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De¯nition 4.2.9 An a±nespace(E;
¡!
E ) isaEuclidean

a±ne space i® its underlyingvectorspace
¡!
E is a Eu-

clideanvector space. Given any two points a;b 2 E,
we de¯ne the distance between a and b, or length of
the segment (a;b), askabk, the Euclideannormof ab.
Givenany two pairsof points (a;b) and(c;d), we de¯ne
their inner product asab ¢cd. We say that (a;b) and
(c;d) areorthogonal, or perpendicular i®ab ¢cd = 0.
We say that two a±ne subspacesF1 and F2 of E are

orthogonal i®their directions
¡!
F1 and

¡!
F2 areorthogonal.

Note that a Euclideana±ne spaceis a normeda±ne
space,in the senseof de¯nition 4.2.10below.

De¯nition 4.2.10 Givenana±nespace(E;
¡!
E ), where

the spaceof translations
¡!
E is a vectorspaceover R or

C, we say that (E;
¡!
E ) is a normed a±ne space i®

¡!
E

is a normedvectorspacewith normk k.
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WedenoteasEm theEuclideana±nespaceobtainedfrom
the a±ne spaceAm by de¯ning on the vectorspaceRm

the standardinnerproduct

(x1; : : : ; xm) ¢(y1; : : : ; ym) = x1y1 + ¢¢¢+ xmym:

The correspondingEuclideannormis

k(x1; : : : ; xm)k =
q

x2
1 + ¢¢¢+ x2

m:

We now considerlinearmapsbetweenEuclideanspaces
that preservetheEuclideannorm. Thesetransformations
sometimescalledrigid motions play an important role
in geometry.
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4.3 Linear Isometries (Orthogonal Transformations)

In this section,we considerlinear maps between Eu-
clideanspacesthat preserve the Euclideannorm.

De¯nition 4.3.1 Given any two nontrivial Euclidean
spacesE andF of thesamēnite dimensionn, a function
f :E ! F isan orthogonaltransformation, or a linear
isometry i® it is linearand

kf (u)k = kuk ;

for all u 2 E.

Thus,a linearisometryis a linearmapthat preservesthe
norm.



164 CHAPTER 4. BASICS OF EUCLIDEAN GEOMETRY

Remarks: (1) A linearisometryisoftende¯nedasalinear
mapsuch that

kf (v) ¡ f (u)k = kv ¡ uk ;

for all u; v 2 E. Sincethe mapf is linear,the two de¯-
nitionsareequivalent. The secondde¯nition just focuses
on preservingthe distancebetweenvectors.

(2) Sometimes,a linear map satisfyingthe conditionof
de¯nition 4.3.1iscalleda metric map, anda linearisom-
etry is de¯nedasa bijective metricmap.

Also,an isometry(without the word linear)is sometimes
de¯nedasa function f :E ! F (not necessarilylinear)
such that

kf (v) ¡ f (u)k = kv ¡ uk ;

for all u; v 2 E, i.e., as a function that preserves the
distance.
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This requirement turnsout to beverystrong.Indeed,the
next lemmashowsthat all thesede¯nitionsareequivalent
whenE andF areof ¯nite dimension,andfor functions
such that f (0) = 0.

Lemma 4.3.2 Given any two nontrivial Euclidean
spaces E and F of the same¯nite dimension n, for
every function f :E ! F , the following properties are
equivalent:

(1) f is a linear mapand kf (u)k = kuk, for all u 2 E;

(2) kf (v) ¡ f (u)k = kv ¡ uk, for all u; v 2 E, and
f (0) = 0;

(3) f (u) ¢f (v) = u ¢v, for all u; v 2 E.

Furthermore, sucha map is bijective.
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For (2), weshallproveaslightly strongerresult.Weprove
that if

kf (v) ¡ f (u)k = kv ¡ uk

for all u; v 2 E, for any vector ¿ 2 E, the function
g:E ! F de¯nedsuch that

g(u) = f (¿ + u) ¡ f (¿)

for all u 2 E is a linearmapsuch that g(0) = 0 and(3)
holds.

Remarks: (i) The dimensionassumptionis only needed
to prove that (3) implies(1) whenf is not known to be
linear, and to prove that f is surjective, but the proof
showsthat (1) impliesthat f is injective.
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(ii) In (2), whenf doesnot satisfytheconditionf (0) = 0,
the proof showsthat f is an a±ne map.

Indeed,taking any vector ¿ as an origin, the map g is
linear,and

f (¿ + u) = f (¿) + g(u)

for all u 2 E, proving that f is a±ne with associated
linearmapg.

(iii) The implicationthat (3) implies(1) holdsif we also
assumethat f is surjective,evenif E hasin¯nite dimen-
sion.

In viewof lemma4.3.2,wewill dropthe word \linear" in
\linear isometry",unlesswe wish to emphasizethat we
aredealingwith a mapbetweenvectorspaces.

We arenow goingto take a closerlook at the isometries
f :E ! E of a Euclideanspaceof ¯nite dimension.
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4.4 The Orthogonal Group, Orthogonal Matrices

In this section,weexploresomeof the fundamental prop-
ertiesof theorthogonalgroupandoforthogonalmatrices.

AsanimmediatecorollaryoftheGram{Schmidt orthonor-
malizationprocedure,we obtain the QR-decomposition
for invertiblematrices.

We prove an important structuretheoremfor the isome-
tries, namelythat they canalways be written asa com-
positionof re°ections(Theorem5.2.1).
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Lemma 4.4.1 Let E be any Euclidean space of ¯nite
dimension n, and let f :E ! E be any linear map.
The following properties hold:

(1) The linear map f :E ! E is an isometry i®

f ± f ¤ = f ¤ ± f = id:

(2) For every orthonormal basis (e1; : : : ; en) of E, if
the matrix of f is A, then the matrix of f ¤ is the
transpose A> of A, and f is an isometry i® A
satis¯es the identities

A A> = A> A = I n;

where I n denotesthe identity matrix of order n, i®
the columnsof A form an orthonormal basisof E,
i® the rowsof A form an orthonormal basis of E.

Lemma4.4.1shows that the inverseof an isometryf is
its adjoint f ¤. Lemma4.4.1alsomotivatesthe following
de¯nition:
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De¯nition 4.4.2 A realn £ n matrix is anorthogonal
matrix i®

A A> = A> A = I n:

Remarks: It is easyto show that the conditions
A A> = I n, A> A = I n, andA ¡ 1 = A> , areequivalent.

Givenany two orthonormalbases(u1; : : : ; un) and
(v1; : : : ; vn), if P is the changeof basismatrix from
(u1; : : : ; un) to (v1; : : : ; vn) sincethe columnsof P are
thecoordinatesof thevectorsvj with respectto thebasis
(u1; : : : ; un), and since(v1; : : : ; vn) is orthonormal,the
columnsof P areorthonormal,and by lemma4.4.1(2),
the matrix P is orthogonal.

The proof of lemma4.3.2(3) alsoshows that if f is an
isometry, then the imageof an orthonormalbasis
(u1; : : : ; un) is an orthonormalbasis.
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Recallthat the determinant det(f ) of an endomorphism
f :E ! E is independent of the choiceof a basisin E.

Also,for every matrix A 2 Mn(R), we have
det(A) = det(A> ), andfor any two n£ n-matricesA and
B, wehavedet(AB ) = det(A) det(B) (for all thesebasic
results,seeLang[?]).

Then,if f isanisometry, andA is its matrix with respect
to any orthonormalbasis,A A> = A> A = I n implies
that det(A)2 = 1, that is, eitherdet(A) = 1, or
det(A) = ¡ 1.

It is alsoclearthat the isometriesof a Euclideanspace
of dimensionn form a group,and that the isometriesof
determinant +1 form a subgroup.
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De¯nition 4.4.3 Givena EuclideanspaceE of dimen-
sion n, the set of isometriesf :E ! E formsa group
denotedas O(E), or O(n) whenE = Rn, calledthe
orthogonal group (of E).

Foreveryisometry, f , wehavedet(f ) = § 1,wheredet(f )
denotesthe determinant of f . The isometriessuch that
det(f ) = 1 arecalledrotations, or proper isometries,
or proper orthogonal transformations, and they form
a subgroupof the special linear group SL(E) (and of
O(E)), denotedas SO(E), or SO(n) whenE = Rn,
calledthe special orthogonal group (of E).

The isometriessuch that det(f ) = ¡ 1 are called im-
proper isometries, or improper orthogonal transfor-
mations, or °ip transformations.
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4.5 QR-Decomp osition for In vertible Matrices

Now that wehavethe de¯nition of anorthogonalmatrix,
we canexplainhow the Gram{Schmidt orthonormaliza-
tion procedureimmediatelyyieldstheQR-decomposition
for matrices.

Lemma 4.5.1 Given any n £ n real matrix A, if A
is invertible then there is an orthogonalmatrix Q and
an upper triangular matrix R with positive diagonal
entries suchthat A = QR.

Proof . WecanviewthecolumnsofA asvectorsA1; : : : ; An

in En.

If A is invertible,thentheyarelinearlyindependent, and
we can apply lemma4.2.7to producean orthonormal
basisusingthe Gram{Schmidt orthonormalizationpro-
cedure.
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Recallthat we constructvectorsQk andQ0
k asfollows:

Q0
1 = A1; Q1 =

Q0
1

kQ0
1k

;

andfor the inductive step

Q0
k+1 = Ak+1 ¡

kX

i=1

(Ak+1 ¢Qi ) Qi ; Qk+1 =
Q0

k+1°
° Q0

k+1

°
° ;

where1 · k · n ¡ 1.

If we expressthe vectorsAk in termsof the Qi and Q0
i ,

we geta triangularsystem

A1 = kQ0
1k Q1;

: : :

A j = (A j ¢Q1) Q1 + ¢¢¢+ (A j ¢Qi ) Qi + ¢¢¢+ (A j ¢Qj ¡ 1) Qj ¡ 1 +
°
° Q0

j

°
° Qj ;

: : :

An = (An ¢Q1) Q1 + ¢¢¢+ (An ¢Qn¡ 2) Qn¡ 2 + (An ¢Qn¡ 1) Qn¡ 1 + kQ0
nk Qn:



4.5. QR-DECOMPOSITION FOR INVERTIBLE MATRICES 175

Remarks: (1) Becausethe diagonalentriesof R arepos-
itive, it canbe shown that Q andR areunique.

(2) The QR-decompositionholdsevenwhenA is not in-
vertible. In this case,R hassomezeroon the diagonal.
However, a di®erent proof is needed.We will give a nice
proof usingHouseholdermatrices(seealsoStrang[?]).

Example6. Considerthe matrix

A =

0

@
0 0 5
0 4 1
1 1 1

1

A

We leave asan exerciseto show that A = QR with

Q =

0

@
0 0 1
0 1 0
1 0 0

1

A and R =

0

@
1 1 1
0 4 1
0 0 5

1

A
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Anotherexampleof QR-decompositionis

A =

0

@
1 1 2
0 0 1
1 0 0

1

A

where

Q =

0

@
1=

p
2 1=

p
2 0

0 0 1
1=

p
2 ¡ 1=

p
2 0

1

A

and

R =

0

@

p
2 1=

p
2

p
2

0 1=
p

2
p

2
0 0 1

1

A

The QR-decompositionyieldsa rather e±cient and nu-
mericallystablemethod forsolvingsystemsof linearequa-
tions.
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Indeed,given a systemAx = b, whereA is an n £ n
invertiblematrix, writing A = QR, sinceQ isorthogonal,
we get

Rx = Q> b;

andsinceR is upper triangular,wecansolve it by Gaus-
sianelimination,by solvingfor the last variablexn ¯rst,
substituting its value into the system,then solvingfor
xn¡ 1, etc.

TheQR-decompositionisalsoveryusefulin solvingleast
squaresproblems(wewill comeback to this lateron),and
for ¯nding eigenvalues.

It can be easilyadaptedto the casewhereA is a rect-
angularm £ n matrix with independent columns(thus,
n · m).

In this case,Q is not quite orthogonal. It is an m £ n
matrix whosecolumnsareorthogonal,andR isaninvert-
ible n £ n upper diagonalmatrix with positive diagonal
entries. For moreon QR, seeStrang[?].
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It shouldalsobe saidthat the Gram{Schmidt orthonor-
malizationprocedurethat we have presented is not very
stablenumerically, andinstead,oneshouldusethe mod-
i¯ed Gram{Schmidt method.

To computeQ0
k+1 , insteadof projectingAk+1 onto

Q1; : : : ; Qk in a singlestep,it is better to performk pro-
jections.

We computeQ1
k+1 ; Q2

k+1 ; : : : ; Qk
k+1 asfollows:

Q1
k+1 = Ak+1 ¡ (Ak+1 ¢Q1) Q1;

Qi+1
k+1 = Qi

k+1 ¡ (Qi
k+1 ¢Qi+1 ) Qi+1 ;

where1 · i · k ¡ 1.

It is easilyshown that Q0
k+1 = Qk

k+1 . Thereaderis urged
to codethis method.



Chapter 5

The Cartan{Dieudonn ¶e Theorem

5.1 Orthogonal Re°ections

Orthogonalsymmetriesarea very important exampleof
isometries.First let us reviewthe de¯nition of projec-
tions.

Givena vectorspaceE, let F andG be subspacesof E
that form a direct sumE = F © G.

Sinceevery u 2 E canbe written uniquelyas
u = v + w, wherev 2 F andw 2 G, we cande¯nethe
two projections pF :E ! F andpG:E ! G, such that

pF (u) = v and pG(u) = w:

179
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It is immediatelyveri¯ed that pG andpF arelinearmaps,
andthat p2

F = pF , p2
G = pG, pF ±pG = pG ±pF = 0, and

pF + pG = id.

De¯nition 5.1.1 Given a vectorspaceE, for any two
subspacesF andG that form a direct sumE = F © G,
the symmetry with respect to F and parallel to G, or
re°ection about F is the linearmaps:E ! E, de¯ned
such that

s(u) = 2pF (u) ¡ u;

for every u 2 E.

BecausepF + pG = id, notethat we alsohave

s(u) = pF (u) ¡ pG(u)

and
s(u) = u ¡ 2pG(u);

s2 = id, s is the identit y on F , ands = ¡ id on G.
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We now assumethat E is a Euclideanspaceof ¯nite
dimension.

De¯nition 5.1.2 Let E be a Euclideanspaceof ¯nite
dimensionn. For any two subspacesF andG, if F and
G form a direct sum E = F © G and F and G are
orthogonal,i.e. F = G? , theorthogonalsymmetrywith
respect to F and parallel to G, or orthogonalre°ection
about F is the linearmaps:E ! E, de¯nedsuch that

s(u) = 2pF (u) ¡ u;

for every u 2 E.

WhenF is a hyperplane,we call s an hyperplane sym-
metry with respect to F (or re°ection about F ), and
whenG is a plane,we call s a °ip about F .

It is easyto show that s is an isometry.
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u

s(u)

pG(u)

¡ pG(u)

pF (u)

F

G

Figure 5.1: A re°ection about a hyperplaneF

Usinglemma4.2.7,it is possibleto ¯nd an orthonormal
basis(e1; : : : ; en) of E consistingof anorthonormalbasis
of F andan orthonormalbasisof G.

Assumethat F hasdimensionp, sothat G hasdimension
n ¡ p.

With respect to the orthonormalbasis(e1; : : : ; en), the
symmetrys hasa matrix of the form

µ
I p 0
0 ¡ I n¡ p

¶
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Thus,det(s) = (¡ 1)n¡ p, and s is a rotation i® n ¡ p is
even.

In particular,whenF is a hyperplaneH , we have
p = n ¡ 1, and n ¡ p = 1, so that s is an improper
orthogonaltransformation.

When F = f 0g, we have s = ¡ id, which is calledthe
symmetry with respect to the origin . The symmetry
with respect to the origin is a rotation i® n is even,and
an improper orthogonaltransformationi®n is odd.

Whenn is odd, weobserve that every improper orthogo-
nal transformationis the compositionof a rotation with
the symmetrywith respect to the origin.
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WhenG is a plane,p = n ¡ 2, anddet(s) = (¡ 1)2 = 1,
sothat a °ip about F is a rotation.

In particular,whenn = 3, F is a line, and a °ip about
the line F is indeeda rotation of measure¼.

WhenF = H isahyperplane,wecangiveanexplicitfor-
mulafor s(u) in termsofany nonnull vectorw orthogonal
to H .

We get

s(u) = u ¡ 2
(u ¢w)

kwk2 w:

Such re°ectionsarerepresentedby matricescalledHouse-
holder matrices, andthey play an important rolein nu-
mericalmatrix analysis.Householdermatricesaresym-
metricandorthogonal.
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Over an orthonormalbasis(e1; : : : ; en), a hyperplanere-
°ection about a hyperplaneH orthogonalto a nonnull
vectorw is represented by the matrix

H = I n ¡ 2
WW>

kWk2 = I n ¡ 2
WW>

W> W
;

whereW is the columnvectorof the coordinatesof w.

Since

pG(u) =
(u ¢w)

kwk2 w;

the matrix representing pG is

WW>

W> W
;

andsincepH + pG = id, the matrix representing pH is

I n ¡
WW>

W> W
:
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Thefollowingfact is thekeyto theproof that everyisom-
etry canbe decomposedasa product of re°ections.

Lemma 5.1.3 Let E be any nontrivial Euclidean space.
For any two vectors u; v 2 E, if kuk = kvk, then there
is an hyperplaneH suchthat the re°ection s about H
maps u to v, and if u 6= v, then this re°ection is
unique.
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5.2 The Cartan{Dieudonn ¶e Theorem for Linear Isome-
tries

The fact that the groupO(n) of linearisometriesis gen-
eratedby the re°ectionsis a specialcaseof a theorem
known asthe Cartan{Dieudonn¶e theorem.

Elie Cartanproveda versionof this theoremearlyin the
twentieth century. A proof canbe foundin his book on
spinors[?], which appearedin 1937(ChapterI, Section
10,pages10{12).

Cartan'sversionappliesto nondegeneratequadraticforms
over R or C. The theoremwasgeneralizedto quadratic
formsover arbitrary ¯elds by Dieudonn¶e [?].

OneshouldalsoconsultEmil Artin's book [?], which con-
tainsan in-depthstudy of the orthogonalgroupandan-
otherproof of the Cartan{Dieudonn¶e theorem.

First, let us recall the notionsof eigenvaluesand eigen-
vectors.
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Recallthat given any linear map f :E ! E, a vector
u 2 E is calledan eigenvector, or proper vector, or
characteristic vector of f i® thereis somȩ 2 K such
that

f (u) = ¸u:

In this case,we say that u 2 E is an eigenvector asso-
ciated with ¸ .

A scalaŗ 2 K iscalledaneigenvalue,or proper value,
or characteristic value of f i® there is somenonnull
vectoru 6= 0 in E such that

f (u) = ¸u;

or equivalently if Ker(f ¡ ¸ id) 6= f 0g.

Givenany scalaŗ 2 K , the setof all eigenvectorsasso-
ciatedwith ¸ is thesubspaceKer(f ¡ ¸ id), alsodenoted
as E¸ (f ) or E(¸; f ), calledthe eigenspace associated
with ¸ , or proper subspace associated with ¸ .
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Theorem 5.2.1 Let E be a Euclidean space of di-
mension n ¸ 1. Every isometry f 2 O(E) which
is not the identity is the composition of at most n re-
°ections. For n ¸ 2, the identity is the composition
of any re°ection with itself.

Remarks.

(1) The proof of theorem5.2.1showsmorethan stated.

If 1 isaneigenvalueof f , for any eigenvectorw associated
with 1 (i.e.,f (w) = w, w 6= 0), thenf is thecomposition
of k · n ¡ 1 re°ectionsabout hyperplanesFi , such that
Fi = H i © L, whereL is the line Rw, and the H i are
subspacesof dimensionn ¡ 2 all orthogonalto L.

If 1 is not an eigenvalueof f , then f is the composition
of k · n re°ectionsabout hyperplanesH; F1; : : : ; Fk¡ 1,
such that Fi = H i © L, whereL is a line intersectingH ,
andtheH i aresubspacesofdimensionn¡ 2all orthogonal
to L.
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u

h

w

¸w

H

H1

H i

Hk

L
Fi

Figure 5.2: An Isometry f as a composition of re°ections, when 1 is an eigenvalue of f

w

f (w)

f (w) ¡ w
L?

H1

H i

Hk¡ 1

L
Fi

H

Figure 5.3: An Isometry f as a composition of re°ections, when 1 is not an eigenvalue of f
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(2) It is natural to askwhat is the minimal number of
hyperplanere°ectionsneededto obtainan isometryf .

This has to do with the dimensionof the eigenspace
Ker(f ¡ id) associatedwith the eigenvalue1.

Wewill provelater that everyisometryis thecomposition
of k hyperplanere°ections,where

k = n ¡ dim(Ker(f ¡ id));

andthat this number is minimal (wheren = dim(E)).

Whenn = 2, a re°ectionis a re°ectionabout a line,and
theorem5.2.1showsthat every isometryin O(2) is either
a re°ectionabout a line or a rotation, and that every
rotationistheproductof twore°ectionsabout somelines.
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In general,sincedet(s) = ¡ 1 for a re°ections, when
n ¸ 3 is odd, every rotation is the product of an even
number · n ¡ 1 of re°ections,andwhenn is even,every
improper orthogonaltransformationis the product of an
odd number · n ¡ 1 of re°ections.

In particular,for n = 3, every rotation is the product of
two re°ectionsabout planes.

If E is a Euclideanspaceof ¯nite dimensionand
f :E ! E is an isometry, if ¸ is any eigenvalueof f and
u is an eigenvectorassociatedwith ¸ , then

kf (u)k = k¸u k = j¸ j kuk = kuk ;

which impliesj¸ j = 1, sinceu 6= 0.

Thus,the realeigenvaluesof an isometryareeither+1 or
¡ 1.
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Whenn is odd, we cansay moreabout improper isome-
tries. This is becausethey admit ¡ 1 as an eigenvalue.
When n is odd, an improper isometryis the composi-
tion of a re°ectionabout a hyperplaneH with a rotation
consistingof re°ectionsabout hyperplanesF1; : : : ; Fk¡ 1

containing a line,L, orthogonalto H .

Lemma 5.2.2 Let E be a Euclidean space of ¯nite
dimension n, and let f :E ! E be an isometry. For
any subspace F of E, if f (F ) = F , then f (F ? ) µ F ?

and E = F © F ? .
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Lemma5.2.2is the startingpoint of the proof that every
orthogonalmatrix can be diagonalizedover the ¯eld of
complexnumbers.

Indeed,if ¸ is any eigenvalueof f , then
f (E¸ (f )) = E¸ (f ), and thus the orthogonalE ¸ (f )? is
closedunderf , and

E = E¸ (f ) © E¸ (f )? :

The problemover R is that theremay not be any real
eigenvalues.
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However,whenn is odd, the followinglemmashowsthat
every rotation admits1 asan eigenvalue(and similarly,
whenn is even, every improper orthogonaltransforma-
tion admits1 asan eigenvalue).

Lemma 5.2.3 Let E be a Euclidean space.

(1) If E has odd dimension n = 2m + 1, then ev-
ery rotation f admits 1 as an eigenvalueand the
eigenspace F of all eigenvectors left invariant un-
der f hasan odd dimension 2p + 1. Furthermore,
there is an orthonormal basis of E, in which f is
represented by a matrix of the form

µ
R2(m¡ p) 0

0 I 2p+1

¶

where R2(m¡ p) is a rotation matrix that does not
have1 as an eigenvalue.
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(2) If E has evendimension n = 2m, then every im-
proper orthogonaltransformation f admits 1 asan
eigenvalueand the eigenspace F of all eigenvectors
left invariant under f hasan odd dimension2p+ 1.
Furthermore, there is an orthonormal basis of E,
in which f is represented by a matrix of the form

µ
S2(m¡ p)¡ 1 0

0 I 2p+1

¶

where S2(m¡ p)¡ 1 is an improper orthogonal matrix
that does not have1 as an eigenvalue.

An exampleshowing that lemma5.2.3fails for n evenis
the following rotation matrix (whenn = 2):

R =
µ

cosµ ¡ sinµ
sinµ cosµ

¶

The above matrix doesnot have realeigenvaluesif
µ 6= k¼.
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It is easilyshown that for n = 2, with respect to any
chosenorthonormalbasis(e1; e2), every rotation is rep-
resented by a matrix of form

R =
µ

cosµ ¡ sinµ
sinµ cosµ

¶

whereµ 2 [0; 2¼[, and that every improper orthogonal
transformationis represented by a matrix of the form

S =
µ

cosµ sinµ
sinµ ¡ cosµ

¶

In the¯rst case,wecallµ 2 [0; 2¼[ themeasure of thean-
gleof rotation of R w.r.t. the orthonormalbasis(e1; e2).

In the secondcase,wehavea re°ectionabout a line,and
it is easyto determinewhat this line is. It is alsoeasy
to seethat S is the compositionof a re°ectionabout the
x-axiswith a rotation (of matrix R).



198 CHAPTER 5. THE CARTAN{DIEUDONN ¶E THEOREM

Ä We refrainedfrom calling µ \the angleof rotation",
becausetherearesomesubtletiesinvolved in de¯ning

rigorouslythenotionofangleof twovectors(or two lines).

For example,notethat with respect to the \oppositeba-
sis" (e2; e1), the measureµ must be changedto 2¼¡ µ
(or ¡ µ if we considerthe quotient set R=2¼of the real
numbersmodulo2¼).

We will comeback to this point after having de¯nedthe
notionof orientation (seeSection5.8).

It is easilyshown that the groupSO(2) of rotationsin
the planeis abelian.
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We canperformthe followingcalculation,usingsomeel-
ementary trigonometry:

µ
cos' sin'
sin' ¡ cos'

¶ µ
cosÃ sinÃ
sinÃ ¡ cosÃ

¶

=
µ

cos(' + Ã) sin(' + Ã)
sin(' + Ã) ¡ cos(' + Ã)

¶
:

Theabovealsoshowsthat theinverseofarotationmatrix

R =
µ

cosµ ¡ sinµ
sinµ cosµ

¶

is obtainedby changingµ to ¡ µ (or 2¼¡ µ).

Incidently, notethat in writing arotationr astheproduct
of two re°ectionsr = s2s1, the ¯rst re°ections1 canbe
chosenarbitrarily, sinces2

1 = id, r = (r s1)s1, and rs1 is
a re°ection.
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For n = 3, the only two choicesfor p arep = 1, which
correspondsto the identit y, or p = 0, in which case,f is
a rotation leaving a line invariant.

u

R(u)

µ=2

D

Figure 5.4: 3D rotation as the composition of two re°ections

This line is calledthe axis of rotation. The rotation R
behaveslike a two dimentional rotation aroundthe axis
of rotation.
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Themeasureof theangleof rotationµ canbedetermined
throughits cosinevia the formula

cosµ = u ¢R(u);

whereu is any unit vectororthogonalto the directionof
the axisof rotation.

However, this doesnot determineµ 2 [0; 2¼[ uniquely,
sinceboth µ and2¼¡ µ arepossiblecandidates.

What is missingis an orientation of the plane(through
the origin) orthogonalto the axis of rotation. We will
comeback to this point in Section5.8.

In the orthonormalbasisof the lemma,a rotation is rep-
resented by a matrix of the form

R =

0

@
cosµ ¡ sinµ 0
sinµ cosµ 0

0 0 1

1

A :



202 CHAPTER 5. THE CARTAN{DIEUDONN ¶E THEOREM

Remark: For an arbitrary rotation matrix A, since

a11 + a22 + a33

(the trace of A) is the sumof the eigenvaluesof A, and
sincetheseeigenvaluesarecosµ + i sinµ, cosµ ¡ i sinµ,
and1, for someµ 2 [0; 2¼[, we cancomputecosµ from

1+ 2cosµ = a11 + a22 + a33:

It is alsopossibleto determinethe axisof rotation (see
the problems).

An improper transformationis eithera re°ectionabout a
plane,or the product of threere°ections,or equivalently
the product of a re°ectionabout a planewith a rotation,
anda closerlook at theorem5.2.1showsthat the axisof
rotation is orthogonalto the planeof the re°ection.
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Thus, an improper transformationis represented by a
matrix of the form

S =

0

@
cosµ ¡ sinµ 0
sinµ cosµ 0

0 0 ¡ 1

1

A :

Whenn ¸ 3, the groupof rotationsSO(n) is not only
generatedby hyperplanere°ections,but alsoby °ips (about
subspacesof dimensionn ¡ 2).

We will alsoseein Section5.4 that every proper a±ne
rigid motion can be expressedas the compositionof at
mostn °ips, which is perhapsevenmoresurprising!

The proof of theseresultsusesthe followingkey lemma.
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Lemma 5.2.4 Given any Euclidean space E of di-
mension n ¸ 3, for any two re°ections h1 and h2

about some hyperplanesH1 and H2, there exist two
°ips f 1 and f 2 suchthat h2 ±h1 = f 2 ± f 1.

Usinglemma5.2.4and the Cartan-Dieudonn¶e theorem,
weobtainthefollowingcharacterizationofrotationswhen
n ¸ 3.

Theorem 5.2.5 Let E be a Euclidean space of di-
mension n ¸ 3. Every rotation f 2 SO(E) is the
composition of an evennumber of °ips f = f 2k±¢¢¢±f 1,
where 2k · n. Furthermore, if u 6= 0 is invariant un-
der f (i.e. u 2 Ker(f ¡ id)), we can pick the last °ip
f 2k such that u 2 F ?

2k, where F2k is the subspace of
dimension n ¡ 2 determining f 2k.
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Remarks:

(1) It is easyto prove that if f is a rotation in SO(3), if
D is its axisand µ is its angleof rotation, then f is the
compositionof two°ips about linesD1 andD2 orthogonal
to D andmakingan angleµ=2.

(2) It is natural to askwhat is the minimal number of
°ips neededto obtain a rotation f (whenn ¸ 3). As
for arbitrary isometries,we will prove later that every
rotation is the compositionof k °ips, where

k = n ¡ dim(Ker(f ¡ id));

andthat this number is minimal (wheren = dim(E)).

Hyperplanere°ectionscanbeusedto obtainanotherproof
of the QR-decomposition.


