
Chapter 4

Some Counting Problems;
Multinomial Coefficients, The
Inclusion-Exclusion Principle,
Sylvester’s Formula, The Sieve
Formula

4.1 Counting Permutations and Functions

In this short section, we consider some simple counting problems. Let us begin with permu-
tations. Recall that a permutation of a set, A, is any bijection between A and itself. If A is a
finite set with n elements, we mentioned earlier (without proof) that A has n! permutations,
where the factorial function, n !" n! (n # N), is given recursively by:

0! = 1

(n + 1)! = (n + 1)n!.

The reader should check that the existence of the function, n !" n!, can be justified using
the Recursion Theorem (Theorem 2.3).

Proposition 4.1 The number of permutations of a set of n elements is n!.

Proof . We prove that if A and B are any two finite sets of the same cardinality, n, then the
number of bijections between A and B is n!. Now, in the special case where B = A, we get
our theorem.

The proof is by induction on n. For n = 0, the empty set has one bijection (the empty
function). So, there are 0! = 1 permutations, as desired.

Assume inductively that if A and B are any two finite sets of the same cardinality, n,
then the number of bijections between A and B is n!. If A and B are sets with n + 1
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216 CHAPTER 4. SOME COUNTING PROBLEMS; MULTINOMIAL COEFFICIENTS

elements, then pick any element, a # A, and write A = A � $ { a} , where A � = A % {a} has
n elements. Now, any bijection, f : A " B , must assign some element of B to a and then
f ! A � is a bijection between A � and B � = B %{f (a)} . By the induction hypothesis, there are
n! bijections between A � and B �. Since there are n + 1 ways of picking f (a) in B , the total
number of bijections between A and B is (n + 1)n! = (n + 1)!, establishing the induction
hypothesis.

Let us also count the number of functions between two finite sets.

Proposition 4.2 If A and B are finite sets with |A| = m and |B | = n, then the set of
function, B A , from A to B has nm elements.

Proof . We proceed by induction on m. For m = 0, we have A = &, and the only function is
the empty function. In this case, n0 = 1 and the base case holds.

Assume the induction hypothesis holds for m and assume |A| = m+1. Pick any element,
a # A, and let A � = A % {a} , a set with m elements. Any function, f : A " B , assigns an
element, f (a) # B , to a and f ! A � is a function from A � to B . By the induction hypothesis,
there are nm functions from A � to B . Since there are n ways of assigning f (a) # B to a,
there are n ánm = nm+1 functions from A to B , establishing the induction hypothesis.

As a corollary, we determine the cardinality of a finite power set.

Corollary 4.3 For any finite set, A, if |A| = n, then |2A | = 2n .

Proof . By proposition 2.9, there is a bijection between 2A and the set of functions { 0, 1} A .
Since |{ 0, 1}| = 2, we get |2A | = |{ 0, 1} A | = 2n , by Proposition 4.2.

Computing the value of the factorial function for a few inputs, say n = 1, 2 . . . ,10, shows
that it grows very fast. For example,

10! = 3, 628, 800.

Is it possible to quantify how fast factorial grows compared to other functions, say nn or en?
Remarkably, the answer is yes. A beautiful formula due to James Stirling (1692-1770) tells
us that

n! '=
(

2!n
! n

e

" n
,

which means that

lim
n→∞

n!
(

2!n
#

n
e

$n = 1.

Here, of course,

e = 1 +
1

1!
+

1

2!
+

1

3!
+ á á á+

1

n!
+ á á á

the base of the natural logarithm. It is even possible to estimate the error. It turns out that

n! =
(

2!n
! n

e

" n
e! n ,
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Figure 4.1: Jacques Binet, 1786-1856

where
1

12n + 1
< " n <

1

12n
,

a formula due to Jacques Binet (1786-1856).

Let us introduce some notation used for comparing the rate of growth of functions. We
begin with the “Big oh” notation.

Given any two functions, f : N " R and g: N " R, we say that f is O(g) (or f (n) is
O(g(n))) iff there is some N > 0 and a constant c > 0 such that

|f (n)| ) c|g(n)|, for all n * N.

In other words, for n large enough, |f (n)| is bounded by c|g(n)|. We sometimes write n >> 0
to indicate that n is “large.”

For example " n is O( 1
12n ). By abuse of notation, we often write f (n) = O(g(n)) even

though this does not make sense.

The “Big omega” notation means the following: f is Ω(g) (or f (n) is Ω(g(n))) iff there
is some N > 0 and a constant c > 0 such that

|f (n)| * c|g(n)|, for all n * N.

The reader should check that f (n) is O(g(n)) iff g(n) is Ω(f (n)).

We can combine O and Ω to get the “Big theta” notation: f is Θ(g) (or f (n) is Θ(g(n)))
iff there is some N > 0 and some constants c1 > 0 and c2 > 0 such that

c1|g(n)| ) | f (n)| ) c2|g(n)|, for all n * N.

Finally, the “Little oh” notation expresses the fact that a function, f , has much slower
growth than a function g. We say that f is o(g) (or f (n) is o(g(n))) iff

lim
n→∞

f (n)

g(n)
= 0.

For example,
(

n is o(n).
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4.2 Counting Subsets of Size k; Binomial and Multi-
nomial Coefficients

Let us now count the number of subsets of cardinality k of a set of cardinality n, with
0 ) k ) n. Denote this number by

#n
k

$
(say “n choose k”). Actually, in the proposition

below, it will be more convenient to assume that k # Z.

Proposition 4.4 For all n # N and all k # Z, if
#n

k

$
denotes the number of subsets of

cardinality k of a set of cardinality n, then

%
0

0

&
= 1

%
n
k

&
= 0 if k /# { 0, 1, . . . , n}

%
n
k

&
=

%
n %1

k

&
+

%
n %1

k %1

&
(n * 1, 0 ) k ) n).

Proof . Obviously, when k is “out of range”, that is, when k /# { 0, 1, . . . , n} , we have

%
n
k

&
= 0.

Next, assume that 0 ) k ) n. Clearly, we may assume that our set is [n] = { 1, . . . , n}
([0] = &). If n = 0, we have %

0

0

&
= 1,

since the empty set is the only subset of size 0.

If n * 1, we need to consider the cases k = 0 and k = n separately. If k = 0, then the
only subset of [n] with 0 elements is the empty set, so

%
n
0

&
= 1 =

%
n %1

0

&
+

%
n %1

%1

&
= 1 + 0,

since
#n−1

0

$
= 1 and

#n−1
−1

$
= 0. If k = n, then the only subset of [n] with n elements is [n]

itself, so %
n
n

&
= 1 =

%
n %1

n

&
+

%
n %1

n %1

&
= 0 + 1,

since
#n−1

n

$
= 0 and

#n−1
n−1

$
= 1.

If 1 ) k ) n %1, then there are two kinds of subsets of { 1, . . . , n} having k elements:
those containing 1, and those not containing 1. Now, there are as many subsets of k elements
from { 1, . . . , n} containing 1 as there are subsets of k %1 elements from { 2, . . . , n} , namely
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Figure 4.2: Blaise Pascal, 1623-1662

#n−1
k−1

$
, and there are as many subsets of k elements from { 1, . . . , n} not containing 1 as there

are subsets of k elements from { 2, . . . , n} , namely
#n−1

k

$
. Thus, the number of subsets of

{ 1, . . . , n} consisting of k elements is
#n−1

k

$
+

#n−1
k−1

$
, which is equal to

#n
k

$
.

The numbers
#n

k

$
are also called binomial coefficients , because they arise in the expansion

of the binomial expression (a + b)n , as we will see shortly. The binomial coefficients can be
computed inductively using the formula

%
n
k

&
=

%
n %1

k

&
+

%
n %1

k %1

&

(sometimes known as Pascal’s recurrence formula) by forming what is usually called Pascal’s
triangle, which is based on the recurrence for

#n
k

$
:

n
#n

0

$ #n
1

$ #n
2

$ #n
3

$ #n
4

$ #n
5

$ #n
6

$ #n
7

$
. . .

0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
5 1 5 10 10 5 1
6 1 6 15 20 15 6 1
7 1 7 21 35 35 21 7 1
...

...
...

...
...

...
...

...
...

...

We can also give the following explicit formula for
#n

k

$
in terms of the factorial function:

Proposition 4.5 For all n, k # N, with 0 ) k ) n, we have

%
n
k

&
=

n!

k!(n %k)!
.
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Proof . Left as an exercise to the reader (use induction on n and Pascal’s recurrence formula).

Then, it is very easy to see that

%
n
k

&
=

%
n

n %k

&
.

Remark: The binomial coefficients were already known in the twelfth century by the Indian
Scholar Bhaskra. Pascal’s triangle was taught back in 1265 by the Persian philosopher, Nasir-
Ad-Din.

We now prove the “binomial formula” (also called “binomial theorem”).

Proposition 4.6 (Binomial Formula) For any two reals a, b # R (or more generally, any
two commuting variables a, b, i.e., satisfying ab= ba), we have the formula:

(a + b)n = an +

%
n
1

&
an−1b+

%
n
2

&
an−2b2 + á á á+

%
n
k

&
an−kbk + á á á+

%
n

n %1

&
abn−1 + bn.

The above can be written concisely as

(a + b)n =
n'

k=0

%
n
k

&
an−kbk.

Proof . We proceed by induction on n. For n = 0, we have (a + b)0 = 1 and the sum on the
righthand side is also 1, since

#0
0

$
= 1.

Assume inductively that the formula holds for n. Since

(a + b)n+1 = (a + b)n(a + b),
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using the induction hypothesis, we get

(a + b)n+1 = (a + b)n(a + b)

=

(
n'

k=0

%
n
k

&
an−kbk

)

(a + b)

=
n'

k=0

%
n
k

&
an+1−kbk +

n'

k=0

%
n
k

&
an−kbk+1

= an+1 +
n'

k=1

%
n
k

&
an+1−kbk +

n−1'

k=0

%
n
k

&
an−kbk+1 + bn+1

= an+1 +
n'

k=1

%
n
k

&
an+1−kbk +

n'

k=1

%
n

k %1

&
an+1−kbk + bn+1

= an+1 +
n'

k=1

%%
n
k

&
+

%
n

k %1

&&
an+1−kbk + bn+1

=
n+1'

k=0

%
n + 1

k

&
an+1−kbk,

where we used Proposition 4.4 to go from the next to the last line to the last line. This
establishes the induction step and thus, proves the binomial formula.

We also stated earlier that the number of injections between a set with m elements and
a set with n elements, where m ) n, is given by n!

(n−m)! and we now prove it.

Proposition 4.7 The number of injections between a set, A, with m elements and a set, B ,
with n elements, where m ) n, is given by n!

(n−m)! = n(n %1) á á á(n %m + 1).

Proof . We proceed by induction on m ) n. If m = 0, then A = & and there is only one
injection, namely the empty function from &to B . Since n!

(n−0)! = n!
n! = 1, the base case holds.

Assume the induction hypothesis holds for m and consider a set, A, with m +1 elements,
where m +1 ) n. Pick any element a # A and let A � = A %{a} , a set with m elements. Any
injection, f : A " B , assigns some element, f (a) # B , to a and then f ! A � is an injection
from A � to B � = B % {f (a)} , a set with n %1 elements. By the induction hypothesis, there
are

(n %1)!

(n %1 %m)!

injections from A � to B �. Since there are n ways of picking f (a) in B , the number of injections
from A to B is

n
(n %1)!

(n %1 %m)!
=

n!

(n %(m + 1))!
,

establishing the induction hypothesis.
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Counting the number of surjections between a set with n elements and a set with p
elements, where n * p, is harder. We state the following formula without giving a proof
right now. Finding a proof of this formula is an interesting exercise. We will give a quick
proof using the Inclusion-Exclusion Principle in Section 4.3.

Proposition 4.8 The number of surjections, Sn p, between a set, A, with n elements and a
set, B , with p elements, where n * p, is given by

Sn p = pn %
%

p
1

&
(p %1)n +

%
p
2

&
(p %2)n + á á á+ (%1)p−1

%
p

p %1

&
.

Remarks:

1. It can be shown that Sn p satisfies the following peculiar version of Pascal’s recurrence
formula:

Sn p = p(Sn−1 p + Sn−1 p−1), p * 2,

and, of course, Sn 1 = 1 and Sn p = 0 if p > n . Using this recurrence formula and the
fact that Sn n = n!, simple expressions can be obtained for Sn+1 n and Sn+2 n .

2. The numbers, Sn p , are intimately related to the so-called Stirling numbers of the second

kind , denoted
* n

p

+
, S(n, p), or S(p)

n , which count the number of partitions of a set of n
elements into p nonempty pairwise disjoint blocks (see Section 5.6). In fact,

Sn p = p!

,
n
p

-
.

The Stirling numbers,
* n

p

+
, satisfy a recurrence equation which is another variant of

Pascal’s recurrence formula:
,

n
1

-
= 1

,
n
n

-
= 1

,
n
p

-
=

,
n %1

p %1

-
+ p

,
n %1

p

-
(1 ) p < n ).

The total numbers of partitions of a set with n * 1 elements is given by the Bell
number ,

bn =
n'

p=1

,
n
p

-
.

There is a recurrence formula for the Bell numbers but it is complicated and not very
useful because the formula for bn+1 involves all the previous Bell numbers.
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Figure 4.3: Eric Temple Bell, 1883-1960 (left) and Donald Knuth, 1938- (right)

A good reference for all these special numbers is Graham, Knuth and Patashnik [27],
Chapter 6.

The binomial coefficients can be generalized as follows. For all n, m, k1, . . . , km # N, with
k1 + á á á+ km = n and m * 2, we have the multinomial coefficient ,

%
n

k1 á á ákm

&
,

which counts the number of ways of splitting a set of n elements into an ordered sequence
of m disjoint subsets, the ith subset having ki * 0 elements. Such sequences of disjoint
subsets whose union is { 1, . . . , n} itself are sometimes called ordered partitions . Beware that
some of the subsets in an ordered partition may be empty, so we feel that the terminology
“partition” is confusing since as will see in Section 5.6, the subsets that form a partition
are never empty. Note that when m = 2, the number of ways splitting a set of n elements
into two disjoint subsets where the first subset has k1 elements and the second subset has
k2 = n %k1 elements is precisely the number of subsets of size k1 of a set of n elements, that
is %

n
k1 k2

&
=

%
n
k1

&
.

Observe that the order of the m subsets matters. For example, for n = 5, m = 4, k1 = 2
and k2 = k3 = k4 = 1, the sequences of subsets ({ 1, 2} , { 3} , { 4} , { 5} ), ({ 1, 2} , { 3} , { 5} , { 4} ),
({ 1, 2} , { 5} , { 3} , { 4} ), ({ 1, 2} , { 4} , { 3} , { 5} ), ({ 1, 2} , { 4} , { 5} , { 3} ), ({ 1, 2} , { 5} , { 4} , { 3} ) are
all different and they correspond to the same partition, {{ 1, 2} , { 3} , { 4} , { 5}} .

Proposition 4.9 For all n, m, k1, . . . , km # N, with k1 + á á á+ km = n and m * 2, we have
%

n
k1 á á ákm

&
=

n!

k1! á á ákm !
.

Proof . There are
#n

k1

$
ways of forming a subset of k1 elements from the set of n elements; there

are
#n−k1

k2

$
ways of forming a subset of k2 elements from the remaining n %k1 elements; there

are
#n−k1−k2

k3

$
ways of forming a subset of k3 elements from the remaining n%k1 %k2 elements
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and so on; finally, there are
#n−k1−···−km −2

km −1

$
ways of forming a subset of km−1 elements from

the remaining n%k1%á á á%km−2 elements and there remains a set of n%k1%á á á%km−1 = km

elements. This shows that
%

n
k1 á á ákm

&
=

%
n
k1

&%
n %k1

k2

&
á á á

%
n %k1 % á á á %km−2

km−1

&
.

But then, using the fact that km = n %k1 % á á á %km−1, we get
%

n
k1 á á ákm

&
=

n!

k1!(n %k1)!

(n %k1)!

k2!(n %k1 %k2)!
á á á

(n %k1 % á á á %km−2)!

km−1!(n %k1 % á á á %km−1)!

=
n!

k1! á á ákm !
,

as claimed.

As in the binomial case, it is convenient to set
%

n
k1 á á ákm

&
= 0

if ki < 0 or ki > n , for any i , with 1 ) i ) m. Then, Proposition 4.4 is generalized as follows:

Proposition 4.10 For all n, m, k1, . . . , km # N, with k1 + á á á+ km = n, n * 1 and m * 2,
we have %

n
k1 á á ákm

&
=

m'

i =1

%
n %1

k1 á á á(ki %1) á á ákm

&
.

Proof . Note that we have ki %1 = %1 when ki = 0. First, observe that

ki

%
n

k1 á á ákm

&
= n

%
n %1

k1 á á á(ki %1) á á ákm

&

even if ki = 0. This is because if ki * 1, then
%

n
k1 á á ákm

&
=

n!

k1! á á ákm !
=

n
ki

(n %1)!

k1! á á á(ki %1)! á á ákm !
=

n
ki

%
n %1

k1 á á á(ki %1) á á ákm

&
,

and so,

ki

%
n

k1 á á ákm

&
= n

%
n %1

k1 á á á(ki %1) á á ákm

&
.

With our convention that
# n−1

k1···−1···km

$
= 0, the above identity also holds when ki = 0. Then,

we have
m'

i =1

%
n %1

k1 á á á(ki %1) á á ákm

&
=

%
k1

n
+ á á á+

km

n

& %
n

k1 á á ákm

&

=

%
n

k1 á á ákm

&
,
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since k1 + á á á+ km = n.

Remark: Proposition 4.10 shows that Pascal’s triangle generalizes to “higher dimensions”,
that is, to m * 3. Indeed, it is possible to give a geometric interpretation of Proposition 4.10
in which the multinomial coefficients corresponding to those k1, . . . , km with k1+á á á+km = n
lie on the hyperplane of equation x1+á á á+xm = n in Rm , and all the multinomial coefficients
for which n ) N , for any fixed N , lie in a generalized tetrahedron called a simplex . When
m = 3, the multinomial coefficients for which n ) N lie in a tetrahedron whose faces are the
planes of equations, x = 0; y = 0; z = 0; and x + y + z = N .

We have also the following generalization of Proposition 4.6:

Proposition 4.11 (Multinomial Formula) For all n, m # N with m * 2, for all pairwise
commuting variables a1, . . . , am , we have

(a1 + á á á+ am)n =
'

k1,...,k m ≥0
k1+ ···+ km = n

%
n

k1 á á ákm

&
ak1

1 á á áakm
m .

Proof . We proceed by induction on n and use Proposition 4.10. The case n = 0 is trivially
true.

Assume the induction hypothesis holds for n * 0, then we have

(a1 + á á á+ am)n+1 = (a1 + á á á+ am)n(a1 + á á á+ am)

=

.

/
0

'

k1,...,k m ≥0
k1+ ···+ km = n

%
n

k1 á á ákm

&
ak1

1 á á áakm
m

1

2
3 (a1 + á á á+ am)

=
m'

i =1

'

k1,...,k m ≥0
k1+ ···+ km = n

%
n

k1 á á áki á á ákm

&
ak1

1 á á áaki +1
i á á áakm

m

=
m'

i =1

'

k1,...,k m ≥0, ki≥1
k1+ ···+ km = n+1

%
n

k1 á á á(ki %1) á á ákm

&
ak1

1 á á áaki
i á á áakm

m .

We seem to hit a snag, namely, that ki * 1, but recall that

%
n

k1 á á á %1 á á ákm

&
= 0,
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so we have

(a1 + á á á+ am)n+1 =
m'

i =1

'

k1,...,k m ≥0, ki≥1
k1+ ···+ km = n+1

%
n

k1 á á á(ki %1) á á ákm

&
ak1

1 á á áaki
i á á áakm

m

=
m'

i =1

'

k1,...,k m ≥0,
k1+ ···+ km = n+1

%
n

k1 á á á(ki %1) á á ákm

&
ak1

1 á á áaki
i á á áakm

m

=
'

k1,...,k m ≥0,
k1+ ···+ km = n+1

(
m'

i =1

%
n

k1 á á á(ki %1) á á ákm

&)

ak1
1 á á áaki

i á á áakm
m

=
'

k1,...,k m ≥0,
k1+ ···+ km = n+1

%
n + 1

k1 á á áki á á ákm

&
ak1

1 á á áaki
i á á áakm

m ,

where we used Proposition 4.10 to justify the last equation. Therefore, the induction step is
proved and so is our proposition.

How many terms occur on the right-hand side of the multinomial formula? After a
moment of reflexion, we see that this is the number of finite multisets of size n whose
elements are drawn from a set of m elements, which is also equal to the number of m-tuples,
k1, . . . , km , with ki # N and

k1 + á á á+ km = n.

The following proposition is left an exercise:

Proposition 4.12 The number of finite multisets of size n * 0 whose elements come from
a set of size m * 1 is %

m + n %1

n

&
.

4.3 The Inclusion-Exclusion Principle, Sylvester’s For-
mula, The Sieve Formula

We close this chapter with the proof of a poweful formula for determining the cardinality
of the union of a finite number of (finite) sets in terms of the cardinalities of the various
intersections of these sets. This identity variously attributed Nicholas Bernoulli, de Moivre,
Sylvester and Poincaré has many applications to counting problems and to probability theory.
We begin with the “baby case” of two finite sets.

Proposition 4.13 Given any two finite sets, A, and B , we have

|A $ B | = |A| + |B | % |A + B|.
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Figure 4.4: Abraham de Moivre, 1667-1754 (left) and Henri Poincaré, 1854-1912 (right)

Proof . This formula is intuitively obvious because if some element, a # A $ B , belongs to
both A and B then it is counted twice in |A|+ |B | and so we need to subtract its contribution
to A + B . Now,

A $ B = (A %(A + B )) $ (A + B ) $ (B %(A + B )),

where the three sets on the right-hand side are pairwise disjoint. If we let a = |A|, b = |B |
and c = |A + B|, then it is clear that

|A %(A + B )| = a %c

|B %(A + B )| = b%c,

so we get

|A $ B | = |A %(A + B )| + |A + B| + |B %(A + B )|

= a %c+ c+ b%c = a + b%c

= |A| + |B | % |A + B|,

as desired. One can also give a proof by induction on n = |A $ B |.

We would like to generalize the formula of Proposition 4.13 to any finite collection of
finite sets, A1, . . . , An . A moment of reflexion shows that when n = 3, we have

|A $ B $ C| = |A| + |B | + |C| % |A + B| % |A + C| % |B + C| + |A + B + C|.

One of the obstacles in generalizing the above formula to n sets is purely notational: We
need a way of denoting arbitrary intersections of sets belonging to a family of sets indexed
by { 1, . . . , n} . We can do this by using indices ranging over subsets of { 1, . . . , n} , as opposed
to indices ranging over integers. So, for example, for any nonempty subset, I , { 1, . . . , n} ,
the expression

4
i∈I Ai denotes the intersection of all the subsets whose index, i , belongs to

I .

Theorem 4.14 (Inclusion-Exclusion Principle) For any finite sequence, A1, . . . , An , of
n * 2 subsets of a finite set, X , we have

5
5
5
5
5

n6

k=1

Ak

5
5
5
5
5
=

'

I ⊆{1,...,n }
I �= ∅

(%1)(|I |−1)

5
5
5
5
5

7

i∈I

Ai

5
5
5
5
5
.
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Proof . We proceed by induction on n * 2. The base case, n = 2, is exactly Proposition
4.13. Let us now consider the induction step. We can write

n+16

k=1

Ak =

(
n6

k=1

Ak

)

$ { An+1 }

and so, by Proposition 4.13, we have

5
5
5
5
5

n+16

k=1

Ak

5
5
5
5
5

=

5
5
5
5
5

(
n6

k=1

Ak

)

$ { An+1 }

5
5
5
5
5

=

5
5
5
5
5

n6

k=1

Ak

5
5
5
5
5
+ |An+1 | %

5
5
5
5
5

(
n6

k=1

Ak

)

+ { An+1 }

5
5
5
5
5
.

We can apply the induction hypothesis to the first term and we get

5
5
5
5
5

n6

k=1

Ak

5
5
5
5
5
=

'

J⊆{1,...,n }
J �= ∅

(%1)(|J |−1)

5
5
5
5
5

7

j ∈J

Aj

5
5
5
5
5
.

Using distributivity of intersection over union, we have

(
n6

k=1

Ak

)

+ { An+1 } =
n6

k=1

(Ak + An+1 ).

Again, we can apply the induction hypothesis and obtain

%

5
5
5
5
5

n6

k=1

(Ak + An+1 )

5
5
5
5
5

= %
'

J⊆{1,...,n }
J �= ∅

(%1)(|J |−1)

5
5
5
5
5

7

j ∈J

(Aj + An+1 )

5
5
5
5
5

=
'

J⊆{1,...,n }
J �= ∅

(%1)|J |

5
5
5
5
5
5

7

j ∈J∪{n+1 }

Aj

5
5
5
5
5
5

=
'

J⊆{1,...,n }
J �= ∅

(%1)(|J∪{n+1 }|−1)

5
5
5
5
5
5

7

j ∈J∪{n+1 }

Aj

5
5
5
5
5
5
.
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Putting all this together, we get

5
5
5
5
5

n+16

k=1

Ak

5
5
5
5
5

=
'

J⊆{1,...,n }
J �= ∅

(%1)(|J |−1)

5
5
5
5
5

7

j ∈J

Aj

5
5
5
5
5
+ |An+1 | +

'

J⊆{1,...,n }
J �= ∅

(%1)(|J∪{n+1 }|−1)

5
5
5
5
5
5

7

j ∈J∪{n+1 }

Aj

5
5
5
5
5
5

=
'

J⊆{1,...,n +1 }
J �= ∅, n+1 /∈J

(%1)(|J |−1)

5
5
5
5
5

7

j ∈J

Aj

5
5
5
5
5
+

'

J⊆{1,...,n +1 }
n+1 ∈J

(%1)(|J |−1)

5
5
5
5
5

7

j ∈J

Aj

5
5
5
5
5

=
'

I ⊆{1,...,n +1 }
I �= ∅

(%1)(|I |−1)

5
5
5
5
5

7

i∈I

Ai

5
5
5
5
5
,

establishing the induction hypothesis and finishing the proof.

As an application of the Inclusion-Exclusion Principle, let us prove the formula for count-
ing the number of surjections from { 1, . . . , n} to { 1, . . . , p} , with p ) n, given in Proposition
4.8.

Recall that the total number of functions from { 1, . . . , n} to { 1, . . . , p} is pn . The trick is
to count the number of functions that are not surjective. Any such function has the property
that its image misses one element from { 1, . . . , p} . So, if we let

Ai = { f : { 1, . . . , n} " { 1, . . . , p} | i /# Im (f )} ,

we need to count |A1 $ á á á $Ap|. But, we can easily do this using the Inclusion-Exclusion
Principle. Indeed, for any nonempty subset, I , of { 1, . . . , p} , with |I | = k, the functions in4

i∈I Ai are exactly the functions whose range misses I . But, these are exactly the functions
from { 1, . . . , n} to { 1, . . . , p} % I and there are (p %k)n such functions. Thus,

5
5
5
5
5

7

i∈I

Ai

5
5
5
5
5
= (p %k)n .

As there are
#p

k

$
subsets, I , { 1, . . . , p} , with |I | = k, the contribution of all k-fold intersec-

tions to the Inclusion-Exclusion Principle is
%

p
k

&
(p %k)n .

Note that A1+á á á+Ap = &, since functions have a nonempty image. Therefore, the Inclusion-
Exclusion Principle yields

|A1 $ á á á $Ap| =
p−1'

k=1

(%1)k−1

%
p
k

&
(p %k)n ,
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and so, the number of surjections, Sn p , is

Sn p = pn % |A1 $ á á á $Ap| = pn %
p−1'

k=1

(%1)k−1

%
p
k

&
(p %k)n

=
p−1'

k=0

(%1)k

%
p
k

&
(p %k)n

= pn %
%

p
1

&
(p %1)n +

%
p
2

&
(p %2)n + á á á+ (%1)p−1

%
p

p %1

&
,

which is indeed the formula of Proposition 4.8.

Another amusing application of the Inclusion-Exclusion Principle is the formula giving
the number, pn , of permutations of { 1, . . . , n} that leave no element fixed (i.e., f (i) -= i , for
all i # { 1, . . . , n} ). Such permutations are often called derangements . We get

pn = n!

%
1 %

1

1!
+

1

2!
+ á á á+

(%1)k

k!
+ á á á+

(%1)n

n!

&

= n! %
%

n
1

&
(n %1)! +

%
n
2

&
(n %2)! + á á á+ (%1)n .

Remark: We know (using the series expansion for ex in which we set x = %1) that

1

e
= 1 %

1

1!
+

1

2!
+ á á á+

(%1)k

k!
+ á á á.

Consequently, the factor of n! in the above formula for pn is the sum of the first n + 1 terms
of 1

e and so,

lim
n→∞

pn

n!
=

1

e
.

It turns out that the series for 1
e converges very rapidly, so pn . 1

en!. The ratio pn/n ! has
an interesting interpretation in terms of probabilities. Assume n persons go to a restaurant
(or to the theatre, etc.) and that they all check their coats. Unfortunately, the cleck loses
all the coat tags. Then, pn/n ! is the probability that nobody will get her or his own coat
back! As we just explained, this probability is roughly 1

e . 1
3 , a surprisingly large number.

The Inclusion-Exclusion Principle can be easily generalized in a useful way as follows:
Given a finite set, X , let m be any given function, m : X " R+ , and for any nonempty
subset, A , X , set

m(A) =
'

a∈A

m(a),

with the convention that m(&) = 0 (Recall that R+ = { x # R | x * 0} ). For any x # X ,
the number m(x) is called the weight (or measure) of x and the quantity m(A) is often
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Figure 4.5: James Joseph Sylvester, 1814-1897

called the measure of the set A. For example, if m(x) = 1 for all x # A, then m(A) = |A|,
the cardinality of A, which is the special case that we have been considering. For any two
subsets, A, B , X , it is obvious that

m(A $ B ) = m(A) + m(B )

m(X %A) = m(X ) %m(A)

m(A $ B ) = m(A + B )

m(A + B ) = m(A $ B ),

where A = X %A. Then, we have the following version of Theorem 4.14:

Theorem 4.15 (Inclusion-Exclusion Principle, Version 2) Given any measure function,
m : X " R+ , for any finite sequence, A1, . . . , An , of n * 2 subsets of a finite set, X ,
we have

m

(
n6

k=1

Ak

)

=
'

I ⊆{1,...,n }
I �= ∅

(%1)(|I |−1) m

(
7

i∈I

Ai

)

.

Proof . The proof is obtained from the proof of Theorem 4.14 by changing everywhere any
expression of the form |B | to m(B ).

A useful corollary of Theorem 4.15 often known as Sylvester’s formula is:

Theorem 4.16 (Sylvester’s Formula) Given any measure, m : X " R+ , for any finite se-
quence, A1, . . . , An , of n * 2 subsets of a finite set, X , the measure of the set of elements of
X that do not belong to any of the sets Ai is given by

m

(
n7

k=1

Ak

)

= m(X ) +
'

I ⊆{1,...,n }
I �= ∅

(%1)|I | m

(
7

i∈I

Ai

)

.

Proof . Observe that
n7

k=1

Ak = X %
n6

k=1

Ak.
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Consequently, using Theorem 4.15, we get

m

(
n7

k=1

Ak

)

= m

(

X %
n6

k=1

Ak

)

= m(X ) %m

(
n6

k=1

Ak

)

= m(X ) %
'

I ⊆{1,...,n }
I �= ∅

(%1)(|I |−1) m

(
7

i∈I

Ai

)

= m(X ) +
'

I ⊆{1,...,n }
I �= ∅

(%1)|I | m

(
7

i∈I

Ai

)

,

establishing Sylvester’s formula.

Note that if we use the convention that when the index set, I , is empty then
7

i∈∅

Ai = X,

then the term m(X ) can be included in the above sum by removing the condition that I -= &
and this version of Sylvester’s formula is written:

m

(
n7

k=1

Ak

)

=
'

I ⊆{1,...,n }

(%1)|I | m

(
7

i∈I

Ai

)

.

Sometimes, it is also convenient to regroup terms involving subsets, I , having the same
cardinality and another way to state Sylvester’s formula is as follows:

m

(
n7

k=1

Ak

)

=
n'

k=0

(%1)k
'

I ⊆{1,...,n }
|I |= k

m

(
7

i∈I

Ai

)

. (Sylvester’s Formula)

Finally, Sylvester’s formula can be generalized to a formula usually known as the “Sieve
Formula”:

Theorem 4.17 (Sieve Formula) Given any measure, m : X " R+ , for any finite sequence,
A1, . . . , An , of n * 2 subsets of a finite set, X , the measure of the set of elements of X that
belong to exactly p of the sets Ai (0 ) p ) n) is given by

Tp
n =

n'

k= p

(%1)k−p

%
k
p

& '

I ⊆{1,...,n }
|I |= k

m

(
7

i∈I

Ai

)

.
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Proof . Observe that the set of elements of X that belong to exactly p of the sets Ai (with
0 ) p ) n) is given by the expression

6

I ⊆{1,...,n }
|I |= p

.

0
7

i∈I

Ai +
7

j /∈I

Aj

1

3 .

For any subset, I , { 1, . . . , n} , if we apply Sylvester’s formula to X =
4

i∈I Ai and to the
subsets Aj +

4
i∈I Ai for which j -#I (i.e., j # { 1, . . . , n} % I ), we get

m

.

0
7

i∈I

Ai +
7

j /∈I

Aj

1

3 =
'

J⊆{1,...,n }
I ⊆J

(%1)|J |−|I | m

(
7

j ∈J

Aj

)

.

Hence,

Tp
n =

'

I ⊆{1,...,n }
|I |= p

m

.

0
7

i∈I

Ai +
7

j /∈I

Aj

1

3

=
'

I ⊆{1,...,n }
|I |= p

'

J⊆{1,...,n }
I ⊆J

(%1)|J |−|I | m

(
7

j ∈J

Aj

)

=
'

J⊆{1,...,n }
|J |≥p

'

I ⊆J
|I |= p

(%1)|J |−|I | m

(
7

j ∈J

Aj

)

=
n'
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(%1)k−p

%
k
p

& '

J⊆{1,...,n }
|J |= k

m

(
7

j ∈J

Aj

)

,

establishing the Sieve formula.

Observe that Sylvester’s Formula is the special case of the Sieve Formula for which
p = 0. The Inclusion-Exclusion Principle (and its relatives) plays an important role in
combinatorics and probability theory as the reader will verify by consulting any text on
combinatorics. A classical reference on combinatorics is Berge [2]; a more recent is Cameron
[8]; more advanced references are van Lint and Wilson [54], and Stanley [48]. Another
great (but deceptively tough) reference covering discrete mathematics and including a lot
of combinatorics is Graham, Knuth and Patashnik [27]. Conway and Guy [10] is another
beautiful book that presents many fascinating and intriguing geometric and combinatorial
properties of numbers in a very untertaining manner. For readers interested in geometry
with a combinatriol flavor, Matousek [38] is a delightful (but more advanced) reference.

We are now ready to study special kinds of relations: Partial orders and equivalence
relations.
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4.4 Summary

This chapter provided a very brief and elementary introduction to combinatorics. To be
more precise, we considered various counting problems, such as counting the number of
permutations of a finite set, the number of functions from one set to another, the number
of injections from one set to another, the number of surjections from one set to another,
the number of subsets of size k in a finite set of size n and the number of partitions of a
set of size n into p blocks. This led us to the binomial (and the multinomial) coefficients
and various properties of these very special numbers. We also presented various formulae for
determining the size of the union of a finite collection of sets in terms of various intersections
of these sets. We discussed the Principle of Inclusion Exclusion (PIE), Sylvester’s formula
and the Sieve formula.

¥ We review the notion of a permutation and the factorial function (n !" n!)

¥ We show that a set of size n has n! permutations

¥ We show that if A has m elements and B has n elements, then B A (the set of functions
from A to B ) has nm elements

¥ We state Stirling’s formula, as an estimation of the factorial function

¥ We defined the “Big oh” notation, the “Big Ω” notation, the “Big Θ” notation and
the “little oh” notation

¥ We give recurrence relations for computing the number of subsets of size k of a set of
size n (the “Pascal recurrence relations”); these are the binomial coefficients ,

#n
k

$

¥ We give an explicit formula for
#n

k

$
and we prove the Binomial Formula (expressing

(a + b)n in terms of the monomials an−kbk)

¥ We give a formula for the number of injections from a finite set into another finite set

¥ We state a formula for the number of surjections, Sn p , from a finite set of n elements
onto another finite set of p elements

¥ We relate the Sn p to the Stirling numbers of the second kind ,
* n

p

+
, that count the

number of partitions of a set of n elements into p disjoint blocks.

¥ We define the Bell numbers , which count the number of partitions of a finite set

¥ We define the multinomial coefficients ,
# n

k1···km

$
, and give an explicit formula for these

numbers

¥ We prove the Multinomial Formula (expressing (a1 + á á á+ am)n)

¥ We prove the formula for the Inclusion-Exclusion Principle
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¥ We apply this formula to derive a formula for Sn p

¥ We define derangements as permutations that leave no element fixed and give a formula
for counting them

¥ We generalize slightly the Inclusion-Exclusion Principle by allowing finite sets with
weights (defining a measure on the set)

¥ We prove Sylvester’s Formula

¥ We prove the Sieve Formula

4.5 Problems

Problem 4.1 Let Sn p be the number of surjections from the set { 1, . . . , n} onto the set
{ 1, . . . , p} , where 1 ) p ) n. Observe that Sn 1 = 1.

(a) Recall that n! (factorial) is defined for all n # N by 0! = 1 and (n + 1)! = (n + 1)n!.
Also recall that

#n
k

$
(n choose k) is defined for all n # N and all k # Z as follows:

%
n
k

&
= 0, if k /# { 0, . . . , n}

%
0

0

&
= 1

%
n
k

&
=

%
n %1

k

&
+

%
n %1

k %1

&
, if n * 1.

Prove by induction on n that

%
n
k

&
=

n!

k!(n %k)!
.

(b) Prove that

n'

k=0

%
n
k

&
= 2n (n * 0) and

n'

k=0

(%1)k

%
n
k

&
= 0 (n * 1).

Hint . Use the binomial formula shown in the class notes: For all a, b# R and all n * 0,

(a + b)n =
n'

k=0

%
n
k

&
an−kbk.
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(c) Prove that

pn = Sn p +

%
p
1

&
Sn p−1 +

%
p
2

&
Sn p−2 + á á á+

%
p

p %1

&
.

(d) For all p * 1 and all i, k , with 0 ) i ) k ) p, prove that

%
p
i

&%
p %i
k %i

&
=

%
k
i

&%
p
k

&
.

Use the above to prove that

%
p
0

&%
p
k

&
%

%
p
1

&%
p %1

k %1

&
+ á á á+ (%1)k

%
p
k

&%
p %k

0

&
= 0.

(e) Prove that

Sn p = pn %
%

p
1

&
(p %1)n +

%
p
2

&
(p %2)n + á á á+ (%1)p−1

%
p

p %1

&
.

Hint . Write all p equations given by (c) for 1, 2, . . . , p % 1, p, multiply both sides of the
equation involving (p %k)n by (%1)k

#p
k

$
, add up both sides of theses equations and use (b)

to simplify the sum on the righthand side.

Problem 4.2 (a) Let Sn p be the number of surjections from a set of n elements onto a set
of p elements, with 1 ) p ) n. Prove that

Sn p = p(Sn−1 p−1 + Sn−1 p).

Hint . Adapt the proof of the Pascal identity.

(b) Prove that

Sn+1 n =
n(n + 1)!

2

and

Sn+2 n =
n(3n + 1)(n + 2)!

24
.

Hint . First, show that Sn n = n!.

(c) Let Pn p be the number of partitions of a set of n elements into p blocks (equivalence
classes), with 1 ) p ) n. Note that Pn p is usually denoted by

,
n
p

-
, S(n, p) or S(p)

n .
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Prove that
,

n
1

-
= 1

,
n
n

-
= 1

,
n
p

-
=

,
n %1

p %1

-
+ p

,
n %1

p

-
(1 ) p < n ).

Hint . Fix the the first of the n elements, say a1. There are two kinds of partitions: Those in
which { a1} is a block and those in which the block containing a1 has at least two elements.

Construct the array of
* n

p

+
’s for n, p # { 1, . . . ,6} .

(d) Prove that
Sn p = p!Pn p.

Deduce from the above that

Pn p =
1

p!

%
pn %

%
p
1

&
(p %1)n +

%
p
2

&
(p %2)n + á á á+ (%1)p−1

%
p

p %1

&&
.

Problem 4.3 The Fibonacci numbers , Fn , are defined recursively as follows:

F0 = 1

F1 = 1

Fn+2 = Fn+1 + Fn, n * 0.

For example, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, á á áare the first 10 Fibonacci numbers. Prove
that

Fn =

%
n
0

&
+

%
n %1

1

&
+

%
n %2

2

&
+ á á á+

%
0

n

&
.

Hint . Use complete induction. Also, consider the two cases, n even and n odd.

Problem 4.4 Given any natural number, n * 1, let pn denote the number of permutations,
f : { 1, . . . , n} " { 1, . . . , n} , that leave no element fixed, that is, such that f (i) -= i , for all
i # { 1, . . . , n} . Such permutations are sometimes called derangements . Note that p1 = 0
and set p0 = 1.

(a) Prove that

n! = pn +

%
n
1

&
pn−1 +

%
n
2

&
pn−2 + á á á+

%
n
n

&
.

Hint . For every permutation, f : { 1, . . . , n} " { 1, . . . , n} , let

F ix (f ) = { i # { 1, . . . , n} | f (i) = i }
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be the set of elements left fixed by f . Prove that there are pn−k permutations associated
with any fixed set, F ix (f ), of cardinality k.

(b) Prove that

pn = n!

%
1 %

1

1!
+

1

2!
+ á á á+

(%1)k

k!
+ á á á+

(%1)n

n!

&

= n! %
%

n
1

&
(n %1)! +

%
n
2

&
(n %2)! + á á á+ (%1)n .

Hint . Use the same method as in Problem 4.1.

Conclude from (b) that

lim
n→∞

pn

n!
=

1

e
.

Hint . Recall that

ex = 1 +
x
1!

+
x2

2!
+ á á á+

xn

n!
+ á á á

Remark: The ratio pn/n ! has an interesting interpretation in terms of probabilities. Assume
n persons go to a restaurant (or to the theatre, etc.) and that they all check their coats.
Unfortunately, the cleck loses all the coat tags. Then, pn/n ! is the probability that nobody
will get her or his own coat back!

(c) Prove that
pn = npn−1 + (%1)n ,

for all n * 1, with p0 = 1.

Note that n! is defined by n! = n(n % 1)!. So, pn is a sort of “weird factorial” with a
strange corrective term, (%1)n .

Problem 4.5 Prove that if m + p * n and m, n, p * 1, then

%
m + p

n

&
=

m'

k=0

%
m
k

&%
p

n %k

&
.

Hint . Observe that
#m+ p

n

$
is the coefficient of am+ p−nbn in (a + b)m+ p = (a + b)m(a + b)p.

Show that the above implies that if n * p, then

%
m + p

n

&
=

%
m

n %p

&%
p
p

&
+

%
m

n %p + 1

&%
p

p %1

&

+

%
m

n %p + 2

&%
p

p %2

&
+ á á á+

%
m
n

&%
p
0

&
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and if n ) p then
%

m + p
n

&
=

%
m
0

&%
p
n

&
+

%
m
1

&%
p

n %1

&
+

%
m
2

&%
p

n %2

&
+ á á á+

%
m
n

&%
p
0

&
.

Problem 4.6 Prove that
%

0

m

&
+

%
1

m

&
+ á á á+

%
n
m

&
=

%
n + 1

m + 1

&
,

for all m, n # N with 0 ) m ) n.

Problem 4.7 Prove that
%

m
0

&
+

%
m + 1

1

&
+ á á á+

%
m + n

n

&
=

%
m + n + 1

n

&
.

Problem 4.8 Which of the following expressions is the number of partitions of a set with
n * 1 elements into 2 disjoint blocks:

(1) 2n %2 (2) 2n−1 %1.

Justify your answer.

Problem 4.9 Let Hn , called the nth harmonic number , be given by

Hn = 1 +
1

2
+

1

3
+ á á á+

1

n
,

with n * 1.

(a) Prove that Hn /# N for all n * 2, that is, Hn is not a whole number for all n * 2.

Hint . First, prove that every sequence, 1, 2, 3, . . . , n, with n * 2, contains a unique number
of the form 2kq, with k * 1 as big as possible and q odd (q = 1 is possible), which means
that for every other number of the form 2k�q�, with 2k�q� -= 2kq, 1 ) 2k�q� ) n, k� * 1 and
q� odd, we must have k� < k . Then, prove that the numerator of Hn is odd and that the
denominator of Hn is even, for all n * 2.

(b) Prove that

H1 + H2 + á á á+ Hn = (n + 1)(Hn+1 %1) = (n + 1)Hn %n.

(c) Prove that
ln(n + 1) ) Hn,

for all n * 1.
Hint . It is known that

ln(1 + x) ) x,
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for all x * 0. Compute the sum

n'

k=1

%
1

k
% ln

%
1 +

1

k

&&
.

Prove that

ln(n) +
1

2n
) Hn.

Hint . We have

ln(n + 1) = ln(n) + ln

%
1 +

1

n

&

and it is known that

ln(1 + x) * x %
x2

2

for all x, where 0 ) x ) 1.

(d) Prove that

Hn ) 1 + ln(n) +
1

2n
.

Hint . Compute the sum
n'

k=1

%
ln

%
1 +

1

k

&
%

1

k
+

1

2k2

&
.

Use previous hints and show that

n'

k=1

1

k2
) 2 %

1

n
.

(e) It is known that ln(1 + x) is given by the following convergent series for |x| < 1:

ln(1 + x) = x %
x2

2
+

x3

3
+ á á á+ (%1)n+1 xn

n
+ á á á

Deduce from this that

ln

%
x

x %1

&
=

1

x
+

1

2x2
+

1

3x3
+ á á á+

1

nxn
+ á á á

for all x with |x| > 1.

Let

H (r )
n =

n'

k=1

1

kr
.
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Figure 4.6: G F Bernhard Riemann, 1826-1866

If r > 1, it is known that each H (r )
n converges to a limit denoted H (r )

∞ or #(r ), where # is
Riemann’s zeta function given by

#(r ) =
∞'

k=1

1

kr
,

for all r > 1.

Prove that

ln(n) =
n'

k=2

%
1

k
+

1

2k2
+

1

3k3
+ á á á+

1

mkm
+ á á á

&

= (Hn %1) +
1

2
(H (2)

n %1) +
1

3
(H (3)

n %1) + á á á+
1

m
(H (m)

n %1) + á á á

and therefore,

Hn % ln(n) = 1 %
1

2
(H (2)

n %1) %
1

3
(H (3)

n %1) % á á á %
1

m
(H (m)

n %1) % á á á

Remark: The right-hand side has the limit

$ = 1 %
1

2
(#(2) %1) %

1

3
(#(3) %1) % á á á %

1

m
(#(m) %1) % á á á

known as Euler’s constant (or the Euler-Mascheroni number).

It is known that
$ = 0.577215664901 á á á

but we don’t even know whether $ is irrational! It can be shown that

Hn = ln(n) + $ +
1

2n
%

1

12n2
+

%n

120n4
,

with 0 < %n < 1.
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Figure 4.7: Leonhard Euler, 1707-1783 (left) and Jacob Bernoulli, 1654-1705 (right)

Problem 4.10 The purpose of this problem is to derive a formula for the sum

Sk(n) = 1k + 22 + 3k + á á á+ nk

in terms of a polynomial in n (where k, n * 1 and n * 0, with the understanding that this
sum is 0 when n = 0). Such a formula was derived by Jacob Bernoulli (1654-1705) and is
expressed in terms of certain numbers now called Bernoulli numbers .

The Bernoulli numbers, B k , are defined inductively by solving some equations listed
below:

B 0 = 1

B 2 %2B 1 + 1 = B 2

B 3 %3B 2 + 3B 1 %1 = B 3

B 4 %4B 3 + 6B 2 %4B 1 + 1 = B 4

B 5 %5B 4 + 10B 3 %10B 2 + 5B 1 %1 = B 5

and, in general,
k'

i =0

%
k
i

&
(%1)i B k−i = B k, k * 2.

Since B 1, . . . , Bk−2 are known inductively, this equation can be used to compute B k−1.

Remark: It should be noted that there is more than one definition of the Bernoulli numbers!
There are two main versions which differ in the choice of B 1:

1. B 1 = 1
2

2. B 1 = %1
2 .

The first version is closer to Bernoulli’s original definition and we find it more convenient
for stating the identity for Sk(n) but the second version is probably used more often and has
its own advantages.
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(a) Prove that the first fourteen Bernoulli numbers are the numbers listed below:

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

B n 1 1
2

1
6 0 −1

30 0 1
42 0 −1

30 0 5
66 0 −691

2730 0 7
6

Observe two patterns:

1. All Bernoulli numbers, B 2k+1 , with k * 1, appear to be zero.

2. The signs of the Bernoulli numbers, B n , alternate for n * 2.

The above facts are indeed true but not so easy to prove from the defining equations. How-
ever, they follow fairly easily from the fact that the generating function of the numbers

B k

k!

can be computed explicitly in terms of the exponential function.

(b) Prove that

z
1 %e−z

=
∞'

k=0

B k zk

k!
.

Hint . Expand z
1−e−z into a power series

z
1 %e−z

=
∞'

k=0

bk
zk

k!

near 0, multiply both sides by 1 %e−z and equate the coefficients of zk+1 ; from this, prove
that bk = B k for all k * 0.

Remark: If we define B 1 = %1
2 , then we get

z
ez %1

=
∞'

k=0

B k zk

k!
.

(c) Prove that B 2k+1 = 0, for all k * 1.

Hint . Observe that
z

1 %e−z
%

z
2

=
z(ez + 1)

2(ez %1)
= 1 +

∞'

k=2

B k zk

k!

is an even function (which means that it has the same value when we change z to %z).
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(d) Define the Bernoulli polynomial , Bk(x), by

Bk(x) =
k'

i =0

%
k
i

&
xk−i B i ,

for every k * 0. Prove that

Bk+1 (n) %Bk+1 (n %1) = (k + 1)nk,

for all k * 0 and all n * 1. Deduce from the above identities Bernoulli’s formula:

Sk(n) =
1

k + 1
(Bk+1 (n) %Bk+1 (0)) =

1

k + 1

k'

i =0

%
k + 1

i

&
nk+1−i B i .

Hint . Expand (n %1)k+1−i using the binomial formula and use the fact that

%
m
i

&%
m %i

j

&
=

%
m

i + j

&%
i + j

i

&
.

Remark: If we assume that B 1 = %1
2 , then

Bk+1 (n + 1) %Bk+1 (n) = (k + 1)nk.

Find explicit formulae for S4(n) and S5(n).

Extra Credit. It is reported that Euler computed the first thirty Bernoulli numbers. Prove
that

B 20 =
%174611

330
, B 32 =

%7 709 321 041 217

510
.

What does the prime 37 have to do with the numerator of B 32?

Remark: Since

z
1 %e−z

%
z
2

=
z(ez + 1)

2(ez %1)
=

z
2

ez/ 2 + e−z/ 2

ez/ 2 %e−z/ 2
=

z
2

coth
! z

2

"
,

where coth is the hyperbolic tangent function given by

coth(z) =
cosh z
sinh z

,

with

cosh z =
ez + e−z

2
, sinh z =

ez %e−z

2
.
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It follows that

z coth z =
2z

1 %e−2z
%z =

∞'

k=0

B 2k (2z)2k

(2k)!
=

∞'

k=0

4kB 2k z2k

(2k)!
.

If we use the fact that
sin z = %i sinh iz, cos z = cosh iz,

we deduce that cot z = cosz
sin z = i coth iz , which yields

z cot z =
∞'

k=0

(%4)kB 2k z2k

(2k)!
.

Now, Euler found the remarkable formula

z cot z = 1 %2
∞'

k=1

z2

k2! 2 %z2
.

By expanding the right-hand side of the above formula in powers of z2 and equating the
coefficients of z2k in both series for z cot z, we get the amazing formula:

#(2k) = (%1)k−122k−1! 2k

(2k)!
B 2k,

for all k * 1, where #(r ) is Riemann’s zeta function given by

#(r ) =
∞'

n=1

1

nr
,

for all r > 1. Therefore, we get

B 2k = #(2k)(%1)k−1 (2k)!

22k−1! 2k
= (%1)k−12(2k)!

∞'

n=1

1

(2!n )2k
,

a formula due to due to Euler. This formula shows that the signs of the B 2k alternate for
all k * 1. Using Stirling’s formula, it also shows that

|B 2k| ' 4
(

!k
%

k
!e

&2k

,

so B 2k tends to infinity rather quickly when k goes to infinity.

There is another remarkable relationship between the Euler constant, $, defined in Prob-
lem 4.9 and the Bernoulli numbers, namely the identity

$ =
1

2
+

∞'

k=1

B 2k

2k
.
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1

d2

d3

dn+1

card 1card 2

card n

Figure 4.8: Stack of overhanging cards

Problem 4.11 Given n cards and a table, we would like to create the largest possible
overhang by stacking cards up over the table’s edge, subject to the laws of gravity. To be
more precise, we require the edges of the cards to be parallel to the edge of the table, see
Figure 4.8. We assume that each card is 2 units long.

With a single card, obviously we get the maximum overhang when its center of gravity
is just above the edge of the table. Since the center of gravity is in the middle of the card,
we can create half of a cardlength, namely 1 unit, of overhang.

With two cards, a moment of thought reveals that we get maximum overhang when the
center of gravity of the top card is just above the edge of the second card and the center
of gravity of both cards combined is just above the edge of the table. The joint center of
gravity of two cards is in the middle of their common part, so we can achieve an additional
half unit of overhang.

Given n cards, we find that we place the cards so that the center of gravity of the top
k cards lies just above the edge of the (k + 1)st card (which supports these top k cards).
The table plays the role of the (n + 1)st card. We can express this condition by defining the
distance, dk , from the extreme edge of the topmost card to the corresponding edge of the
kth card from the top (see Figure 4.8). Note that d1 = 0. In order for dk+1 to be the center
of gravity of the first k cards, we must have

dk+1 =
(d1 + 1) + (d2 + 2) + á á á+ (dk + 1)

k
,

for 1 ) k ) n. This is because the center of gravity of k objects having respective weights
w1, . . . , wk and having respective centers of gravity at positions x1, . . . , xk is at position

w1x1 + w2x2 + á á á+ wkxk

w1 + w2 + á á á+ wk
.
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Prove that the equations defining the dk+1 imply that

dk+1 = dk +
1

k
,

and thus, deduce that

dk+1 = Hk = 1 +
1

2
+

1

3
+ á á á+

1

k
,

the kth Harmonic number (see Problem 4.9). Conclude that the total overhang with n cards
is Hn .

Prove that it only takes four cards to achieve an overhang of one cardlength. What kind
of overhang (in terms of cardlenghts) is achieved with 52 cards? (See the end of Problem
4.9).

Problem 4.12 Consider n * 2 lines in the plane. We say that these lines are in general
position iff no two of them are parallel and no three pass through the same point. Prove
that n lines in general position divide the plane into

n(n + 1)

2
+ 1

regions.

Problem 4.13 (A deceptive induction, after Conway and Guy) Place n distinct points on
a circle and draw the line segments joining all pairs of these points. These line segments
determine some regions inside of the circle as shown in Figure 4.9 for five points. Assuming
that the points are in general position, which means that no more than two line segments
pass through any point inside the circle, we would like to compute the number of regions
inside the circle. These regions are convex and their boundaries are line segments or possibly
one circular arc.

1

Figure 4.9: Regions inside a circle
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1 1 1

1 1 1

Figure 4.10: Counting Regions inside a circle

If we look at the first five circles in Figure 4.10, we see that the number of regions are

1, 2, 4, 8, 16.

Thus, it is reasonable to assume that with n * 1 points, there are R = 2n−1 regions.

(a) Check that the circle with six points (the sixth circle in Figure 4.10) has 32 regions,
confirming our conjecture.

(b) Take a closer look at the circle with six points on it. In fact, there are only 31 regions!
Prove that the number of regions, R, corresponding to n points in general position is

R =
1

24
(n4 %6n3 + 23n2 %18n + 24).

Thus, we get the following number of regions for n = 1, . . . ,14:

n = 1 2 3 4 5 6 7 8 9 10 11 12 13 14
R = 1 2 4 8 16 31 57 99 163 256 386 562 794 1093

Hint . Label the points on the circle, 0, 1, . . . , n %1, in counter-clockwise order Next, design
a procedure for assigning a unique label to every region. The region determined by the chord



4.5. PROBLEMS 249

1

0

a

b

c

d

abcd

1

0

b

c

d

bcd1

0

c

d

cd

1

0

d

d

Figure 4.11: Labeling the regions inside a circle

from 0 to n %1 and the circular arc from 0 to n %1 is labeled “empty”. Every other region
is labeled by a nonempty subset, S, of { 0, 1, . . . n %1} , where S has at most 4 elements as
illustrated in Figure 4.11. The procedure for assigning labels to regions goes as follows:

For any quadruple of integers, a, b, c, d, with 0 < a < b < c < d ) n %1, the chords ac
and bd intersect in a point which determines uniquely a region having this point as a vertex
and lying to the right of the oriented line bd and we label this region abcd. In the special
case where a = 0, this region, still lying to the right of the oriented line bd is labeled bcd. All
regions that do not have a vertex on the circle are labeled that way. For any two integers,
c, d, with 0 < c < d ) n %1, there is a unique region having c as a vertex and lying to the
right of the oriented line cd and we label it cd. In the special case where c = 0, this region,
still lying to the right of the oriented line 0d is labeled d.

To understand the above procedure, label the regions in the six circles of Figure 4.10.

Use this labeling scheme to prove that the number of regions is

R =

%
n %1

0

&
+

%
n %1

1

&
+

%
n %1

2

&
+

%
n %1

3

&
+

%
n %1

4

&
= 1 +

%
n
2

&
+

%
n
4

&
.
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(c) Prove again, using induction on n, that

R = 1 +

%
n
2

&
+

%
n
4

&
.


