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De nition 4.2.9 AnazxnespacdE; i!E ) |saEucI|dean

atne spce i®its underlylngvectorspaceE Is a Eu-
clideanvector space. Given ary two points a;b 2 E,
we de nethe distane betwesn a and b, or length of
the segment (a; b), askabk, the Euclideamorm of ab.
Givenary two pairsof points (a;b) and(c;d), we de ne
their inner product asab ¢cd. We sag that (a;b) and
(c;d) areorthogonal, or perpendicular i®ab ¢cd = O.
We sa that two axne subspace§1 and F, of E are

orthogonal i®their dlrectlonsf: and ':2 areorthogonal.

Note that a Euclideanaxne spaceis a normedazxne
spacejn the sensef de nition 4.2.10belawv.

i
De nition 4.2.10 Givenanaxnespac€E; E ), where
the spaceof translationsE is a vectorspaceover R or

C, we sy that (E; i!E) Isa normed atne spe I® !E
IS a normedvectorspacewith normk K.
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WedenoteasE™ the Euclidearaxne spacebtainedrom
the atne spaceA™ by de ning on the vectorspaceR™
the standardinner product

The correspndingEuclideamormis
q
K(X1;::Xm)Kk = X2+ ¢CC+ X2

We now consideldinear mapsbetweenEuclideanspaces
that preserethe Euclideamorm. Thesdransformations
sometimegalledrigid motions play an importart role
INn geometry
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4.3 Linear Isometries (Orthogonal Transformations)

In this section,we considerlinear maps between Eu-
clideanspaceshat presere the Euclideamorm.

De nition 4.3.1 Given ary two nortrivial Euclidean
space& andF ofthesamenite dimensiom, afunction
f:E! F isan orthogonaltransformation, or a linear
Isometry i®it is linearand

Kf (Wk = kuk;
forallu 2 E.

Thus,alinearisometryis a linearmapthat preseresthe
norm.
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Remarks (1) A linearisometryisoftende nedasalinear
map sud that

kKf (v)i f(uk=kvij uk;

forall u;v 2 E. Sincethe mapf islinear,the two de -
nitionsareequinalert. The secondle nition just focuses
on preservinghe distancebetweenvectors.

(2) Sometimesa linear map satisfyingthe conditionof
de nition 4.3.1is calleda metric map, anda linearisom-
etry is de nedasa bijective metric map.

Also,anisometry(without the word linear)is sometimes
de nedasa functionf :E ! F (not necessarilfinear)
sud that

kf (V)i f(wWk=kvi uk;

for all u;v 2 E, i.e., asa function that preseresthe
distance.



4.3. LINEAR ISOMETRIES (ORTHOGONAL TRANSFORMATIONS) 165

Thisrequirementurnsout to beverystrong.Indeedthe
nextlemmashavsthat all thesede nitionsareequinalert
whenE andF areof nite dimensionand for functions
sut that f (0) = 0.

Lemma 4.3.2 Given any two nontrivial Euclidean
spaces E and F of the same nite dimension n, for
everyfunction f :E ! F, the following properties are
equivalent:

(1) f is alinear mapandkf (u)k = kuk, for allu 2 E;

(2) kf (v)i f(uwk = kv uk, for all u;v 2 E, and
f(0)= 0

(3) f(u) ¢f (v) =ud¢yv, for all u;v2E.

Furthermore, sucha map is bijective.
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For (2), weshallproveaslighly strongetresult. Weprove
that if
kKf (v)i f(uk=kvi uk

for all u;v 2 E, for any vector¢, 2 E, the function
g-E! F de nedsud that

guy=f+u)i f()

forall u 2 E isalinearmapsud that g(0) = 0 and (3)
holds.

Remarks (i) The dimensiorassumptions only needed
to prove that (3) implies(1) whenf is not knowvn to be
linear, and to prove that f is surjective, but the proof
shavsthat (1) impliesthat f is injective.
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(i) In (2), whenf doesnot satisfythe conditionf (0) = O,
the proof shavsthat f isanaxne map.

Indeed,taking arny vector ¢, asan origin, the mapg is
linear,and

f(¢+u)=1()+ 9(u)
forallu 2 E, proving that f is atne with assaciated
linearmapg.

(i) The implicationthat (3) implies(1) holdsif we also
assumehat f is surjectiwe, evenif E hasin nite dimen-
sion.

In viewoflemma4.3.2we will dropthe word\linear" in
\linear isometry", unlesswe wishto emphasizé¢hat we
aredealingwith a map betweenvectorspaces.

We arenow goingto take a closerook at the isometries
f:E! E ofaEuclidearspaceof nite dimension.
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4.4 The Orthogonal Group, Orthogonal Matrices

In this sectionwe exploresomeof the fundametal prop-
ertiesof the orthogonafroupandof orthogonamatrices.

Asanimmediatecorollaryofthe Gram{S&imidt orthonor-
malizationprocedure we obtain the QR-decompsition
for invertible matrices.

We prove an importart structuretheoremfor the isome-
tries, namelythat they canalways be written asa com-
positionof re°ectiong Theorem5.2.1).
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Lemma 4.4.1 Let E be any Euclidean space of nite
dimensionn, and let f:E ! E be any linear map.
The following properties hold:

(1) The linear mapf:E ! E is anisometry i®
f+f"=f"+f = id:

the matrix of f is A, then the matrix of f ° is the
transmpse A~ of A, and f is an isometry i® A
satis es the identities

AA” = A°A = Iy;

whetee |, denotesthe identity matrix of order n, I®
the columnsof A form an orthonormal basis of E,
I® the rowsof A form an orthonormal basis of E.

Lemma4.4.1shavs that the inverseof an isometryf is

its adjoirt f °. Lemma4.4.lalsomotivatesthe following
de nition:
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De nition 4.4.2 A realn £ n matrix is an orthogonal
matrix i®
AA” = A°A =g

Remarks It is easyto shav that the conditions
AA> =1, A>A =1, andAi 1= A, areequialer.

(Ug;:::;Up) to (vq;:::;Vvh) sincethe columnsof P are
the coordinatesof the vectorsv; with resgectto the basis
(Uug;:::;Up), andsince(vy;:::;Vvy) Is orthonormal,the

columnsof P areorthonormal,and by lemma4.4.1(2),
the matrix P is orthogonal.

The proof of lemma4.3.2(3) alsoshavsthat if f is an
Isometry thenthe imageof an orthonormalbasis
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Recallthat the determinah det(f ) of an endomorphism
f:E! E isindependen of the choiceof a basisin E.

Also, for every matrix A 2 My(R), we have

det(A) = det(A”), andforary twon£ n-matricesA and
B, wehavedet(AB) = detf(A) det(B) (for all thesebasic
results,seeLang[?]).

Then,if f isanisometryandA isits matrix with respect
to ary orthonormalbasis,AA~ = A”A = |, implies
that det(A)? = 1, that is, eitherdet(A) = 1, or

det(A) = i 1.

It Is alsoclearthat the isometriesof a Euclideanspace
of dimensiom form a group,andthat the isometrieof
determinah +1 forma subgroup.
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De nition 4.4.3 Givena Euclidearspacee of dimen-
sionn, the setof isometried :E ! E formsa group
denotedas O(E), or O(n) whenE = R", calledthe
orthogonal group (of E).

Foreweryisometryf , wehavedet(f ) = § 1,wheredet(f )
denoteghe determinah of f . The isometriesud that
det(f ) = 1 are calledrotations, or proper isometries,
or proper orthogonal transformations, and they form
a subgroupof the special linear group SL(E) (and of
O(E)), denotedas SO(E), or SO(n) whenE = R",
calledthe special orthogonal group (of E).

The isometriessud that det(f) = j 1 are calledim-
proper isometries, or improper orthogonal transfor-
mations, or °ip transformations



4.5. QR-DECOMPOSITION FOR INVERTIBLE MATRICES 173

4.5 QR-Decomp osition for Invertible Matrices

Now that we have the de nition of an orthogonamatrix,
we canexplainhow the Gram{Stimidt orthonormaliza-
tion procedurammediatelyyieldsthe QR-decompsition
for matrices.

Lemma 4.5.1 Given any n £ n real matrix A, if A
IS invertible then there is an orthogonal matrix Q and
an upper triangular matrix R with positive diagonal
entries suchthat A = QR.

in EN.

If A isinvertible,thentheyarelinearlyindependen and
we can apply lemma4.2.7to producean orthonormal
basisusingthe Gram{S&imidt orthonormalizatiorpro-
cedure.
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Recallthat we constructvectorsQy and Qp asfollows:

0
0 A.- _ Qi .
1= Ay Q1 KOOk’
andfor the inductive step
Xk QO
Qker = Aksti (Ake1 0Qi) Qi; 41 = e
=1 k+1

wherel- k- nj 1.

If we expresghe vectorsAy in termsof the Q; and Q?,
we geta triangularsystem

A1 = kQ%k Qq;
Aj = (Aj €Qq) Qi+ ¢0¢+ (Aj ¢Q)) Qi + 68¢+ (A ¢Qj; ) Qj; 1+ QY Qj;

An = (An ¢Q1) Ql + CCC+ (An ¢Qni 2) Qni 2+ (An ¢Qni 1) an 1+ ngk Qn:
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Remarks (1) Becaus¢he diagonakertriesof R arepos-
itive, it canbe shavn that Q andR areunique.

(2) The QR-decompsitionholdsevenwhenA is not in-

vertible. In this case R hassomezeroon the diagonal.
Howewer, a di®eren proof is neededWe will give a nice
proof usingHouseholdematrices(seealsoStrang[?]).

Example 6. Considethe matrix

We leare asan exercisa¢o shav that A = QR with

0 1 0 1
0 01 1 11

Q=@0 1 0A and R= @0 4 1A
100 0065
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Anotherexampleof QR-decompsitionis

0 1
1 1 2
A=@0 0 1A
1 00
where
0 _ _ 1
:pz 1:p2 0
Q:@ - 1A
:B§ 11:p2 0
and 0Op_ _ 1
"2 15,2 2
R=@Q 1= 2  2A
0 0 1

The QR-decompsitionyieldsa rather exciert and nu-
mericallystablemethal for solvingsystem®flinearequa-
tions.
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Indeed,given a systemAx = b, whereA isann £ n
Invertiblematrix, writing A = QR, sinceQ isorthogonal,
we get

Rx = Q7 b;
andsinceR is upper triangular,we cansole it by Gaus-
sianelimination,by solvingfor the last variablex,, rst,
substituting its value into the system,then solvingfor
Xni 1, etc.

The QR-decompsitionis alsovery usefulin solvingleast
squareproblemgwewill comebad to this lateron),and
for nding eigenalues.

It canbe easilyadaptedto the casewhereA is a rect-
angularm £ n matrix with independen columns(thus,
n- m.

In this caseQ is not quite orthogonal.It isanm £ n

matrix whosecolumnsareorthogonalandR isaninvert-

Ible n £ n upper diagonalmatrix with positive diagonal
ertries. For moreon QR, seeStrang[?].



178 CHAPTER 4. BASICS OF EUCLIDEAN GEOMETRY

It shouldalsobe saidthat the Gram{Sd&midt orthonor-
malizationprocedurethat we have preseted is not very
stablenumerically andinstead,oneshouldusethe mad-
| ed Gram{Schmidt methal.

To computeQy, ,, insteadof projectingAx+1 orno

1,11 Qk In asinglestep,it is betterto performk pro-
jections.
We computeQt,,; Q2,,;:::; QL,, asfollows:

Qis1 = Ak i (Ake ¢Q1) Qu;
Qlk-:-]i = Q|k+1 i (QI(+1 ¢Qi+1) Qi+1;
wherel- 1 - kj 1.

It is easilyshavnthat QP,, = QF,,. Thereadeiis urged
to cade this methal.



Chapter 5

The Cartan{Dieudonn & Theorem

5.1 Orthogonal Re°ections

Orthogonalsymmetriesarea very important exampleof
Isometries. First let us reviewthe de nition of projec-
tions.

Givena vectorspacet:, let F and G be subspacesf E
that forma directsumE = F © G.

Sinceeweryu 2 E canbe written uniquelyas
u=v+w, wherev2 F andw 2 G, we cande nethe
two projections pr:E! F andpg:E ! G, sud that

pr(u) = v and pg(u) = w:

179
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It isimmediatelyeri edthat pg andpg arelinearmaps,
andthat p%_ = Pr, P& = Po, PF £Pc = Pc £ pr = 0,and
Pr + P = id.

De nition 5.1.1 Givena vectorspacekE, for any two
subspaceB andG that formadirectsumE = F © G,
the symmetry with respect to F and parallel to G, or
re°ection alout F isthelinearmaps:E ! E, de ned
sud that

s(u) = 2pr(U) i U
foreveryu 2 E.

Becauser + pg = id, notethat we alsohave

s(u) = pe(u) i pc(u)
and
s(u) = ui 2pg(u);
s? = id, sistheidertity onF, ands =  id onG.
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We now assumehat E is a Euclideanspaceof nite
dimension.

De nition 5.1.2 Let E be a Euclideanspaceof nite
dimensiom. For arny two subspaces andG, if F and
G formadirectsumE = F © G andF and G are
orthogonalj.e. F = G?, the orthogonal symmetrywith
respect to F and parallel to G, or orthogonalre°ection
alout F isthelinearmaps:E ! E, de nedsud that

s(u) = 2pe(u) i u;
foreveryu 2 E.
WhenF is a hyperplanewe call s an hyperplane sym-

metry with respct to F (or re°ection alout F), and
whenG is a plane,wecalls a°ip alout F.

It is easyto shav that s is anisometry
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Pc(U),

Pr (U)

i Pe(u)¥F----- s(u)

Figure 5.1: A re°ection about a hyperplaneF

Usinglemmad4.2.7,it is possibléo nd an orthonormal
of F andan orthonormalbasisof G.

Assumehat F hasdimensiorp, sothat G hasdimension
ni p.

symmetrys hasa matrix of the form

g T

O ilnip
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Thus,det(s) = (j 1)"I P, ands isarotationi®nj pis
ewen.

In particular,whenF is a hyperplaneH , we have
p=nj 1l,andnj p = 1, sothat s is an improper
orthogonakransformation.

WhenF = f0g, we have s = j id, whidh is calledthe
symmetry with respgct to the origin. The symmetry
with respectto the originis a rotation i®n is even,and
an improper orthogonatkransformation®n is odd.

Whenn is odd, we obsere that every improper orthogo-
nal transformationis the compositionof a rotation with
the symmetrywith respectto the origin.
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WhenG isaplane,p=ni 2,anddet(s) = (j 1)*= 1,
sothat a °ip about F is a rotation.

In particular,whenn = 3, F isaline,anda °ip about
theline F isindeeda rotation of measuré/

WhenF = H isahyperplanewe cangive anexplicitfor-
mulafor s(u) in termsofany nonrull vectorw orthogonal
to H.

We get
(u Cw

s(uy=uj 2
W=ui 27 e

W.

Sud re°ectionsaarerepreseted by matricesalledHouse-
holder matrices, andthey play animportart rolein nu-
mericalmatrix analysis.Householdematricesare sym-
metricand orthogonal.
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°ection about a hyperplaneH orthogonalto a nonrull
vectorw is represeted by the matrix

WW~= WW~=
H=lni 2" =1,j 2 -
n i ka2 n W>W1

whereW is the columnvectorof the coordinatesof w.

Since
(u ¢w)

kwk?

Pc(u) = w;

the matrix represeting pg is

WW?>
W>W’

andsincepy + pg = Id, the matrix represeting py IS

WW>
W>W'

In |
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Thefollonvingfactisthe keyto the proofthat everyisom-
etry canbe decompsedasa product of re°ections.

Lemma 5.1.3 Let E beany nontrivial Euclidean space.
For any two vectors u; v 2 E, if kuk = kvk, thenthere
IS an hyperplaneH suchthat the re°ection s alout H
mapsu to v, and if u 6 v, then this re°ection is
unigue.
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5.2 The Cartan{Dieudonn & Theorem for Linear Isome-
tries

The fact that the groupO(n) of linearisometriess gen-
eratedby the re°ectionsis a special caseof a theorem
knonvn asthe Cartan{Dieudonf theorem.

Elie Cartanproveda versionof this theoremearlyin the
twertieth ceriury. A proof canbe foundin his book on
spinors[?], which appearedin 1937(Chapterl, Section
10,pagesl0{12).

Cartan'sversiorappliedo nondegeneratpiadraticforms
over R or C. The theoremwasgeneralizedo quadratic
formsover arbitrary elds by Dieudonf§[?].

OneshouldalsoconsultEmil Artin's book[?], whidh con-
tains an in-depthstudy of the orthogonalgroupand an-
other proof of the Cartan{Dieudonf theorem.

First, let us recallthe notionsof eigeraluesand eigen-
vectors.
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Recallthat givenany linearmapf:E ! E, a vector
u 2 E is calledan eigenvetor, or proper vector, or
characteristic vector of f i®thereissome, 2 K sut
that

f(u)=u:

In this casewe s& that u 2 E Is an eigenvetor asso-
ciated with | .

A scalar, 2 K iscalledaneigenvalueor proper value,
or characteristic value of f I® thereis somenonnull
vectoru 6 Oin E sud that

f(u)=.u;
or equinalertly if Ker(f j ,id) 6 fOqg.
Givenary scalar, 2 K, the setof all eigenectorsasso-
ciatedwith | isthe subspac&er(f | , id), alsodenoted

askE (f) or E(,; f), calledthe eigenspce asseiated
with |, or proper subspce assaiated with | .
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Theorem 5.2.1 Let E be a Euclidean space of di-
mensionn . 1. Every isometry f 2 O(E) which
IS not the identity is the composition of at mostn re-
°ections. For n | 2, the identity is the composition
of any re°ection with itself.

Remarks
(1) The proof of theorem5.2.1shavs morethan stated.

If 1isaneigeralueoff , for any eigenectorw assaciated
with 1 (i.e.,f (w) = w, w 6 0),thenf isthecompsition
ofk - nj 1lre°ectionsabout hyperplaned-;, sud that
Fi = H; © L, whereL is the line Rw, and the H; are
subspacesf dimensiom j 2 all orthogonalo L.

If 1is not aneigenalueoff, thenf isthe compmsition
of K - n re°ectionsabout hyperplanedd;Fq;:::; Fg; 1,

suth that F; = H; © L, whereL is aline intersectingH ,

andtheH; aresubspacesfdimensiom; 2all orthogonal
toL.
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Figure 5.2: An Isometry f asa composition of re°ections, when 1 is an eigervalue of f

(W) i w

Figure 5.3: An Isometry f asa composition of re°ections, when 1 is not an eigervalue of f
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(2) It is natural to askwhat is the minimal number of
hyperplanere®ectionsneededo obtainan isometryf .

This hasto do with the dimensionof the eigenspace
Ker(f j id) assaciatedwith the eigenaluel.

Wewill provelaterthat everyisometryisthe commsition
of k hyperplanere®ectionswhere

k=nj dimKer(f j id));

andthat this number is minimal (wheren = dim(E)).

Whenn = 2, are’ectionis a re°ectionabout a line, and
theoremb.2.1shavsthat everyisometryin O(2) is either
a re°ectionabout a line or a rotation, and that ewery
rotationisthe productoftwo re°ectionsabout somdines.
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In general,sincedet(s) = j 1 for a re°ections, when
n . 3isodd, ewry rotation is the product of an even
number- nj l1lofre°ectionsandwhenn isewen,ewery
Improper orthogonakransformations the product of an

odd number- nj 1ofre°ections.

In particular,for n = 3, every rotation is the product of
two re°ectionsabout planes.

If E is a Euclideanspaceof nite dimensiorand
f:E! E isanisometryif , isary eigenalueoff and
u is an eigerectorassaiatedwith |, then

kf (Wk =Kk uk=j,jkuk = kuk;
whidh impliesj, j = 1, sinceu 6 0.

Thus,therealeigenaluesof anisometryareeither+1 or
i 1.
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Whenn is odd, we cansay moreabout improper isome-
tries. This is becausdhey admit j 1 asan eigernalue.
Whenn is odd, an improper isometryis the composi-
tion of a re°ectionabout a hyperplaneH with arotation

cortainingaline, L, orthogonako H.

Lemma 5.2.2 Let E be a Euclidean space of nite
dimensionn, andletf:E ! E be an isometry. For
any subspe F of E, if f(F)=F, thenf(F?)u F~?
andE = FOF”~.
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Lemmab.2.2is the starting point of the proof that every
orthogonalmatrix can be diagonalizedver the eld of
complexnumbers.

Indeed,f | isany eigenalueoff , then
f (E (f)) = E (f), andthus the orthogonalE (f)? is
closedunderf , and

E=E (f)OE (f)":

The problemover R is that there may not be arny real
eigenalues.
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However, whenn is odd, the folloving lemmashavsthat
e\ery rotation admits 1 asan eigenalue (and similarly
whenn is ewen, every improper orthogonaltransforma-
tion admits1 asan eigeralue).

Lemma 5.2.3 Let E be a Euclidean space.

(1) If E has odd dimensionn = 2m + 1, then ev-
ery rotation f admits 1 as an eigenvalueand the
eigenspace F of all eigenvetors left invariant un-
der f hasan odd dimension2p+ 1. Furthermore,
there is an orthonormal basis of E, in whichf is

representel by a matrix of the form

H )l
Romip 0O

0 | 2pt+1
where Rym; p IS a rotation matrix that does not
havel as an eigenvalue.
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(2) If E hasevendimensionn = 2m, then everyim-
proper orthogonaltransformationf admits1asan
eigenvalueandthe eigenspae F of all eigenvetors
left invariant underf hasan odd dimension2p+ 1.
Furthermore, there is an orthonormal basis of E,

In whichf is representel by a matrix of the form
U 1
Somipiz O

0 I 2p+1

whe’ Sym; ;1 1S an improper orthogonal matrix
that does not havel as an eigenvalue.

An exampleshaving that lemmab.2.3failsfor n evenis

the folloving rotation matrix (whenn = 2):

coql j sinuﬂ
sing  cosu

The above matrix doesnot have real eigenaluesif
U6 k¥



5.2. THE CARTAN{DIEUDONN B THEOREM FOR LINEAR ISOMETRIES 197

It Is easilyshavn that for n = 2, with resgect to ary
chosenorthonormalbasis(e;; e,), every rotation is rep-
reseted by a matrix of form q

cou j sSinu
sinp  cosu

wherepu 2 [0 2%, and that ewery improper orthogonal
transformations represeted by a ma.ltTrix of the form
S = H cou  sinp

~sing j cosu
In the rst casewecallp 2 [0; 2/ the measure ofthean-
gleof rotation of R w.r.t. the orthonormalasis(e;; &).

In the secondasewe have a re°ectionabout a line, and

It is easyto determinewhat this line is. It is alsoeasy
to seethat S is the comsitionof a re°ectionabout the

X-axiswith a rotation (of matrix R).
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We refrainedfrom calling p \the angleof rotation",
becausehere are somesubtletiesinvolved in de ning
rigorouslythe notionof angleoftwo vectorgor two lines).

For examplenotethat with resgectto the \oppositeba-
sis" (ey; e1), the measureu must be changedio 2v4j |
(or j uif we considetthe quotient set R=2%.0f the real
numbersmodulo 2v).

We will comebad to this point after having de nedthe
notion of oriertation (seeSections.8).

It is easilyshavn that the group SO(2) of rotationsin
the planeis abelian.
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We canperformthe follonving calculationusingsomeel-
emermary trigonometry:

0 " .
CcoS sin' Hc:osA SINA

sin' j cos sinA ; cosA .
cos( + A) sin( +A)
sin( +A) j cos( +A)

L

The above alsoshavsthat the inverseof arotation matrix

coql j s.inu.IT
sinp  coqu

IS obtainedby changinguto j p(or 2% L).

Incidertly, notethat in writing arotationr asthe product
of two re°ectionsr = s,S;, the rst re°ections; canbe
chosenarbitrarily, sinces; = id, r = (rs;)s;, andrs; Is
arecection.
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For n = 3, the only two choicesfor p arep = 1, whidh
correspndsto the idertity, or p = 0, in which casef is
a rotation leaving a line invariart.

> 2

/

/

Figure 5.4: 3D rotation asthe composition of two re°ections

This line is calledthe axis of rotation. The rotation R
behareslike a two dimertional rotation aroundthe axis
of rotation.
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The measur®fthe angleof rotation u canbe determined
throughits cosinevia the formula

cogu = u ¢R(u);

whereu is any unit vectororthogonalo the directionof
the axisof rotation.

Howe\er, this doesnot determineu 2 [0; 24 uniquely
sinceboth pand 2v4j [ arepossiblecandidates.

What is missingis an oriertation of the plane(through
the origin) orthogonalto the axis of rotation. We will
comebad to this poirt in Sections.8.

In the orthonormalbasisof the lemma,a rotation is rep-
reseted by a matrix of the form

0 _ 1
cosl j sinp O

R= @sinp cosu OA:
0) 0) 1
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Remark: For anarbitrary rotation matrix A, since
ajlt+ azot aza

(the trace of A) is the sumof the eigeraluesof A, and
sincetheseeigenaluesarecoqu + i siny, coquj I Sing,
and1l, for someu 2 [0; 2%/}, we cancomputecosu from

1+ 2coqu= a;1+ azp + azs:

It Is alsopossibleto determinethe axis of rotation (see
the problems).

An improper transformations eithera re°ectionabout a
plane,or the product of threere®ectionsor equinalertly
the product of a re°ectionabout a planewith a rotation,
anda closeirook at theoremb.2.1shavsthat the axisof
rotation is orthogonalto the planeof the re°ection.
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Thus, an improper transformationis represeted by a
matrix of the form

o) _ 1
cost j sinp O

S= @sinp  cosu 0 A:
0) 0 i 1

Whenn | 3, the groupof rotationsSO(n) is not only
generatetby hyperplanae’ectionsbut alsoby °ips (about
subspacesf dimensiom | 2).

We will alsoseein Section5.4that ewvery proper atne
rigid motion can be expresseas the compsition of at
mostn °ips, whid is perhapseven moresurprising!

The proof of theseresultsuseghe followving key lemma.
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Lemma 5.2.4 Given any Euclidean space E of di-
mensionn | 3, for any two re°ections h; and h,
alout some hyperplanesH; and H,, there exist two
°Ips f, and f, suchthat ho£h; = fo£f ;.

Usinglemmab.2.4and the Cartan-Dieudonftheorem,
we obtainthefollowvingcharacterizatiomf rotationswhen
n, 3.

Theorem 5.2.5 Let E be a Euclidean space of di-
mensionn . 3. Every rotation f 2 SO(E) is the
composition of an evennumler of °ips f = f yxCCE 4,
whete 2k - n. Furthermore, if u 6 0 is invariant un-
derf (i.e. u2 Ker(f j id)), we can pick the last °ip
fx suchthat u 2 F;, whee Fyx is the subspce of
dimensionn j 2 determining f .
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Remarks

(1) It is easyto provethat if f isarotationin SO(3), if

D isits axisand u is its angleof rotation, thenf isthe

compsitionoftwo °ips about linesD ; andD, orthogonal
to D and makingan anglep=2.

(2) It is natural to askwhat is the minimal number of
°ips neededo obtain a rotationf (whenn | 3). As
for arbitrary isometrieswe will prove later that every
rotation is the compsitionof k °ips, where

k=nj dimKer(f j id));

andthat this number is minimal (wheren = dim(E)).

Hyperplanee’ectionsanbe usedo obtainanotherproof
of the QR-decompsition.



