Chapter 2

Basics of Axtne Geometry

2.1 Atne Spaces

For simplicity, it is assumedhat all vectorspacesinder
consideratiomrede nedoverthe eld R ofrealnumbers.

It is alsoassumedhat all families(, i)i»; of scalardhave
‘nite support. Recallthat a family (, j)i»; of scalardhas
“nite support if

,i=0foralli 21 J,
whereld isa nite subsebfl.
Obviously nite familiesof scalarshave nite support,

andfor simplici, thereademay assuméhat all families
are nite.

17
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Suppsewe have a particle moving in 3-spacend that
we wart to descrile the trajectory of this particle.

If onelooksup a good textbook on dynamics,sut as
Greemvood [?], one nds out that the particle is mod-
eledasa poirt, and that the positionof this poirt x is
determinedwvith resgectto a \frame" in R3 by a vector.

A frameis a pair

(O; (ey; &; €3))
consistingpfanorigin O (whid is a point) togethermwith
a basisof threevectors(e;; e; €s3).

For example the standardframein R3 hasorigin O =
(0; O; 0) andthe basisof threevectorse; = (1,0;0), e =
(0;1,0),andes = (0;0;1).

The positionof a point x is thende nedby the \unique
vector" from O to X.
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But wait a minute, this de nition seemdo be de ning
framesandthe positionof a point without de ningwhat
a poirt is!

Well, let usidertify points with elemets of R3.

If so, given any two points a = (aj;ag;az) and b =
(by; bp; 13), thereis a uniquefree vector denotedab from
atob thevectorab = (i a;;pi ag; bz ag).

Notethat
b= a+ ab;

additionbeingunderstod asadditionin R>.
A b

/

a

Y

Figure 2.1: Points and free vectors
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Then,in thestandardrame givenapoint X = (X1; X2; X3),
the positionof x is the vectorOx = (Xq; X2; X3), wWhidh
coincidesvith the poirt itself.

What if we pick a framewith a di®erenorigin,say - =
(! 1;! ;! 3), but the samebasisvectors(e;; e; e3)?

This time, the point x = (Xq;X»; X3) Is de nedby two
positionvectors:

Ox = (Xq; X2; X3) In the frame(O; (ey; e; €3)), and
X = (Xai ! 1 X2i ! 25 Xzj ! g) Intheframe(- ; (e1; €; €3)).
This is because

Ox =0- +-x and O- = (14! 21!53):

We notethat in the secondrame(- ; (ey; e; €3)), poirts
and positionvectorsareno longerideni ed.
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This givesus evidencahat points are not vectors.
Inspiredby physics,it is importart to de ne poirts and
propertiesof poirts that areframeinvariart.

An undesirableide-e®edlf the preseh approab shavs
up if we attemptto de nelinearconbinationsof poirts.

If we considethe changeof framefromthe frame

(O; (e1; &; €3))
to the frame

(- ; (en &2 €3));
where

O- =(ulats);

given two points a and b of coordinates(ay; ay; az) and
(by; bp; b3) with respectto the frame(O; (eq; e; €3)) and
of coordinates(al; a2; aJ) and (b}; B; ) of with respect
to the frame(- ; (ey; &; €3)), Since
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(8 a2ad) = (i 'vazi 'zasi !a)
and

(B 8) = (bri !nbei aibsi !a);
the coordinatesof .a + b with resgect to the frame
(O; (e1; &, €3)) are

(La1+ by ,a2+ by ,as+ thy);
but the coordinates
([ai+ 3 .az+ b3 .az+ by
of .a + b with respectto the frame(- ; (e1; &; €3)) are

(ar+ i ( +1)q;
a2+ o (1)
,az+ g (L +1)!s)

which aredi®erenfrom
(,ba1+M1j !1;,a2+ by o ,a3+bzj !3);

unless + 1t = 1.
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Thus, we discaereda major di®erence®etweenvectors
andpoints: the notion of linearconbination of vectorsis
basisindependef, but the notion of linear conbination
of poirts is framedependen

In orderto sahagethe notion of linear conbination of
points, somerestrictionis neededthe scalarccexciens
mustaddup to 1.

A cleanway to handlethe problemof frameinvariance
andto dealwith points in a moreintrinsic manneris to
male a clearerdistinctionbetweenpoints andvectors.

We duplicate R® into two copies,the rst copy corre-
sponding to points, wherewe forget the vector space
structure,andthe seconaopy correspndingto freevec-
tors, wherethe vectorspacestructureis importart.
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Furthermorewemaleexplicittheimportan factthat the
vectorspaceR? actson the setof points R3: Givenary
point a = (ap; ap; ag) andarny vector v = (Vq;Vo; V3),
we obtainthe point

at+v=(ap+vya+ vy azt+ Vvy);

whidh canbe though of asthe resultof translatinga to
b usingthe vectorv.

Thisaction+: R3£ R3®! R3 satis essomecrucialprop-
erties.For example,

a+ 0= a;
(a+u+v=a+ (u+tv),

andfor any two points a; b, thereis a uniquefreevector
ab sud that
b= a+ ab:

It turns out that the above properties,althoughtrivial in
the caseof R3, areall that isneededo de nethe abstract
notion of atne spacdqor atne structure).
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De nition 2.1. 1 An azne spce is eitherthe empy
set,or atriple ng; E ; +1 consistingpfa nonempy setE
(of points), avectorspaceﬂE (of translations, or free

vectors), andan action+: E £ E | E, satisfyingthe
followving conditions:

(Al)a+ 0= a, forewrya?2 E;
(A2) (a+ u)+ v=a+ (u+v) forewerya?2 E, andewery
u,v 2 E

(A3) Forany two points a;b2 E, thereisauniqueu 2 !E
suhthata+ u=nh

Theuniquevectoru 2 aE sud that a+ u = bisdenoted
asab, or sometimessbj a. Thus,we alsowrite

b=a+ ab
(orevenb= a+ (bj a)).

Thedlmensmn of the atne space hE; E ;+1 Isthe di-

mensmmllm(E) of the vectorspacei!E For simplici,
it is denotedby dim(E).
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Conditions(Al) and (A2) sa& that the (abelian) group

E actsonE, andcondition(A3) saysthat E actstran-
sitively andfaithfully onE.

Notethat
a(a+v)=yv

foralla2 E andallv 2 ﬂE , sincea(a + v) istheunique
vectorsut thata+ v=a+ a(a+ v).

Thus,b= a+ visequialert to ab = v.

It is natural to think of all vectorsas having the same
origin, the null vector.

E

Figure 2.2: Intuitiv e picture of an atne space
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For everya 2 E, considethe mappingfrom i!E to E:

ur/!a+ u;

!

whereu 2 iE , and considethe mappingfromE to E :
b7! ab;
whereb 2 E.

The compsitionof the rst mappingwith the seconds
u7!a+u7! ala+ u);

whid, in viewof (A3), yieldsu.

The compsitionof the secondvith the rst mappingis
b7! ab 7! a+ ab;
whid, in viewof (A3), yieldsh.

Thus,thesecompositionsarethe idertity from iE to !E
andtheidertity fromE to E, andthe mappingsareboth
bijections.
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When we idertify E to i!E via the mappingb 7! ab,
we s&/ that we considelE asthe vectorspaceobtained
by taking a as the origin in E, and we denoteit as

E.. Thus,anatnespacdE; E ;+i isaway of de ning
a vector spacestructure on a set of points E, without
makinga commitmento a xed originin E.

For notatlonaIS|mpI|C|ty we will oftendenotean atne
spacdE; E ;+1 as(E; E), orewenasE. The vector

spacek is calledthe vector space assaeiated with E.

Oneshouldbe carefulabout the overloadingof the ad-
dition synbol +. Addition is well-de nedon vectors,
asin u + v, the translatea+ u ofapoint a2 E by a

vectoru 2 !E Is alsowell-de ned but additionof points
a+ bdoes not make sense.

In this respect, the notationbj a for the uniquevector
u sud that b = a+ u, is somewhatonfusingsinceit
suggestthat points canbe substractedbut not added!).
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Any vectorspaceE hasan atne spacestructurespec-
| ed by choosingE = E and letting + be additionin
the vect01r spaceE . We will referto the atne struc-
ture hE ; E ,+1 on a vectorspaceasthe canonicl (or
natural) axne structure on !E :

In particular,the vectorspaceR" canbe viewed asthe
atne spacdR"; R"; +i denotedasA". In orderto dis-
tinguish betweenthe doublerole played by menbers of
R", poirts andvectorswe will denotepoints asrow vec-
tors, and vectorsas columnvectors. Thus, the action of
the vectorspaceR" over the setR" simplyviewed asa
setof poirts, is given by

0 1
Uz
(ag;::1;a0) + @ A = (@ + Ug;iii;an + Up)
Un
Wewill alsousethe corvertionthat if X = (Xq;:::;Xn) 2

R", thenthe columnvectorassaiatedwith x is denoted
asx (in boldfacenotation). Abusingthe notationslighly,
If a2 R" isapoirt, we alsowritea 2 A".
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The atne spaceA" is calledthe real atne space of
dimensionn. In mostcaseswe will considen = 1, 2; 3.

For asligtly wilderexampleconsidethe subseP of A3
consistingof all points (x; y; z) satisfyingthe equation
X°+y%i z=0
The setP is a paraloloid of rewolution, with axisOz.
The surfaceP canbe madeinto an ozcial atne space
by de ningthe action
+P£R?l P
of R2onP de pjedgud that for every poirt (x; y; X2+ y?)
onP andary \lj 2 R?,

YO
Gy X2+yA+ o= (R Uy (o U2+ (y+ V)

Axne spacesot alreadyequippgedwith anobviousvector
spacestructurearisein projective geometry Indeed,we
will sean sectior?? that the complemeinofa hyperplane
In a projective spacenasan atne structure.



2.1. AFFINE SPACES 31

Given ary three points a;b;c 2 E, sincec = a + ac,
b= a+ ab,andc= b+ bc, weget

c=b+bc=(a+ab)+ bc=a+ (ab+ bc)
by (A2), andthus,by (A3),
ab + bc = ac;

whid is knovn asChasles'identity .

Figure 2.3: Points and correspnding vectorsin atne geometry
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2.2 Axne Combinations, Barycen ters

A fundametal conceptn linearalgebrais that of a lin-
ear conbination. The correspnding conceptin atne
geometryis that of an atne conbination, alsocalleda
baryceter.

Howe\er, thereis a problemwith the naive approab in-
volvinga coordinatesystem.The problemisthat the sum
a+ b may correspndto two di®ereh points depending
on whid coordinatesystemis usedfor its computation!

Thus, someextra conditionis neededn orderfor atne
conbinationsto make sense. It turns out that iIf the
scalarssum up to 1, the de nition is intrinsic, as the
folloving lemmashawvs.
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Lemma 2.2.1 Given an axzne s E, let ()2 be
a family of points in E, and let (, j)i»; be a family of
salars. For any two points a;b 2 E, the following
properties hold:

P
It 5, .,i=1 then
X X
a+ ,ia8; = b+

121 121

P
2)If i, .,i=0, then
X

-bai:

P

X
,iaaq =
121 121

-bai:

5 |

Thus, by lemma2.2.1 for any family of poiﬂs (@)i2 In
E, forany family(, i)i2) ofscalarsudthat ., ,i= 1,
the point X
X=a+t , iaaq;
i21
IS independen of the choiceof the origina 2 E.
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Theuniquepoint x is calledthe barycenter (or barycen-
tric combination, or axtne combination) of the points
a; assignd the weights, ;. andit is denotedas

X

i
i2]

In dealingwith baryceters, it is corvenien to introduce
the notionofaweightel point, whidhisjustapair(a; , ),
wherea 2 E isapoirt, and, 2 R isascalar.

phen,givenafamily ofweigtiedpoirts ((&;; , i))i2i , where
o1, i = 1, wealsosay that the point
X
s i
i21

IS the barycenter of the family of weight@ points
((&;, 1))z
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Note that the barycemer x of the family of weighed
poirts ((&;, i))i2: Is alsothe uniquepoint sud that
X

ax = .iaa; forewrya?2 E;
121
and settinga = x, the point x is the uniquepoint sut
that X
,iXaj = O:
121

In physicalterms,the baryceter is the center of mass
of the family of weighed points ((&;; »Fb))iZ' (wherethe
masse$iave beennormalizedsothat  ,, ,i = 1, and
negative massesarealloned).
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The gure belawv illustratesthe geometrla:onstructlor@f
th l&aryceaters(gl and g, of the weighted points a;

b,j ,and c;2  and(a;i 1), (b;1),and(c;1).

] 4 ]

121

Figure 2.4: Barycerters, g, = za+ :b+ ic, g, = a+ b+c.
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2.3 Atne Subspaces

In linearalgebraa (linear)subspaceanbe characterized
asanonempy subsebfavectorspacelosedinderlinear
conbinations.In atne spacesthe notion correspnding
to the notion of (linear) subspacés the notion of atne
subspace.

It is naturalto de neanazne subspacasa subsebfan
axne spaceclosedunderaxne conbinations.

De nition 2.3.1 Given an axne spacetE; !E ;+1, a

subsetV of E is an atne subspce (of hE; E ;+1) if
for every family of points @i)iz. in V, for any family
(;,i)iz. of scalarssut that .,, . = 1, the baryceter
> , 18 belonggo V.

An axne subspaces alsocalleda °at by someauthors.
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Accordingto de nition 2.3.1the empt setistrivially an
axne subspacende\eryintersectiorof atne subspaces
IS an axne subspace.
As an exampleconsidethe subsetU of R? de nedby

U=f(x;y) 2 R*j ax+ by= cg;
l.e. the setof solutionsof the equation

ax + by= c;

whereit isassumedhat a6 Oorbé6 0.

Givenany m poirts (x;;y;) 2 U andany m scalars,
sut that | ; + ¢¢¢+ | ,, = 1, we claimthat

xn
CilXiryi) 2 U
i=1

Thus, U is an atne subspacef A2. In fact, it is just a
usualline in A2.
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It turns out that U is closelyrelatedto the subsetof R?
de nedby

U = f(x;y) 2 R*j ax+ by = 0g;

l.e. the setof solutionof the homogeneouwsjuation
ax+ by=0

obtainedby settingthe right-handsideof ax + by = cto
Zero.

Indeed,for any m scalars, ;, the samecalculationas
above yieldsthat
A a
Lixihyi) 2 U;
i=1
this time without any restriction on the |, since
the right-nand sideof the equationis null.
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1
Thus,aU isasubspacefR?. In fact, U Isone-dimensional,
andit isjust a usuallinein R.

This line can be iderti ed with a line passingthrough
the origin of A2, line whid is parallelto the line U of
equationax + by = c.

Now, if (Xg; Yo) IS ary point in U, we claimthat

U = (Xo; Yo) + aU;

where

i! . *
(Xo;Yo) + U = f(Xo+ Uy Yo+ Up) j (Uz;U) 2 U g



2.3. AFFINE SUBSPACES 41

The above exampleshavsthat the atne line U de ned
by the equation
ax+ by=c

Is obtainedby \translating" the parallelline aU of equa-
tion

ax+ by=20
passinghroughthe origin.

In fact, givenany point (Xo; Yo) 2 U,

U = (xaiyo) + U-

N\

AN

Figure 2.5: An atne line U and its direction
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More generally it is easyto prove the folloving fact.
Givenany m £ n matrix A and arny vectorb 2 R™,
the subsetJ of R" de nedby

U=fx2R"jAx = bg

IS an axne subspacef A".

Actually, obsere that Ax = b shouldreally be written
asAx~ = b, to be consistenwith our corvertion that
poirts arerepreseted by row vectors.

We canalsousethe boldfacenotationfor columnvectors,
In which casehe equationis written asAx = b.

If we considelthe correspndinghomogeneousquation
Ax = 0, the set

!U =fx2 R"jAx = Og

Is a subspacef R", andfor any xo 2 U, we have

U:Xo+i!UI

This is a generakituation. Atne subi!spacesan alsobe
characterizedn termsof subspacesf E .
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Givein any point a 2 E and ary subseti\/ of i!E , let
a+ V denotethe following subsetof E -

a+{/ =fa+vjv?2 iI\/g:

1
Lemma 2.3.2 Let hE; E ;+1 be an atne space.

(1) A nonempty subsetV of E is an atne subspce

I®, for everypoint a2 V, the set

i
\/a:faijZVg

i i
IS a subspoe of E. Cons@uently,V = a+ \/a.
Furthermore,

é\/ =fxy | x;y2 Vg

1
IS a subspce of i!E and \/a = i\/ for all a 2 E.
Thus,V = a+

i
(2) For any subspce ’\/ of E , for any a2 E, the set
V =a+ R/ IS an atne subspce.

The subspacé/ assgiatedwith anatne subspac® is
calledthe direction of V.
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It Is cl?arthat the map +: V1£ i\/ 'V inducedby

+:E£ E ! E conferdo hv: \/ ‘+| anazxne structure.

i
Figure 2.6: An axne subspaceV and its direction K/

By the dimensiorofthe subspac¥ , we meanthe dimen-
sionof K/ .

An atne subspacefdimensiorl is calledaline, andan
axne subspacef dimensior? is calleda plane.

An axne subspacef cadimensionl is calledan hyper-
plane.
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We sa&/ that two axne subspacell andV are parallel
If their dlrectlonsareldertlcal Equialertly, smceU

i\/ , wehaveU = a+ U andV = b+ iU foranya2 U
and any b2 V, andthus,V is obtainedfrom U by the
translationab.

(the a;'s neednot be dlstlnct).

We say that threepoirts a; b;c arecollinear, if the vec-
torsab andac arelinearlydependen

If two of the poirts a;b;c aredistinct, say a 6 b, then
thereis a unique 2 R, sud that ac = , ab, andwe
de netheratio & = | .

We say that four poirts a; b;c;d arecoplanatr, if the vec-
torsab; ac, andad, arelinearlydependen
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Lemma 2.3.3 Given an atzne spmce hE; i!E ,+1, for
anyfgmily (a;)i2) of poi|3ts In E, thesetV of barycen-
ters ., .ia (Where ., ,; = 1) is the smalest
atne subspce containing (a;)i2;

Givena nonempy subsetS of E, the smallestatne sub-
spaceof E generatedy S is oftendenotedashSi. For

examplea line speci edby two distinct points a andbis

denotedasha; b, or even(a;b), andsimilarly for planes,
etc.

Remarks Sinceit canbe shavn that the baryceter of
n weighed points canbe obtainedby repeatedcomputa-
tions of baryceters of two weighied points, a nonempy

subseV of E isanatnesubspac&®for everytwo poirts

a;b2 V, thesetV cortainsall baryceitric conbinations
of a andb.

If V cortainsat leasttwo points, V is anatne subspace
I®for any two distinctpoints a; b2 V, thesetV conains
thelinedeterminedy a andb, that is, the setofall poirts
(1i ,)a+ b, 2R.
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2.4 Azxne Indep endence and Atne Frames

Correspndingto the notion of linear independencan
vectorspacesye have the notionof atne indegendence.

Givena family ()2, of points in an axne space:, we
will reducethe notion of (atne) independencef these
points to the (linear) independenc®f the families
(@igy)j2q it ig Of vectorsobtainedby chosingary a asan
origin.

First, the follovinglemmashavsthat it suxciern to con-
sideronly oneof thesefamilies.

Lemma 2.4.1 Given an atzhe spce hE; aE +1, let
(a)i2; be a family of points in E. If the family
(@igy)j2af ig IS linearly independentfor somei 2 |,
then (aia))j2a it ig IS linearly independent for every
12 1.
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De nition 2.4.2 Given an axne spacetE; i!E ,+1, a
family (&)i2, of points in E Is atnely independent if
the family (aia;); 2 it ig) IS linearlyindependen for some
12 1.

De nition 2.4.2is reasonablesinceby Lemma2.4.1 the
independenceof the family (a;ja;)j2¢ it ig doesnot de-
pendonthe choiceof a;.

A crucialproperty of linearlyindependen vectors

i=1
of the u;, thenthe , ; areunique. A similarresultholds
for atnely independen poirts.
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i
Lemma 2.4.3 Given an athe spce hE; E +1, let
(20;:::;8m) be a family of m+ 1 points ingE. Letx 2

E, andassume:hatx— ia;, whee . = 1
Then the family (, o;:::;, m) suchthatx = 1.3
IS uniquei® the family (apas;:::;apam) is linearly in-
dependent
E E
dpdy
dpAdq

Figure 2.7: Atne independenceand linear independence

LemmaZ2.4.3suggestthe notion of atne frame.
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1
Let hE; E ;+1 beanonempy axne spaceandlet
(ag;:::;am) be afamily of m + 1 points in E. The
family (ag;:::;an) determineghe family of m vectors

(@0ay;:::;a0am) In E.

Thus, forany m | 1, it is equialent to considera
family of m + 1 poirts (ap;:::;am) In E, and a pair
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X X X
X=a+ Xaa I® x=(1j Xi)d+  Xia&;
i=1 i=1 i=1
X 2 E canalsobe expressedniquelyas

X0
X = s i
i=0
: Pm Pm
with  Z,,i = 1, andwhere, o = 1§ ;.;X;, and
ci=Xxjforl- 1- m.
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1
De nition 2.4.4 Givenan atne spacdE; E ;+1, an

i

of E. The pair (ag; (agas;:::;apam)) Is alsocalledan
axne frame with origin ao.

Then,eweryx 2 E canbe expresseds

X = g+ X1a0a; + ¢CC+ Xmapam

Furthermoregewery x 2 E canbe written as

X =, 080+ CC+ | mam
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An azxneframeis calledanazxne basis by someauthors.
The gure belav shavs atne framesand their corvex
hullsforjlj = 0; 1, 2; 3.

ay

Figure 2.8: Examplesof atne framesand their convex hulls.
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A family of two points (a;b) in E isaxznely independen
®ab 6 0,i®a 6 b If a 6 b the axne subspace
generatedy a andbisthe setofall points (1j |, )a+ b,
whid is the unigqueline passinghrougha andb.

A family of threepoints (a; b;c) in E isatnely indepen-
den i®ab andac arelinearlyindepende, whidh means
that a, b, and c are not on a sameline (they are not

collinear).In this casethe atne subspacgeneratedy

(a;b;c) isthe setofall points (1j , j *)a+ b + *c,

whid is the uniqueplaneconaining a, b, andc.

A family of four poirts (a; b;c;d) in E isaxnelyindepen-
dert i®ab, ac, andad arelinearlyindegende whid
meanghat a, b, ¢, andd arenot in a sameplane(they
are not coplanar). In this case,a, b, ¢, andd, arethe
verticesof a tetrahedron.
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E, we canconsideithe setof points | gap + ¢¢¢+  La,,
where, o+ ¢¢¢+  ,=1and,;, 0,,i 2 R. Suh atne
conbinationsare calledconvex combinations. This set

Whenn = 1, we get the segmeinbetweenay and ag,
iIncludingag anda;.

Whenn = 2,wegettheinterior of thetrianglewhosever-
ticesareag; a;; ay, includingboundarypoirts (the edges).

Whenn = 3,wegettheinterior of the tetrahedronwvhose
verticesareag; az; ay; az, includingboundarypoints (faces
andedges).
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The set
fagt, japa1+ CCE LapanjwhereO- - 1(,i 2 R)g;

E hasdimensior?, a paralleloto is alsocalleda paral-
lelogram, andwhenE hasdimensior8, a parallelepiped.

A parallelotog is shavn in gure 2.9: it consistsof the
points insideof the parallelogranfag; a;; ay; d), including

Its boundary
ay d

—

do a1
Figure 2.9: A parallelotope

More generallywe say that a subsetV of E is convex,
If for any two points a;b2 V, wehavec 2 V for ewvery
poitc=(1j ,)a+ ,b,with0- , - 1(, 2 R).



2.5. AFFINE MAPS 57

2.5 Atne Maps

Correspndingto linear maps,we have the notion of an
axne map.

De nition 2.5.1 GiventwoatnespacebE; !E ,+1 and

hE?’ EEO;+Q, a functionf :E ! EYisana*ne map i®
for every family (a;)io, of Ip_pirts In E, for every family

(, )i21 ofscalarsud that ., ,i = 1,wehave

X X
fFC Lia)= ., if(@):
i21 i21
In otherwords,f preseresaxne conbinations(barycen-
ters).

Axne mapscanbe obtainedfrom linearmapsasfollows.
For simplicity of notation,the samesynbol + is usedfor
both a+ne spaceginsteadof usingboth + and+9.
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Givenary point a2 E, arny point b2 E® andary linear

maph:!E ! iEO, themapf:E ! E°%de nedsud that

f (a+ V) = b+ h(v)

IS an atne map.

As a moreconcreteexamplethe map

1 1 ‘H ‘H
M X o, M 1 9 Ll ) M
X2 . 0 1 X2 1
de nesan atne map in A% It is a \shear" folloved
by a translation. The e®ecbf this shearon the square
(a;b;c;d) isshavnin gure2.10.Theimageofthesquare

(a;b;c;d) is the parallelogran{a® b’ c® d9.

Figure 2.10: The e®ectof a shear

Let us considelonemoreexample.
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The map
|l 1 1 1
IJX1 7] “1 1 Hxl +H3
X2 ' 1 3 X2 0
IS an atne map.
Sincewe canwrite
P P~
h 1ﬂ_péu§2 iﬁzﬂul Al
1 3 7? 7? O 1 °

this atne mapisthe compsitionof a shearfollovedby a
tation of anglev#4, follovedby a magni cationof ratio
2, folloved by a translation. The e®ecbf this mapon

the square(a; b;c;d) isshavnin gure 2.11. The image

of the squarga; b;c;d) is the parallelogranfa® b’ c® d9.
CO

dO

d c

P

a p a0
Figure 2.11: The e®ectof an atne map
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The folloving lemmashavsthe corverseof what we just
shaved. Every atne mapis determinedy the imageof
any point anda linearmap.

Lemma 2.5.2 Givenan atne mapf:E! EY there
1

IS a unigque linear map ¥ :!E ! fEO, suchthat

f(a+v)="1(a)+ i!f (V);

1
for everya2 E and everyv 2 E .

i
The uniquelinear map ¥ :i!E ! EEO given by lemma
2.5.2is the linear map assaeiated with the axzne map
f.
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Notethat the condition
f(a+tv)="1(a)+ i!f (V);

foreverya 2 E andeweryyv 2 !E , canbe statedequina-
lertly as

f(x)="1(a)+ i!f (ax); or f(a)f(x)= !f (ax);

foralla;x 2 E.

f
Figure 2.12: An azne map f and its asswiated linear map f
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Lemmaz2.5.2shavsthat for any atne mapf:E ! E°
therearepoints a2 E, b2 E® anda uniquelinearmap

’
i!f o EEO, sut that

f(a+v)=Db+ i!f (V);
forallv 2 !E (ustletb= f (a), forany a2 E).

Sincean atne map preseresbaryceters, and sincean
axne subspacd/ is closedunderbarycetric conbina-
tions, the imagef (V) of V is an atne subspacé E°

So,for examplethe imageof a line is a poirt or a line,
the imageof a planeis eithera poirt, aline, or a plane.

Axne mapsfor whidh i!f IS the identity map are called

translations. Indeed,f T = id, it is easyto shav that
for any two points a;x 2 E,

f (x) = x+ af(a):



2.5. AFFINE MAPS 63

It iseasilyeri edthat the compsitionoftwo atnemaps
IS anatne map.

Also,givenatnemapsf :E ! E%andg:E°! E%we
have

g(f (a+v)) = o(f (a) + " V) = of (@) + 'g (af (V));

. e ow l
which shavsthat {g+f) = fg t!f .

It is easyto sh(wthat anaxnemapf:E ! ECisinjec-
tive |®f !E ! Eolsmjectl\,e andthat f:E ! EPCis
SUI’jeC'[I\BI®|1f :! ! FE Ois surjectie.

An atnemapf:E ! E%isconstan i®!f :iE ! Eois
the null (constan) linearmapequalto O for all v 2 !E :
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IS a uniqueatne mapf:E ! F sud that f () = b,
forO- 1 - m.

The following diagramillustratesthe above resultwhen
m= 2.

b < P

L1+, oy

Figure 2.13: An atne map mapping ap; a;; a, to by; by; bp.

Using axne frames,atne mapscan be represeted in
termsof matrices.
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We explainhov anatne mapf:E ! E isrepreseted

Since i!
f(ap+ x)="1(a0) + T (X)

forall x 2 !E . we have

aof (ap + X) = apf(ag) + af (X):

Sincex, aof (ag), andagf(ag + X), canbe expresseds

X = X1apa; + CCC+ X apan;
aof (ap) = byagay + ¢¢¢+ bhaoan;
aof (ag + X) = yjapa; + ¢CC+ y,apan;

If A = (&) isthen£ n-matrix of thelinearmap i!f over

the basis(apay;:::;apan), letting x, y, andb denotethe
columnvectorsof compnens (X1;:::;Xn), (Y1;:::;Yn),
and (by; @205 ),

a0f (30 + X) = af (a0) + ' (X)

IS equialert to
y = AX + b:
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Notethat b6 O unlesd (ap) = ap. Thus,f is generally
not a lineartransformation,unlesst hasa xed point,

l.e.,thereis a point ag sud that f (ag) = ap. The vector
bis the \translation part" of the atne map.

A+ne mapsdo not always have a xed point. Obviously
nonrull translationshave no xed poirt. A lesstrivial
examplas givenby the atne map
1 1 1 )
H X1 7] H 1 O H X1 + H 1 _
X2 0 i1 X2 0]

This mapis a re°ectionabout the x-axisfolloved by a

translationalongthe x-axis. The atne map
VU IR VAN i BV (VO |
X1 7] plf), I 3 X1 + 1

X2 7

canalsobe written as

Al

p_
O T L
7!
X2 0]

NIk O

whidh shavs that it is the comsition of a rotation of
anglev/=3, follonvedby a stretd (by afactorof2 alongthe
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x-axis,and by a factorof 1=2 alongthe y-axis),folloved
by a translation. It is easyto shav that this azne map
hasa unique xed poirt.

On the otherhand,the atne map

TR ERRTIRRNE ST BT
10

X2 E X2 1

hasno xed point, evxenthough
u T u To

3 2
3 5 =

0 5 0
andthe secondnatrix is a rotation of angleu sud that

cogu= £ andsinu= 3.

gl
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Thereis a usefultrick to corvertthe equationy = Ax + b
iInto what looks like a linear equation. The trick is to
consideman (n + 1)£ (n + 1)-matrix. We add 1 asthe
(n+ 1)th compnen to the vectorsx, y, andb, andform
the(n+ 1)£ (n+ 1)-matrix
M A b‘ﬂ
0 1

sothat y = Ax + bisequialert to

Myﬂ “A bﬂu ﬂ

1 - 01 1

This trick is very usefulin kinematicsand dynamics,
whereA is arotation matrix. Sud axtne mapsarecalled
rigid motions.
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If f:E ! EYis a bijective atne map, given ary three
collinearpoints a;b;c in E, with a 6 b, wheresay, c =
(i ,)a+ b, sincef preseresbaryceters, we have
f(c)= (4 ,)f (a+.f (b, whidhshavsthatf (a);f (b);f (c)
arecollinearin E°

Thereis a corverseto this property, whid is simplerto
statewhenthe ground eld isK = R.

The corversestatesthat givenary bijective function
f:E ! EO°betweentwo real atne space®f the same
dimensiom | 2,if f mapsary threecollinearpoirts to
collineamoints, thenf isaxne. The proofisratherlong
(seeBerger[?] or Sanuel [?]).
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Given three collinearpoints wherea;b;c, wherea 6 c,
wehaveb= (1 )a+ c forsomeunique , andwe
de netheratio of the sequene a;b, ¢, as

ratio(a; b;c) = 1) = 22;
providedthat 6 1,i.e. that b6 c. Whenb = c, we
agreghat ratio(a;b;c) = 1 .

Wewarn ourreaderghat otherauthorsde netheratio of
a;b;casj ratio(a;b;c) = % Sinceatne mapspreseres
baryceters,it is clearthat atne mapspreseretheratio
of threepoints.



