Chapter 22

Tensor Algebras, Symmetric Algebras
and Exterior Algebras

22.1 Tensors Products

We begin by debning tensor products of vector spaces over a beld and then we investigate
some basic properties of these tensors, in particular the existence of bases and duality. After
this, we investigate special kinds of tensors, namely, symmetric tensors and skew-symmetric
tensors. Tensor products of modules over a commutative ring with identity will be discussed
very brieQy. They show up naturally when we consider the space of sections of a tensor
product of vector bundles.

Given a linear map,f : E! F, we know that if we have a basis, ), for E, then f
is completely determined by its valuesf (u;), on the basis vectors. For a multilinear map,
f:E"! F, we donOt know if there is such a nice property but it would certainly be very
useful.

In many respects, tensor products allow us to debPne multilinear maps in terms of their
action on a suitable basis. The crucial idea is tinearize, that is, to create a new vector space,
E" ", such that the multilinear map,f : E"! F, is turned into alinear map, f- : E'" ! F,
which is equivalent tof in a strong sense. If in additionf is symmetric, then we can debne
a symmetric tensor power, Syt(E), and every symmetric multilinear map,f : E"! F,is
turned into a linear map, fx: SynT'(E) ! F, which is equivalent tof in a sjrong sense.
Similarly, if f is alternating, then we can dePne a skew-symmetric tensor powef,(E), and
every alternating multilinear map is turned into alinear map, fg: =~ "(E) ! F, which is
equivalent tof in a strong sense.

Tensor products can be debned in various ways, some more abstract than others. We
tried to stay down to earth, without excess!

Let K be a given beld, and leE,,...,E, ben" 2 given vector spaces. For any vector
space,F, recall that a map,f: E; #ad&#,! F, is multilinear i! it is linear in each of
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586 CHAPTER 22. TENSOR ALGEBRAS

its argument, that is,

f(uy,...Uu,,V+ W,U1,...,Uy) = F(Ug,...U,V,Us1,...,Up,)
+ f(ug,...U,,W,U41,...,Upy)
f(uy,...Ui,,'V,Uijs1,...,Uup) = If (Uy,...Ui,,V,Uis1, ..., Uy),

foralluy $ E; (j %i),all v,w$ E; andall! $K,fori=1...,n.

The set of multilinear maps as above forms a vector space denoteEL(...,E,;F) or
Hom(E4,...,En;F). When n = 1, we have the vector space of linear maps, E(F) or
Hom(E,F). (To be very precise, we write Hom(E4,...,Ey; F) and Hong (E,F).) As
usual, thedual spaceE% of E is debPned byE*= Hom(E,K).

Before proceeding any further, we recall a basic fact about pairings. We will use this fact
to deal with dual spaces of tensors.

Debnition 22.1 Given two vector spacesE and F, a map, &, &):E# F ! K, is a
nondegenerate pairingi! it is bilinear and i! ( u,v) = 0 for all v $ F impliesu = 0 and
(u,v) =0 for all u$ E impliesv = 0. A nondegenerate pairing induces two linear maps,
":E! F”%and#:F! E% debned by

" (u)(y)
#(V)(x)

(uy)
(X1V)1

forallu,x$ E andallv,y$ F.

Proposition 22.1 For every nondegenerate pairing(&,&): E# F ! K, the induced maps
":E! F%and#:F ! E%are linear and injective. Furthermore, if E and F are bnite
dimensional, then" : E! F”and#:F ! E”are bijective.

Proof. The maps" : E! F”and#:F ! E%are linear becausal,v ' (u,V) is bilinear.
Assume that" (u) = 0. This means that " (u)(y) = (u,y) = 0 forall y $ F and as our
pairing is nondegenerate, we must hawe= 0. Similarly, # is injective. If E and F are Pnite
dimensional, then dimg) = dim( E% and dim(F) = dim( F%. However, the injectivity of "
and # implies that that dim(E) ( dim(F* and dim(F) ( dim(E%. Consequently dimg) (
dim(F) and dim(F) ( dim(E), so dim(E) = dim( F). Therefore, dimE) = dim(F% and "
is bijective (and similarly dim(F) = dim( E” and # is bijective). O

Proposition 22.1 shows that whele and F are Pnite dimensional, a hondegenerate pairing
inducescanonical isomorphims" : E! F%and#:F ! E% thatis, isomorphisms that do
not depend on the choice of bases. An important special case is the case wkere F and
we have an inner product (a symmetric, positive debnite bilinear form) oB.

Remark: When we use the term Ocanonical isomorphismO we mean that such an isomor-
phism is debPned independently of any choice of bases. For examplE, ig a Pnite dimensional
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vector space and &, ...,€,) is any basis ofE, we have the dual basis,€...,€9, of E®
(where,e/{e) = $;) and thus, the mape "I €*is an isomorphism betweeft and E* This
isomorphism isnot canonical.

On the other hand, if)&, &* is an inner product onE, then Proposition 22.1 shows that
the nondegenerate pairing)&,&*, induces a canonical isomorphism betwedd and E”
This isomorphism is often denoted E ! E*and we usually writeu' for %u), with u$ E.

Given any basis, €, ..., &), of E (not necessarily orthonormal), if we letg; = (e, ¢), then
foreveryu= ', uie, sinceu'(v) = )u,v* forallv$ V, we get
o #
u = &e|/0, with & = g U; .
i=1 j=1

If we.use the convention that coordinates of vectors are written using superscripts

(u= .., U'e) and coordinates of one-forms (covectors) are written using subscripts
(& = 1, &€, then the map, % has the elect of lowering (Rattening!) indices. The
inverse of%is denoted' : E*! E. If we write & $ E¥as& = [, &e’and& $ E as

&= [,(&)e,since
n #n " H
& = &(e)=)&,e*= (&)g, 1(i(n

i=1

we get
&)= J&,
j=1

where @) is the inverse of the matrix @; ). The inner product, (&,&), on E induces an
inner product on E*also denoted &, &) and given by

(81, 82) = ( &, &),
for all &,& $ E® Then, it is obvious that

(u,v)=(u',Vv), foral uv$E.

If (e1,...,&,) is a basis ofE andg; =(&,§), as

‘V"_#n ik
(&) = d°«&,

k=1

an easy computation shows that

(€ eg)=((ey.(€))=¢",
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that is, in the basis €% ..., €9, the inner product on E*is represented by the matrix ¢! ),
the inverse of the matrix @; ).

The inner product on a Pnite vector space also yields a natural isomorphism between
the space, HomE, E ; K), of bilinear forms onE and the space, Honit, E), of linear maps
from E to itself. Using this isomorphism, we can debne the trace of a bilinear form in an
intrinsic manner. This technique is used in dilerential geometry, for example, to debne the
divergence of a dilerential one-form.

Proposition 22.2 If )&, &* is an inner product on a Pnite vector space;, (over a beld,
K), then for every bilinear form,f : E# E ! K, there is a unique linear mapf : E! E,
such that

f(u,v) = )f "(u),v*, foralluv$E.

The map,f " ", is a linear isomorphism betweetdom(E, E;K) and Hom(E, E).
Proof. For everyg$ Hom(E, E), the map given by
f(u,v)=)g(u),v*, uv$E,

is clearly bilinear. It is also clear that the above debnes a linear map from HAd®E ) to
Hom(E, E;K). This map is injective because if (u,v) = 0 for all u,v $ E, as)&,&" is
an inner product, we getg(u) = 0 for all u$ E. Furthermore, both spaces Hont, E) and
Hom(E, E ;K ) have the same dimension, so our linear map is an isomorphism.

If (e, ..., &) is an orthonormal basis ofe, then we check immediately that the trace of
a linear map, g, (which is independent of the choice of a basis) is given by

#1
(@)= )ge) e

i=1
wheren = dim( E). We debne thetrace of the bilinear form f, by
tr(f)=tr( ).
From Proposition 22.2, tr(f ) is given by
#
r(f)= f(e,e),
i=1

for any orthonormal basis, éi,...,€,), of E. We can also check directly that the above
expression is independent of the choice of an orthonormal basis.

We will also need the following Proposition to show that various families are linearly
independent.
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Proposition 22.3 Let E and F be two nontrivial vector spaces and l€u;);, , be any family
of vectorsu; $ E. The family, (u;)ii , is linearly independent i! for every family, (v;)i, of
vectorsv; $ F, there is some linear mapf : E! F, so thatf (u;)) = v;, forall i $ 1.

Proof. Left as an exercise[]
First, we debne tensor products, and then we prove their existence and uniqueness up to
isomorphism.

Debnition 22.2 A tensor productof n * 2 vector space<€,, ..., E,, is a vector spacer,
together with a multilinear map " : E; #4aa#,! T, such that, for every vector spacé
and for every multilinear mapf : E;#aaa#, ! F,thereisauniquelinearmag- : T! F,
with

f(ug,...,up) = f (" (ug,...,Upn)),

forallu; $ E4,...,u, $ E,, or for short
f=f +"
Equivalently, there is a unique linear mag- such that the following diagram commutes:

s 2oz #

N

First, we show that any two tensor products Ty," 1) and (T,,",) for E4,...,E,, are
isomorphic.

ﬂ&Tﬁ-

Proposition 22.4  Given any two tensor product¢T;," ;) and (T,," 2) for Eq4, ..., E,, there
is an isomorphismh: T, ! T, such that

Proof. Focusing on {T1," 1), we have a multilinear map" ,: E; #aaa#E,! T,, and thus,
there is a unique linear map'(2)- : T1 ! Ty, with

“p= (") e

Similarly, focusing now on on T,," ), we have a multilinear map" 1: E; #a4da#,! Ty,
and thus, there is a unique linear map"(y)- : T, ! Ty, with

o= (M)

But then, we get
1= (") A (M)
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and

[1] 2 = (II 2)" +(ll 1)" +ll 2.
On the other hand, focusing onTy," 1), we have a multilinear map" : E;#aaa#, ! Ty,
but the unique linear maph: T, ! Ty, with

"1=h+"y
is h =id, and since (" 1)- +("2)- is linear, as a composition of linear maps, we must have
(") +("2) =id.
Similarly, we must have
("2 +(" 1) =id,

This shows that (" ;)- and (" )~ are inverse linear maps, and thus,"()- : T, ! T, is an
isomorphism betweenrl; and T,. [J

Now that we have shown that tensor products are unique up to isomorphism, we give a
construction that produces one.

Theorem 22.5 Givenn" 2 vector spacesk,,...,E,, a tensor product(E,,aaa, E,,")
for E4,...,E, can be constructed. Furthermore, denoting (uy,...,u,) asu;, aaa, up,
the tensor productE, , aada, E, is generated by the vectors; , ada, u,, whereu; $
Ei,...,un $ En, and for every multilinear mapf : E; #ada#e, ! F, the unique linear
mapf- : E;,&dé4a, E,! F such thatf = f. +" | is dePned by

fo(up,aaa, uy) = f(ug,...,uy),
on the generatorsu, , 44a, u, of E;,44a, E,.
Proof. Given any set,| , viewed as an index set, lek () be the set of all functionsf : | ! K,
such that f (i) 0 only for bnitely many i $ |. As usual, denote such a function byf(); |,

it is a family of bnite support. We makeK (") into a vector space by debning addition and
scalar multiplication by

(f)+(g) = (fi+9)
L) = ().

The family, ()i, is dePned such that€); = 0if ] % i and (g); = 1. Itis a basis of
the vector spaceK ('), so that everyw $ K () can be uniquely written as a bnite linear

combination of theg. There is also an injection(: 1 ! K ) such that ((i) = & for every
i $ 1. Furthermore, it is easy to show that for any vector spaces, and for any function,
f:11 F,thereis a unique linear mapf : K1 F, such that

f=f+(



22.1. TENSORS PRODUCTS 591

as in the following diagram:

| -8 "k
r
\$L

F
This shows thatK (') is the free vector space generated by Now, apply this construction
to the cartesian product,| = E; # 44 & #E,, obtaining the free vector spacéM = K () on
| = E;#aaa#E,. Since everyg, is uniquely associated with some-tuple i = (uy,...,uy) $
E,#4aa#e,, we will denoteg by (ug,...,uy).

Next, let N be the subspace oM generated by the vectors of the following type:

(Ug, ooy Ui+ Vi, oo Un) & (U, .o Uy ey UR) & (Ugy ey Vi oo ay Un),
(Ug, oy ugy ey un) &P (Ug, oo gy e ey, Up).

We letE,,444, E, be the quotientM/N of the free vector spac by N,) : M ! M/N
be the quotient map and set

T
By construction, " is multilinear, and since) is surjective and the((i) = e generateM,

sincei is of the formi = (uy,...,u,) $ E1#44a&kE,, the" (uy,...,u,) generateM/N . Thus,

if we denote" (u4,...,Uy) asu,,aaa, u,, the tensor productg, ,4é4a, E, is generated by
the vectorsu, , 444, u,, whereu; $ E4,...,u, $ E,.

For every multilinear mapf : E;#4é4a#,! F,ifalinear mapf-:E;,44d4a,E,! F
exists such thatf = f. +" | since the vectorau; ,aa4a, u, generateg, ,a444a, E,, the map
f- is uniquely debned by

fo(uy,daa, uy) = f(ug,...,uy).

On the other hand, becaus®/ = K (F18435&n) is free onl = E,#444#E,, there is a unique
linear mapf : K (E1&33&n) 1 E gych that

f=1+(
as in the diagram below:

E,#A4A4#E, > "K (E18348&n)
\ L;
f 0
*

Becausef is multilinear, note that we must havef (w) = 0, for every w $ N. But then,

f:M ! F induces a linear magh: M/N ! F, such that
f=h+) +(,
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by debningh([z]) = f (z), for everyz $ M, where [] denotes the equivalence class M/N
ofz$ M:
E,#AadatE, 23"K (Eréaaagn) N

\&g

Indeed, the fact thatf vanishes orN insures thath is well debPned oM/N , and it is clearly
linear by debnition. However, we showed that such a linear mdpis unique, and thus it
agrees with the linear mapf- debned by

f.(up,aaa, uy) = f(ug,...,uy)

on the generators ok, ,444, E,. O

What is important about Theorem 22.5 is not so much the construction itself but the
fact that it produces a tensor product with the universal mapping property with respect to
multilinear maps. Indeed, Theorem 22.5 yields a canonical isomorphism,

L(E;, 444, En,F) = L(E4,...,EnF),

between the vector space of linear maps, E{ , 44a, E,,F), and the vector space of
multilinear maps, L(E4,...,Eq;F), via the linear map & +" debPned by

h'l h+",

whereh $ L(E;,aaa, E,,F). Indeed,h +" is clearly multilinear, and since by Theorem
22.5, for every multilinear map,f $ L(E4,...,E,;F), there is a unique linear mapf- $
L(E,,44a, E,,F)suchthatf = f. +", the map & +" is bijective. As a matter of fact,
its inverse is the map

frrof..

Using the OHomO notation, the above canonical isomorphism is written

Hom(E,,aaa, E,,F) = Hom(E,,...,E,;F).

Remarks:

(1) To be very precise, since the tensor product depends on the b&d,we should subscript
the symbol, with K and write

E,;, xk adag E,.

However, we often omit the subscripK unless confusion may arise.



22.2. BASES OF TENSOR PRODUCTS 593

(2) For F = K, the base beld, we obtain a canonical isomorphism between the vector
space LE;,aaa, E,,K), and the vector space of multilinear forms LE, ..., E,;K).
However, LE,, 444, E,,K) is the dual space, E;,aaa, E,)% and thus, the vector
space of multilinear forms LE;, ..., E,; K) is canonically isomorphic to E;,444, E,)*

We write
L(E4,...,En;K) = (E;, 444, E))”

The fact that the map " : E; #aaa#E, ! E.,aaa, E, is multlinear, can also be
expressed as follows:

(uy,4ddaa, u,aaa, uy)
+(u;,ada, v ,aaa, up),
u,aaa, (lu;),aaa,u, = !(u;,aaa, u,aaa, u,).

u;,aaa, (u +vy,aaa, u,

Of course, this is just what we wanted! Tensors ik;,aéaa, E, are also callech-tensors,
and tensors of the formu; ,aaa, u,, whereu; $ E;, are calledsimple (or indecomposable)
n-tensors. Thosen-tensors that are not simple are often calledompoundn-tensors.

Not only do tensor products act on spaces, but they also act on linear maps (they are
functors). Given two linear mapsf : E! Elandg: F! F( we can debné: E # F !
E(, F(py
h(u, v) = f (u), g(v).

It is immediately veribed that h is bilinear, and thus, it induces a unique linear map
f, g E, FI E(, F(

such that
(f, o)(u, v)="1(), g(u).

If we also have linear mapd : E(! E(and gi: F(1I  F( we can easily verify that
the linear maps € (+f), (g+g) and (f(, ¢Y) +(f , g) agree on all vectors of the form
u, v$ E, F. Since these vectors generate, F, we conclude that

(F+1), (@ +g)=(f(, g)+(f, 9.
The generalization to the tensor producf,,aéaéa, f, ofn" 3linear mapsf;: E;! F
is immediate, and left to the reader.
22.2 Bases of Tensor Products

We showed thatE,,444, E, is generated by the vectors of the formi,, 444, u,. However,
there vectors are not linearly independent. This situation can be bxed when considering
bases, which is the object of the next proposition.
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Proposition 22.6 Given n " 2 vector spacesEy, ..., E,, if (U, is a basis forEy,
1( k( n, then the family of vectors

1 s s 7
(U, ,aaa, ul )i, in) 1188l

ip r AAAy Mg /..,

is a basis of the tensor produdg, ,aaa, E,.

Proof. For eachk, 1( k ( n, everyvk $ E, can be written uniquely as

itk

for some family of scalarS\g-k)j! .- Let F be any nontrivial vector space. We show that for
every family

(Wiy,in )(isin)! 118 &1 s

of vectors inF, there is some linear ma: E; ,aaa, E,! F, such that

Then, by Proposition 22.3, it follows that

1 s s 7
(U, ,aaa, ul )i, ..in) 118810
is linearly independent. However, sinceuf);, |, is a basis forEy, the uill ,aaa, u} also
generateE, , 444, E,, and thus, they form a basis ok, , 444, E,.

We debne the functiorf : E;#aaa#e,! F as follows:

# # #

1,1 n ny— 4 A ! )
f( leujl""' VJnan - leaawnwll ----- Jn*

jilly in!ln j1! 11pnin! In

It is immediately veribed thatf is multilinear. By the universal mapping property of the
tensor product, the linear mapf- : E;,4aa, E,! F suchthatf = f. +", is the desired
map h. O

In particular, when eachl is bnite and of sizen, = dim( Ey), we see that the dimension
of the tensor productE;, 444, E, ism; &a@,. As a corollary of Proposition 22.6, if ()i, |,
is a basis forEy, 1 ( k ( n, then every tensorz$ E;,aaa, E, can be written in a unique
way as "

Z= ! i1,...,in U
(i1,in)! 11&...&In

1
i]_’

444, u,

i. $ K, all zero except for a bnite number.

.....
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22.3 Some Useful Isomorphisms for Tensor Products

Proposition 22.7 Given 3 vector spacesk, F, G, there exists unique canonical isomor-
phisms

(1) E, F. F, E
@ (E, F), G. E, (F, G). E, F, G
@) (E/ F), G. (E, G)/ (F, G)
4 K, E. E
such that respectively
@ u, v'! v, u
) (u, v), wt u, (v, w)y'! u, v, w

) (uv)y, w' (u, w,v, w)
(d !, u lu.

Proof. These isomorphisms are proved using the universal mapping property of tensor prod-
ucts. We illustrate the proof method on (2). Fix somev $ G. The map

(uyv)'t u, v, w
fromE#F to E, F, Gisbilinear, and thus, thereisalinearmap,,: E, F! E, F, G,
such thatf,(u, v)=u, v, w.

Next, consider the map
(z,w) " fu(2),

from(E, F)# Ginto E, F, G. Itis easily seen to be bilinear, and thus, it induces a
linear map
f:(E, F), G! E, F, G,

such thatf ((u, v), w)=u, v, w.

Also consider the map
(uyv,w)'l (u, v), w

fromE# F# Gto(E, F), G. Itistrilinear, and thus, there is a linear map
g-E, F, G! (E, F), G,

such thatg(u, v, w)=(u, v), w. Clearly,f +gandg+f are identity maps, and thus,
f and g are isomorphisms. The other cases are similarn
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Given any three vector spaceds;, F, G, we have the canonical isomorphism
Hom(E, F ; G) = Hom(E, Hom(F, G)).

Indeed, any bilinear mapf : E# F ! G, gives the linear map," (f) $ Hom(E, Hom(F, G)),
where" (f )(u) is the linear map in Hom{, G) given by

" (E)(W)(v) = f(u,v).

Conversely, given a linear mapg $ Hom(E, Hom(F, G)), we get the bilinear map, #(g),
given by
#(9)(u,v) = g(u)(v),

and it is clear that " and # and mutual inverses. Consequently, we have the important
corollary:

Proposition 22.8 For any three vector spaces;, F, G, we have the canonical isomorphism,

Hom(E , F,G)= Hom(E, Hom(F,G)),

22.4 Duality for Tensor Products

In this section, all vector spaces are assumed to have bnite dimension. Let us now see how
tensor products behave under duality. For this, we debne a pairing betwegif, a4 4, E *and
E,,444, E, as follows: For any bxed\(5...,v/) $ EJ*#ada# we have the multilinear
map,

111111

% Y0\, 1 .
(Vi ...,v) ! Ly

from E*# 444 #E*to Hom(E; , 444, E,,K), which extends to a linear map,L, from
EY 444, E¥to Hom(E;, 444, E,, K). However, in view of the isomorphism,

Hom(U, V,W)= Hom(U,Hom(V,W)),
we can viewL as a linear map,
L:(EY, 444, EY, (E;,444,E,)! K,
which corresponds to a bilinear map,

(Ef, 444, E)N# (E;,444,E,) & K,
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via the isomorphism U, V)%= L(U,V;K). Itis easy to check that this bilinear map is
nondegenerate and thus, by Proposition 22.1, we have a canonical isomorphism,

(E1,444, Ey)*= E, 444, E®

This, together with the isomorphism, LE4,...,E,;K) = (E1,444, E,)% yields a canonical
isomorphism
L(E1,...,En;K) = E, 444, E®

We prove another useful canonical isomorphism that allows us to treat linear maps as
tensors.

Let E and F be two vector spaces and let: E*# F ! Hom(E, F) be the map debned
such that
*(u”f)(x) = uXf,

for all u»$ E% f $ F, andx $ E. This map is clearly bilinear and thus, it induces a linear
map,
*.E% F! Hom(E,F),

such that
. (u%, f)(x) = u{xf.

Proposition 22.9 If E and F are vector spaces witle of Pnite dimension, then the linear
map, *- : E%®, F! Hom(E,F), is a canonical isomorphism.

Proof. Let (g )y ) n be a basis oE and, as usual, le*$ E*be the linear form debned by

"q‘o/(@) = $«,

where$, = 1i! j = k and 0 otherwise. We know that €9, j) » is a basis ofE™ (this is
where we use the Pnite dimension &). Now, for any linear map,f $ Hom(E, F), for every
X = X161 + aa#é x,e, $ E, we have

f(x)=f(xier+ 448 xp&) = xaf (&1) + A48 x,f (&) = €](X)f (&) + 44 & e(x)f (e).
Consequently, every linear mapf $ Hom(E, F), can be expressed as
f(x)= ex)f1+ add g(x)f,,

for somef; $ F. Furthermore, if we applyf to e, we getf (g) = f;, so thef; are unique.
Observe that

* % A AL Y0 _#n * % . _#n % .
(*- (e, fataade’, f))(x)= (- (€ T))= &)fi.

i=1 i=1
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Thus, *. is surjective. As €9y ) n is a basis ofE”.the tensorse”, f, with f $ F, span
E”% F. Thus, every element oE*, F is of the form ., e, f;, for somef; $ F. Assume

#1 #1
(o )= (d )=,

i=1 i=1

for somef;,f($ F and somef $ Hom(E,F). Then for everyx $ E,

# #
gfi= &00f{=f(x).

i=1 i=1
Since thef; and f ( are uniquely determined by the linear mapf , we must havef; = f { and
*. is injective. Therefore,*. is a bijection. J

Note that in Proposition 22.9, the spacd- may have inbnite dimension bu€ has Pnite
dimension. In view of the canonical isomorphism

Hom(E4,...,Ey;F) = Hom(E,,a44, E,,F)

and the canonical isomorphismE; , 444, E,)*= E, 444, E% where theE;Os are bnite-
dimensional, Proposition 22.9 yields the canonical isomorphism

Hom(E,...,E,;F) = E*, 444, E, F.

22.5 Tensor Algebras

The tensor product

¥ a9 vV
m
is also denoted as .
V or V'™

and is called them-th tensor power ofV (with V"1 =V, andV'°= K). We can pack all
the tensor powers oV into the ObigO vector space,

) .
T(V)= v,
m* 0
also denotedT ¥(V), to avoid confusion with the tangent bundle. This is an interesting object
because we can debne a multiplication operation on it which makes it into aigebracalled

the tensor algebra ofV. When V is of Pnite dimensionn, this space corresponds to the
algebra of polynomials with coe"cients inK in n noncommuting variables.

Let us recall the debnition of an algebra over a beld. L& denote any (commutative)
Peld, although for our purposes, we may assume thKt = R (and occasionally,K = C).
Since we will only be dealing with associative algebras with a multiplicative unit, we only
debne algebras of this kind.
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DePnition 22.3 Given a beld,K, a K-algebrais a K -vector space,A, together with a
bilinear operation, & A # A ! A, called multiplication, which makesA into a ring with

unity, 1 (or 1, when we want to be very precise). This means thatis associative and that
there is a multiplicative identity element, 1, so that 1da = aal = a, for all a$ A. Given
two K -algebrasA and B, a K -algebra homomorphismh: A ! B, is a linear map that is
also a ring homomorphism, withh(15) = 15.

For example, the ring,M,(K), of all n# n matrices over a beldK, is aK -algebra.

There is an obvious notion ofdeal of aK -algebra: Anideal,A 0 A, is a linear subspace
of A that is also a two-sided ideal with respect to multiplication inA. If the peld K is
understood, we usually simply say an algebra instead ofka-algebra.

We would like to debPne a multiplication operation onl (V) which makes it into aK -
algebra. As )
T(V) = v

i*0
for everyi " 0, there is a natural injection(,: V' " ! T(V), and in particular, an injection
(o: K ! T(V). The multiplicative unit, 1, of T(V) is the image,(o(1), in T(V) of the unit,
1, of the beldK . Since everyww $ T(V) can be expressed as a Pnite sum

V= (V1) + 2 (o (Vi),

wherev; $ V' " and the n; are natural numbers withn; %n; if i %j, to dePne multiplica-
tion in T(V), using bilinearity, it is enough to debne multiplication operations,
av'mg v @ v M which, using the isomorphismsV " = (,(V" "), yield multi-
plication operations,& (n (V' ™) # (V' ") & (m+n(V" (M*™). More precisely, we use the
canonical isomorphism,

V" m , V" n = V“ (m+n),

which debnes a bilinear operation,
vimgyving yimen

which is taken as the multiplication operation. The isomorphisnv" ™, V' " = vy (m+n)
can be established by proving the isomorphisms

VTV s VT agg, v
n
VI yLAgg Y = VI,
n

which can be shown using methods similar to those used to proved associativity. Of course,
the multiplication, V"™ # V' " & V' (MM is debned so that

(vi,44a, vy) aw,,adé, w,) = vy,4aa, vy, Wp,aéda, w,.
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(This has to be made rigorous by using isomorphisms involving the associativity of tensor
products, for details, see see Atiyah and Macdonald [9].)

Remark: It is important to note that multiplication in  T(V) is not commutative. Also, in
all rigor, the unit, 1, of T(V) is not equal to 1, the unit of the PeldK . However, in view
of the injection (o: K ! T(V), for the sake of notational simplicity, we will denotel by 1.
More generally, in view of the injectiong,: V' " ! T(V), we identify elements ofV" " with

their images inT (V).

The algebra, T(V), satisbPes a universal mapping property which shows that it is unique
up to isomorphism. For simplicity of notation, leti: V! T(V) be the natural injection of
V into T(V).

Proposition 22.10  Given any K -algebra, A, for any linear map, f : V! A, there is a
unique K -algebra homomorphismf : T(V)! A, so that

as in the diagram below:

Proof. Left an an exercise (use Theorem 22.5]]

Most algebras of interest arise as well-chosen quotients of the tensor algeb(&'). This
is true for the exterior algebra, (V) (also called Grassmann algebr where we take the
qguotient of T(V) modulo the ideal generated by all elements of the form, v, wherev $ V,
and for the symmetric algebra,Sym(V), where we take the quotient ofT (V) modulo the
ideal generated by all elements of the form, w& w, v, wherev,w$ V.

Algebras such asT (V) are graded, in the sense that there is a sequence of subspaces,
V' 0 T(V), such that

) .
T(V)=" Vv'"

k* 0
and the multiplication, , , behaves well w.r.t. the gradingj.e.,, : V' mM# Vv "1 V" (m+n)
Generally, aK -algebra,E, is said to be agraded algebra! there is a sequence of subspaces,
E" 0 E, such that )

E= E"
k* 0

(E° = K) and the multiplication, § respects the grading, that is @ E™ # E" | E™ ",
Elements inE" are calledhomogeneous elements of rank (or degree)

In dilerential geometry and in physics it is necessary to consider slightly more general
tensors.
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DePnition 22.4 Given a vector space)V, for any pair of nonnegative integers,r(s), the
tensor space,T"*(V), of type (r,s), is the tensor product

V)=V, (V) =Y. a8, V. ¥ a8, V7
r S

with T%9(V) = K. We also debne théensor algebra T*¥(V), as the coproduct

TH(V) = : TH (V).

rs* 0
Tensors inT"$(V) are calledhomogeneous of degrde, s).

Note that tensors inT"°(V) are just our Oold tensorsO X" ". We makeT¥*(V) into an
algebra by debning multiplication operations,

Tros(V) # Tr2%2(V) & Trtresise(y),

in the usual way, namely: Foru= u,, 444, u,,, u aaa, u? and
v=vy, 444, v,, v aaa, ve, let
_ L 1z L 1z % £ £ & % % 4 £ X %
u, v=ug,aaa, u,, vi,aaa,v,, Uy,aaa,uy, vi,aaa, vg,.
Denote by Hom{/", (V%s; W) the vector space of all multilinear maps fromv" # (V%3
to W. Then, we have the universal mapping property which asserts that there is a canonical
isomorphism
Hom(T"$(V), W) = Hom(V", (V%5 W).

In particular,
(T"(V))*= Hom(V", (V*®K).

For bnite dimensional vector spaces, the duality of Section 22.4 is also easily extended to the
tensor spaced "*(V). We debne the pairing

Tr,S(VO/() # TI’,S(v) &l K
as follows: If
V= v 444, V), U 444, Ures $ TS (VY

and
u=u;,aaa, u, v° ,aaa,vi $T"(V),

then
0, 0, s - -0
(V¥ u) = vi{u,) A8 (Ur+s).

This is a nondegenerate pairing and thus, we get a canonical isomorphism,

(T (V)%= T (V.
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Consequently, we get a canonical isomorphism,

T (V% = Hom(V', (V%% K).

Remark: The tensor spaces;"*(V) are also denotedT[(V). A tensor, * $ T"5(V) is
said to be contravariant in the Pbrst r arguments andcovariant in the last s arguments.
This terminology refers to the way tensors behave under coordinate changes. Given a basis,
(en,...,&), of V, if (e5...,€9 denotes the dual basis, then every tensor $ T"S(V) is
given by an expression of the form

The tradition in classical tensor notation is to use lower indices on vectors and upper indices
on linear forms and in accordance t&instein summation convention(or Einstein notation)

the position of the indices on the coe"cients is reversecEinstein summation conventionis

to assume that a summation is performed for all values of every index that appears simul-
taneously once as an upper index and once as a lower index. According to this convention,
the tensor* above is written

*

subject to the rules for changes of bases.

Another operation on general tensors, contraction, is useful in dilerential geometry.

DePnition 22.5 Forallr,s " 1, the contraction, ¢ : T"S(V) ! T*s*1(V), with 1 ( i (
rand 1( j ( s, is the linear map debPned on generators by

cj(ur,ada, u, v’ aaa, v
= v{u)u;, 444, v, 444, u, VP 444, v 444, v¥

where the hat over an argument means that it should be omitted.

Let us Pgure our what isc;1: T¥(V) ! R, thatis c;1:V, V*! R. If (e,...,&)
is a basis ofV and (€75...,€9 is the dual basis, everyh $ V, V*= Hom(V,V) can be
expressed as

#n 0,
h= a &, &
ij =1
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As
Cl,l(a ’ %0/() = $,j ’

we get

#0
c1(h) = ai =tr( h),
i=1
where tr(h) is the trace of h, whereh is viewed as the linear map given by the matrix,&j ).

Actually, since c, ; is debned independently of any basis; ; provides an intrinsic depnition
of the trace of a linear maph $ Hom(V, V).

Remark: Using the Einstein summation convention, if
*=glig, 444, 6, , 6,444, €,
then

— i]_ ..... ik#l,i,ik+1 ...,ir 4 4 1 A4 ; 4 i
Cui(*)= a8, 444, 8,444, 6, , €',444,9 ,4aa, e-.

If E and F are two K -algebras, we know that their tensor productgE , F, exists as a
vector space. We can mak& , F into an algebra as well. Indeed, we have the multilinear
map

E#F#E#F& E, F

given by (@,b,c,d ! (a¢, (bd, where ac is the product ofa and c in E and bdis the
product of band d in F. By the universal mapping property, we get a linear map,

E,F,E, F& E, F.
Using the isomorphism,
E,F, E, F=(E, F), (E, F),

we get a linear map,
(E, F), (E, F)& E, F,

and thus, a bilinear map,
(E, F)#(E, F)& E, F,

which is our multiplication operation in E , F. This multiplication is determined by
(a, bé(c, d)=(ac, (bd.

One immediately checks thatte , F with this multiplication is a K -algebra.

We now turn to symmetric tensors.
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22.6 Symmetric Tensor Powers

Our goal is to come up with a notion of tensor product that will allow us to treat symmetric
multilinear maps as linear maps. First, note that we have to restrict ourselves to a single
vector space,E, rather then n vector spacesEq,...,E,, so that symmetry makes sense.
Recall that a multilinear map, f : E" ! F, is symmetric i!

f (U&(l), ceay U&(n)) = f (Ul, ey Un),
for all u; $ E and all permutations, +: {1,...,n}!{ 1,...,n}. The group of permutations
on {1,...,n} (the symmetric group is denotedS,. The vector space of all symmetric

multilinear maps, f : E" ! F, is denoted by S(E;F). Note that S}(E;F) = Hom(E,F).

We could proceed directly as in Theorem 22.5, and construct symmetric tensor products
from scratch. However, since we already have the notion of a tensor product, there is a more
economical method. First, we debPne symmetric tensor powers.

DebPnition 22.6 An n-th symmetric tensor powerof a vector spaceE, wheren " 1, is a
vector spaceS, together with a symmetric multilinear map" : E" ! S, such that, for every
vector spaceF and for every symmetric multilinear mapf : E" ! F, there is a unique linear
mapf,:S! F, with

f(uy,...,un) = fu(" (Ug, ... Un)),

forall uy,...,u, $ E, or for short
f = f# +",

Equivalently, there is a unique linear mag» such that the following diagram commutes:

First, we show that any two symmetricn-th tensor powers §;," ;) and (S,," ,) for E,
are isomorphic.

Proposition 22.11 Given any two symmetricn-th tensor powers(S;," 1) and (S,, " ») for
E, there is an isomorphismh: S; ! S, such that

2 = h+"1.

Proof. Replace tensor product byn-th symmetric tensor power in the proof of Proposition
22.4.0

We now give a construction that produces a symmetrio-th tensor power of a vector
spaceE.
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Theorem 22.12 Given a vector spaceE, a symmetric n-th tensor power (Sym"(E),")

for E can be constructedrf " 1). Furthermore, denoting " (us,...,uUy) asu; 1 44a 1u,,
the symmetric tensor powerSym'(E) is generated by the vectorsi; 1 aaéa 1lu,, where
uy,...,u, $ E, and for every symmetric multilinear mapf : E" ! F, the unique linear

mapfy: Sym'(E)! F such thatf = f4 +", is dePned by
f#(U]_lééélUn) = f(ul,...,un),

on the generatorsu; 1 444 1u, of Sym'(E).

Proof. The tensor powerE" " is too big, and thus, we debne an appropriate quotient. Let
C be the subspace oE" " generated by the vectors of the form

up, é.é.é, u, & Ug(1) ,é.é.é., Ug(ny,

forall u; $ E, and all permutations+: {1,...,n}!{ 1,...,n}. We claim that the quotient
space E' ")/C does the job.

Letp:E'"! (E"")/C be the quotient map. Let" : E"! (E"")/C be the map

(Ug,...,uy) ! p(u,adéd, uy),
or equivalently," = p+" o, where" o(Ug,...,u,) = U;,a44a, u,.
Let us denote” (uq,...,Uy) asu; 1 addalu,. Itis clear that " is symmetric. Since the

vectorsu; ,4adéa, u, generateE" ", and p is surjective, the vectorsu; 1 444 1u, generate
(E"MI/C.

Given any symmetric multilinear mapf : E" ! F, there is a linear mapf- : E'"! F
such thatf = f. +"(, as in the diagram below:

However, sincef is symmetric, we havef. (z) = 0 for every z $ E"". Thus, we get an
induced linear maph: (E"")/C ! F, such thath([z]) = f- (z), where [] is the equivalence
classin E'")/C ofz$ E"":

gn PFerErnyc

N
a-
However, if a linear mapf4 : (E"")/C ! F exists, since the vectorsi; 1 444 1u, generate

(E"™)/C, we must have
f#(U]_ l1aaa 1Un) = f (Ul, Caey Un),
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which shows thath and f; agree. Thus, SyM(E) = (E" ")/C and" constitute a symmetric
n-th tensor power ofE. O

Again, the actual construction is not important. What is important is that the symmetric
n-th power has the universal mapping property with respect to symmetric multilinear maps.

Remark: The notation 1 for the commutative multiplication of symmetric tensor powers is
not standard. Another notation commonly used iss We often abbreviate Osymmetric tensor
powerQO as Osymmetric powerQ. The symmetric power, S§i), is also denoted SyE or
S(E). To be consistent with the use oflL , we could have used the notation " E. Clearly,
Sym'(E) = E and it is convenient to set Syf(E) = K.

The fact that the map " : E" ! Sym"(E) is symmetric and multinear, can also be
expressed as follows:

U1 1444%U +v) 14441, = (u;1444 1444 1u,)

+(u1 14441 1a444 1u,),

UW1a441(u;) 1444, = !(u 14441y 1444 1,),
Ugy LaAAMgm = Ui 1&A4&luy,

for all permutations+$ S,,.

The last identity shows that the Ooperation@ is commutative. Thus, we can view the
symmetric tensoru; 1 a4 4 1u, as a multiset.

Theorem 22.12 yields a canonical isomorphism
Hom(Syni'(E),F) = SE";F),

between the vector space of linear maps Hom(S¥(f&), F), and the vector space of sym-
metric multilinear maps SE"; F), via the linear map & +" debned by

h'l h+",

whereh $ Hom(SynT'(E), F). Indeed, h +" is clearly symmetric multilinear, and since by
Theorem 22.12, for every symmetric multilinear mapp $ S(E"; F), there is a unique linear
map fx $ Hom(Syn'(E),F) such thatf = f; +", the map&+" is bijective. As a matter
of fact, its inverse is the map

frlofy.

In particular, when F = K, we get a canonical isomorphism

(Sym"(E))*= S"(E;K).

Symmetric tensors in SyM(E) are also calledsymmetric n-tensors, and tensors of the
formu; 1444 lu,, whereu; $ E, are calledsimple (or decomposable) symmetrig-tensors.
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Those symmetricn-tensors that are not simple are often calledompound symmetricn-
tensors

Given two linear mapsf : E! Elandg: E! E( we candebnd: E# E! Syn?(E()
by
h(u, v) = f (u) 1 g(v).
It is immediately veribed that h is symmetric bilinear, and thus, it induces a unique linear
map
f 1 g: Synf(E)! Syn?(E),

such that
(f1og)(ulv)="f(u)l g(u).

If we also have linear map$ (: E(! ECand g: E(!  E(, we can easily verify that

(fFC+f)1 (g'+g) = (f(1 g) +(f 1 g).

The generalization to the symmetric tensor product,; 1 44a 1f,, of n" 3 linear maps
fi: E! E(is immediate, and left to the reader.

22.7 Bases of Symmetric Powers

The vectorsu; 1adal,, whereuy,...,u, $ E, generate SyM(E), but they are not linearly
independent. We will prove a version of Proposition 22.6 for symmetric tensor powers. For
this, recall that a (Pnite) multiset over a setl is a functionM : I ! N, such that M (i) %0

for bnitely many i $ I, and that the set of all multisets overl is denoted asN(). We let
domM) = {i $ 1 | M(i) %0}, which is a bnite set. Then, for any multiseM $ N(), note
that the sum ;| M (i) makes sense, since ;| M(i) = , yomm) M (i), and domM)

is Pnite. For every multisetM $ N, for any n " 2, we debne the sefly, of functions

, - {1,...,n}! dom(M), as follows:

#
v =4 1,:{1...,n}' domM), |, **()| = M (i), i $ dom(M),  M(i) = n}.

In other words, if ., M(i) = nand domM) = {iy,...,ix},* any function, $ Ju specibes
a sequence of lengtim, consisting ofM (i1) occurrences of;, M (i,) occurrences of,, ...,
M (ix) occurrences ofy. Intuitively, any , debnes a OpermutationO of the sequence (of length

n)
N gegle i ggele oo o gpelk™

M (i1) M (i2) M (i)

INote that must have k ( n.
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Given anyk " 1, and anyu $ E, we denote
Ylagg
k

asuk,

We can now prove the following Proposition.

Proposition 22.13 Given a vector spacee, if (u;j)ii, is a basis forE, then the family of

vectors / 0
w188 WM |
MEND, " o0 M (@)=, {i1,...ik}=dom( M)

is a basis of the symmetrim-th tensor powerSym’ (E).

Proof. The proof is very similar to that of Proposition 22.6. For any nontrivial vector space
F, for any family of vectors

(Wh monm, 'y M(i)=no

we show the existence of a symmetric multilinear map: Sym"(E) ! F, such that for every
M $ NO with |, M(i) = n, we have

huf" ™ 1888 7MWy = wy,

where{iy,...,ix} =dom(M). We debne the mag : E" ! F as follows:
# 1,1 # n  n # / # 1 A A 0
f( leuj'l,..., anujn): V- (1)aa‘d1(n) WM.
jall jntl 1 M ND Y
i M(I)=n

It is not di"cult to verify that f is symmetric and multilinear. By the universal mapping
property of the symmetric tensor product, the linear mapf,; : Sym"(E) ! F such that
f =fy +", is the desired maph. Then, by Proposition 22.3, it follows that the family
/ 0
uiM 188wl M 0 |
MIND, " o M()=n, {i1,...ixk}=dom( M)
is linearly independent. Using the commutativity ofl , we can also show that these vectors

generate Sym(E), and thus, they form a basis for Sy(E). The details are left as an
exercise.[]

As a consequence, whenis bnite, say of sizep = dim( E), the dimension of SyM(E) is
the number of bnite multisets [1,...,jp), such thatj, + aa#& j, = n, jx " 0. We leave as
an exercise to show that this number is?*"** . Thus, if dim(E) = p, then the dimension of
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* +
Syn'(E) is P*"** . Compare with the dimension ofE" ", which is p". In particular, when
p = 2, the dimension of Synm(E) is n + 1. This can also be seen directly.

* +
r p+n+1

Remark: The numbe A

is also the number of homogeneous monomials
i1 4 A&
X;raad)y

of total degreen in p variables (we havej; + 4a& j, = n). This is not a coincidence!
Symmetric tensor products are closely related to polynomials (for more on this, see the next
remark).

Given a vector spaceE and a basis (i), for E, Proposition 22.13 shows that every
symmetric tensorz $ Sym'(E) can be written in a unique way as
# . .
z= Ly uf M0 1888 00 M0,
1 MING
e M (i)=n
{i1,...ix}=dom( M)

for some unique family of scalarsy, $ K, all zero except for a Pnite number.

This looks like a homogeneous polynomial of total degreewhere the monomials of total
degreen are the symmetric tensors

ufM™ 1888 wlM0,
in the Oindeterminates@;, wherei $ | (recall that M (i,) + aa#& M (i) = n). Again, this
is not a coincidence. Polynomials can be debned in terms of symmetric tensors.

22.8 Some Useful Isomorphisms for Symmetric Powers

We can show the following property of the symmetric tensor product, using the proof tech-
nique of Proposition 22.7:

Sym"(E/ F) = ) Symf(E), Sym™¥(F).

k=0

22.9 Duality for Symmetric Powers

In this section, all vector spaces are assumed to have Pnite dimension. We debne a nonde-
generate pairing, SyM(E*) # Sym'(E) & K, as follows: Consider the multilinear map,

(EN"# E"& K,
given by #

(Vi .. viug,...,un) ! Viry (U1) & &, (Un).

& Sp
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Note that the expression on the right-hand side is OalmostO the determinant, d}%((]i)),
except that the sign sgnt) is missing (where sgnf) is the signature of the permutation
+, that is, the parity of the number of transpositions into which+ can be factored). Such
an expression is called @aermanent It is easily checked that this expression is symmetric
w.r.t. the u;Os and also w.r.t. the/ For any Pxed ¢%,...,v}) $ (E")", we get a symmetric
multinear map,

#
lvvi o (U, ..oy Up) Var (U1) A&, (Un),
& Sp

from E" to K. The maply; ,; extends uniquely to a linear mapL,; _.:: Synf'(E)! K.

..........

Now, we also have the symmetric multilinear map,
% % 1
(Vii-. V) 't Ly

from (E®" to Hom(Sym"(E), K ), which extends to a linear map,L, from SynT'(E% to
Hom(Sym'(E), K). However, in view of the isomorphism,

Hom(U, V,W)= Hom(U,Hom(V,W)),
we can viewL as a linear map,
L: Syn™(E", Sym"(E) & K,
which corresponds to a bilinear map,
Sym"(E" # Sym"(E) & K.

Now, this pairing in nondegenerate. This can be done using bases and we leave it as an exer-
cise to the reader (see Knapp [89], Appendix A). Therefore, we get a canonical isomorphism,

(Sym"(E))*= Synt'(E").
Since we also have an isomorphism
(Sym"(E))*= S'(E,K),
we get a canonical isomorphism
Sym"(E" = S'(E,K)
which allows us to interpret symmetric tensors oveE *as symmetric multilinear maps.

Remark: The isomorphism,u: Sym"(E¥ = S'(E,K), discussed above can be described
explicity as the linear extension of the map given by

#
H(v1adawy(uy, ..., uy) = Vigry (U1) A&, (Un).
& Sy
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Now, the map fromE" to Sym"(E) given by (us,...,u,) " u; 1444 1lu, yields a
surjection,) : E'" ! Sym"(E). Because we are dealing with vector spaces, this map has
some section, that is, there is some injectioi; SynT'(E) ! E" ", with ) +( =id. If our beld,

K, has characteristic 0, then there is a special section having a natural dePnition involving
a symmetrization process debned as follows: For every permutation, we have the map,
re: E"! E"", given by

rg(Us,...,Un) = Ugqy ,aaa, Ugn).

As rg is clearly multilinear, rg extends to a linear mapfg: E'"! E"", and we get a map,
S,#E'"& E"", namely,

+az = r&(Z).
It is immediately checked that this is a left action of the symmetric groupS,, onE" " and
the tensorsz $ E" " such that

+édz=12z, foral +%$S,

are calledsymmetrizedtensors. We debne the mag,: E"! E" ", by
1® 1 # 4
((Ug,...,up) = nl +a(uy,aaa, uy) = ol Ug) , aaa, Ugn)-
" & 'Sy " & 'S,

As the right hand side is clearly symmetric, we get a linear mag,: Sym"(E) | E"".
Clearly, ((Sym"(E)) is the set of symmetrized tensors irE"". If we consider the map,
S=(+):E'"& E"", itiseasyto checkthatS+S = S. Therefore,S is a projection and
by linear algebra, we know that

E'"=S(E ")/ KerS= ((Sym"(E))/ KerS.

It turns out that Ker S= E""21| =Ker ), wherel is the two-sided ideal ofT (E) generated
by all tensors of the formu, v&v, u$ E"? (for example, see Knapp [89], Appendix A).
Therefore, ( is injective,

E'"=(Sym"(E))/ E'"21 = (Sym"(E))/ Ker),

and the symmetric tensor power, Syf(E), is naturally embedded intoE" ".

22.10 Symmetric Algebras

As in the case of tensors, we can pack together all the symmetric powers, 8{¢), into an
algebra, )
Sym(V) = Sym™(V),

m* 0
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called the symmetric tensor algebra ol/. We could adapt what we did in Section 22.5 for
general tensor powers to symmetric tensors but since we already have the algefirgy),
we can proceed faster. If is the two-sided ideal generated by all tensors of the form
u, v&v, u$ Vv ? we set
Sym¥(V) = T(V)/1.
Then, Synt(V) automatically inherits a multiplication operation which is commutative and
sinceT (V) is graded, that is, )
T(V) = v,
m* 0

we have )
Symf(V) = viomi2vem,

m* 0

However, it is easy to check that
Sym™(V)= V' ™/ (12V'™M),

so
Sym¥(V) = Sym(V).

When V is of bnite dimension,n, T(V) corresponds to the algebra of polynomials with
coe"cients in K in n variables (this can be seen from Proposition 22.13). When is of
inPnite dimension and ()i, is a basis ofV, the algebra, Symy{), corresponds to the
algebra of polynomials in inbnitely many variables in. WhatOs nice about the symmetric
tensor algebra, SymyY), is that it provides an intrinsic dePnition of a polynomial algebra in
any set, |, of variables.

It is also easy to see that Syn\() satisbes the following universal mapping property:

Proposition 22.14  Given any commutativeK -algebra,A, for any linear map, f : V I A,
there is a uniqueK -algebra homomorphismf : Sym(V) ! A, so that

as in the diagram below:

m(V)

vV —1"sy
\*

Remark: If E is bnite-dimensional, recall the isomorphismy: Sym"(E% & S'(E,K),
debned as the linear extension of the map given by

>wEo

(V1 adavy(uy, ..., uy) = Vi (U1) A&, (Un),
& Sy
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Now, we have also a multiplication operation, SyM(E*# Sym"(E* & Sym™""(E%. The
following question then arises:

Can we debne a multiplication, S(E,K ) # S"(E,K) & S"*"(E,K), directly on sym-
metric multilinear forms, so that the following diagram commutes:

Sym™(E% # Syn'(E% ——"Sym™ "(E%

" ;

S"(E,K)# S"(E,K) —2-"9""(E,K).

The answer isyed The solution is to debne this multiplication such that, fof $ S"(E,K)
andg$ S'(E,K),
#
(f ag)(us,...,Um+n) = f (Ugay, -« - s Ug(m))I(Ug(m+1y s -« - » Ug(m+n))
&! shule( m,n)

where shu#e(m, n) consists of all (n, n)-Oshu#esO, that is, permutationst, of {1,...m+ n},
such that +(1) < ad& +(m) and +(m+1) < a4 & +(m + n). We urge the reader to check
this fact.

Another useful canonical isomorphim (oK -algebras) is

SymE/ F)= Sym(E), Sym(F).

22.11 Exterior Tensor Powers

We now consideralternating (also called skew-symmetri¢ multjlinear maps and exterior
tensor powers(also calledalternating tensor powery, denoted  "(E). In many respect,
alternating multilinear maps and exterior tensor powers can be treated much like symmetric
tensor powers except that the sign, sgai), needs to be inserted in front of the formulae valid
for symmetric powers. Roughly speaking, we are now in the world of determinants rather
than in the world of permanents. However, there are also some fundamental di'erences, one
of which being that the exterior tensor power, "(E), is the trivial vector space, (0), when

E is bnite-dimensional and whem > dim(E). As in the case of symmetric tensor powers,
since we already have the tensor algebr@(V), we can proceed rather quickly. But prst, let
us review some basic debnitions and facts.

Debnition 22.7 Let f: E" ! F be a multiinear map. We say thatf alternating i!
f(ug,...,up) = 0 wheneveru; = uj;y, for somei with 1 ( i ( n& 1, for all u; $ E,
that is, f (uy,...,u,) =0 whenever two adjacent arguments are identical. We say tHatis
skew-symmetric (or anti-symmetric) i!

f (U&(l), Ceey U&(n)) = Sgn(+)f (U]_, Ceay Un),

for every permutation,+$ S, and allu; $ E.
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For n = 1, we agree that every linear map,f : E ! F, is alternating. The vector
space of all multilinear alternating maps,f: E" ! F, is denoted Alt"(E;F). Note that
Alt*(E;F) = Hom(E,F). The following basic proposition shows the relationship between
alternation and skew-symmetry.

Proposition 22.15 Letf: E" ! F be a multilinear map. Iff is alternating, then the
following properties hold:

Q) Foralli,with1( i( n&l,

f(...,ui,ui+1,...): &f(...,ui+1,ui,...).

(2) For every permutation,+$ S,
f (Ugqy, - - -+ Ugn)) = SgN(+H)f (U, ..., Un).

(3) Foralli,j,with1( i<j ( n,

f(....u,...y,...) =0 wheneverny; = y;.

Moreover, if our Peld, K, has characteristic di'erent from 2, then every skew-symmetric
multilinear map is alternating.

Proof. (i) By multilinearity applied twice, we have

f(...,Ui+ Ui+, U + Ui+1,...): f(...,Ui,Ui,...)+ f(...,Ui,Ui+1,...)
+f(...,Ui+1,Ui,...)+ f(...,Ui+1,Ui+1,...).

Sincef is alternating, we get
0= f(...,Ui,Ui+1,...)+ f(...,Ui+1,Ui,...),

thatis, f(...,Uj,Ui+1,...) = &F (..., U+, Ui, ...).
(i) Clearly, the symmetric group, S, acts on Alt"(E; F) on the left, via

+ af (Ul, ceey Un) =f (U&(l), caey u&(n))-

Consequently, asS , is generated by the transpositions (permutations that swap exactly two
elements), since for a transposition, (ii) is simply (i), we deduce (ii) by induction on the
number of transpositions in+.

(iii) There is a permutation, +, that sendsu; and u; respectively tou; and u,. Asf is
alternating,
f (U&(l), ey U&(n)) =0.
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However, by (ii),
f(uy, ..., un) =sgn(+)f (Ug), ..., Ugm)) =0.
Now, whenf is skew-symmetric, if+ is the transposition swappingu; and uj+; = u;j, as
sgn@) = &1, we get
f(...,ui,ui,...)z &f (...,Ui,Ui,...),
so that
2f(...,Ui,Ui,...):O,
and in every characteristic except 2, we conclude thdt(...,u,u;,...) = 0, namely, f is
alternating. O

Proposition 22.15 shows that in every characteristic except 2, alternating and skew-
symmetric multilinear maps are identical. Using Proposition 22.15 we easily deduce the
following crucial fact:

Proposition 22.16 Letf:E"! F be an alternating multilinear map. For any families of

vectors, (Uy, ..., Uy) and (vq,...,Vn), with u;,v; $ E, if

#n .

vi=  gu, 1(j(n,

i=1

then
1 4 2
f(vy,..., V) = sgn() agpy 1 addgmnyn f(Ug,...,un) =det(A)f (ug,...,uy),
& Sp

whereA is the n # n matrix, A = (g;).

Proof. Use property (ii) of Proposition 22.15.1.
We are now ready to debPne and construct exterior tensor powers.

Debnition 22.8 An n-th exterior tensor powerof a vector spaceE, wheren " 1, is a
vector space A, together with an alternating multilinear map, " : E" ! A, such that, for
every vector spacef, and for every alternating multilinear map,f : E" ! F, there is a
unique linear map,fg: A! F, with

f(ug,...,up) = fg(" (ug,...,Upn)),

forall uy,...,u, $ E, or for short
f = f$ +",

Equivalently, there is a unique linear mag ¢ such that the following diagram commutes:

#

\$L§&

F

En
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First, we show that any two n-th exterior tensor powers A1," ;) and (A,," ;) for E, are
isomorphic.

Proposition 22.17 Given any twon-th exterior tensor powergA4," 1) and (A,," ,) for E,
there is an isomorphismh: A; ! A, such that

ll2: h+"1_

Proof. Replace tensor product byn exterior tensor power in the proof of Proposition 22.4.
O

We now give a construction that produces an-th exterior tensor power of a vector space
E.

[
Theorem 22.18 Given a vector spaceE, an n-th exterior tensor power( "(E),") for E
can be constructedrf " 1). Furthermore, denoting" (uy, ..., U,) asu;3aaa8,, the exterior
tensor power "(E) is generated by the vectors; 3444 38i,, whereu, ..., u, $ E, and for
every alternating multilinear mapf : E" ! F, the unique linear mapfg: ~"(E)! F such
thatf = fg +", is debned by

fo(Ur3AAARN) = (U ..., Uy,

!
on the generatorsu; 34443, of  "(E).

Proof sketch We can give a quick proof using the tensor algebrd,(E). let |, be the
two-sided ideal of T (E) generated by all tensors of the forru, u$ E" 2. Then, let

(E)= E'"(1,2E"")

|
and let) be the projgction,) :E""! ~ "(E). If we let u; 344431, = ) (u;,44aa, uy), it
is easy to check that ( "(E), 3) satisbes the conditions of Theorem 22.18]

Remark: We can also debne

3 ) 3
(E)=T(E)1a= (E),

n* 0

the exterior algebraof E. This is the skew-symmetric counterpart of Synk) and we will

study it a little later.
|

! ! R
For simplicity of notation, we may write, "E for = "(E). We also abbreviate, Oexterior
tensor powerO as Oexterior powerO. Clearly(E) = E and it is convenient to set °(E) =
K.
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!
The fact thatthe map” : E" ! "(E) is alternating and multinear, can also be expressed

as follows:

up;3aaadu +v)3aaaad, (uy3adad; 3aaaasn)

+(u;3444%,34443),

u;3aaagdlu;)3aaas, '(uy344a3;3aaaay),
Ugy 3aaadigny = sgn(+)u;3aaad,

forall +$ S,.
Theorem 22.18 yields a canonical isomorphism

3
Hom( (E),F) = Alt"(E;F),

|
between the vector space of linear maps Hom( (E), F), and the vector space of alternating
multilinear maps Alt"(E; F), via the linear map & +" debPned by

h'l h+",
|
whereh $ Hom(" "(E), F). In particular, when F = K, we get a canonical isomorphism
3 %
(E) = Alt"(E;K).

!
Tensors* $ = "(E) are calledalternating n-tensors or alternating tensors of degreen

and we write degf ) = n. Tensors of the formu; 3aaa 8i,, whereu; $ E, are calledsimple
(or decomposable) alternatingn-tensors. Those alternatingn-tensors that are not simple are
often calledcompound alternatjngn-tensors. Simple tensorsu; 34443, $ "(E) are also
called n-vectors and tensors in° "(E”) are often called(alternating) n-forms.

|
Given two linear mapsf : E! Elandg:E! E(wecandebnd: E#E! ~ ?E() by
h(u, v) = f (u) 3 g(v).

It is immediately veriPed that h is alternating bilinear, and thus, it induces a unique linear
map

2 2
f3g: (E)! (EY,

such that
(f 3g)(u3v)=1(u)3gu).

If we also have linear map$ (: E(! ECand g: E(! E(, we can easily verify that
(F(+f)3 (g +9) = (3 g) +(f 3 ).

The generalization to the alternating productf ;344 48, ofn " 3 linear mapsf;: E! E(
is immediate, and left to the reader.
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22.12 Bases of Exterior Powers

Let E be any vector space. For any basisyy);, - , for E, we assume that some total ordering,
( ,on$, has been chosen. Call the pair (), - , ( ) an ordered basis Then, for any nonempty
Pnite subset,| 0 $, let

u = u,3aaad

im

wherel = {iy,...,in}, wWith i; < 4a4in.
!
Since” "(E) is generated by the tensors of the form; 34448, with v; $ E, in view of
skew-symmetry, it is clear that the tensorsy,, with |I | = n, generate’ "(E). Actually, they
form a basis.

Proposition 22.19 Given any vector ;spacekE, if E has Pnitq dimension,d = dim(E),

then for all n > d, the exterior power "(E) is trivial, that is, "(E) = (0). Otherwise,
for every ordered basis((u;)i: -, ( ), the family, (u,), is basis of "(E), wherel ranges over
Pnite nonempty subsets & of size|l| = n.

Proof,. First, assume thatE has Pnite dimensiond = dim( E) and that n > d. We know
that = "(E) is generated by the tensors of the form; 34443, with v $ E. If uy,..., uq
is a basis ofE, as everyy; is a linear combination of theu;, when we expandv; 3aaa ¥,
using multilinearity, we get a linear combination of the form

#

V13é.é.é.3n: !(jl jn)Ujl3é.é.é.$ljn,

.....

where eachj(,...,jn) is some sequence of integefs ${ 1,...,d}. Asn>d, each sequence
(J1,...,Jn) must contain two ideptical elements. By alternation,u;, 3aaa 3, = 0 and so,
v13444a%, =0. It follows that ~ "(E) = (0).

Now, assume that either dimg) = d and that n ( d or that E is inbnite dimensional.
The argument below shows that theu, are nonzero and linearly independent. As usual, let
u?$ E*be the linear form given by

ufu) = & .

For any nonempty subset] = {i,...,in} 0 $, with i; < 444 i,, letl, be the map given
by
i (V1, .., Vo) = det( u*(w)),

|
for all vy $ E. As |, is alternating multilinear, it induces a linear map,L,:  "(E)! K.
Observe that for any nonempty Pnite subset] 0 $, with [J| = n, we have

Y1 =2
| =
L) =4 i) eeu.
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Note that when dim(E) = d and n ( d, the formsu, ..., u® are all distinct so, the above
does hold. Sincé. | (u;) = 1, we conclude thatu, 0. Now, if we have a linear combination,
#
hhu = 0,
|
where the above sum is Pnite and involves nonempty Pnite subde) $, with |I| = n, for

every suchl, when we applyL, we get

proving linear independence]
As a corollary, if E is bnite dimensional, say dinff) = dandif 1 ( n ( d, then we have
/0
dim( (E))=
- d
|
and if n>d, then dim(" "(E)) = 0.
|
Remark: Whenn =0, if we setu =1, then (u ) = (1) is a basis of oV)= K.
It follows from Proposition 22519 that the family, @, ),, wherel 0 $ ranges over Pnite
subsets of $ is a basis of (V)= .., "(V).

As a corollary of Proposition 22.19 we obtain the following useful criterion for linear
independence:

Proposition 22.20 For any vector spaceE, the vectors,us,...,u, $ E, are linearly inde-
pendent i! u; 3aaa i, %%0.

Proof. If u; 344a 3, %0, then uy,...,u, must be linearly independent. Otherwise, some
u; would be a linear combination of the othem; Os (withj % i) and then, as in the proof
of Proposition 22.19,u; 3 444 31, would be a linear combination of wedges in which two
vectors are identical and thus, zero.

Conversely, assume that, ..., u, are linearly independent. Then, we have the linear
forms, u’*$ E% such that
u{uy) = & 1(C i) (n |
As in the proof of Proposition 22.19, we have a linear map,,, ... "(E)! K, given by

|
forallv;34443%,%$ "(E). As,

Lul un(ulsééé&n)zl,

we conclude thatu; 3aaa 31, %0. O

Proposition 22.20 shows that, geometrically, every nonzero wedge,3 4aa 3i,, corre-
sponds to some oriented version of amdimensional subspace d&.
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22.13 Some Useful Isomorphisms for Exterior Powers

We can show the following property of the exterior tensor product, using the proof technique

of Proposition 22.7:
3 "o 3k
(E/ F)= (E), (F).
k=0

22.14 Duality for Exterior Powers

In this section, all vector spaces are assumed to have bnite dimension. We debne a nonde-
generate pairing, "(E®#  "(E) & K, as follows: Consider the multilinear map,

(EN"# E"& K,
given by

#
(Vi ... ovhug, .., u) sgn(+) Vg (Us) A&, (u,) = det(v/{u)).

&! Sy

It is easily checked that this expression is alternating w.r.t. the;Os and also w.r.t. thej"/‘i
For any bxed ¢35...,v?) $ (E"", we get an alternating multinear map,

from E" to K. By the argument used in the symmetric case, we get a bilinear map,

(E™ # J (E) & K.

Now, this pairing in nondegenerate. This can be done using bases and we leave it as an
exercise to the reader. Therefore, we get a canonical isomorphism,

g % &) %
( (E)”= (EY).
Since we also have a canonical isomorphism
31 0,
( (E)*= Alt"(E;K),
we get a canonical isomorphism
31 0,
(E" = AIt"(E;K)

which allows us to interpret alternating tensors oveE * as alternating multilinear maps.
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|
The isomorphism,u: = "(E” = Alt"(E;K), discussed above can be described explicity

as the linear extension of the map given by

W(VP3A448 3 (us, ..., Un) = det( V).

Remark: Variants of our isomorphism,p, are found in the literature. For example, there
is a version,u(, where

(_ 1
H—HIJ'

with the factor % added in front of the determinant. Each version has its its own merits
and inconvenients. Morita [114] useg! because it is more convenient thap when dealing
with characteristic classes. On the other hand, when using, some extra factor is needed
in debning the wedge operation of alternating multilinear forms (see Section 22.15) and for
exterior dilerentiation. The version u is the one adopted by Warner [147], Knapp [89],
Fulton and Harris [57] and Cartan [29, 30].

If f: E ! F is any linear map, by transposition we get a linear mag,” : F*! E%
given by
fr(v)=v*+f,  v*$F%

Consequently, we have
f- (v¥(u) = VAT (), forallu$ E and allv”*$ F*
Forany p" 1, the map,

(Ug,...,up) ! f(uy) 3aaasd(up),
| I I I

from E" to ~ PF is multilinear alternating, so it induces a linear map, °f:  PE! " PF,
debned on generators by
63 7
f (U 344adp) = f(u)3aaas(uy).
| ! | I
Combining  ? and duality, we get a linear map, °f-:  PF”%! ~ PE% debned on gener-
ators by
63 7

f- (v‘f"Sééé&;{‘)z f'(v;/‘)Sééé:B‘(vZ‘).
Proposition 22.21 If f: E ! F is any linear map between two Pnite-dimensional vector
spaces,E and F, then

663 7 7 P
H f° (& (up,...,up) = W(&)(f (ug),...,f(up)), &$ F% ug,...,u, $E.
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Proof. It is enough to prove the formula on generators. By dePnition ¢f, we have

663 7 . . 7
H fo (v°’344483)) (U,...,Up)

(- (vi) 3a443" (vp))(us, ..., Up)
det(f " (v/)(ui)

det(v/{f (u)))

W(vi'3aaasp)(f (uy),....f(up)),

as claimed.]
|

The map = Pf- is often denotedf % although this is an ambiguous notatiop since is
dropped. Proposition 22.21 gives us the behavior bftunder the identibcation of P E”and

AltP(E; K) via the isomorphism.
|
As in the case of symmetric powers, the map frof@" to = "(E) given by (us,...,Uy) !

u; 34448, yields a gurjection,) : E'" !~ "(E). Now, this map has some section so there
is some injection,(: ~ "(E)! E"", with ) +( =id. If our beld, K, has characteristic 0,
then there is a special section having a natural debnition involving an antisymmetrization
process.

Recall that we have a left action of the symmetric groupS,, on E'". The tensors,
z$ E" ", such that

+éz=sgn(+)z, forall +3$ S,
are calledantisymmetrizedtensors. We debne the mag,; E"! E" ", by

1 # L
((ug,...,uy) = nl SgN() Ugqry , @aa, Ugm).
" & Sh

! .
As the right hand side is clearly an alternating map, we get a linear map; ~ "(E)! E"".

Clearly, (( "(E)) is the set of antisymmetrized tensors irE"". If we consider the map,
A= (+):E'"& E"", itis easy to check thatA + A = A. Therefore, A is a projection
and by linear algebra, we know that

3
E'"=A(E ")/ KerA=(( (A))/ KerA.

It turns out that Ker A = E'"2 |, = Ker ), wherel, is the two-sided ideal ofT(E)
generated by all tensors of the formu, u $ E"? (for example, see Knapp [89], Appendix
A). Therefore, ( is injective,

. K . 3
E"=( (E)/E"21=( (E)/ Ker),

! "
and the exterior tensor power, "(E), is naturally embedded intoE" ".
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22.15 Exterior Algebras

!
As in the case of symmetric tensors, we can pack together all the exterior powers,(V),
into an algebra,
3 ) X
(V)= V),
m* 0

called the exterior algebra (or Grassmann algebra) of/. We mimic the procedure used
for symmetric powers. Ifl, is the two-sided ideal generated by all tensors of the form

u, u$ V' ? we set 4
V)=TV)I,.

|

Then, = *(V) automatically inherits a multiplication operation, called wedge product and

sinceT (V) is graded, that is, )

T(V) = v,
m* 0

we have
¥

(V):) VM (1,2V' ™.

m* 0

However, it is easy to check that

3 : ..
V)=V M (1,2V'™),

SO
F 3

V)= (V).
When V has Pnite dimensiond, we actually have a Pnite coproduct
3 )y
(V)= V),
m=0

*

! _ +
and since each " (V) has dimension, r‘i , we deduce that

3 |
dim( (V))=2¢=2dmV),

| I !
The multiplication, 3: = ™(V)# ~ "(V)! =~ ™ "(V), is skew-symmetric in the following
precise sense:

| !
Proposition 22.22 Forall * $  ™(V) and all- $ ~ "(V), we have

- 3% =(&1)™* 3 -,
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Proof. Sincev3 u= &u3v forall u,v$ V, Proposition 22.22 follows by induction[J

Since* 3 * =0 for every simple tensor,* = u; 3444 3I,, it seems natural to infer that
* 3* =0 for everytensor* $ (V). If we consider the case where dir() ( 3, we can
indeed prove the above assertion. However, if divj " 4, the above fact is generally false!
For example, when dimy) = 4, if uy, u,, uz, Uy are a basis forV, for * = u; 3 U, + U3 3 Uy,
we check that
* 3% =2u;3 Uy 3 Uz 3 Uy,
which is nonzero.

The above discussion suggests that it might be useful to know when an alternating tensor
is simple, that is, decomposable. It can be shown that for tensors,$ = *(V), * 3* =0 i
* is simple. A general criterion for decomposability can be given in terms of some operations
known asleft hook and ri'ght hook (also calledinterior products), see Section 22.17.

It is easy to see that (V) satisbes the following universal mapping property:

Proposition 22.23  Given anyK -algebra,A, for any linear map, f; V! A, if (f (v))2=0
for all v$ V, then there is a uniqueK -algebra homomorphismf : = (V) ! A, so that

as in the diagram below:

!
When E is bnite-dimensional, recall the isomorphismyt: =~ "(E® & Alt"(E;K), de-
Pned as the linear extension of the map given by

W(VP3 444 3(uy,. .., uy) = det( u{u)).

! ! b
Now, we have also a multiplication operation, ™(E® # ~"(E" & MTYE". The
following question then arises:

Can we debne a multiplication, AI'(E;K)# Alt"(E;K) & Alt™ "(E;K), directly on
alternating multilinear forms, so that the following diagram commutes:

! m 0 ! n [ $ ! m+n 0
(EN# “(EY) —— (E"
n ;
Alt™(E;K) # Alt"(E;K) —>"Alt™ "(E;K).

As in the symmetric case, the answer iged The solution is to debne this multiplication
such that, forf $ Alt™(E;K)andg$ Alt"(E;K),
#

(f 3 g)(U]_, vy Um+ n) = Sgn(+)f (U&(]_), ceey u&(m))g(u&(m+1) ooy Ug(m+ n)),

&! shule( m,n)
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where shu#e(m, n) consists of all (, n)-Oshu#esO, that is, permutationst, of {1, ...m+ n},
such that+(1) < 444 +(m) and +(m+1) < 4a & +(m+ n). For example, wherm = n =1,
we have

(f 3 g)(u,v) = f(u)g(v) & g(u)f (v).

Whenm=1and n" 2, check that
w1 ,
(f3g)(Ur,...,Uns1) = (&L (U)g(us, ... Ui, ..., Uns1),

i=1
where the hat over the argument; means that it should be omitted.

As a result of all this, the coproduct

Alt(E) = ) Alt"(E:K)

n* 0

!
is an algebra under the above multiplication and this algebra is isomorphic to(E". For
the record, we state

I
Proposition 22.24 When E is bnite dimensional, the mapsp: ~ "(E® & Alt"(E;K),

induced by the linear extensions of the maps given by
H(v:°34448)(uy, ..., Uy) = det(u/{ui))

|
yield a canonical isomorphism of algebragi:  (E% & Alt( E), where the multiplication
in Alt(E) is debned by the mapsg: Alt™(E;K)# Alt"(E;K) & Alt™ "(E;K), with

#
(f 39)(ug,...,Un+n) = sgn(*) f (Ugqy, - - -, Ugm))I(Ug(m+1) » - - - » Ug(m+n)),

&! shule( m,n)

whereshu#e(m, n) consists of all(m, n)-Oshu"esO, that is, permutationss#, of {1, ... m+n},
such that+(1) < aag@ +(m) and+(m+1) < 4aé&+(m+ n).

!
Remark: The algebra, (E) is a graded algebra. Given two graded algebral, and F, we
can make a new tensor product: ; F, whereE , F is equal toE , F as a vector space,
but with a skew-commutative multiplication given by

(a, b3 (c, d)=(&1)%*O®O @), (bd,

wherea$ E™,b$ FP,c$ E",d$ F9 Then, it can be shown that

3 3 3
(E/F)= (B), (F).
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22.16 The Hodge 4-Operator

In order to debne a generalization of the Laplacian that will apply to dilerential forms on a
Riemannian manifold, we need to debne isomorphisms,

& Bk
VvV & V,

for any Euclidean vector spaceY, of dimensionn and anyk, with 0 ( k ( n. If )&, &*
denotes the inner product orv, we debne an inner product on “V, also denoted)& , &*,
by setting

J)ur 3aaaldy, vy 3aaadr =det()u;,v*),

for all u;,v; $ V and extending)&, &* by bilinearity. |

It is easy to show that if (e, ..., &,) is an orthonormal basis ofv, then the basis of kv
consisting of thee (wherel = {iy,... ik}, with1 ( i, < aa&ix ( n)is an orthonormal
basis of V. Since the inner product onV induces an inner product onV* (recall that
)&, 8* = )&;, &*, for all &, & $ V¥, we also get an inner product on “V%

Recall that an orientation of a vector spaceV, of dimensionn is given by the choice
of some basis, d,,...,&,). We say that a basis, (4,...,u,), of V is positively oriented i!
det(uq,...,u,) > O (where det{, ..., u,) denotes the determinant of the matrix whosgth
column consists of the coordinates af, over the basis €, ..., &)), otherwise it is negatively
oriented. An oriented vector spacds a vector spaceV, together with an orientation of V.
If V is oriented by the basis ¢, ..., €,), then V*is oriented by the dual basis, €. .., €9.

If V is an oriented vector space of dimensiam, then we can debPne a linear map,

<3 B3k
4: V! V,

called the Hodge4-operator, as follows: For any choice of a positively oriented orthonormal
basis, €1,...,€,), of V, set

4e34a8 %)= & 32848,
In particular, for k =0 and k = n, we have
41) = e3a4ad,
4e 34448, = 1.
It is easy to see that the debPnition oft does not depend on the choice of positively oriented

orthonormal basis.

|
* n+k

!
The Hodge4-operators,4: ~ “V | V, induces a linear pijection,
4: ~ (V)! (V). We also have Hodgel-operators,4:  Kv%1 = Mky%

The following proposition is easy to show:
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Proposition 22.25 If V is any oriented vector space of dimension, for every k, with
0( k( n,we have
(i) 44=(&id)kn+k),
|
(i) )X, y*= 4(x 34y) = 4(y34x), forall x,y$ *V.

If (e,...,&,) is an orthonormal basis ofV and (v4,...,V,) is any other basis ofV, it is
easy to see that 8

vi3aaad, = det)v,vi*)e3aaasd,,
from which it follows that
1

@ detOvi, v ") "

(see Jost [83], Chapter 2, Lemma 2.1.3).

22.17 Testing Decomposability; Left and Right Hooks

In this section, all vector spaces are assumed to have Pnite dimension. Say &ijn€ n.
Using our nonsingular pairing,

K
)&,&: E¥ E& K (L( p( n),
debned on generators by
Jur3aaadtvi 34443 = det(uj{v))),
we debne various contraction operations,

P Ba <
l: E# E®& E»  (left hook)

and
B

0, 3) 3:" 0,
": EYwW E& E*  (right hook),

as well as the versions obtained by replacirf§ by E*and E*by E. We begin with the left
interior product or left hook, ! .

|
Letu$ PE. For any g such thatp+ g ( n, multiplication on the right by u is a linear
map

3 Ba
3r(U): E & E,
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given by
v'l v3u

|
wherev$ = 9E. The transpose of3(u) yields a linear map,
3 % 3 %
Br(u)':( E)*& ( E)%

! ! ! !
which, using the isomorphisms’(?*9E)%= ~ P*9g%and ( YE)%= ~ 9E”can be viewed as
a map
g—q 0, 3:] 0,
(3r(u)': E™&  E%

given by
2% 2%+ 3x(u),

|
wherez?$ = PTIE%

We denotez”+ 3 (u) by
ul z%

In terms of our pairing, the g-vector u! z*is uniquely debned by
| |

|
yu! zZ%v¥=)z%v3u*, foralu$ PE,v$ 9E andz®$ PTIE®
It is immediately veribed that
(u3v)! z%=u! (v! 2%,
so! debnes a left action
2 B9 3
l: E# E*& E®

By interchanging E and E*and using the isomorphism,

3( 0 3( .
( F)A)- F /o,
we can also deblle a Ieft action

P B 3
I E%# E & E.

In terms of our pairing, u®! z is uniquely debned by
! ! !
WUz = Ww*3 u® 2+, forall u®$  PE% v*$ 9E%andz$  PTIE.
 In order to proceed any further, we need some combinatorial properties of the basis of
" PE constructed from a basis, &, ...,&,), of E. Recall that for any (nonempty) subset,

1 0{1,...,n}, we let
g =¢6,34448,,
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wherel = {iq,...,ip} with i; < &ad&ip,. We also lete =1.

Given any two subsetdH,L 0{ 1,...,n}, let

4
0 ifH2L %5,
RET (&1 ifH2L =5

where
[ =M, | (hh)$SH#L h>I1}.

Proposition 22.26  For any basis,(ey, ..., &), of E the following properties hold:
(1)) FH2L =5 [H|=h,and]|L|= 1, then
“HL-LH = (&1)hl-
(2) For H,L 0{ 1,...,m}, we have

€136 = .HLEH. L.

(3) For the left hook,

P g9 3
l: E# E™& E%
we have
en! € = 0 if H%L
en'!€’ = . Liunety IfFHOL
| I |
Similar formulae hold for ! : ~ PE%# ~ P9 & ~ 9E. Using Proposition 22.26, we
have the
Proposition 22.27 For the left hook,
Ky B

0, 3q 0,
. E# E™& E®
for everyu $ E, we have
ul (x*3y"=(&1)°%u! x” 3 y”*+ x*3 (u! y",

|
wherey $ ~ SE”
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Proof. We can prove the above identity assuming that*and y*are of the forme®and €% us-
ing Proposition 22.26 but this is rather tedious. There is also a proof involving determinants,
see Warner [147], Chapter 23

Thus, ! is almost an anti-derivation, except that the sign, &1)° is applied to the wrong
factor.

It is also possible to debne &ght interior product or right hook, ", using multiplication
on the left rather than multiplication on the right. Then, " dePnes a right action,

ga_ P CU
": E"™ E& E%

such that
! ! !
)z%u3 v =)z"*"u,v;, forallu$ PE,v$ °%E,andz%$ PIE%

Similarly, we have the right action

B a 3 3
" E# E™& E,
such that
yu?3 v¥hzx = )Wtz u*, for all u”$ | PE% V%S | 9E% andz $ | PraE.
Since the left hook, ! : | PE# ! Prag%gl ! 9E% is debned by

| | |
yul z%v¥=)z%v3u*, forallu$ PE,v$ 9E andz”$ P IE%

the right hook,
ga P F
": E" EG& E”
Vo : | | o
)2”" u,v* = )z"%u 3 v*, foralu$ PE,v$ “E,andz%$ P9E”

andv 3 u=(&1)u 3 v, we conclude that
u! z%=(&1)P92*" u,

! I
whereu$ PE andz$ PTIE%

Using the above property and Proposition 22.27 we get the following version of Proposi-
tion 22.27 for the right hook:
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Proposition 22.28 For the right hook,

ga P 3
": E™ E& E”,

for everyu $ E, we have
(x*3y") " u=(x*" u) 3y*+(&1)x"*3 (y*™ u),

|
wherex®$ = "E*®

Thus, " is an anti-derivation.

For u $ E, the right hook, z*" u, is also denotedj(u)z% and calledinsertion operator or
interipr product. This operator plays an important role in dilerential geometry. If we view
z#$ "1 (E" as an alternating multilinear map in Alt"** (E; K ), then i(u)z*$ Alt"(E;K)
is given by

((WzH(V1, ..., Va) = 29U, V1, ..., V).

Note that certain authors, such as Shafarevitch [138], denote our right hoa®' u (which
is also the right hook in Bourbaki [21] and Fulton and Harris [57]) by ! 2%

! ! ]
Using thg two versions of , we can debne linear map8: ~ PE! = ""PE%and

$:  PE% " "PE. Foranybasis€,...,e)0fE,ifweletM = {1,...,n},e= 34448,
and €= €;°’3 444 &% then

O(u)=u! e® and $Hv)= v e,

[ !
foralu$ PE and allv?$ = PE” The following proposition is easily shown.

| | | |
Proposition 22.29 The linear maps0: ~ PE ! =~ ""PE%and $: " PE”! " ""PE are
isomorphims. The igomorphism® and $ map decomposable vectors to decomposabple vectors.
Furthermore, if z$ ~ PE is decomposable, the)0(z),z% = 0, and similarly for z$, PE*
If (¢f,...,€) is any other basis off and 0¢: ~ PE ! ~ ""PE%and$:  PE%I ~ "PE
are the corresponding isomorphisms, thed(= 10 and $' = ! *1$ for some nonzerd $ %

Proof. Using Proposition 22.26, for any subset 0{ 1,...,n} = M such that |J| = p, we
have
O(e)) =& ! €= . y.ser,; and HeH=elle= . yiis€us+s.

Thus,
$+0(63)= .m+33-3M+3€ = (&1)P* Py,

A similar result holds for0 +$. This implies that

$+0=(&1)P"Pid and 0+$=(&1)P"*Pid.
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|
Thus, 0 and $ are isomorphisms. Iz $ ~ PE is decomposable, thez = u; 3444 81, where
ui,...,Up are linearly independent since %0, and we can pick a basis ofE of the form
(ug,...,uy). Then, the above formulae show that

0(z) = +uy, 34443y
Clearly
)0(2), z’l‘ =0.
If (€,...,€) is any other basis ofE, because ™ E has dimension 1, we have
el 34448 =!e,3444%,
for some nonnull! $ %, and the rest is trivial. J

We are now ready to tacke the problem of Pnding criteria for decomposability. We need
a few preliminary results.

|
Propositjon 22.30 Givenz $ = PE, with z %0, the smallest vector spac®V/ 0 E such
that z$ ~ PW is generated by the vectors of the form

|
u® z, with u%$ ~ P*lE®%

!
Proof . First, let W be any subspace suchtha $ = P(E) and let (e, ...,&,&41,...,6) be
a basis ofE such that (g, ..., &) is a basis ofW. Then, u*= | € wherel 0{ 1,...,n}
and|l| = p&1,andz= ;e;,whereJ 0{1,...,r} and|J|= p( r. Itfollows immediately
from the formula of Proposition 22.26 (3) thatu®! z $ W. |

Next, we prove that if W is the smallest subspace d&, such thatz $ =~ P(W), then W
is generated by the vegtors of the fornu®! z, whereu”$ P*LE% Suppose not, then the
vectorsu®! z with u*$ = P*'E%span a proper subspacd), of W. We prove that for every
subspaceW, of W, with dim(W() = dim( W) & 1 = r & 1, it is not possible thatu” z $ W
for all u*$ ~ P*'E% But then, as U is a proper subspace o#V, it is contained in some
subspaceW¢, with dim(W() = r & 1 and we have a contradiction.

Let w$ W & W(and pick a basis oW formed by a basis ¢, ...,&.1) of W andw. We
can write z = z(+ w3 z( wherez($ ~ Pw(andz($ = P**w( and sinceW is the smallest

subspace containing, we havez( 0. Consequently, if we writez{= | g in terms of
the basis €y,...,&+1) of W( there is someg, with | 0{1,...,r& 1} and|l|= p& 1, so
that the coe"cient !, is nonzero. Now, using any basis & containing (ey, ..., &+1, W), by

Proposition 22.26 (3), we see that

I+
=

e’ (w3g)=lw, e
It follows that
el z=¢g" (z'+ w3z =g zl+ g (w32 = gz + 1w,

with € z($ W( which shows thatej®! z $ W(. Therefore,W is indeed generated by the
vectors of the formu®! z, whereu”$ = P*'E% O
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|
Proposition 22.31 Any nonzeroz $ PE is decomposable i
!
(U z)3z=0, forallu»$ P1E%

|
Proof. Clearly, z$ = PE is decomposable i! the smallest vector spac&V, such that z $
"~ PW has dimensionp. If dim(W) = p, we havez = e; 3444 &, whereey,...,g, form a
basis ofW. By Proposition 22.30, for everyu®$ = P**E% we haveu® z $ W, so eactu®l z
is a linear combination of theg Os andu*! z) 3 z :I( u*l z)3e3444%, =0.

Now, assume that (%! z) 3z = 0 for all u*$ ~ P*'E%and that dm(W) = n > p. If
€,...,8& Is a basis ofW, then we havez = | !,e, wherel 0{1,...,n} and|l| = p.
Recall that z %0, and g0, somé | is nonzero. By Proposition 22.30,,each can be written
asu®! z for someu”$  P**E%and since (%! z) 3z =0 for all u*$ P*'E% we get

§3z=0 for j=1,...,n

By wedgingz = | !,e with eachg, asn > p, we deduce!, =0 forall I, soz=0, a
contradiction. Therefore,n = p and z is decomposable[]

!
In Proposition 22.31, we can leti*range over a basis of " * E% and then, the conditions

are
(e*12)3z=0

|
forall H0{1,...,n}, with |[H|= p& 1. Since €¢! z)3z$ P E, this is equivalent to
e((ef12)32)=0

forall H,J 0{1,...,n}, with |H| = p& 1land|J|= p+1. Then, forall I,1 (0{1,...,n}
with |I] = [I{| = p, we can show that

e'((eh! a)3e)=0,
unless there is some${ 1,...,n} such that
| & H = {i}, J&I(={i}.

In this case, * +
e (! ey iy) By = (iH- It
If we let

ToH = (i} H-{i}3+ 0}
we havel,;y = +1 if the parity of the number of j $ J such thatj <i is the same as the
parity of the number ofh $ H such thath <i, and 1,4 = &1 otherwise.

Finally, we obtain the following criterion in terms of quadratic equationsRldckerOs equa-
tions) for the decomposability of an alternating tensor:
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Proposition 22.32  (Grassmann-PluckerOs Equations) Far= e $ " PE, the condi-
tions for z %0 to be decomposable are
#

Lon 'yt =0,
itJ+H

forall H,J 0{1,...,n} such that|jH|=p&land|J|=p+1.

jUsing these criteria, it is a good exercise to prove that if dirk) = n, then every tensor

in ~ "*!(E) is decomposable. This can also be shown directly.

It should be noted that the equations given by Proposition 22.32 are not independent.
For example, when dimE) = n =4 and p = 2, these equations reduce to the single equation

Piol3a & Vgl oa+ 114! 23=0.

When the pPeld,K, is the Peld of complex numbers, this is the homogeneous equation of a
quadric in CP® known as theKlein quadric. The points on this quadric are in one-to-one
correspondence with the lines iCP>.

22.18 \ector-Valued Alternating Forms

In this section, the vector spacef, is assumed to have Pnite dimension. We know that
there is a canonical isomorphism, "(E¥ = Alt"(E;K), between alternatingn-forms and
alternating multilinear maps. As in the case of general tensors, the isomorphisms,

3
Hom( (E),F)

Alt"(E;F)

3
Hom( (E),F)

31 0,

( (E)” F
3] 0, 3] 0,

( EN”= (B

yield a canonical isomorphism
1 2

3
Alt"(E;F) = (E" , F.

Note that F may have inbnite dimension. This isomorphism allows us to view the tensors in
" "(E" # F asvector valued alternating formsa point of view that is useful in dilerential
geometry. If (f1,...,f;) is a basis ofF, every tensor,& $ ~ "(E”) # F can be written as

some linear combination »
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|
with *; $ ~ "(E”. We also let
1 2
3 ) T3 63 7
(E;F) = (E% , F= (E) , F

n=0

Given three vector spaces;, G, H, if we have some bilinear map, &F , G! H, then

we can debne a multiplication operation,
3 3
340 (E;F)# (E;G6) ! (EjH),

as follows: For every pair, 0, n), we debne the multiplication,

1631 7 2 1631 7 2 6ng-n 7

34 (E™ , F # (E% , G & (E¥ , H,

by
*, )3s(-, 99=(*3-), &(f,9).

As in Section 22.15 (following H. Cartan [30]) we can also debne a multiplication,
34 At™E;F)# At™(E;G) & Alt™"(E;H),

directly on alternating multilinear maps as follows: Forf $ Alt™(E;F)andg$ Alt"(E;G),
#
(f 34 9)(Ug,...,Unsn) = sgn@) &(f (Ugqy, - - -+ Ug(m))» I(Ug(m+1y s - - - » Ug(m+n)))

&! shule( m,n)

where shu#e(m, n) consists of all (n, n)-Oshu#esO, that is, permutationst, of {1,...m+ n},
such that +(1) < 44 +(m) and +(m+1) < 4ad& +(m+ n).

In general, not much can be said aboud; unless & has some additional properties. In

particular, 3 is generally not associative. We also have the map,
1 2
3] 0,
W (E™ , F& Alt"(E;F),

debned on generators by
H((v1'34443)), a)(uy,...,un) = (det( v{u))a.

Proposition 22.33 The map )
1

3
W (E™ , F& Alt"(E;F),

debned as above is a canonical isomorphism for every 0. Furthermorg, given any three
vector spacesF, G, H, and any bilinear map,&: F# G! H,forall &$ ( "(E%), F and
all, $( "(E"), G,

M(* 3Bx =)= u(*) 34 u(-).
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|
Proof. Since we already know that (|'(E"), F and Alt"(E; F) are isomorphic, it is enough
to show that © maps some basis of ("(E”), F to linearly independent elements. Pick
some basess, ..., ) in E and (f;);:; in f. Then, we know that the vectors g}, f;, where
1 0{1,...,p} and|l| = n form a basis of ( "(E"), F. If we have a linear dependence,

#

Ly (et f)=0,
lj

applying the above combination to eachd,,...,q,) (I = {i1,...,in}, 11 < &da&i,), we
get the linear combination #

and by linear independence of thé; Os, we get;; =0, forall I and allj. Therefore, the
u(e, f;) are linearly independent and we are done. The second part of the proposition is
easily checked (a simple computation)

A special case of interest is the case whdfe= G = H isa Lie algebraand &4, =[a, 4,

is the Lie bracket ofF. In this case, using a basef¢,...,f;), of F if we write &= . *;, f;
and, = ,-j, fj, we have
#
&, ,]= *3-;, [fi,fjl
i
Consequently,

[, &]=(&)™"[&,,].
The following proposition will be useful in dealing with vector-valued dilerential forms:

|
Proposition 22.34 If (ey,...,&) is any basis ofg, then every element& $ (' "(E"), F,
can be written in a unique way as

# 0,
&: e|A)! fl! f|$F!

where thee® are debned as in Section 22.12.

|
Proof. Since, by Proposition 22.19, thee! form a basis of "(E%), elements of the form
e”?, f span( "(E"), F. Now, if we applyu(&) to (e,,...,e,), wherel = {iy,...,i,}0
{1,...,p}, we get

n&)(e,,....8,) = we*, fi)e,,....a,)=f.

Therefore, thef, are uniquely determined byf . [J

Proposition can also be formulated in terms of alternating multilinear maps, a fact that
will be useful to deal with dilerential forms.
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Debne the product,d Alt"(E;R)# F ! Alt"(E;F), as follows: For all& $ Alt"(E;R)
andallf $ F,
(&af )(ug,...,up) = &(uq,...,un)f,

|
for all uy,...,u, $ E. Then, it is immediately veribed that for every& $ (" "(E"), F of
the form
&= ul3aaaa®, f,
we have
n(uPzaaad’, f)= p(u3aaaa’) af.
Then, Proposition 22.34 yields

Proposition 22.35 If (ey,...,&) is any basis ofE, then every element& $ Alt"(E;F),
can be written in a unique way as

# 9
&= e|A]é.f|, f|$F,
|

where thee® are dePned as in Section 22.12.

22.19 Tensor Products of Modules over a
Commmutative Ring

If R is a commutative ring with identity (say 1), recall that a module overR (or R-module)
is an abelian groupM , with a scalar multiplication, & R# M | M, and all the axioms of
a vector space are satisbed.

At brst glance, a module does not seem any dilerent from a vector space but the lack of
multiplicative inverses in R has drastic consequences, one being that unlike vector spaces,
modules are generally not free, that is, have no bases. Furthermore, a module may have

torsion elements that is, elements,m $ M, such that! &m = 0, even thoughm %0 and
I 800.

Nevertheless, it is possible to debne tensor products of modules over a ring, just as in
Section 22.1 and the results of this section continue to hold. The results of Section 22.3
also continue to hold since they are based on the universal mapping property. However, the
results of Section 22.2 on bases generally fail, except for free modules. Similarly, the results
of Section 22.4 on duality generally fail. Tensor algebras can be debned for modules, as
in Section 22.5. Symmetric tensor and alternating tensors can be debned for modules but

again, results involving bases generally fail.

Tensor products of modules have some unexpected properties. For example, and q
are relatively prime integers, then

ZlpzZ, zZIgZ =(0).
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It is possible to salvage certain properties of tensor products holding for vector spaces by
restricting the class of modules under consideration. For examplerojective modules have
a pretty good behavior w.r.t. tensor products.

A free R-module, F, is a module that has a basisif., there is a family, )i, of
linearly independent vectors inF that span F). Projective modules have many equivalent
characterizations. Here is one that is best suited for our needs:

Debnition 22.9 An R-module, P, is projective if it is a summand of a free module, that
is, if there is a freeR-module, F, and someR-module, Q, so that

F=P/ Q.
Given any R-module, M, we let M = Homg (M, R) be its dual. We have the following
proposition:

Proposition 22.36  For any Pnitely-generated projectivék-modules,P, and any R-module,
Q, we have the isomorphisms:

P* = p
Homgr (P, Q) P* r Q.

Sketch of proof We only consider the second isomorphism. Sin€eis projective, we have
someR-modules,P4, F, with
P/ P.=F,

whereF is some free module. Now, we know that for anig-modules,U, V, W, we have
Homgr(U/ V,W) = HomR(U,W)' Homg(V,W) = Homg (U, W)/ Homg(V,W),

so
P% Pl=F"% Homg (P, Q) / Homg(P1, Q) = Homg(F, Q).

By tensoring with Q and using the fact that tensor distributes w.r.t. coproducts, we get
(P* rQ)/ (P, Q= (P” P), rQ=F” rQ.
Now, the proof of Proposition 22.9 goes through becauBeis free and Pnitely generated, so
o (P” R Q) (PP Q= F” rQ& Homg(F,Q) = Homg(P,Q)/ Homg(Py,Q)

is an isomorphism and a%, mapsP”, rQ to Homg(P, Q), it yields an isomorphism between
these two spaces]

The isomorphism*. : P%, r Q = Homg (P, Q) of Proposition 22.36 is still given by
. (u”, £)(x) = u{xf, u”$P®f$Q,x$P.
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It is convenient to introduce the evaluation map Ev,: P%, R Q! Q, debned for every
x$ P by
Eve(u”, )= u{xf, u”*$ P%f $Q.

In Section 11.2 we will need to consider a slightly weaker version of the universal mapping
property of tensor products. The situation is this: We have a commutativik-algebra, S,
whereR is a Peld (or even a commutative ring), we have twR-modules,U and V, and
moreover,U is a right S-module andV is a left S-module. In Section 11.2, this corresponds
toR=R,S=C/ (B), U= A(2 andV ='( 2), where2is a vector bundle. Then, we can
form the tensor product,U, gV, and we letU, sV be the quotient module, U, rV)/W ,
whereW is the submodule ofU , r V generated by the elements of the form

us, Rv& U, RrSv.
As S is commutative, we can makéJ, sV into an S-module by debning the action of via
s(u, sv)=us, sV.

It is immediately veribed that this S-module is isomorphic to the tensor product ot and
V as S-modules and the following universal mapping property holds:

Proposition 22.37 For every, R-bilinear map,f: U# V! Z,if f satispPes the property
f (us,v) = f (u,sv), forallu$ U,v$ V, s$ S,
thenf induces a uniqueR-linear map, fi: U, sV ! Z, such that

f(u,v)= fi(u, sv), forallu$ U, v$ V.

Note that the linear map,f: U, sV ! Z,is only R-linear, it is not S-linear in general.

22.20 The Pfalan Polynomial

Let so(2n) denote the vector space (actually, Lie algebra) ofni2# 2n real skew-symmetric
matrices. It is well-known that every matrix, A $ so(2n), can be written as

A=PDP",
whereP is an orthogonal matrix and whereD is a block diagonal matrix
; D, :
D = s D 2
= @
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consisting of 2# 2 blocks of the form

!0 ga®
o a
Di= . o

For a proof, see see Horn and Johnson [79], Corollary 2.5.14, Gantmacher [61], Chapter IX,
or Gallier [58], Chapter 11.

Since detD;) = a? and det(A) = det(PDP- ) = det( D) = det( D) 4adet(D,), we get
det(A) = (a; 44a,)>.

The Pfa"an is a polynomial function, Pf(A), in skew-symmetric 21 # 2n matrices, A, (a
polynomial in (2n & 1)n variables) such that

Pf(A)? = det(A)
and for every arbitrary matrix, B,
Pf(BAB ") = Pf( A)det(B).

The Pfa"an shows up in the debnition of the Euler class of a vector bundle. There is a
simple way to debne the Pfa"an using some exterior algebra. Leéy, ..., &,) be any basis
of R?". For any matrix, A $ so(2n), let

#
&(A) = a; &3¢,

i<j
|
whereA = (g; ). Then, " &(A) is of the form Ce; 3 e, 3444 8, for some constantC $ R.

Debnition 22.10 For every skew symmetric matrix,A $ so(2n), the Pfa#an polynomial
or Pfa#an is the degreen polynomial, Pf(A), debPned by

3
&A) = n!Pf(A) e 3 & 3444 Bon.

Clearly, Pf(A) is independent of the basis chosen. A is the block diagonal matrixD,
a simple calculation shows that

&D) = &(ae13 &+ ez 3 e+ A4h 2,641 3 €2)
and that
&D)=(&1)"n'a 44d, e; 3 e,3444 By,

and so
Pf(D)=(&1)"a; aaa,.

Since PfD)? = (a; aad,)? = det(A), we seem to be on the right track.
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Proposition 22.38  For every skew symmetric matrixA $ so(2n) and every arbitrary ma-
trix, B, we have:

(i) Pf(A)2=det(A)

(i) Pf(BAB ) =Pf( A)det(B).

Proof. If we assume that (ii) is proved then, since we can writd = PDP- for some
orthogonal matrix, P, and some block diagonal matrixD, as above, as def#) = +1 and
Pf(D)? = det(A), we get

Pf(A)? = Pf(PDP")? = Pf( D)?det(P)* = det(A),

which is (i). Therefore, it remains to prove (ii).

Letf; = Bej, fori =1,...,2n, where (e, ..., &) is any basis oR?". Sincef; = |, hqe,
we have # H O# #
3= aj fi3f; = biajbex3e= (BAB )ye&3e,
ij ij kI kI

and so, asBAB ° is skew symmetric andg 3 g = &g 3 g, we get
3=2&(BAB ).
Consequently,

3 3
3=2" &BAB )=2"n!Pf(BAB )e;3 e 3444 2.

Now,
3
3= Cflgfzsééé:BZn,

for someC $ R. If B is singular, then thef; are linearly dependent which implies that
f13f,34aaa3,, =0, in which case,

Pf(BAB ") =0,
ase; 3 e;34aa &, ¥%0. Therefore, if B is singular, detB) = 0 and
Pf(BAB ") =0 = Pf( A)det(B).
If B is invertible, as3 = " goay fi3f) = 2" i & fi3fj, we have

3
3=2"nIPf(A) 13,3444 3.

However, asf; = Be;, we have

f13f,34a43,, =det(B)e; 36,3444 &,
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SO
3 3=2"n!Pf(A)det(B)e; 3 e, 34a4 &
and as 3
3=2"n!Pf(BAB )e;3e,34aa®,,
we get

Pf(BAB ") = Pf( A)det(B),
as claimed.]

Remark: It can be shown that the polynomial, Pf@), is the unique polynomial with integer
coe"cients such that Pf(A)? = det( A) and Pf(diag(S,...,9)) = +1, where
/ 0

0 1

S= g1 0

see Milnor and Stashe! [110] (Appendix C, Lemma 9). There is also an explicit formula for
Pf(A), namely:

N
i sgn()  aggi+1)&i)-

& Sop i=1
Beware, some authors use a dilerent sign convention and require the Pfa"an to have
the value +1 on the matrix diag(St,..., S(), where

0
0 &1
1 0

Pf(A) =

S(=

For example, if R?" is equipped with an inner product,)&, &*, then some authors debne
&(A) as 4
&(A) = )A€, e*e 3 g,

i<j
whereA = (g; ). But then, )Ae;,* = a; and not g; , and this Pfa"an takes the value +1
on the matrix diag(S.,...,S(). This version of the Pfa"an dilers from our version by the
factor (&1)". In this respect, Madsen and Tornehave [100] seem to have an incorrect sign in
Proposition B6 of Appendix C.

We will also need another property of Pfa"ans. Recall that the ring,M,(C), of n# n
matrices overC is embedded in the ringM,(R), of 2n# 2n matrices with real coe"cients,
using the injective homomorphism that /maps e(\)/ery entrg = a+ ib $ C to the 2# 2 matrix

a &b
b a

If A $ M,(C), let AR $ M, (R) denote the real matrix obtained by the above process.

Observe that every skew Hermitian matrix,A $ u(n), (i.e., with A%= A" = &A) yields a
matrix Ag $ so(2n).
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Proposition 22.39  For every skew Hermitian matrix,A $ u(n), we have

Pf(AR) = i" det(A).

643

Proof . It is well-known that a skew Hermitian matrix can be diagonalized with respect to a
unitary matrix, U, and that the eigenvalues are pure imaginary or zero, SO we can write

A = Udiag(ay,...,ia,)U*
for some realsa $ R. Consequently, we get
AR = UR diag(Dl, . Dn)UF_Q )

where / 0

and
Pf(AR) = Pf(diag(D4,...,D,)) = ( &1)" a; 44a,,

as we saw before. On the other hand,
det(A) = det(diag(iaq,...,ia,)) = i"a, aaa,,

and as &1)" = i"i", we get
Pf(AR) = i" det(A),

as claimed.]

Madsen and Tornehave [100] state Proposition 22.39 using the fact&i}", which

wrong.
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