Spring 2018 CIS 610

Advanced Geometric Methods in Computer Science
Jean Gallier

Homework 4

April 12; Due May 3, 2018

Problem B1 (180). The “right way” (meaning convenient and rigorous) to define the unit
quaternions is to define them as the elements of the unitary group SU(2), namely the group
of 2 x 2 complex matrices of the form

(_O% g) a,B€C,aa+pB=1.

Then, the quaternions are the elements of the real vector space H = RSU(2). Let 1,i,j,k
be the matrices

10 . (i 0 . (0 1 0 i
) Gl ) ()

then H is the set of all matrices of the form
X=al+bi+cj+dk, a,bc,deR.
Indeed, every matrix in H is of the form

X:<_a+zb c+id

(c — id) a—ib)’ a,b,c,d € R.

(1) Prove that the quaternions 1,1, j, k satisfy the famous identities discovered by Hamil-
ton:

2=j2=k2=ijk=—1,

ij = —ji=k
jk=—kj=i,
ki = —ik = j.

Prove that H is a skew field (a noncommutative field) called the quaternions, and a real
vector space of dimension 4 with basis (1,1, j, k); thus as a vector space, H is isomorphic to
R,



A concise notation for the quaternion X defined by @ = a + b and § = ¢+ id is
X = la, (b,c,d)].

We call a the scalar part of X and (b,c,d) the vector part of X. With this notation,
X* = [a, —(b, c,d)], which is often denoted by X. The quaternion X is called the conjugate
of ¢q. If ¢ is a unit quaternion, then g is the multiplicative inverse of q. A pure quaternion is
a quaternion whose scalar part is equal to zero.

(2) Given a unit quaternion

q= (_O% g) € SU(2),

the usual way to define the rotation p, (of R?) induced by ¢ is to embed R? into H as the
pure quaternions, by

- 1 y+iz 3
¢(1‘ay’2) - (_y+22 —ix ) ) (x7y7z> GR .

Observe that the above matrix is skew-Hermitian (¢(z,y, 2)* = —¢(z,y, 2)). But, the space
of skew-Hermitian matrices is the Lie algebra su(2) of SU(2), so ¥(z,y, z) € su(2). Then, ¢
defines the map p, (on R?) given by

po(x,y,2) = v Hqv(z,y, 2)q"),

where ¢* is the inverse of ¢ (since SU(2) is a unitary group) and is given by

t (5 o ) |
Actually, the adjoint representation of the group SU(2) is the group homomorphism
Ad: SU(2) — GL(su(2)) defined such that for every ¢ € SU(2),

Ad,(A) = qAq", A€ su(2).
Therefore, modulo the isomorphism 1, the linear map p, is the linear isomorphism Ad,. In
fact, p, is a rotation (and so is Ad,), which you will prove shortly.

Since the matrix 1(z,y, z) is skew-Hermitian, the matrix —iy)(x,y, z) is Hermitian, and
we have
x z— 1y
z+1y -

—iv(o.2) = (

where 01, 09, 03 are the Pauli spin matrices

0 1 0 —i 10
= (o) =) w08

) = X03 +y02 + 201,



Check that i = io3, j = i09, k = i0y. Prove that matrices of the form xo3 + yoo, + 2oy
(with x,y,x € R) are exactly the 2 x 2 Hermitian matrix with zero trace.

(3) Prove that for every ¢ € SU(2), if A is any 2 X 2 Hermitian matrix with zero trace
as above, then gAqg* is also a Hermitian matrix with zero trace.

Prove that
det(zos + yoy + z01) = det(qAq*) = — (2 + y* + 2?).

We can embed R? into the space of Hermitian matrices with zero trace by
o(x,y, z) = xo3 + yog + zo.

Check that
=

and

Prove that every quaternion ¢ induces a map r, on R?® by

re(,y,2) = ¢ qo(z,y, 2)q") = ¢ (q(xo3 + Yoo + z01)q")

which is clearly linear, and an isometry. Thus, r, € O(3).

(4) Find the fixed points of r,, where ¢ = (a, (b,¢,d)). If (b,¢,d) # (0,0,0), then show
that the fixed points (x,y, z) of r, are solutions of the equations

—dy+cz=0
cx —by =0
dr — bz = 0.

This linear system has the nontrivial solution (b, ¢, d) and the matrix of this system is

0 —d ¢
c =b 0
d 0 -=b

Prove that the above matrix has rank 2, so the fixed points of r, form the one-dimensional
space spanned by (b, ¢, d). Deduce from this that r, must be a rotation.

Prove that r: SU(2) — SO(3) given by r(q) = r, is a group homomorphism whose kernel
is {1, -1},

(5) Find the matrix R, representing r, explicitly by computing

q(x03 +yos + 201)q" = (_ag g) <zf iy Z:xly> @ _aﬁ)
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You should find

a2+ - —d? 2bc — 2ad 2ac + 2bd
R, = 2bc + 2ad a? — b+ —d? —2ab + 2cd
—2ac + 2bd 2ab + 2cd a? - -+ d?

Since a? + b + ¢ + d? = 1, this matrix can also be written as

2a% +2b% — 1 2bc — 2ad 2ac + 2bd
R, = 2bc + 2ad 202 +2c* =1 —2ab + 2cd
—2ac + 2bd 2ab +2cd  2a®+2d% —1

Prove that r, = p,.
(6) To prove the surjectivity of r algorithmically, proceed as follows.

First, prove that tr(R,) = 4a* — 1, so

tr(R 1
o — r( Z)"‘ .

If R € SO(3) is any rotation matrix and if we write

1 Ti2 T3
R=1|ro1 T2 723
31 T32 T33,

we are looking for a unit quaternion ¢ € SU(2) such that r, = R. Therefore, we must have

s  tr(R)+1
= ——

We also know that
tr(R) =1+ 2cosb,

where 6 € [0, 7] is the angle of the rotation R. Deduce that

la] = cos (g) 0<0<m).

There are two cases.

Case 1. tr(R) # —1, or equivalently 6 # 7. In this case a # 0. Pick

Then, show that



Case 2. tr(R) = —1, or equivalently § = 7. In this case a = 0. Prove that

4bc = ro1 + 112
4bd = 113 + 131

ded = T39 + T23

and
2 1+7r
2
1+7’22
2 _
© T
d2: 1—|—’f’33
5

Since ¢ # 0 and a = 0, at least one of b, ¢, d is nonzero.

Ifb+#0, let
vV 1+ 11
b= —rrmo,
V2
and determine c, d using

dbc = ro1 + 112
4bd = 13 + 7ra1.

If ¢ #0, let
\/14‘7”22
\/§ )

and determine b, d using

4bc = 121 + 112

ded = 39 + T'23.

If d #£ 0, let
\/1+7’33

d= ,
V2

and determine b, ¢ using

4bd = 113 + 131

ded = 39 + T'23.

(7) Given any matrix A € su(2), with

A= iul U + iu;;
—U2 + ilbg —iu1 ’
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write 0 = \/u? 4+ u3 + u} and prove that

in 6
e = cosOI + S

A
9 ? 9#07

with € = I. Therefore, e is a unit quaternion representing the rotation of angle 26 and
axis (uy,ug,us) (or I when 6 = km, k € Z). The above formula shows that we may assume
that 0 < 6 <.

An equivalent but often more convenient formula is obtained by assuming that u =
(u1,u9,u3) is a unit vector, equivalently det(A) = —1, in which case A? = —1I, so we have

P4 = cosOI + sin O A.

Using the quaternion notation, this read as

e = [cos @, sin 0 u].

Prove that the logarithm A € su(2) of a unit quaternion

(% 2)

with a = a + bi and 8 = ¢ + id can be determined as follows:

Ifg=1 (i.e. a=1)then A=0. If ¢=—1 (i.e. a = —1), then

1 0
A—:l:ﬂ'(o _Z.).

Otherwise, a # £1 and (b, ¢,d) # (0,0,0), and we are seeking some A = 0B € su(2) with
det(B) =1 and 0 < 6 < 7, such that

q=e"P = cosOI +sinbB.
Then,

cosf =a (0<8<m)

(b, c,d).

(U1,U2,U3) = m

Since a?+b*+c*+d* = 1 and a = cos 0, the vector (b, ¢, d)/sin 6 is a unit vector. Furthermore
if the quaternion ¢ is of the form ¢ = [cos,sin fu| where u = (uy, us, u3) is a unit vector

(with 0 < 6 < ), then
A=0 iul U + ’iU3
o —U2 + Z"LL3 —iu1



is a logarithm of q.

Show that the exponential map exp: su(2) — SU(2) is surjective, and injective on the
open ball
{6B € su(2) |det(B) =1,0 <0 < 7}.

(8) You are now going to derive a formula for interpolating between two quaternions.
This formula is due to Ken Shoemake, once a Penn student and my TA! Since rotations in
SO(3) can be defined by quaternions, this has applications to computer graphics, robotics,
and computer vision.

First, we observe that multiplication of quaternions can be expressed in terms of the
inner product and the cross-product in R®. Indeed, if ¢, = [a,u1] and ¢ = [ag, us], then
check that

01G2 = [ay, u][ag, ug] = [ayag — uy - U, ayug + azuy + uy X ug.
We will also need the identity
uX (uxv)=(u-v)u—(u-uv.

Given a quaternion g expressed as ¢ = [cos#,sinfu], where u is a unit vector, we can
interpolate between I and ¢ by finding the logs of I and ¢, interpolating in su(2), and then
exponentiating. We have

00 (&7 Uy + U
A=log(I) = <O O) , B=log(q) =10 (—Uz _; s Q—iul 3) :

Since SU(2) is a compact Lie group and since the inner product on su(2) given by
(X)) =tr(XTY)
is Ad(SU(2))-invariant, it induces a biinvariant Riemannian metric on SU(2), and the curve
A= e N eo,1]

is a geodesic from I to ¢ in SU(2). We write ¢* = e*2. Given two quaternions ¢; and ¢,
because the metric is left invariant, the curve

A ZO) = alar'a2) A e(0,1]

is a geodesic from ¢; to ¢gs. Remarkably, there is a closed-form formula for the interpolant
Z(N). Say ¢ = [cosf,sinfu] and g2 = [cos @, sin ¢ v], and assume that ¢; # g2 and ¢; # —qo.

Define 2 by
cos Q = cos f cos ¢ + sinfsin p(u - v).



Since g1 # q2 and q; # —qs, we have 0 < 0 < w. Prove that

sin(1 — A\)$2 sin A(2
g1+ — qa-
sin €2

Z\) = qilq ) = 0

(9) We conclude by discussing the problem of a consistent choice of sign for the quaternion
q representing a rotation R = p, € SO(3). We are looking for a “nice” section s: SO(3) —
SU(2), that is, a function s satisfying the condition

pos=id,

where p is the surjective homomorphism p: SU(2) — SO(3).

I claim that any section s: SO(3) — SU(2) of p is neither a homomorphism nor contin-
uous. Intuitively, this means that there is no “nice and simple ” way to pick the sign of the
quaternion representing a rotation.

To prove the above claims, let I" be the subgroup of SU(2) consisting of all quaternions of
the form ¢ = [a, (b,0,0)]. Then, using the formula for the rotation matrix R, corresponding
to ¢ (and the fact that a® + b* = 1), show that

1 0 0
R,=10 2a2 —1 —2ab
0 2ab 2a% — 1

Since a? + b* = 1, we may write a = cos,b = sin 6, and we see that

1 0 0
R, =10 cos20 —sin20 |,
0 sin20 cos260

a rotation of angle 20 around the z-axis. Thus, both I' and its image are isomorphic to
SO(2), which is also isomorphic to U(1) = {w € C | |w| = 1}. By identifying i and
and identifying I" and its image to U(1), if we write w = cosf + isinf € I', show that the

restriction of the map p to I is given by p(w) = w?.

Prove that any section s of p is not a homomorphism. (Consider the restriction of s to
the image p(I)).

Prove that any section s of p is not continuous.

Problem B2 (120). (1) All Lie algebras in this problem are finite-dimensional. Let g be
a Lie algebra (over R or C). Given two subsets a and b of g, we let [a, b] be the subspace
of g consisting of all linear combinations of elements of the form [a,b] with a € a and b € b.
Check that if a and b are ideals, then [a, b] is an ideal.



(2) The lower central series (C*g) of g is defined as follows:
C'g=g
CHlg=[g,C*q], k>0.
We have a decreasing sequence
g=C%2C"g2C% 2.

We say that g is nilpotent iff C*g = (0) for some k > 1.

Prove that the following statements are equivalent:

1. The algebra g is nilpotent.

2. There is some n > 1 such that

[-Tla [-1'27 [ng, R} [iL‘n, l’n+1] U ]]] =0
for all z1,..., 2,41 € g.

3. There is a chain of ideals
g=a2a 2--2a,=(0)

such that [g,a;) Ca;4; fori=0,...,n—1(n>1).

(3) Given a vector space F of dimension n, a flag in F is a sequence F' = (V;) of subspaces
of E such that
O)=WchclWhc.---CV,=FE,

such that dim(V;) = i. Define n(F') by
WE)={fe€End(E)| f(V;) CVi_y,i=1,...,n}.

If we pick a basis (ej,...,e,) of E such that e; € V;, then check that every f € n(F) is
represented by a strictly upper triangular matrix (the diagonal entries are 0).

Prove that n(F') is a Lie subalgebra of End(E) and that it is nilpotent.

If g is a nilpotent Lie algebra, then prove that ad, is nilpotent for every x € g.

(4) The derived series (or commutator series) (D*g) of g is defined as follows:

D =g
D*tlg = [DFg, D*g], k> 0.



We have a decreasing sequence
g=Dg2D'g2>D’g2---.

We say that g is solvable iff D¥g = (0) for some k > 1.

Recall that a Lie algebra g is abelian if [X,Y] = 0 for all XY € g. Check that If g is
abelian, then g is solvable.

Prove that a nonzero solvable Lie algebra has a nonzero abelian ideal.

Prove that the following statements are equivalent:
1. The algebra g is solvable.
2. There is a chain of ideals
g=ap2a 2---2a,=(0)

such that [ai,ai] Q A1 for ¢ = O,...,n— 1 (n Z 1)

Given any flag F' = (V;) in E (where E is a vector space of dimension n), define b(F’) by
b(F) ={f €End(E) | f(Vi) CVi,i=0,...,n}.
If we pick a basis (ej,...,e,) of E such that e; € V;, then check that every f € b(F) is
represented by an upper triangular matrix.

Prove that b(F) is a Lie subalgebra of End(E) and that it is solvable (observe that
D (b(F)) € n(F)).

(5) Prove that
DFgC C*g k>0.

Deduce that every nilpotent Lie algebra is solvable.

(6) If g is a solvable Lie algebra, then prove that every Lie subalgebra of g is solvable,
and for every ideal a of g, the quotient Lie algebra g/a is solvable.

Given a Lie algebra g, if a is a solvable ideal and if g/a is also solvable, then g is solvable.

Given any two ideals a and b of a Lie algebra g, prove that (a + b)/a and b/(a N b) are
isomorphic Lie algebras.

Given any two solvable ideals a and b of a Lie algebra g, prove that a + b is solvable.
Conclude from this that there is a largest solvable ideal v in g (called the radical of g).

Problem B3 (120). Recall that a nonempty k-dimensional affine subspace A of R" is
determined by a pair (ag,U), where ay € R™ is any point in A and U is a k-dimensional
subspace of R"™ called the direction of A, with

A=ay+U={ap+u|ueU}
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Two pairs (ag,U) and (by, U) define the same affine subspace A iff by — ag € U (in fact,
U consists of all vectors of the form b — a, with a,b € A).

The subspace U can be represented by any basis (ug,...,ux) of vectors u; € U, and so
A is represented by the affine frame (aq, (u1, ..., ug)).

Two affine frames (ag, (u1,...,ux)) and (bg, (vq,...,vx)) represent the same affine sub-
space A iff there is an invertible £ x k matrix A = (\;;) such that

k
Uj :Z)\ijuia 1 <7<k,

=1

and if there is some vector ¢ € R* such that

k
bo =ag+ E Cily;.
=1

Note that (A, ¢) defines an invertible affine map of R*.

A basis (uq, ..., u;) of U is represented by a n x k matrix of rank k, say A, so the affine
subspace A is represented by the pair (ag, A), where ap € R™ and A is a n x k matrix of rank
k. The equivalence relation on pairs (ag, A) is given by

(ag, A) = (bo, B)

iff there exists a pair (A, c¢), where A is an invertible k£ X k matrix (A € GL(k,R)) and ¢ is
some vector in R¥, such that

B=AA and by=aqag+ Ac.

Using Gram-Schmidt, we may assume that (uq,...,u;) is an orthonormal basis, which
means that the columns of the matrix A are orthonormal; that is,

ATA = 1.
Then, in the equivalence relation defined above, the matrix A is an orthogonal £ x k matrix
(A € O(k)).

The (real) affine Grassmannian AG(k,n) consists of all k-dimensional affine subspaces
of R" (1 <k <n).

Recall that the Euclidean group E(n) consists of all invertible affine maps (Q,u), with
@ € O(n) and v € R™, and that the special Fuclidean group SE(n) consists of all invertible
affine maps (Q,u), with @ € SO(n) and u € R™. As usual, we represent an element (Q,u)
of E(n) (or SE(n)) by the (n + 1) x (n+ 1) matrix

(3 1)
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with R™ embedded in R"™! by adding 1 as (n + 1)th coordinate.

Define an action of the group SE(n) on AG(k,n) as follows: if A € AG(k,n), for any
affine frame (ag, A) representing A (where A" A = I},), for any (Q,u) € SE(n), then

(Q,u) - A= (Qag + u, QA).

(1) Check that the above action does not depend on the affine frame (ag, A) chosen for
A.

(2) Prove the above action is transitive.

(3) Next, we determine the stabilizer of the affine subspace defined by the affine frame
(0, (e1,...,€ex)), where ey, ..., e are the first k& canonical basis vectors of R™. This affine
subspace is also represented by (0, P, 1), where P, ; is the n x k matrix consisting of the first
k columns of the identity matrix [,,; namely

_(
i = (On—k,k> '

Prove that the stabilizer of the affine subspace defined by (0, P, ) is the group H =
S(E(k) x O(n — k)) given by the set of matrices
Q
0
0

H = Q € O(k), R€ O(n—k), det(Q)det(R) =1, u € R

S 3o
— o 2

(4) For any k and n such that 1 <k <n, let I}, be the matrix
(L0
Iy = (0 B nk) -
Note that 17, _; = I,.

Let 0: SE(n) — SE(n) be the map given by

(9= D@ )0 (9 5) esem.

Prove that ¢? = id, and that o is a group homomorphism (that is, o((Q,u)(R,v)) =
o(Q,w)o(R,v), for all (Q,u), (R, v) € SE(n).
(5) The subgroup SE(n)? fized by o is defined by

SE(n)’ = {P € SE(n) | o(P) = P}.
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Prove that
SE(n)? = Q € O(k), Re O(n— k), det(Q) det(R) =1, u € R*

o o

0
R
0

— o

(6) Let se(n) be the following vector space

S —AT w
se(n) = A T wv]||Sesok), T€cso(n—k), Ac M, p, ucR vecR"F
0O 0 0
Are the matrices in se(n) skew-symmetric? If not, give a necessary and sufficient condition
for such matrices to be skew-symmetric.
Check that the map 60: se(n) — se(n) given by

0(X) = ([’“’8’“ (1]) X ([’“’8’“ (1)) . X €se(n)

is the derivative dojy.
Prove that 6 is a linear involution of se(n). Prove that the subspaces

h={X €se(n) | 0(X) = X}
m={X €se(n)|0(X)=-X}

are given by
S 0 u
h= 0 7T 0]|Seso(k), T €so(n—k), ucR"
0 0 0
and
0 —AT 0
m = A 0 wv||AeM, 4p veR™F
0O 0 0
(7) Prove (very quickly) that
se(n) =hodm,

and that dim(m) = (k+ 1)(n — k).
Problem B4 (60). Consider the Lie group SO(n) with the bi-invariant metric induced by

the inner product on so(n) given by

1
<B1, BQ> = étr(BIBQ)
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For any two matrices By, By € so(n), let v be the curve given by

y(t) = U DBiHB g <t <1,

)

This is a curve “interpolating” between the two rotations R, = €' and R, = e?2.

(1) Prove that the length L(7) of the curve v is given by

1) = (~yu((Ba - 3

2

(2) We know that the geodesic from R; to Ry is given by
v,(t) = Rie?, 0<t <1,

where B € s0(n) is the principal log of R Ry (if we assume that R R, is not a rotation by
7, i.e, does not admit —1 as an eigenvalue).

Conduct numerical experiments to verify that in general, v(1/2) # v,(1/2).

TOTAL: 480 points.
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