
Chapter 2

Basics of A±ne Geometry

2.1 A±ne Spaces

For simplicity, it is assumedthat all vectorspacesunder
considerationarede¯nedover the¯eld R of realnumbers.

It is alsoassumedthat all families(¸ i )i2 I of scalarshave
¯nite support. Recallthat a family (¸ i )i2 I of scalarshas
¯nite support if

¸ i = 0 for all i 2 I ¡ J ,

whereJ is a ¯nite subsetof I .

Obviously, ¯nite familiesof scalarshave ¯nite support,
andfor simplicity, thereadermay assumethat all families
are¯nite.

17



18 CHAPTER 2. BASICS OF AFFINE GEOMETRY

Supposewe have a particlemoving in 3-spaceand that
we want to describe the trajectoryof this particle.

If one looks up a good textbook on dynamics,such as
Greenwood [?], one¯nds out that the particle is mod-
eledasa point, and that the positionof this point x is
determinedwith respect to a \frame" in R3 by a vector.

A frameis a pair

(O; (e1; e2; e3))

consistingof anoriginO (which is a point) togetherwith
a basisof threevectors(e1; e2; e3).

For example,the standardframein R3 hasorigin O =
(0; 0; 0) andthe basisof threevectorse1 = (1; 0; 0), e2 =
(0; 1; 0), ande3 = (0; 0; 1).

The positionof a point x is then de¯nedby the \unique
vector" from O to x.
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But wait a minute, this de¯nition seemsto be de¯ning
framesandthe positionof a point without de¯ningwhat
a point is!

Well, let us identify points with elements of R3.

If so, given any two points a = (a1; a2; a3) and b =
(b1; b2; b3), thereis a uniquefree vector denotedab from
a to b, the vectorab = (b1 ¡ a1; b2 ¡ a2; b3 ¡ a3).

Notethat

b= a + ab;

additionbeingunderstood asadditionin R3.

O
a

b

ab

Figure 2.1: Points and free vectors



20 CHAPTER 2. BASICS OF AFFINE GEOMETRY

Then,in thestandardframe,givenapoint x = (x1; x2; x3),
the positionof x is the vectorOx = (x1; x2; x3), which
coincideswith the point itself.

What if we pick a framewith a di®erent origin,say ­ =
(! 1; ! 2; ! 3), but the samebasisvectors(e1; e2; e3)?

This time, the point x = (x1; x2; x3) is de¯nedby two
positionvectors:

Ox = (x1; x2; x3) in the frame(O; (e1; e2; e3)), and

­x = (x1¡ ! 1; x2¡ ! 2; x3¡ ! 3) in theframe(­ ; (e1; e2; e3)).

This is because

Ox = O­ + ­x and O­ = (! 1; ! 2; ! 3):

We notethat in the secondframe(­ ; (e1; e2; e3)), points
andpositionvectorsareno longeridenti¯ed.
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This givesus evidencethat poin ts are not vectors .
Inspiredby physics,it is important to de¯nepoints and
propertiesof points that areframeinvariant.

An undesirableside-e®ectof the present approach shows
up if we attempt to de¯nelinearcombinationsof points.

If we considerthe changeof framefrom the frame

(O; (e1; e2; e3))

to the frame
(­ ; (e1; e2; e3));

where
O­ = (! 1; ! 2; ! 3);

given two points a and b of coordinates(a1; a2; a3) and
(b1; b2; b3) with respect to the frame(O; (e1; e2; e3)) and
of coordinates(a0

1; a0
2; a0

3) and (b0
1; b0

2; b0
3) of with respect

to the frame(­ ; (e1; e2; e3)), since
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(a0
1; a0

2; a0
3) = (a1 ¡ ! 1; a2 ¡ ! 2; a3 ¡ ! 3)

and
(b0

1; b0
2; b0

3) = (b1 ¡ ! 1; b2 ¡ ! 2; b3 ¡ ! 3);

the coordinatesof ¸a + ¹b with respect to the frame
(O; (e1; e2; e3)) are

(¸a 1 + ¹b 1; ¸a 2 + ¹b 2; ¸a 3 + ¹b 3);

but the coordinates

(¸a 0
1 + ¹b 0

1; ¸a 0
2 + ¹b 0

2; ¸a 0
3 + ¹b 0

3)

of ¸a + ¹b with respect to the frame(­ ; (e1; e2; e3)) are

(¸a 1 + ¹b 1 ¡ (¸ + ¹ )! 1;
¸a 2 + ¹b 2 ¡ (¸ + ¹ )! 2;
¸a 3 + ¹b 3 ¡ (¸ + ¹ )! 3)

which aredi®erent from

(¸a 1 + ¹b 1 ¡ ! 1; ¸a 2 + ¹b 2 ¡ ! 2; ¸a 3 + ¹b 3 ¡ ! 3);

unlesş + ¹ = 1.
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Thus, we discovereda major di®erencebetweenvectors
andpoints: the notionof linearcombinationof vectorsis
basisindependent, but the notion of linearcombination
of points is framedependent.

In order to salvagethe notion of linear combination of
points, somerestrictionis needed:the scalarcoe±cients
must addup to 1.

A cleanway to handlethe problemof frameinvariance
and to dealwith points in a moreintrinsic manneris to
make a clearerdistinctionbetweenpoints andvectors.

We duplicateR3 into two copies,the ¯rst copy corre-
sponding to points, wherewe forget the vector space
structure,andthe secondcopy correspondingto freevec-
tors,wherethe vectorspacestructureis important.
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Furthermore,wemakeexplicittheimportant factthat the
vectorspaceR3 actson the setof points R3: Givenany
poin t a = (a1; a2; a3) and any vector v = (v1; v2; v3),
we obtain the poin t

a + v = (a1 + v1; a2 + v2; a3 + v3);

which canbe thought of asthe resultof translatinga to
b usingthe vectorv.

This action+: R3 £ R3 ! R3 satis¯essomecrucialprop-
erties.For example,

a + 0 = a;
(a + u) + v = a + (u + v);

and for any two points a;b, thereis a uniquefreevector
ab such that

b= a + ab:

It turnsout that the aboveproperties,althoughtrivial in
thecaseofR3, areall that isneededto de¯netheabstract
notionof a±ne space(or a±ne structure).
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De¯nition 2.1.1 An a±ne space is either the empty

set,or a triple hE;
¡!
E ; + i consistingof a nonempty setE

(of points), a vectorspace
¡!
E (of translations, or free

vectors), and an action+: E £
¡!
E ! E, satisfyingthe

followingconditions:

(A1) a + 0 = a, for every a 2 E;

(A2) (a+ u) + v = a+ (u + v), for everya 2 E, andevery

u; v 2
¡!
E ;

(A3) For any two points a;b2 E, thereis a uniqueu 2
¡!
E

such that a + u = b.

Theuniquevectoru 2
¡!
E such that a+ u = b is denoted

asab, or sometimesasb¡ a. Thus,we alsowrite

b= a + ab

(or evenb= a + (b¡ a)).

The dimensionof the a±ne space hE;
¡!
E ; + i is the di-

mensiondim(
¡!
E ) of the vectorspace

¡!
E . For simplicity,

it is denotedby dim(E).
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Conditions(A1) and (A2) say that the (abelian) group
¡!
E actsonE, andcondition(A3) saysthat

¡!
E actstran-

sitively andfaithfully on E.

Notethat
a(a + v) = v

for all a 2 E andall v 2
¡!
E , sincea(a + v) is theunique

vectorsuch that a + v = a + a(a + v).

Thus,b= a + v is equivalent to ab = v.

It is natural to think of all vectorsas having the same
origin, the null vector.

E
¡!
E

a

b= a + u

c = a + w
u

v

w

Figure 2.2: Intuitiv e picture of an a±ne space
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For every a 2 E, considerthe mappingfrom
¡!
E to E:

u 7! a + u;

whereu 2
¡!
E , andconsiderthe mappingfrom E to

¡!
E :

b7! ab;

whereb2 E.

The compositionof the ¯rst mappingwith the secondis

u 7! a + u 7! a(a + u);

which, in viewof (A3), yieldsu.

The compositionof the secondwith the ¯rst mappingis

b7! ab 7! a + ab;

which, in viewof (A3), yieldsb.

Thus,thesecompositionsarethe identit y from
¡!
E to

¡!
E

andthe identit y fromE to E, andthemappingsareboth
bijections.
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When we identify E to
¡!
E via the mappingb 7! ab,

we say that we considerE asthe vectorspaceobtained
by taking a as the origin in E, and we denoteit as

Ea. Thus,an a±ne spacehE;
¡!
E ; + i is a way of de¯ning

a vector spacestructureon a set of points E, without
makinga commitment to a ¯xed origin in E.

For notationalsimplicity, we will often denotean a±ne

spacehE;
¡!
E ; + i as (E;

¡!
E ), or even asE. The vector

space
¡!
E is calledthe vector space associated with E.

Ä Oneshouldbecarefulabout the overloadingof the ad-
dition symbol +. Addition is well-de¯nedon vectors,

as in u + v, the translatea + u of a point a 2 E by a

vectoru 2
¡!
E is alsowell-de¯ned,but additionof points

a + b does not mak e sense.

In this respect, the notationb¡ a for the uniquevector
u such that b = a + u, is somewhatconfusing,sinceit
suggeststhat points canbesubstracted(but not added!).
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Any vectorspace
¡!
E hasan a±ne spacestructurespec-

i¯ed by choosingE =
¡!
E , and letting + be addition in

the vector space
¡!
E . We will refer to the a±ne struc-

ture h
¡!
E ;

¡!
E ; + i on a vectorspaceasthe canonical (or

natural) a±ne structure on
¡!
E .

In particular, the vectorspaceRn canbe viewed asthe
a±ne spacehRn; Rn; + i denotedasAn. In orderto dis-
tinguishbetweenthe doublerole played by membersof
Rn, points andvectors,wewill denotepoints asrow vec-
tors, andvectorsascolumnvectors.Thus, the actionof
the vectorspaceRn over the setRn simply viewed asa
setof points, is givenby

(a1; : : : ; an) +

0

@
u1
...

un

1

A = (a1 + u1; : : : ; an + un):

Wewill alsousetheconvention that if x = (x1; : : : ; xn) 2
Rn, then the columnvectorassociatedwith x is denoted
asx (in boldfacenotation). Abusingthenotationslightly,
if a 2 Rn is a point, we alsowrite a 2 An.
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The a±ne spaceAn is calledthe real a±ne space of
dimensionn. In mostcases,wewill considern = 1; 2; 3.

For aslightly wilderexample,considerthesubsetP ofA3

consistingof all points (x; y; z) satisfyingthe equation

x2 + y2 ¡ z = 0:

The setP is a paraboloidof revolution,with axisOz.

The surfaceP canbe madeinto an o±cial a±ne space
by de¯ningthe action

+: P £ R2 ! P

ofR2 onP de¯nedsuch that for everypoint (x; y; x2+ y2)

on P andany
µ

u
v

¶
2 R2,

(x; y; x2+ y2)+
µ

u
v

¶
= (x + u; y+ v; (x + u)2+ (y+ v)2):

A±ne spacesnot alreadyequippedwith anobviousvector
spacestructurearisein projective geometry. Indeed,we
will seein section?? that thecomplement ofahyperplane
in a projective spacehasan a±ne structure.
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Given any three points a;b;c 2 E, sincec = a + ac,
b= a + ab, andc = b+ bc, we get

c = b+ bc = (a + ab) + bc = a + (ab + bc)

by (A2), andthus,by (A3),

ab + bc = ac;

which is known asChasles'identity .

E
¡!
E

a

b

c
ab

bc

ac

Figure 2.3: Points and corresponding vectors in a±ne geometry
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2.2 A±ne Com binations, Barycen ters

A fundamental conceptin linearalgebrais that of a lin-
ear combination. The corresponding conceptin a±ne
geometryis that of an a±ne combination, alsocalleda
barycenter.

However, thereis a problemwith the naive approach in-
volvingacoordinatesystem.Theproblemisthat thesum
a + b may correspond to two di®erent points depending
on which coordinatesystemis usedfor its computation!

Thus, someextra conditionis neededin orderfor a±ne
combinations to make sense. It turns out that if the
scalarssum up to 1, the de¯nition is intrinsic, as the
following lemmashows.
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Lemma 2.2.1 Given an a±ne space E, let (ai )i2 I be
a family of points in E, and let (¸ i )i2 I be a family of
scalars. For any two points a;b 2 E, the following
properties hold:

(1) If
P

i2 I ¸ i = 1, then

a +
X

i2 I

¸ iaai = b+
X

i2 I

¸ iba i :

(2) If
P

i2 I ¸ i = 0, then
X

i2 I

¸ iaai =
X

i2 I

¸ iba i :

Thus,by lemma2.2.1,for any family of points (ai )i2 I in
E, for any family(¸ i )i2 I ofscalarssuch that

P
i2 I ¸ i = 1,

the point
x = a +

X

i2 I

¸ iaai

is independent of the choiceof the origina 2 E.



34 CHAPTER 2. BASICS OF AFFINE GEOMETRY

Theuniquepoint x is calledthebarycenter (or barycen-
tric combination, or a±ne combination) of the points
ai assigned the weights¸ i . andit is denotedas

X

i2 I

¸ iai :

In dealingwith barycenters,it is convenient to introduce
thenotionofaweighted point , which is just apair (a; ¸ ),
wherea 2 E is a point, and¸ 2 R is a scalar.

Then,givenafamilyofweightedpoints ((ai ; ¸ i ))i2 I , whereP
i2 I ¸ i = 1, we alsosay that the point

X

i2 I

¸ iai

is the barycenter of the family of weighted points
((ai ; ¸ i ))i2 I .
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Note that the barycenter x of the family of weighted
points ((ai ; ¸ i ))i2 I is alsothe uniquepoint such that

ax =
X

i2 I

¸ iaai for every a 2 E;

and settinga = x, the point x is the uniquepoint such
that X

i2 I

¸ ixa i = 0:

In physicalterms,the barycenter is the center of mass
of the family of weighted points ((ai ; ¸ i ))i2 I (wherethe
masseshave beennormalized,sothat

P
i2 I ¸ i = 1, and

negative massesareallowed).
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The¯gure below illustratesthe geometricconstructionof
the barycenters g1 and g2 of the weighted points

¡
a; 1

4

¢
,¡

b;1
4

¢
, and

¡
c; 1

2

¢
, and(a; ¡ 1), (b;1), and(c;1).

a b

c

g1

a b

c g2

Figure 2.4: Barycenters, g1 = 1
4a + 1

4b+ 1
2c, g2 = ¡ a + b+ c.
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2.3 A±ne Subspaces

In linearalgebra,a (linear)subspacecanbecharacterized
asanonempty subsetofavectorspaceclosedunderlinear
combinations.In a±ne spaces,the notioncorresponding
to the notion of (linear) subspaceis the notion of a±ne
subspace.

It is natural to de¯neana±nesubspaceasa subsetof an
a±ne spaceclosedundera±ne combinations.

De¯nition 2.3.1 Given an a±ne spacehE;
¡!
E ; + i , a

subsetV of E is an a±ne subspace (of hE;
¡!
E ; + i ) if

for every family of points (ai )i2 I in V , for any family
(¸ i )i2 I of scalarssuch that

P
i2 I ¸ i = 1, the barycenterP

i2 I ¸ iai belongsto V.

An a±ne subspaceis alsocalleda °at by someauthors.
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Accordingto de¯nition 2.3.1,theempty setis trivially an
a±nesubspace,andevery intersectionof a±nesubspaces
is an a±ne subspace.

As an example,considerthe subsetU of R2 de¯nedby

U = f (x; y) 2 R2 j ax + by = cg;

i.e. the setof solutionsof the equation

ax + by = c;

whereit is assumedthat a 6= 0 or b6= 0.

Given any m points (x i ; yi ) 2 U and any m scalarş i

such that ¸ 1 + ¢¢¢+ ¸ m = 1, we claimthat
mX

i=1

¸ i (x i ; yi ) 2 U:

Thus,U is an a±ne subspaceof A2. In fact, it is just a
usualline in A2.
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It turns out that U is closelyrelatedto the subsetof R2

de¯nedby
¡!
U = f (x; y) 2 R2 j ax + by = 0g;

i.e. the setof solutionof the homogeneousequation

ax + by = 0

obtainedby settingthe right-handsideof ax + by = c to
zero.

Indeed,for any m scalars¸ i , the samecalculationas
above yieldsthat

mX

i=1

¸ i (x i ; yi ) 2
¡!
U ;

this time without any restriction on the ¸ i , since
the right-handsideof the equationis null.
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Thus,
¡!
U isasubspaceofR2. In fact,

¡!
U isone-dimensional,

andit is just a usualline in R2.

This line can be identi¯ed with a line passingthrough
the origin of A2, line which is parallel to the line U of
equationax + by = c.

Now, if (x0; y0) is any point in U, we claimthat

U = (x0; y0) +
¡!
U ;

where

(x0; y0) +
¡!
U = f (x0 + u1; y0 + u2) j (u1; u2) 2

¡!
U g:
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The above exampleshows that the a±ne line U de¯ned
by the equation

ax + by = c

is obtainedby \translating" the parallelline
¡!
U of equa-

tion
ax + by = 0

passingthroughthe origin.

In fact, givenany point (x0; y0) 2 U,

U = (x0; y0) +
¡!
U :

U
¡!
U

Figure 2.5: An a±ne line U and its direction
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More generally, it is easyto prove the following fact.
Given any m £ n matrix A and any vector b 2 Rm,
the subsetU of Rn de¯nedby

U = f x 2 Rn j Ax = bg

is an a±ne subspaceof An.

Actually, observe that Ax = b shouldreally be written
asAx > = b, to be consistent with our convention that
points arerepresented by row vectors.

Wecanalsousetheboldfacenotationfor columnvectors,
in which casethe equationis written asAx = b.

If we considerthe correspondinghomogeneousequation
Ax = 0, the set

¡!
U = f x 2 Rn j Ax = 0g

is a subspaceof Rn, andfor any x0 2 U, we have

U = x0 +
¡!
U :

This is a generalsituation. A±ne subspacescanalsobe

characterizedin termsof subspacesof
¡!
E .



2.3. AFFINE SUBSPACES 43

Given any point a 2 E and any subset
¡!
V of

¡!
E , let

a +
¡!
V denotethe followingsubsetof E:

a +
¡!
V = f a + v j v 2

¡!
V g:

Lemma 2.3.2 Let hE;
¡!
E ; + i be an a±ne space.

(1) A nonempty subsetV of E is an a±ne subspace
i®, for everypoint a 2 V, the set

¡!
Va = f ax j x 2 Vg

is a subspace of
¡!
E . Consequently, V = a +

¡!
Va.

Furthermore,
¡!
V = f xy j x; y 2 Vg

is a subspace of
¡!
E and

¡!
Va =

¡!
V for all a 2 E.

Thus, V = a +
¡!
V .

(2) For any subspace
¡!
V of

¡!
E , for any a 2 E, the set

V = a +
¡!
V is an a±ne subspace.

The subspace
¡!
V associatedwith an a±ne subspaceV is

calledthe direction of V.
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It is clear that the map +: V £
¡!
V ! V inducedby

+: E £
¡!
E ! E confersto hV;

¡!
V ; + i ana±nestructure.

E
¡!
E

a
V = a +

¡!
V

¡!
V

Figure 2.6: An a±ne subspaceV and its direction
¡!
V

By thedimensionof thesubspaceV, wemeanthedimen-

sionof
¡!
V .

An a±nesubspaceof dimension1 is calleda line, andan
a±ne subspaceof dimension2 is calleda plane.

An a±ne subspaceof codimension1 is calledan hyper-
plane.
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We say that two a±ne subspacesU and V areparallel

if their directionsareidentical. Equivalently, since
¡!
U =

¡!
V , wehaveU = a+

¡!
U , andV = b+

¡!
U , for any a 2 U

and any b 2 V, and thus,V is obtainedfrom U by the
translationab.

In general,whenwe talk about n points a1; : : : ; an, we
meanthesequence(a1; : : : ; an), andnot thesetf a1; : : : ; ang
(the ai 's neednot be distinct).

We say that threepoints a;b;c arecollinear , if the vec-
tors ab andac arelinearlydependent.

If two of the points a;b;c are distinct, say a 6= b, then
there is a unique¸ 2 R, such that ac = ¸ ab, and we
de¯nethe ratio ac

ab = ¸ .

Wesay that fourpoints a;b;c;d arecoplanar, if the vec-
tors ab; ac, andad, arelinearlydependent.
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Lemma 2.3.3 Given an a±ne space hE;
¡!
E ; + i , for

any family (ai )i2 I of points in E, the setV of barycen-
ters

P
i2 I ¸ iai (where

P
i2 I ¸ i = 1) is the smallest

a±ne subspace containing (ai )i2 I .

Givena nonempty subsetS of E, the smallesta±nesub-
spaceof E generatedby S is oftendenotedashSi . For
example,a linespeci¯edby two distinct points a andb is
denotedasha;bi , or even(a;b), andsimilarly for planes,
etc.

Remarks: Sinceit canbe shown that the barycenter of
n weighted points canbeobtainedby repeatedcomputa-
tions of barycentersof two weighted points, a nonempty
subsetV ofE isana±nesubspacei®for everytwopoints
a;b2 V, the setV containsall barycentric combinations
of a andb.

If V containsat leasttwo points, V is an a±ne subspace
i®for any two distinctpoints a;b2 V, thesetV contains
thelinedeterminedby a andb, that is,thesetofall points
(1 ¡ ¸ )a + ¸b, ¸ 2 R.
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2.4 A±ne Indep endence and A±ne Frames

Corresponding to the notion of linear independencein
vectorspaces,wehave the notionof a±ne independence.

Givena family (ai )i2 I of points in an a±ne spaceE, we
will reducethe notion of (a±ne) independenceof these
points to the (linear) independenceof the families
(aiaj )j 2 (I ¡f ig) of vectorsobtainedby chosingany ai asan
origin.

First, the followinglemmashowsthat it su±cient to con-
sideronly oneof thesefamilies.

Lemma 2.4.1 Given an a±ne space hE;
¡!
E ; + i , let

(ai )i2 I be a family of points in E. If the family
(aiaj )j 2 (I ¡f ig) is linearly independent for somei 2 I ,
then (aiaj )j 2 (I ¡f ig) is linearly independent for every
i 2 I .
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De¯nition 2.4.2 Given an a±ne spacehE;
¡!
E ; + i , a

family (ai )i2 I of points in E is a±nely independent if
the family (aiaj )j 2 (I ¡f ig) is linearlyindependent for some
i 2 I .

De¯nition 2.4.2is reasonable,sinceby Lemma2.4.1,the
independenceof the family (aiaj )j 2 (I ¡f ig) does not de-
pendon the choiceof ai .

A crucialproperty of linearlyindependent vectors
(u1; : : : ; um) is that if a vectorv is a linearcombination

v =
mX

i=1

¸ iui

of the ui , then the ¸ i areunique. A similar resultholds
for a±nely independent points.
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Lemma 2.4.3 Given an a±ne space hE;
¡!
E ; + i , let

(a0; : : : ; am) be a family of m + 1 points in E. Let x 2
E, and assumethat x =

P m
i=0 ¸ iai , where

P m
i=0 ¸ i = 1.

Then, the family (¸ 0; : : : ; ¸ m) suchthat x =
P m

i=0 ¸ iai

is uniquei® the family (a0a1; : : : ; a0am) is linearly in-
dependent.

E
¡!
E

a0 a1

a2

a0a1

a0a2

Figure 2.7: A±ne independenceand linear independence

Lemma2.4.3suggeststhe notionof a±ne frame.
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Let hE;
¡!
E ; + i be a nonempty a±ne space,andlet

(a0; : : : ; am) be a family of m + 1 points in E. The
family (a0; : : : ; am) determinesthe family of m vectors

(a0a1; : : : ; a0am) in
¡!
E .

Conversely, given a point a0 in E and a family of m

vectors(u1; : : : ; um) in
¡!
E , weobtainthe familyof m + 1

points (a0; : : : ; am) in E, whereai = a0 + ui , 1 · i · m.

Thus, for any m ¸ 1, it is equivalent to considera
family of m + 1 points (a0; : : : ; am) in E, and a pair

(a0; (u1; : : : ; um)), wherethe ui arevectorsin
¡!
E .
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When(a0a1; : : : ; a0am) is a basisof
¡!
E , then, for every

x 2 E, sincex = a0 + a0x, there is a uniquefamily
(x1; : : : ; xm) of scalars,such that

x = a0 + x1a0a1 + ¢¢¢+ xma0am :

The scalars(x1; : : : ; xm) arecoordinateswith respect to
(a0; (a0a1; : : : ; a0am)). Since

x = a0 +
mX

i=1

x ia0ai i® x = (1¡
mX

i=1

x i )a0 +
mX

i=1

x iai ;

x 2 E canalsobe expresseduniquelyas

x =
mX

i=0

¸ iai

with
P m

i=0 ¸ i = 1, and where¸ 0 = 1 ¡
P m

i=1 x i , and
¸ i = x i for 1 · i · m.

The scalars(¸ 0; : : : ; ¸ m) arealsocertainkindsof coordi-
nateswith respect to (a0; : : : ; am).
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De¯nition 2.4.4 Given an a±ne spacehE;
¡!
E ; + i , an

a±ne frame with origin a0 is a family (a0; : : : ; am) of
m + 1 points in E such that (a0a1; : : : ; a0am) is a basis

of
¡!
E . The pair (a0; (a0a1; : : : ; a0am)) is alsocalledan

a±ne frame with origin a0.

Then,every x 2 E canbe expressedas

x = a0 + x1a0a1 + ¢¢¢+ xma0am

for a uniquefamily (x1; : : : ; xm) of scalars,calledthe co-
ordinates of x w.r.t. the a±ne frame
(a0; (a0a1; : : : ; a0am)).

Furthermore,every x 2 E canbe written as

x = ¸ 0a0 + ¢¢¢+ ¸ mam

for someuniquefamily (¸ 0; : : : ; ¸ m) of scalarssuch that
¸ 0 + ¢¢¢+ ¸ m = 1 calledthe barycentric coordinates of
x with respect to the a±ne frame (a0; : : : ; am).
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The coordinates(x1; : : : ; xm) and the barycentric coor-
dinates(¸ 0; : : : ; ¸ m) are relatedby the equationş 0 =
1¡

P m
i=1 x i and¸ i = x i , for 1 · i · m.

An a±neframeiscalledana±ne basis by someauthors.
The ¯gure below shows a±ne framesand their convex
hulls for jI j = 0; 1; 2; 3.

a0

a0 a1

a0 a1

a2

a0

a3

a2

a1

Figure 2.8: Examplesof a±ne framesand their convex hulls.
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A family of two points (a;b) in E is a±nely independent
i® ab 6= 0, i® a 6= b. If a 6= b, the a±ne subspace
generatedby a andbis thesetof all points (1¡ ¸ )a+ ¸b,
which is the uniqueline passingthrougha andb.

A family of threepoints (a;b;c) in E is a±nely indepen-
dent i®ab andac arelinearlyindependent, which means
that a, b, and c are not on a sameline (they are not
collinear).In this case,the a±ne subspacegeneratedby
(a;b;c) is the setof all points (1 ¡ ¸ ¡ ¹ )a + ¸b + ¹c ,
which is the uniqueplanecontaining a, b, andc.

A familyof fourpoints (a;b;c;d) in E isa±nely indepen-
dent i® ab, ac, and ad are linearly independent, which
meansthat a, b, c, and d arenot in a sameplane(they
are not coplanar). In this case,a, b, c, and d, are the
verticesof a tetrahedron.
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Given n + 1 a±nely independent points (a0; : : : ; an) in
E, we canconsiderthe setof points ¸ 0a0 + ¢¢¢+ ¸ nan,
wherȩ 0 + ¢¢¢+ ¸ n = 1 and¸ i ¸ 0, ¸ i 2 R. Such a±ne
combinationsarecalledconvexcombinations. This set
is calledthe convex hull of (a0; : : : ; an) (or n-simplex
spanned by (a0; : : : ; an)).

When n = 1, we get the segment betweena0 and a1,
includinga0 anda1.

Whenn = 2,wegettheinteriorof thetrianglewhosever-
ticesarea0; a1; a2, includingboundarypoints (theedges).

Whenn = 3,wegetthe interiorof the tetrahedronwhose
verticesarea0; a1; a2; a3, includingboundarypoints (faces
andedges).
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The set

f a0+¸ 1a0a1+¢¢¢+¸ na0an j where0 · ¸ i · 1 (¸ i 2 R)g;

iscalledtheparallelotope spanned by(a0; : : : ; an). When
E hasdimension2, a parallelotope is alsocalleda paral-
lelogram, andwhenE hasdimension3,aparallelepiped.

A parallelotope is shown in ¯gure 2.9: it consistsof the
points insideof theparallelogram(a0; a1; a2; d), including
its boundary.

a0 a1

da2

Figure 2.9: A parallelotope

Moregenerally, we say that a subsetV of E is convex,
if for any two points a;b 2 V, we have c 2 V for every
point c = (1 ¡ ¸ )a + ¸b, with 0 · ¸ · 1 (¸ 2 R).
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2.5 A±ne Maps

Correspondingto linearmaps,we have the notion of an
a±ne map.

De¯nition 2.5.1 Giventwoa±nespaceshE;
¡!
E ; + i and

hE 0;
¡!
E 0; + 0i , a function f :E ! E 0 is an a±ne map i®

for every family (ai )i2 I of points in E, for every family
(¸ i )i2 I of scalarssuch that

P
i2 I ¸ i = 1, we have

f (
X

i2 I

¸ iai ) =
X

i2 I

¸ i f (ai ):

In otherwords,f preservesa±necombinations(barycen-
ters).

A±ne mapscanbeobtainedfrom linearmapsasfollows.
For simplicity of notation,the samesymbol + is usedfor
both a±ne spaces(insteadof usingboth + and+ 0).
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Givenany point a 2 E, any point b2 E 0, andany linear

maph:
¡!
E !

¡!
E 0, the mapf :E ! E 0 de¯nedsuch that

f (a + v) = b+ h(v)

is an a±ne map.

As a moreconcreteexample,the map
µ

x1

x2

¶
7!

µ
1 2
0 1

¶ µ
x1

x2

¶
+

µ
3
1

¶

de¯nesan a±ne map in A2. It is a \shear" followed
by a translation. The e®ectof this shearon the square
(a;b;c;d) isshownin ¯gure2.10.Theimageof thesquare
(a;b;c;d) is the parallelogram(a0; b0; c0; d0).

a b

cd

a0 b0

c0d0

Figure 2.10: The e®ectof a shear

Let usconsideronemoreexample.
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The map
µ

x1

x2

¶
7!

µ
1 1
1 3

¶ µ
x1

x2

¶
+

µ
3
0

¶

is an a±ne map.

Sincewe canwrite

µ
1 1
1 3

¶
=

p
2

µ p
2

2 ¡
p

2
2p

2
2

p
2

2

¶ µ
1 2
0 1

¶
;

thisa±nemapisthecompositionofashear,followedby a
rotationof angle¼=4, followedby a magni¯cationof ratiop

2, followedby a translation.The e®ectof this mapon
the square(a;b;c;d) is shown in ¯gure 2.11.The image
of the square(a;b;c;d) is the parallelogram(a0; b0; c0; d0).

a b

cd

a0

b0

c0

d0

Figure 2.11: The e®ectof an a±ne map
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The following lemmashowsthe converseof what we just
showed. Every a±ne mapis determinedby the imageof
any point anda linearmap.

Lemma 2.5.2 Given an a±ne map f :E ! E 0, there

is a unique linear map
¡!
f :

¡!
E !

¡!
E 0, suchthat

f (a + v) = f (a) +
¡!
f (v);

for every a 2 E and every v 2
¡!
E .

The uniquelinear map
¡!
f :

¡!
E !

¡!
E 0 given by lemma

2.5.2is the linear map associated with the a±ne map
f .
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Notethat the condition

f (a + v) = f (a) +
¡!
f (v);

for every a 2 E andevery v 2
¡!
E , canbe statedequiva-

lently as

f (x) = f (a) +
¡!
f (ax); or f (a)f (x) =

¡!
f (ax);

for all a;x 2 E.

E
¡!
E

E 0 ¡!
E 0

a

f (a)

a + v

f (a) +
¡!
f (v)

= f (a + v)

v

¡!
f (v)

f ¡!
f

Figure 2.12: An a±ne map f and its associated linear map
¡!
f
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Lemma2.5.2shows that for any a±ne map f :E ! E 0,
therearepoints a 2 E, b2 E 0, anda uniquelinearmap
¡!
f :

¡!
E !

¡!
E 0, such that

f (a + v) = b+
¡!
f (v);

for all v 2
¡!
E (just let b= f (a), for any a 2 E).

Sincean a±ne map preservesbarycenters, and sincean
a±ne subspaceV is closedunderbarycentric combina-
tions,the imagef (V) of V is an a±ne subspacein E 0.

So,for example,the imageof a line is a point or a line,
the imageof a planeis eithera point, a line,or a plane.

A±ne mapsfor which
¡!
f is the identit y map arecalled

translations. Indeed,if
¡!
f = id, it is easyto show that

for any two points a;x 2 E,

f (x) = x + af (a):
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It iseasilyveri¯edthat thecompositionof twoa±nemaps
is an a±ne map.

Also,givena±ne mapsf :E ! E 0 and g:E 0 ! E 00, we
have

g(f (a + v)) = g(f (a) +
¡!
f (v)) = g(f (a)) + ¡!g (

¡!
f (v));

which showsthat
¡ ¡ ¡ !
(g ± f ) = ¡!g ±

¡!
f .

It is easyto show that an a±ne mapf :E ! E 0 is injec-

tive i®
¡!
f :

¡!
E !

¡!
E 0 is injective, and that f :E ! E 0 is

surjective i®
¡!
f :

¡!
E !

¡!
E 0 is surjective.

An a±ne mapf :E ! E 0 is constant i®
¡!
f :

¡!
E !

¡!
E 0 is

the null (constant) linearmapequalto 0 for all v 2
¡!
E .
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If E isana±nespaceofdimensionm, and(a0; a1; : : : ; am)
is an a±ne framefor E, for any othera±ne spaceF , for
any sequence(b0; b1; : : : ; bm) of m + 1 points in F , there
is a uniquea±ne map f :E ! F such that f (ai ) = bi ,
for 0 · i · m.

The following diagramillustratesthe above resultwhen
m = 2.

a0 a1

a2

¸ 0a0 + ¸ 1a1 + ¸ 2a2

b0

b1 b2

¸ 0b0 + ¸ 1b1 + ¸ 2b2

Figure 2.13: An a±ne map mapping a0; a1; a2 to b0; b1; b2.

Using a±ne frames,a±ne mapscan be represented in
termsof matrices.
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We explainhow an a±ne mapf :E ! E is represented
with respect to a frame(a0; : : : ; an) in E.

Since
f (a0 + x) = f (a0) +

¡!
f (x)

for all x 2
¡!
E , we have

a0f (a0 + x) = a0f (a0) +
¡!
f (x):

Sincex, a0f (a0), anda0f (a0 + x), canbe expressedas

x = x1a0a1 + ¢¢¢+ xna0an;
a0f (a0) = b1a0a1 + ¢¢¢+ bna0an;

a0f (a0 + x) = y1a0a1 + ¢¢¢+ yna0an;

if A = (ai j ) is then£ n-matrix of the linearmap
¡!
f over

the basis(a0a1; : : : ; a0an), letting x, y, andbdenotethe
columnvectorsof components (x1; : : : ; xn), (y1; : : : ; yn),
and(b1; : : : ; bn),

a0f (a0 + x) = a0f (a0) +
¡!
f (x)

is equivalent to
y = Ax + b:
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Note that b 6= 0 unlessf (a0) = a0. Thus, f is generally
not a linear transformation,unlessit hasa ¯xed point ,
i.e., thereis a point a0 such that f (a0) = a0. The vector
b is the \translation part" of the a±ne map.

A±ne mapsdonot alwayshavea ¯xed point. Obviously,
nonnull translationshave no ¯xed point. A lesstrivial
exampleis givenby the a±ne map

µ
x1

x2

¶
7!

µ
1 0
0 ¡ 1

¶ µ
x1

x2

¶
+

µ
1
0

¶
:

This map is a re°ectionabout the x-axis followed by a
translationalongthe x-axis.The a±ne map

µ
x1

x2

¶
7!

µ
1 ¡

p
3p

3
4

1
4

¶ µ
x1

x2

¶
+

µ
1
1

¶

canalsobe written as

µ
x1

x2

¶
7!

µ
2 0
0 1

2

¶ µ 1
2 ¡

p
3

2p
3

2
1
2

¶ µ
x1

x2

¶
+

µ
1
1

¶

which shows that it is the compositionof a rotation of
angle¼=3, followedby astretch (by a factorof2alongthe
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x-axis,andby a factorof 1=2 alongthe y-axis),followed
by a translation. It is easyto show that this a±ne map
hasa unique¯xed point.

On the otherhand,the a±ne map
µ

x1

x2

¶
7!

µ
8
5 ¡ 6

5
3
10

2
5

¶ µ
x1

x2

¶
+

µ
1
1

¶

hasno ¯xed point, eventhough
µ

8
5 ¡ 6

5
3
10

2
5

¶
=

µ
2 0
0 1

2

¶ µ
4
5 ¡ 3

5
3
5

4
5

¶
;

and the secondmatrix is a rotation of angleµ such that
cosµ = 4

5 andsinµ = 3
5.
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Thereisa usefultrick to convert theequationy = Ax + b
into what looks like a linear equation. The trick is to
consideran (n + 1) £ (n + 1)-matrix. We add 1 asthe
(n + 1)th component to the vectorsx, y, andb, andform
the (n + 1) £ (n + 1)-matrix

µ
A b
0 1

¶

sothat y = Ax + b is equivalent to
µ

y
1

¶
=

µ
A b
0 1

¶ µ
x
1

¶
:

This trick is very useful in kinematicsand dynamics,
whereA is a rotationmatrix. Such a±nemapsarecalled
rigid motions.
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If f :E ! E 0 is a bijective a±ne map, given any three
collinearpoints a;b;c in E, with a 6= b, wheresay, c =
(1 ¡ ¸ )a + ¸b, sincef preservesbarycenters, we have
f (c) = (1¡ ¸ )f (a)+ ¸f (b), which showsthat f (a); f (b); f (c)
arecollinearin E 0.

Thereis a converseto this property, which is simplerto
statewhenthe ground¯eld is K = R.

The conversestatesthat givenany bijective function
f :E ! E 0 betweentwo real a±ne spacesof the same
dimensionn ¸ 2, if f mapsany threecollinearpoints to
collinearpoints, thenf is a±ne. Theproof is rather long
(seeBerger[?] or Samuel [?]).
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Given threecollinearpoints wherea;b;c, wherea 6= c,
we have b = (1 ¡ ¯ )a + ¯ c for someunique¯ , and we
de¯nethe ratio of the sequence a;b, c, as

ratio(a;b;c) =
¯

(1 ¡ ¯ )
=

ab
bc

;

provided that ¯ 6= 1, i.e. that b 6= c. Whenb = c, we
agreethat ratio(a;b;c) = 1 .

Wewarnourreadersthat otherauthorsde¯netheratio of
a;b;c as¡ ratio(a;b;c) = ba

bc. Sincea±nemapspreserves
barycenters,it is clearthat a±nemapspreserve the ratio
of threepoints.


