemernt is the braid arrangemeri B3 (essetialized).
Herethe choice of baseregion doesnot a ect the distance enrumerator 1+ 2t + 2t%+
t3 = (1 + t)(1L + t+ t2) nor the weak order. On the other hand, the secondtwo
arrangemerts of Figure 1 are identical, but the choice of Rg leadsto di erent weak
orders and di erent distance enumerators, viz., 1+ 2t + 2t? + t2 and 1+ 3t + 2t

89
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N\1/, 0|1 1] 2
1] 2 0|1

3/\ 1 — —
2 2 | 3 1| 2

SEE

Figure 1. Examples of weak orders

Consider now the braid arrangemert B,. We know from Example 1.3 that the
regionsof B, arein one-to-onecorrespondencewith the permutations of [n], viz.,

R(B,) $ S,
Xw(a) = Xw@) > > Xw(n) $ W:
Givenw = aya, ap 2 Sy, de ne aninversion of w to be a pair (i; j) suc that
i <janda > a. Let "(w) denote the number of inversionsof w. The inversion
seguene IS(w) of w is the vector (¢;;  ;¢n), where
g =#fi:i<j wl()<w i)g
Note that the condition w (j) < w (i) is equivalert to i appearing to the right
of j in w. For instance, 1IS(461352)= (0;0; 1, 3; 1;4). The inversion sequences a
modi ed form of the inversion table or of the code of w, asde ned in the literature,

e.g., [31, p. 21][32, solution to Exer. 6.19(x)]. For our purposesthe inversion
sequenceis the most cornveniert. It is clear from the de nition of IS(w) that if

IS(w) = (c1;:::;¢,) then "(w) = ¢+  + c,. Moreover, is easyto see(Exercise2)
that asequencecy;:::;c,) 2 N" is the inversionsequencenf a permutation w 2 S,
ifandonlyifc i 1forl i n. It follows that
tw) = tet *cn
w2S, (c1;5€n)
0 ¢ i 1' |
X0 ' X 1
= ter ten

c1=0 ch =0

(49) = 1 @Q+t)@A+t+t?) (@A+t+  +t"Y);

a standard result on permutation statistics [31, Cor. 1.3.10].

Denote by Ry, the region of B, correspondingto w 2 S, and chooseRgy = Rjgq,
whereid= 12 n, the identity permutation. Supposethat Ry; Ry 2 R(Bp) such
that sepRo; Ry) = fTHg[ sepRo;u) for someH 2 B,,, H 62edRg; Ry). ThusRy
and R, are separatedby a single hyperplane H, and Ry and R, lie on the same
side of H. Supposethat H is given by x; = x; with i < j. Theni andj appear
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X1=% Xp=%3
001
002 000
X1 = X,
012 010
011

Figure 2. The inversion sequencelabeling of the regions of B3

consecutiwvely in u written asaword a;  a, (sinceH is a bounding hyperplane of
the region R,) and i appearsto the left of j (since Ry and R, lie on the sameside
of H). Thusv is obtained from u by transposing the adjacert pair ij of letters. It
follows that “(v) = "(u) + 1. If u(k) = i and we let sy = (k;k + 1), the adjacernt
transposition interchanging k and k + 1, then v = us.

The following result is an immediate consequencef equation (49) and mathe-
matical induction.

Prop osition 6.18. Let Rp = Rijg as atove. If w 2 S, then d(Ro;Ry) = “(w).
Moreover,

Dg, ()= @+ t)A+t+1t?) (@+t+ +t" 1)

There is a somewhatdi erent approad to Proposition 6.18 which will be gen-
eralized to the Shi arrangemert. We label eact region R of B, recursively by a

(Ro) = (0;0;:::;0)
Let e denotethe ith unit coordinate vectorin R". If the regionsR and R°
of B, are separatedby the singlehyperplaneH with the equationx; = x;,
i <j,andif R and Ry lie on the samesideof H, then (R9) = (R)+¢.

Figure 2 shows the labels (R) for Bs.

Prop osition 6.19. Letw 2 S,,. Then (Ry) = IS(w), the inversion sequene of
w.

Pro of. The proof is a straightforward induction on “(w). If “(w) = 0, then w =id
and
(Ria) = (Ro) = (0;0;:::;0) = 1S(id):
Supposew = a; ap and (w) > 0. For somel k n 1 we must have
aK =] > i = ak+1. Thus (wsk) = “(w) 1. Henceby induction we may assume
(wsk) = IS(wsk). The hyperplane x; = x; separatesR,, from Rys,. Henceby
the de nition of we have

(Rw) = (Rws,) *+ § = IS(wsy) + g
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By the de nition of the inversion sequencewe have IS(wsy) + ¢ = IS(w), and the
proof follows.

Note. The weak order Wg, of the braid arrangemert is an interesting poset,
usually calledthe weakorder or weakBruhat orderon S ,. For instance[14][17][30],
the number of maximal chains of Wg , is given by

no
2 " .
n 130 250 3 (2n 3)°

For additional properties of Wg ,, see[5].

6.2. Parking functions and tree inversions

Somebeautiful enumerative combinatorics is assaiated with the distance enumer-
ator of the Shi arrangemen S, (for a suitable choice of Rg). The fundamertal
combinatorial object neededfor this purposeis a parking function.

De nition  6.15. Let n 2 P. A parking function of length n is a sequence
(a1;:::;an) 2 Z™ whose increasing rearrangmert by b b, satises
1 b i forl i n. Equivalently, the sequence(by 1;:::;b, 1) is the
inversion sequenceof somepermutation w2 S,,.

The parking functions of length at most 3 are given as follows:

1 11 12 21

111 112 121 211 113 131 311 122
212 221 123 132 213 231 312 321°

The term \parking function™ [21, x6] arisesfrom the following scenario. A one-
way street has parking spaceslabelled 1;2;:::;n in that order. There are n cars

a preferred spacea; 2 [n]. When it is Ci's turn to look for a space,it immedi-
ately drivesto spacea; and then parks in the rst available space. For instance,
if (a1;a2;as3;a4) = (2;1;2;3), then C; parks in space2, then C, parks in space
1, then C3 goesto space?2 (which is occupied) parks in space3 (the next avail-
able), and nally C, goesto space3 and parks in space4. On the other hand, if
(a1;a2;a3;a4) = (3;1;4;3), then C4 is unable to park, sinceits preferred space3
and all subsequeh spacesare already occupied. It is not hard to show (Exercise 3)

A basic question concerning parking functions (to be re ned in Theorem 6.22)
is their enumeration. The next result was rst proved by Konheim and Weiss[21,
x6]; we give an elegant proof due to Pollak (described in [26][16, p. 13]).

Prop osition 6.20. The numker of parking functions of lengthn is (n+ 1)" 1.

(a1;:::;ay), but now we can have 1 a n + 1 (rather than 1 a n).
Each car enters the circle one at a time at their preferred spaceand then drives
counterclockwise until encourtering an empty space,in which casethe car parks
there. Note the following:

All the cars can always park, sincethey drive in a circle and will always
nd an empty space.
After all cars have parked there will be one empty space.
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S
6 10 2 11
9 1 12

Figure 3. A rooted forest on [12]

they always lie in the set[n + 1]) producesthe empty spacei + k (modulo
n+ 1).

wherel k n+1,isaparking function. Thereare(n+ 1)" sequencegas;:::;an)
in all, soexactly (n+ 1)"=(n+ 1) = (n+ 1)" ! are parking functions.

Many readerswill have recognizedthat the number (n+ 1)" ! is closelyrelated
to the enumeration of trees. Indeed, there is an intimate connection betweentrees
and parking functions. We therefore now presert some badground material on
trees. A tree on [n] is a connectedgraph without cycleson the vertex set [n]. A
rooted tree is a pair (T;i), whereT isatree and i is a vertex of T, called the root.
We draw treesin the standard computer sciencemanner with the root at the top
and all edgesemanating downwards. A forest on [n] is a graph F on the vertex set
[n] for which every (connected) componert is a tree. Equivalently, F hasno cycles.
A rooted forest (also called a planted forest) is a forest for which every componert
hasaroot, i.e., for each tree T of the forest selecta vertex it of T to be the root of
T. A standard result in enumerative combinatorics (e.g., [32, Prop. 5.3.2]) states
that the number of rooted forestson [n] is (n + 1)" 1.

An inversion of arooted forestF on[n] is a pair (i; j) of verticessuch that i < j
and j appearson the (unique) path from i to the root of the tree in which i occurs.
Write inv(F) for the number of inversionsof F. For instance, the rooted forest F
of Figure 3 hasthe inversions(6;7), (1;7), (5;7), (1;5), and (2;4), soinv(F) = 5.

De ne the inversion enumerntor 1, (t) of rooted forestson [n] by

X
|n(t) — tan(F);

F
where F rangesover all rooted forestson [n]. Figure 4 shows the 16 rooted forests
on [3] with their number of inversionswritten underneath, from which it follows
that

I3(t) = 6+ 6t + 3t? + t°:
We collect below the three main results on I, (t). They are theoremsin \pure"

enumeration and have no direct connection with arrangemens. The rst result,

due to Mallows and Riordan [23], gives a remarkable connection with connected
graphs.
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12 3 1 3 1 2 2 3 21 3 2 31 1
[ 3 N ] I. I. I. I. I. I.
2 3 1 3 1 2 2 @3

0 0 0 1 0 1 1 0
2 3

1 1 2 2 3 3
1A3 1A2 2 3 1 3 1 2

3 2 3 1 2 1
1 2 0 1 1 2 2 3

Figure 4. The 16 rooted forests on [3] and their number of inversions

Theorem 6.21. We have

X
l,(1+t)=  t© n;
G

where G rangesover all connected (simple) graphson the vertexset[0;n] = f0;1;:::;ng
and e(G) denotesthe numkber of edgesof G.

For instance,
l3(1+ t) = 16+ 15t + 6t% + t3:
Thus, for instance, there are 15 connectedgraphson [0; 3] with four edges.Three of
these are 4-cyclesand twelve consist of a triangle with an incident edge. The eru-
meration of connectedgraphs is well-understood [32, Exam. 5.2.1]. In particular,
if X
Ca(t)y=  t°;

G
where G rangesover all connected(simple) graphs on [n], then
X n X oy XD
(50) G =log” (1+ &)
"o n! - n!

Thus Theorem 6.21 \determines" 1,(t). There is an alternative way to state this
result that doesn't involve the logarithm function.

Corollary 6.13. We have

X +
(X
X n n:
(51) PO (RN ——
n 0 n: t(z)_
0o n!

The third result, due to Kreweras[22], connectsinversion enumerators with
parking functions. Let PF, denotethe set of parking function of length n.
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Theorem 6.22. Letn 1. Then

n X
(52) 1)1, 1=0) = fat *tan n.
(a1;:;@an )2 PFp

We now give proofs of Theorem 6.21, Corollary 6.13,and Theorem 6.22.

Pro of of Theorem 6.21 (sketch). The following elegart proofis dueto Gessel
and Wang [18]. Let G be a connectedgraph on [0;n]. Start at vertex 0 and let
T be the \depth- rst spanning tree," i.e., move to the largest unvisited neighbor
or else(if there is no unvisited neighbor) badtrack. The edgestraversedwhen all
vertices are visited are the edgesof the spanningtree T. Remove the vertex 0 and
root the treesthat remain at the neighbors of 0. Denote this rooted forest by Fg.

0 4 6 0
5 1 5 1e
3 4 3 4
G 2 6 2 6
T F

Given a spanning forest F on [n], what connectedgraphs G on [0; n] satisfy
F = Fg? The answer, whosestraightforward veri cation we leave to the reader, is
the following. Add the vertex O to F and connectit the roots of F, obtaining T.
Clearly G consistsof T with someadded edgesij . The edgeij canbe addedto T
if and only if the path from O to j contains i (or vice versa), and if i°is the next
vertex after i on the path from i to j, then (j; i9 is an inversion of F. Thus eat
inversion of F correspondsto a possible edgethat can be addedto T, and these
edgescan be added or not added independertly. It follows that

G:F=F¢g

tn(l + t)inv(F):
Summing on all rooted forestsF on [n] gives
X

te(G) - tn (1 + t)inv(F)
G F
a1+ t);

where G rangesover all connectedgraphs on [0; n].
Pro of of Corollary 6.13. By equation (50) and Theorem 6.21 we have

X" X ny XN
" Mo (LD =log (14 t)(z)m:
n 0 n 0
Substituting t 1 for t gives
X XN X ny XD
(t D" o 1(t)— = log t(z)m:
n 0 n 0
Now di erentiate both sideswith respectto x to obtain equation (51).
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Pro of of Theorem 6.22. Let

X P
Jn(t) = t(3) @ 1
(az;:;an)2PFy
. P
= t(n : ai .
(ag;;an)2PFy
Claim #1:
X _
(53) ()= (@t )30 i(1):
i=0
Proof of claim. Choose0 i n, andlet S be an i-elemen subsetof [n]. Choose
also 2 PFj, 2PF, j,and0 | i. Form avector = ( 1;:::; n+1) by
placing at the positions indexedby S, placing ( 1 + i+ 1;:::; n {+i+ 1) at

the positionsindexedby [n] S, and placing j + 1 at position n+ 1. For instance,
supposen = 7,i= 3,S=12,3,60, = (1,2,1), = (2;1;4;2), andj = 1. Then

= (6;1;2;5;8;1,;6;2) 2 PFg. It is easyto ched that in general 2 PF,.;. Note
that

Xl X X i
k= K+ k+(n )i+ 1)+ + 1
k=1 k=1 k=1
SO
n+2 X i+1 X n i+1 X .
5 k= 5 kKt 5 k+t 1 )
Equation (53) then follows if the map (i; S;; ;j) 7! is a bijection, i.e., given
2 PF,+1, we can uniquely obtain (i; S;; ;j) sothat (i;S;; ;j) 7' . Now

given , note that i + 1 is the largest number that canreplace .1 sothat we still
have a parking function. Oncei is determined, the rest of the argumert is clear,
proving the claim.

Note. Several bijections are known betweenthe set of all rooted forestsF on

of length n, but none of them have the property that inv(F) = a1+ +a, n.
Hencea direct bijectiv e proof of Theorem 6.22is not known. It would be interesting
to nd suc a proof (Exercise 4).

Claim #2:

X n .
(54) Inea (1) = i @A+t+t2+  + YL, i():
i=0

Proof of claim. We give a proof due to G. Kreweras[22]. Let F be a rooted forest

onS [n],#S =1, andlet G bearootedforestonS=[n] S. Letu;< <y
be the verticesof F, and setuj+1; = n+ 1. Choosel | i+ 1 Forallm |
replaceuny, by um+1. (If j = i+ 1, then do nothing.) This givesa labelled forest F°

on(S[ fn+ 1g) fu;g. Let T%be the labelled tree obtained from F° by adjoining
the root u; and connectingit to the roots of F% Keep G the same. We obtain a
rooted forest H on [n + 1] satisfying

inv(H)=j 1+ inv(F) + inv(G):



LECTURE 6. SEPARATING HYPERPLANES 97

/ Ill /IQ. : = / /IQ. -
4 —_—
8 3 8 12
5 1 6 9 1 6 9
2 56 11 3
2 H

F G

This processgivesa bijection (S;F;G;j) 7! H, whereS [n], F is a rooted
foreston S, G isarooted forestonS,1 | 1+ #S, andH is arooted forest on
[n+ 1]. Hence

L (@ +t+ + 1) = T ()
i=0 s [n]
#S=i
and the claim follows.
The initial conditions 1o(t) = Jo(t) = 1 agree,so by the two claims we have
In(t) = Jn(t) for all n 0. The proof of equation (52) follows by substituting 1=t
for t.

6.3. The distance enumerator of the Shi arrangemen t

Recall that the Shi arrangemenYSn is given by the de ning polynomial
Qs, = (xi xp)(xi % 1)

1 i<f n
Let K = R, and let Rg denote the region
(55) X1 > Xo > > Xp > X1 1

sox 2 Rgifandonly if 0 x; X 1for ali < j. Wedene a labeling
:R(S) ! N" of the regionsof S, asfollows.
(Ro) = (0;0;:::;0)
If the regionsR and R of S, are separatedby the single hyperplane H
with the equation x; = xj, i < j, and if R and Rq lie on the sameside of
H,then (R% = (R)+ g (exactly asfor the braid arrangemert).
If the regionsR and R° of B,, are separatedby the single hyperplane H
with the equationx; = x; + 1,i < j, and if R and Rq lie on the sameside
of H,then (R)= (R)+ €.
Note that the labeling is well-de ned, since (R) dependsonly on sepRo;R).
Figure 5 shows the labeling for the casen = 3.

Theorem 6.23. All lakels (R), R 2 R(S,), are distinct, and
PFr=f(ar+ 1;::;an+ 1) : (ag;:::;an) = (R) for someR 2 R(S,)0:

In other words, the labels (R) for R 2 R(S;,) are obtained from the labels (R)
for R 2 R(B,) by permuting coordinatesin all possibleways. This remarkable fact
seemsmuch more di cult to prove than the corresponding result for B, viz., the
labels (R) for B, consist of the sequenceqas;:::;ap) with 0 & i 1 (an
immediate consequencef Proposition 6.19 and Exercise 2.

Pro of of Theorem 6.23 (sketch). An antichain | of proper intervals of [n]
is a collection of intervals [i; j] = fi;i+ 1;:::;jgwith 1 i < n sud that if
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Xy = Xg o1
X =
201 2= %8
101 200
102 210
100 X =%T1
002 00 110
000 _
X=X
120
=% *t1

X=X
Figure 5. The labeling of the regions of Sg

;1921 andl 1% then | = 1% For instance, there are v e antichains of proper
intervals of [3], namely (writing ij for [i; j])
;, fl2g; 239, 12,23y, f13g:

In general,the number of antichains of proper intervals of [n] is the Catalan number
C, (immediate from [32, Exer. 6.19(bbb]), though this fact is not relevant here.

Every regionR 2 R(S,) correspondsbijectively to a pair (w; 1), wherew 2 S,
and | is an antichain of proper intervals such that if [i;j] 2 | then w(i) < w(j).
Namely, the pair (w;|) correspondsto the region

Xw(1) = Xw@) = > Xw(n)

Xw(r) Xw(s) < lif [r;s] 21
Xw(ry Xw(s) > 1if r<s;w(r) < w(s); and @[i;j]2 1 suhthati r<s j
We call (w; 1) a valid pair. Given a valid pair (w;|) corresponding to a region R,
write d(w; 1) = d(Rg;R). It is easyto seethat
(56) diw; 1) = #£(0;j) - i <] w(i) > w(j)g

+# f(i;)) i< wi)<w(); nol 21 satisesi;j2I1g:

We say that the pair (i;j) isof type 1 if i < j and w(i) > w(j), and is of type 2 if
i<j,w()<w(),andnol 21 satisesi;j 2 1. Thusd(w;l) is the number of
pairs (i; j) that are either of type 1 or type 2.

Example. Let w = 521769348and | = f 14;27;49g. We can represert the pair
(w; 1) by the diagram
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7N N
52176934

This correspondsto the region
X5 > X2 > X1 > X7 > Xg > Xg > X3 > X4 > Xg
Xs X7< 1, X Xz3<1 X7 Xg< 1
This region is separatedfrom Rq by the hyperplanes
X5 = X2;Xs5 = X1;::: (13 in all)
X5 = Xg+ LiXs = Xg+ 1;::: (7 in all):

Let (w;l;w(i)) bethe number of integersj sud that (i; j) is either of type 1 or
type 2. Thus

For the example above we have (R) = (2;3;0;0;7;2;3;0;3). For instance, the
ertry (w;l;5) = 7 correspondsto the sewen pairs 12, 13,17, 18 (type 1) and 15,
16, 19 (type 2).

Clearly (R)+ (1;1;:::;1) 2 PF,, since (w;l;w(i)) n i (the number of
elemerts to the right of w(i) in w).

Key lemma. Let X be anr-elemen subsetof [n], andletv=v; v, bea
permutation of X . Let J be an antichain of proper intervals [a; b], where v, < vy,
Supposethat the pair (i; j) is either of type 1 or type 2. Then

(v;divi) > (vidiv):
The proof of this lemma is straightforward and is left to the reader. For the ex-

implies that

@ s> 2, 5> 1, 5> 3, 5> 4 2> 1, 71> 6 1> 3, 1> 4
6> 3, 6~ 4, 92 3, 9~ 4, 9> 8

b) 5> 6 5> o 5> 8 2> 4, 2> g 1> 4 1> g

The crux of the proof of Theorem 6.23is to show that given + (1;1;:::;1)2
PF,, there is a unique regionR 2 R(S,) satisfying (R) = . Wewill illustrate the
construction of R from  with the example = (2;3;0;0;7;2;3;0;3). We build up
the pair (w;1) represering R one step at a time. First let v be the permutation
of [n] obtained from \standardizing”"  from right-to-left. This meansreplacing
the O'sin  with 1;2;:::;m; from right-to-left, then replacing the 1'sin  with
m; + 1;mq + 2;:::;m; from right-to-left, etc. Let v ! = (t1;:::;t,). For our

= 2 300 7 2 3 0 3
% = 5 8 3 2 9 4 7 1 6:
v 1 = 8 4 3 6 1 9 7 2 5
Next weinsert t1;:::;t, from left-to-right into w. From wecanreado wheret;

is inserted. After inserting t;, we alsorecord which of the positions of the elemeris

so far inserted belongto someinterval | 2 |. We can also determine from  the

unique way to do this. The best way to understand this insertion technique is to

practice with someexamples. Figure 6 illustrates the stepsin the insertion process
for our current example. These stepsare explained as follows.
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Figure 6. Constructing a valid pair (w;|) from the parking function
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= (2,3,0,0;7,2;,3,0;3)

First insert 8.

Insert 4. Since g = 0, 4 appearsto the left of 8, sowe have the partial

permutation 48. We now must decide whether the positions of 4 and 8
belongto someinterval I 2 1. (In other words, in the pictorial represen-
tation of (w;l), will 4 and 8 lie under somearc?) By the rst term on
the right-hand side of (56), we would have 4 1if there wereno suc | .

Since 4 = 0, we obtain the secondrow of Figure 6.

Insert 3. As in the previous step, we obtain 348 with a single arc over all

three terms.

Insert 6. Supposewe inserted it after the 3, obtaining 3648, with a single
arc over all four terms (since 3 and 8 have already beendetermined to lie
under a single arc). We have g = 2, but the contribution sofar (of 3648
with an arc over all four terms) to ¢ is 1. Thuslater we must insert some
j to the right of 6 sothat the pair (6;j) is of type 1 or type 2. By the
lemma, we would have (w;l;6) > (w;l;]j), contradicting that we are
inserting elemerts in order of increasing i's. Similarly 3468and 3486are
excluded, so 6 must be inserted at the left, yielding 6348. If the arc over
4,6,8is not extendedto 6, then we would have g 3. Hencewe obtain

the fourth row of Figure 6.
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(5) Insert 1. Using the lemma we obtain 16348. Since ; = 2, thereis an arc
over 1 and two other elemerts to the right to 1. This givesthe fth row
of Figure 6.

(6) Insert 9. Placing 9 before 1 or 6 yields ¢ 4, contradicting ¢ = 3.
Placing 9 after 3,4, or 8 is excludedby the lemma. Hencewe get the sixth
row of Figure 6.

(7) Insert 7. Placing 7 at the beginning yields four terms ] < 7 appearing to
the right of 7, giving 7 4, a contradiction. Placing 7 after 6,9,3,4,8will
violate the lemma, so we get the partial permutation 1769348. In order
that 7= 3, we must have 7 and 8 appearing under the samearc. Hence
the arc from 6 to 8 must be extendedto 7, yielding row sewen of Figure 6.

(8) Insert 2 and 5. By now we hope it is clear that there is always a unique
way to proceed.

The uniguenessof the above procedure shows that the map from the regions
R of S, (or the valid pairs (w;1) that index the regions)to parking functions
is injective. Sincethe number of valid pairs and number of parking functions are
both (n + 1)" 1, the map is bijective, completing the (sketched) proof. In fact,
it's not hard to show surjectivity directly, i.e., that the above procedure produces
a valid pair (w; 1) for any parking function, circumventing the needto know that
r(S,) = #PF , in advance.

Corollary 6.14. The distance enumexrator of S, is given by

(57) Ds, (t) = SR
(a1;:;an)2PFg
Pro of. It is immediate from the de nition of the labeling :R(S,)! N" that if
(R) = (az;:::;an), then d(Ro;R) = a1 + + a,. Now use Theorem 6.23.
Note. An alternativ e proof of Corollary 6.14is given by Athanasiadis [3].

6.4. The distance enumerator of a supersolv able arrangemen t

The goal of this sectionis a formula for the distance enumerator of a supersohable
(central) arrangemert with respectto a \canonical” baseregion Rg. The proof will
be by induction, basedon the following lemma of Bjorner, Edelman, and Ziegler

[8].

Lemma 6.7. Every central arrangementof rank 2 is supersolvable. A central
arrangementA of rank d 3 is supersolvableif and only if A = Ag[ A1 (disjoint
union), where Aq is supersolvableof rankd 1 (soA; 6 ;) andfor all HEH%2 A,
with H?6 H % there existsH 2 Ay suchthat HO\ H% H.

Pro of. Every geometriclattice of rank 2 is modular, hencesupersohable, solet A
be supersohableof rank d 3. Let 0= xol x1l | X4 11 Xq = % beamodular
maximal chain in La. De ne

Apg=Ay, ,=fTH2A :xqg 1 Hg;
SoL(Ag) = [0;xg+1]. Clearly Ag is supersohable of rank d 1. Let A; = A Aoy.
Let HEH%2 A, H?6 H® Sincexq 1 6 HOwehavexg 1 (H°_ H% = %in

L(A). Now rk(xq 1) =d 1,andrk(H°_H% = 2 by semimadularity. Sincexqy 1
is modular we obtain

tk(xg 12 (H°_H%)=(@d 1)+2 d=1;
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i.e,Xg 1" (H°_H% =H 2 A. SinceH x4 ; it followsthat H 2 Ay. Moreover,
HO\ H% H sinceH H°_ HO% This provesthe \only if" part of the lemma.
The \if " part is straightforward and not neededhere, sowe omit the proof.
GivenAg = Ay, , asabove,dene amap :R(A) R(Ag) (the symbol
denotessurjectivity) by (R) = R%if R R% For R 2 R(A) let

F(R)=fRi2R(A) : (R)= (Ri)g= *( (R):

For example, let A be the arrangemert

Let Ap = fHg. Then F(1) = f1;2;3g and F(5) = f4;5; 69.

Now let R®2 R(Ag). By Lemma 6.7 no H%H®2 A can intersect inside R°.
The illustration below is a projective diagram of a bad intersection. The solid lines
de ne Ap and the dashedlines A;.

Thus  (R9Y must be arranged \linearly" in RY i.e., there is a straight line
intersectingall R 2 1(RO.
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Sincerank(A) > rank(Ag), we have# (R% > 1 (for H 2 A doesnot bisect
RO if and only if rank(Ao [ H) = rank(Ag)). Thus there are two distinct regions
Ri;R, 2 Y(RY that are endpoints of the \c hain of regions."

Let eq4 have the meaning of equation (34), i.e.,

eg=#fH 2 A : H 62A,0= #A;:

Then 1(R9 is a chain of regionsof length g5, so# (R9 = 1+ e4. We now
cometo the key de nition of this subsection. The de nition is recursive by rank,
the basecasebeing rank at most 2.

De nition  6.16. Let A be areal supersohable certral arrangemert of rank d, and
let Ag be a supersohable subarrangemen of rank d 1 (which always exists by the
de nition of supersohability). A region Ry 2 R(A) is called canonical if either (1)
d 2,orelse(2)d 3, (Ro) 2 R(Ap) is canonical,and Rq is an endpoint of the
chain F(Ry).

Since every chain has two endpoints and a certral arrangemern of rank 1 has
two (canonical) regions, it follows that there are at least 2¢ canonical regions.

The main result on distance enumerators of supersohable arrangemerns is the
following, due to Bjorner, Edelman, and Ziegler [8, Thm. 6.11].

Theorem 6.24. Let A be a supersolvablecentral arrangementof rank d in R". Let
Ro 2 R(A) be canonical, and supmse that

A= (t et &) (t eqt"

(There always exist such positive integerse; by Corollary 4.9.) Then

!
Dar,() =  (I+t+t?+ +to):
i=1

Pro of. Let Wa be the weak order on A with respectto Ry, i.e.,
Wa = fsedRo;R) : R2 R(A)g;

ordered by inclusion. Thus W, is graded with rank function given by rk(R) =
d(Ro; R) and rank generating function

t™®(R) = D4 (1):
R2Wpy
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SinceRy is canonical, for all R°2 R(Ao) we havethat  1(R9 is a chain of length
eq. Henceif R 2 R(A) and h(R) denotesthe rank of R in the chain F(R), then

da (Ro;R) = da,( (R)) + h(R):
Therefore
Da(t) = Da (@ +t+  +1t%);
and the proof follows by induction.
Note. The following two results werealsoprovedin [8]. We simply state them

here without proof.
If A is areal supersohable certral arrangemen and Ry is canonical, then
W, is a lattice (Exercise 7).
If A is any real certral arrangemert and W, is a lattice, then Ry is
simplicial (boundedby exactly rk(A) hyperplanes,the minimum possible).
In other words, the closureRg is a simplex. As a partial corverse,if every
region R is simplicial, then W, is a lattice (Exercise 8).

6.5. The Varchenko matrix

Let A be a real arrangemen. For eadh H 2 A let a4 be an indeterminate. De ne
a matrix V = V(A) with rows and columnsindexed by R(A) by
Y

VRRro = ay -
H 2 sep(R;R 9)

For instance, let A be given as follows:

1 2
3
Then
1 2 3 4 5 6 7
1 1 a aa, aas az azaz aqiapas
2 a; 1 ap az a;asz ajagas apas
V = 3 a;ap adp 1 draz apazas a;as az
4| ajaz az aas 1 a a,ay ar
5 az Qa3 aapaz ap 1 ar a,ax
6| apaz azapaz aijaz aiap ar 1 ai
7 | aqazaz a;as az ap a;ay a; 1

The determinant of this matrix happensto be given by

det(V)= 1 a2°1 a2’ 1 a2°:
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In order to state the general resul\t(, dene for x 2 L(A),
ax = aH
H x
nx) = r(A%)
p(x) = blc 'Ax) = (Ax);
whereasusual A* = fx\ H6 ; : x6 Hgand A, = fH 2 A : H xg, and
wherec ! denotesdeconingand is de ned i)rz Exercise4.22. Thus
nx)=j ax( j= Xy
y X
px)= 3,1 :
Example 6.14. The arrangemert of three lines illustrated above hastwo typesof
intersections (other than 0): a line x and a point y. For a line x, A consists of
two points on a line, son(x) = r(A*) = 3. Moreover, Ax consistsof the single
hyperplane x in R?, soc A, = ; and p(x) = b(;) = 1. Hencewe obtain the
factor (1 ay)® in the determinant. On the other hand, AY = ; son(y) = r(;) = 1.
Moreover, Ay consistsof two intersecting linesin R?, with characteristic polynomial
A, (1) = (t  1)2. Hencep(y) = j gy(l)j = 0. Equivalertly, ¢ A, consistsof a
single point on a line, soagain p(y) = b(c Ay) = 0. Thusy contributes a factor
(1 a3)°= 1to det(V).

We can now state the remarkable result of Varchenko [37], generalized to
\w eighted matroids" by Brylawski and Varchenko [11].

Theorem 6.25. Let A be areal arrarpement. Then
detV(A) = (1 a2)neIpt).
06 x2L (A)

Pro of. Omitted.
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Exercises
(1) Let A be a certral arrangemernt in R" with distance enumerator D (t) (with

respect to somebaseregion Rg). De ne a graph Ga on the vertex set R(A)

by putting an edgebetweenR and RC if #sep(R;R% = 1 (i.e., R and R? are

separatedby a unique hyperplane).

(@) [2{] Shaw that G, is a bipartite graph.

(b) [2] Show that if # A is odd, then Dao( 1) = 0.

(c) [2] Shawthat if # A isevenandr(A) 2(mod4),thenDa( 1) 2(mod4)
(soDa( 1)6 0).

(d) [2] Give an example of (c), i.e., nd A sothat # A is even and r(A)
2(mod 4).

(e) [2] Show that (c) cannot hold if A is supersohable. (It is not assumedthat
the baseregion Rq is canonical. Try to avoid the use of Section 6.4.)

(f) [2+] Show that if # A isevenand r(A) 0(mod4), then it is possiblefor
Da( 1)= OandforDa( 1) 6 0. Canexamplesbefound for rank(A) 3?

mutation w2 S, ifandonlyif¢g i 1forl i n.
(3) [2] Show that all cars can park under the scenariofollowing De nition 6.15 if

function.

(4) [5] Find a bijective proof of Theorem 6.22,i.e., nd a bijection ' betweenthe
set of all rooted forestson [n] and the set PF, of all parking functions of length
n satisfying inv(F) = ”;1 a; a, when' (F) = (az;:::;an). Note.
In principle a bijection ' can be obtained by carefully analyzing the proof of
Theorem 6.22. However, this bijection will be of a messyrecursive nature. A
\nonrecursive" bijection would be greatly preferred.

(5) [5] There is a natural two-variable re nement of the distance enumerator (57)
of §,. GivenR 2 R(S,), dene dy(Rp;R) to be the number of hyperplanes
Xi = Xj separating Ro from R, and di(Ro; R) to be the number of hyperplanes
Xi = Xj + 1 separating Ro from R. (Here Ry is given by (55) asusual.) Set

X
Dn(qit) = qdo(RoiR)tdl(RoiR):
R2R(Sn)

What can be said about the polynomial D, (q;t)? Can its coe cien ts be inter-
preted in a simple way in terms of tree or forest inversions?Are there formulas
or recurrencesfor D (q;t) generalizing Theorem 6.21, Corollary 6.13, or equa-
tion (53)? The table below give the coe cien tsof g t! in Dy(q;t) for2 n 4.

[0 1 23 456
M0 12 3 0 [1 123331
q 1336763
0 1 0 [T 1 21
2 |558 095
0 |1 1 1 |22 2
1|1 > |5 3 3 /67096
s |1 4 |56 5
5 |3 3
6 |1




(6)

(7)
(8)

9)
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Someertries of these table are easyto understand, e.g., the rst and last
entries in ead row and column, but a simple way to compute the ertire table is
not known.

[5{] Let G, denotethe genericbraid arrangemen

Xi Xj=4agj; 1 i<j n

in R". Can anything interesting be said about the distance enumerator D g, (t)

(which dependson the choice of baseregion Rq and possibly on the g; 's)? Gen-

eralize if possibleto genericgraphical arrangmerts, especially for supersohable

(or chordal) graphs.

[3{] Let A be a real supersohable arrangemert and Ry a canonical region of A.

Show that the weak order W (with respect to Rp) is a lattice.

(a) [2+] let A be areal certral arrangemert of rank d. Supposethat the weak
order Wy (with respect to someregion Rg 2 R(A)) is a lattice. Show that
Ry is simplicial, i.e., bounded by exactly d hyperplanes.

(b) [3{] Let A be a real certral arrangemert. Show that if every region R 2
R(A) is simplicial, then W, is a lattice.

(@) [2] Seteath a4 = qin the Varchenko matrix V of an arrangemen R in R",
obtaining a matrix V(q). Let r = r(A). The ertries of V(qg) belongto the
principal ideal domain Q[q], so V (g) has a Smith normal form AV (g)B =
diag(ps;:::;pr), where A; B arer r matrices whoseerntries belongto Q[q]

Q[q] such that p; jpi+1 forl i r 1. The Smith normal form is unique
up to multiplication of the p;'s by nonzeroelemers of Q. For instance, if
A = B3, then
AV (@B = diag(Lid® Ld L L(d 15 A+ g+ L))
Show that ead p; is a polynomial in of.
(b) [3+] Let & bethe number of j's for which (g 1) jp; but (¢ 1)"*! -pj.
Show that X ' '
A= (D" 'ad
i 0
(c) [5] What more can be said about the polynomials p;? By Theorem 6.25
they are products of cyclotomic polynomials, so one could begin by asking
for the largest powersof ¢ + 1 or g* + ¢ + 1 dividing ead p;.
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