


Figure 1: An Extreme Configuration of 30 Points

Section 7. In an appendix we modify our algorithm
to show that it suffices to use ham-sandwich-cuts for
separable sets only [Meg85]. This gives a more efficient
algorithm than when we use the ham-sandwich-cut al-
gorithm of Lo and Steiger.

2 Preliminaries.

Let S be a set of n points in a d-dimensional Euclidean
space. The center A of S is a subset E9 such that
any closed half-space intersecting A contains at least
[n/(d + 1)] points of S. From this definition of A we
can alternatively characterise the center as the intersec-
tion of all open half-spaces such that their complements
contain less than [n/(d + 1)] points.

A centerpoint of S is a member of A.

From the definition of the center above, it follows
that any hyperplane which contains a centerpoint has
at least [n/(d+1)] points of S in each closed half-space
determined by it.

A centerpoint exists for every configuration of points.
We have the following theorem which can be proved
using Helly’s theorem.

Theorem 2.1 [Ede87] Every finite set of points in
d-dimensional Euclidean space admits a centerpoint.

The bound [n/(d + 1)] in the definition of the cen-
terpoint above is tight. We can always find a configu-
ration of n points in £¢ such that the center is empty
if [n/(d + 1)] is replaced by a larger number.

We show a configuration of 30 points in the plane for
which all points in E? admit a line which contains no
more than 10 points on one of its sides (Fig. 1).

We will use the notation Sy to denote the set of
points of S contained in the half-plane H i.e. the set
SN H, and Sg g to denote the set of points of § common
to the half-planes G and H i.e. theset SNGNH.
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3 What to Prune.

We would attempt to compute a centerpoint by ap-
plying prune-and-search. An application of Megiddo’s
prune-and-search paradigm to a given problem consists
of constructing a reduced search space, which contains
the solution(s) to the problem, and then throwing away
a constant fraction of the input set with respect to this
reduced search space.

We cannot attempt to compute the center of a set of
points by this technique because we cannot guarantee
that a pruned set has the same center as the original
set. However, it might be possible to do something less.
We can try to prune away a fraction of points of the
original set, ensuring that the center of the pruned set
is contained in the center of the original set. Then the
relevant question is, which points to prune. To answer
this, let us try to understand how we can instead add
points so that the center of the enlarged set is a superset
of the center of the original set.

A triangle has the well-known property that any line
which intersects it has at least one of the vertices of
the triangle in each closed half-plane determined by
it. Suppose that the center of S is contained inside a
triangle. If we enlarge S by adding to it the vertices
of this triangle then the center of S is contained in the
center of this bigger set. We prove this in the theorem
below.

Theorem 3.1 If P is the set of vertices of a triangle
T, which contains the center A of S, then A is a subset
of the center of SU P.

Proof: By the definition of the center every closed
half-plane H intersecting A contains at least [n/3]
points of S.

Since the triangle T contains the center A, the half-
plane H intersects T. Therefore H contains at least
one of the vertices of P, and the number of points of
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Figure 2: Deletion of Triplets of Points From Set S

SUP in H is at least [n/3] + 1. Thus A is contained
in the center of SU P. [

The next theorem tells us how we can find such a
triangle. We first note that if a closed half-plane con-
tains a centerpoint of S then it necessarily contains at
least [|S|/3] points.

Let |SU P| = n in the rest of this section.

Theorem 3.2 Let Hy, Ho, Hs be three closed half-
planes, each containing less than [n/3] points of SUP
and situated so that the intersection of their comple-
ments is a bounded open triangle A; P = {21, 3,23},
where x1 € Hi N Hy,z9 € Hy N Hs and z3 € H3N H;.
Then any centerpoint of S is also a centerpoint of SUP.

Proof: Clearly, the triangle formed by the set of
points in P encloses the triangle A formed by the
boundaries of the half-planes, and hence also the cen-
ter of S. The result follows from the previous theorem
(Fig. 2). 1

For the purpose of our algorithm we need to be able
to use the above theorem in a “subtractive” way, that
is, start with the set S and get to the set § — P. We
would also like to do it many times, so that a fraction
of the points of the set we start with can be discarded.
This however may not always be possible. There are
configurations of points for which we cannot determine
P for any choice of half-planes satisfying the conditions
of our theorem. An example of such a configuration is
n points evenly arranged on a circle.

To get around this difficulty we enlarge the scope of
the above theorem, allowing for the choice of four half-
planes instead of three. The details are provided in the
theorem below.

Theorem 3.3 Let Hi, Hy, Hs, Hy be four closed half-
planes, each containing less than [n/3) points of SUP
and situated so that the intersection of their com-
plements is a bounded open quadrilateral or triangle
A; P = {z1,22,23,24}, where 2, € Hi N Hy,z9 €
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HyNHs,z3 € H3NHy and z4 € HysN Hy. Then any
centerpoint of S U {p} is also a centerpoint of SU P
where p is either the intersection of the diagonals of
the quadrilateral P if P defines a quadrilateral or it is
the interior point among the points of P if P defines a
non-conver quadrilateral.

Proof: Let ¢ be a center-point of S U {p}. Any
closed half-plane H containing c¢ contains at least
[n/3 — 1] points of SU {p} (|SU {p}| = n - 3).

Our first observation is that ¢ lies inside A. To see
how, suppose this is not the case. Then ¢ lies in at
least one of the half-planes Hy, Hy, H3 and Hy4. Let H;
be that half-plane. Also, let H, be that closed half-
plane which is a proper subset of H; and contains ¢ in
its boundary. Since H; contains less than [n/3] points
of S U P, therefore H, N (S U {p}) contains less than
[n/3] — 2+ 1 points i.e. when two points of P are
dropped and the point p is added to H.. This leads to
a contradiction as every closed half-plane containing ¢
contains at least [n/3 — 1] points of S U {p}.

We have to show that a hyperplane H which contains
¢ contains at least [n/3] points of SUP. Depending on
whether the points in P form a convex or a non-convex
quadrilateral, three different cases arise.

Case 1 The four points in P form a non-convex
quadrilateral.

This case is a trivial application of Theorem 3.1.
The three convex vertices form a triangle that en-
closes the center of SU {p}. Thus by Theorem 3.1
any centerpoint of SU {p} is also a centerpoint of
SUP.

Case 2 The four points of P form a convex quadrilat-
eral but the intersection point p of the diagonals
does not belong to H (Fig. 3).

Since the quadrilateral contains the center of S U
{p} the half-plane H intersects it. Thus H con-
tains at least [n/3] points of SUP since it contains
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Figure 3: Substitution of Quadruples of Points by Point p in S

at least one of the four vertices of the quadrilat-
eral.

Case 3 The four points of P form a convex quadri-
lateral and the intersection point of the diagonals
belongs to H (Fig. 3).

In this case H contains at least two points of P.
We can therefore delete p from H and still claim
that H contains at least [n/3] points of SU P.

Thus in all the cases H contains at least [n/3] points
of S U P. Since the total number of points in SU P is
n, ¢ is a center-point of S U P as well. 1

The last theorem is the cornerstone of our pruning
mechanism. In the next section we will show how to
use ham-sandwich-cuts to make a clever choice of four
half-planes so that we can prune a fraction of of the
input set by applying this theorem repeatedly.

At this point it would be pertinent to point out a
salient and novel feature of the last theorem. Un-
like any previous application of the prune-and-search
paradigm, in this case, we will have to add new points
to the input set, ensuring at the same time a net dele-
tion of points in each iteration.

4 How to Prune.

To live up to the claim we made in the last section, we
will find a set of four closed half-planes L, R,U and D
that satisfy the conditions of the last theorem so that
a fraction of the input set can be pruned.

We fix L as follows. We determine the ([n/3] — 1)
smallest of the orthogonal projections of all the points
of S onto an arbitrary reference line. The closed half-
plane, determined by the perpendicular line passing
through this point, that contains [n/3] — 1 points on
the left is chosen to be L. This takes O(n) time.

The half-planes U and D are determined by using a
slightly generalised form of the ham-sandwich-cut algo-
rithm for separable point sets. We show how to deter-
mine U only. The half-plane D is computed in a similar
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manner. Let A be the set of points in L and B the rest
of the points of S. We use the ham-sandwich-cut algo-
rithm to partition set A in the ratio 1:3 and set B in
the ratio 3:5 so that one of the closed half-planes deter-
mined by the partioning line contains exactly [n/3]—1
points of S. This again takes O(n) time. We ensure at
the same time that each of the sets LN U and LN D
contains |n/12] — 1 points.

Determining the half-plane R is somewhat tricky.
‘We must make sure that each of the sets RND and RNU
contains at least {n/12] — 1 points and R contains less
than [n/3] points. Let T be the set (UND)u(UND).
Add the points in U — D and D — U twice respectively
to T to form the multisets A and B. Both of these
multisets contain n points.

To see this, suppose that U — D contains z points of
S. Then the sets UUD and UN D contain [n/3] -z -1
and |2n/3] — z + 1 points of S respectively. Since the
points in U — D are counted twice the total number of
points in A is 2z 4+ [n/3] -z -1+ [2n/3] —z+1 (= n).

The points in T are included both in A and B so
these are also counted twice. Using the algorithm of
Lo and Steiger [LS91] we now make a ham-sandwich-
cut of the sets A and B, and choose R as that closed
half-plane which contains [n/3] — 1 points of A and
[n/3] — 1 points of B. Since each point is counted
twice the total number of points of S in R is [n/3] — 1.
We prove in a subsequent section that both the sets
RNU and RN D contain at least [n/12] — 1 points.

Remark: In an appendix to this paper we sketch a
modification of the above procedure which uses the
ham-sandwich-cut algorithm for separable sets only.
Moreover, for non-separable sets, a ham-sandwich-
cut with an arbitrary ratio may not always exist. How-
ever, in the case mentioned above, the R-cut always
exist. We give a proof of this in another appendix.

Assuming that each of the sets LNU, LND, RNU
and RN D contains at least |n/12| — 1 points of S,
it is clear what we must do. We select any quadruple
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of points, one each from these sets. If these form a
convex quadrilateral we delete them from S and add
to it the intersection of the diagonals. Otherwise we
delete the convex vertices but retain the concave one.
We can repeat this procedure on the reduced set of
points thus obtained until one of the sets Stu, Sru,
Srp and Spp is empty, since the half-planes L, U,D
and R continue to satisfy the conditions of the theorems
of the previous section. We call it REPLACE~POINTS(P:
Points), where P is the set of all such points. We note
that this reduces the size of S by at least one fourth.

5 The Center-Point Algorithm.

After the discussion in the previous sections, the pro-
cedure for finding a centerpoint is now quite clear.

In each iteration we compute the points that are
to be discarded or replaced. By throwing away these
points we reduce the size of the set by a non-zero frac-
tion.

When the size of the set becomes so small that no
more points can be discarded we call a halt to the
pruning procedure and compute a centerpoint by any
straightforward algorithm.

The formal algorithm is given below.

Algorithm CENTERPOINT(S:
begin

Points)

repeat
Compute the half-planes L, U, D and R
Compute the sets S, Sy,Sp and Sgy
P «— Sty USLpUSru USrp
REPLACE-POINTS(P)

until P = ¢

Find a centerpoint by any straightforward
method
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end.

6 Analysis of the Center-Point
Algorithm.

We first show that each of the sets Spy and Sgp
contains at least |n/12] — 1 points. By construction
we know that the each set, Sry and Spp, contains
{n/12] — 1 points.

Let Si; and S, denote the sets Sy — Sry and Sp —
SLp respectively. Let S’ denote the set S —{S;USy U
Sp}.

Theorem 6.1 Each of the sets Sy, Sry, Spp and
SLp contains at least en points of S, where 0 < e < 1.

Proof: We have already seen that each of the sets
Sru and Spp contains |n/12] — 1 points of S.
Each of the sets S;; and S}, (inclusive of Sgy and
Srp respectively) contains [n/3] — |n/12] points.
The sets S, S;; US], and S’ are disjoint. Therefore

[Scl+ Sy uSpl+ 15|

= n

If S; denotes the set Sj; N S, from the above equa-
tion we have

5] = 1Sl = n = (3[n/3] ~ 1] - 2{n/12))

Now there are two cases to consider. When Spy U
Srp contains Sg, both Sgy and Sgp contain at least
[n/6] —1 points. In the second case the set S, includes
the set Sg and we have

ISl + |Sru USRDl > [n/3] -1
Therefore,

|Sru| + |Srp|
> |Se|+ |Sru U Skp|
>4[n/3] = n—2|n/12] -2



of points, so

ISrvl = |Srp| > [n/12] -1

Thus all the sets in question contain at least [n/12]|—
1 points. We have also shown that ¢ is approximately
1/12. 1

Combining the earlier theorems we get the result

Theorem 6.2 A point in the center of a sel can be
computed in linear time.

Proof: In each iteration at least 3n/12 (= n/4)
points are deleted.

If T(n) is the running time of the algorithm for an
input of size n, then it satisfies the following recurrence.

T(n) = T(n-3n/12)+ O(n)
= T(n) T(3n/4) + O(n)

Since T'(n) = O(n) from the above recurrence, the
claim of the theorem follows. 1

7 Conclusions.

We have presented an optimal algorithm for computing
a centerpoint of a finite set of points in the plane, thus
providing one more example of the power and versatil-
ity of the Prune-And-Search paradigm.

It would be worth exploring how this speeds up al-
gorithms which uses the centerpoint computation as a
basic subroutine.
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A A Proof of Existence of an R-
Cut.

In this section we prove the existence of a ham-
sandwich-cut for a ratio other than 1:1. We give a
sufficient condition for this which is applicaple to the
configuration discussed in this paper. It can also be
easily seen how the algorithm by Lo and Steiger can be
wmodified for this application.

Suppose we want to find a ham-sandwich-cut which
divides two given sets A and B in ratios r4 and rg
respectively. Then,

Lemma A.1 If there exist two cuts H' and H? which
divide A, B in ratios vy, vy and r3,r% respectively
such that

1 2
PA2TA T,

and
1< < 2
Tgp STBSTg

then there exists a ham-sanwich-cut which divides the
set A and B in ratios r4 and rp respectively.



Figure 5: Distribution of Points for an R-Cut.

Proof: The proof of this Lemma is constructive.
We dualise the problem of ham-sandwich-cut[{LS91]. In
the dual problem we have to find intersection of A-level
corresponding to r4 and B-level corresponding to rp.
A kth-level is defined as the piece-wise linear curve that
intersects every vertical line at k*»-median.

The point corresponding to H'! is below the A-level
corresponding to 74 and above the B-level correspond-
ing to rp. At the point corresponding to H? the reverse
is true. As both of these levels interchange their rel-
ative positions they will intersect in the vertical strip
between the dual points of H! and H?. This inter-
section point is the required dual of the general ham-
sandwich-cut. 1

Let the boundaries of U and D be the cuts H; and
H, respectively as stated in Lemma A.1. The ratios
r4 and rp are both 1/2. Let the size of Syp be =z.
The sizes of other sets would be as shown in the Fig. 5.
For the sake of simplicity floor and ceiling functions are
dropped from various terms. Then,

Qoo 8-z
A n/3+z
z
ri T n—z
T
B = n—z
P2 2n/3 -z
B nf3+zx

Clearly, for 0 <z < n/3,

and

Therefore an R-cut exists for the
in the paper.

said configuration
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B An Alternative Pruning Pro-
cedure.

Instead of computing R by the method given in sec-
tion 4, we can use the following alternative procedure.
The half-planes U and D are computed as before. But
to compute R we start with the half-plane U instead of
L. We find a ham-sandwich-cut such that U N R con-
tains [n/12] — 1 points of S. Further, let R and D be
computed maximally such that it may not be possible
to locate another half-planes which have Sgy and Sip
respectively as proper subsets.

By construction, the sets Spy, Spp and Sgy contain
|n/12] — 1 points each. We have to show that Sgp
contains at least [n/12| — 1 points.

Theorem B.1 There are at least |n/12]| — 1 points in
Skp-

Proof:  There are several different cases to consider.
We prove the statement for the configuration shown in
Fig. 6 only. For the sake of simplicity ceiling and floor
functions are dropped from various terms.

Let the size of Spy be = and size of Sgp be n/12 +
z—y.

Then number of points in every partition would be
as shown in the Figure. All the sizes of sets must be
greater than or equal to zero. Therefore,

z—y>0
and hence,
SkrD :n/12+:c—y>n/12

We can prove the statement of theorem for other
configurations of hyperplanes L, U, D and R similarly.
' .

Since all the ham-sandwich-cuts in this procedure
are computed for separable sets, this algorithm is more
efficient than the one described in the paper.



Figure 6: Distribution of Points for the Configuration in the Proof of Theorem B.1.
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