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Problem B1 (60 pts). Let (α1, . . . , αm+1) be a sequence of pairwise distinct scalars in R
and let (β1, . . . , βm+1) be any sequence of scalars in R, not necessarily distinct.

(1) Prove that there is a unique polynomial P of degree at most m such that

P (αi) = βi, 1 ≤ i ≤ m+ 1.

Hint . Remember Vandermonde!

(2) Let Li(X) be the polynomial of degree m given by

Li(X) =
(X − α1) · · · (X − αi−1)(X − αi+1) · · · (X − αm+1)

(αi − α1) · · · (αi − αi−1)(αi − αi+1) · · · (αi − αm+1)
, 1 ≤ i ≤ m+ 1.

The polynomials Li(X) are known as Lagrange polynomial interpolants . Prove that

Li(αj) = δi j 1 ≤ i, j ≤ m+ 1.

Prove that
P (X) = β1L1(X) + · · ·+ βm+1Lm+1(X)

is the unique polynomial of degree at most m such that

P (αi) = βi, 1 ≤ i ≤ m+ 1.

(3) Prove that L1(X), . . . , Lm+1(X) are lineary independent, and that they form a basis
of all polynomials of degree at most m.

How is 1 (the constant polynomial 1) expressed over the basis (L1(X), . . . , Lm+1(X))?

Give the expression of every polynomial P (X) of degree at most m over the basis
(L1(X), . . . , Lm+1(X)).

(4) Prove that the dual basis (L∗
1, . . . , L

∗
m+1) of the basis (L1(X), . . . , Lm+1(X)) consists

of the linear forms L∗
i given by

L∗
i (P ) = P (αi),
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for every polynomial P of degree at most m; this is simply evaluation at αi.

Problem B3 (60 pts). Given a field K (say K = R or K = C), given any two polynomials
p(X), q(X) ∈ K[X], we says that q(X) divides p(X) (and that p(X) is a multiple of q(X))
iff there is some polynomial s(X) ∈ K[X] such that

p(X) = q(X)s(X).

In this case we say that q(X) is a factor of p(X), and if q(X) has degree at least one, we
say that q(X) is a nontrivial factor of p(X).

Let f(X) and g(X) be two polynomials in K[X] with

f(X) = a0X
m + a1X

m−1 + · · ·+ am

of degree m ≥ 1 and
g(X) = b0X

n + b1X
n−1 + · · ·+ bn

of degree n ≥ 1 (with a0, b0 6= 0).

You will need the following result which you need not prove:

Two polynomials f(X) and g(X) with deg(f) = m ≥ 1 and deg(g) = n ≥ 1 have some
common nontrivial factor iff there exist two nonzero polynomials p(X) and q(X) such that

fp = gq,

with deg(p) ≤ n− 1 and deg(q) ≤ m− 1.

(1) Let Pm denote the vector space of all polynomials in K[X] of degree at most m− 1,
and let T : Pn × Pm → Pm+n be the map given by

T (p, q) = fp+ gq, p ∈ Pn, q ∈ Pm,

where f and g are some fixed polynomials of degree m ≥ 1 and n ≥ 1.

Prove that the map T is linear.

(2) Prove that T is not injective iff f and g have a common nontrivial factor.

(3) Prove that f and g have a nontrivial common factor iff R(f, g) = 0, where R(f, g) is
the determinant given by

R(f, g) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a0 a1 · · · · · · am 0 · · · · · · · · · · · · 0
0 a0 a1 · · · · · · am 0 · · · · · · · · · 0
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 · · · · · · · · · · · · 0 a0 a1 · · · · · · am
b0 b1 · · · · · · · · · · · · · · · bn 0 · · · 0
0 b0 b1 · · · · · · · · · · · · · · · bn 0 · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 · · · 0 b0 b1 · · · · · · · · · · · · · · · bn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

2



The above determinant is called the resultant of f and g.

Note that the matrix of the resultant is an (n+m)× (n+m) matrix, with the first row
(involving the ais) occuring n times, each time shifted over to the right by one column, and
the (n + 1)th row (involving the bjs) occuring m times, each time shifted over to the right
by one column.

Hint . Express the matrix of T over some suitable basis.

(4) Compute the resultant in the following three cases:

(a) m = n = 1, and write f(X) = aX + b and g(X) = cX + d.

(b) m = 1 and n ≥ 2 arbitrary.

(c) f(X) = aX2 + bX + c and g(X) = 2aX + b.

Extra Credit (40 pts). Compute the resultant of f(X) = X3+pX+q and g(X) = 3X2+p,
and

f(X) = a0X
2 + a1X + a2

g(X) = b0X
2 + b1X + b2.

TOTAL: 120 + 40 points.
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