Chapter 2

Basics of Affine Geometry

2.1 Affine Spaces

Suppose we have a particle moving in 3-space and that
we want to describe the trajectory of this particle.

If one looks up a good textbook on dynamics, such as
Greenwood |[?], one finds out that the particle is mod-
eled as a point, and that the position of this point x is
determined with respect to a frame in R® by a vector.

A frame is a pair

(O, (61, €2, 63))

consisting of an origin O (which is a point) together with
a basis of three vectors (e, eg, €3).

15
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For example, the standard frame in R? has origin
O = (0,0,0) and the basis of three vectors e; = (1,0, 0),
eo = (0,1,0), and e3 = (0,0, 1).

The position of a point x is then defined by the “unique
vector” from O to .

But wait a minute, this definition seems to be defining
frames and the position of a point without defining what
a point is!

Well, let us identify points with elements of R?.

If so, given any two points a = (a1, as, az) and
b = (b1, by, bs), there is a unique free vector denoted ab
from a to b, the vector ab = (by — ay, by — as, b3 — as).

Note that

b=a+ ab,

addition being understood as addition in R?.
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/

Figure 2.1: Points and free vectors

Then, in the standard frame, given a point x = (x1, x2, x3),
the position of x is the vector Ox = (x1, x9, x3), which
coincides with the point itself.

What if we pick a frame with a different origin, say
() = (w1, ws, ws3), but the same basis vectors (eq, e, €3)?

This time, the point x = (x1, x9, x3) is defined by two
position vectors:

Ox = (1, 29, x3) in the frame (O, (e1, €9, €3)), and

Ox = (r1—w1, Ta—wa, T3—ws) in the frame (€2, (e1, €9, €3)).
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This 1s because

Ox =0+ Qx and O = (wy, wq, ws3).

We note that in the second frame (€2, (e1, €9, €3)), points
and position vectors are no longer identified.
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This gives us evidence that points are not vectors.
Inspired by physics, it is important to define points and
properties of points that are frame invariant.

An undesirable side-effect of the present approach shows
up if we attempt to define linear combinations of points.

If we consider the change of frame from the frame

<07 <617 €2, 63))

to the frame
<Q7 (617 €2, €3>)7

where

O = (wl, w2, CU3),
given two points a and b of coordinates (ay, as, ag) and
(b1, bo, b3) with respect to the frame (O, (e, s, €3)) and
of coordinates (a}, a), ay) and (b}, b5, b5) of with respect
to the frame (€2, (e1, €2, €3)), since
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(alla @/27 a’3) = (Cll — Wi,09 — Wy, a3 — w3)

and
( /17 /27 bé) — (bl — Wi, b2 — W2, b3 — w3>7

the coordinates of Aa + ub with respect to the frame
(O, (e1, €9, €3)) are

(Aa1 + pb1, Aag + pbs, Aas + bs),
but the coordinates
(Adi + pbl, Ay + pby, Aag + pbs)
of Aa + pb with respect to the frame (€, (e, €9, e3)) are

()\CLl + ,LLb1 — ()\ + ,Lb)wl,
Aag + by — (A + p)wo,
Aas + pbs — ()\ + /L)LU3)

which are different from
<>\a1 + by — wr, Aas + pby — wo, Aag + bz — wg),
unless A+ p = 1.
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Thus, we discovered a major difference between vectors
and points: the notion of linear combination of vectors is
basis independent, but the notion of linear combination
of points is frame dependent.

In order to salvage the notion of linear combination of
points, some restriction is needed: the scalar coeflicients
must add up to 1.

A clean way to handle the problem of frame invariance
and to deal with points in a more intrinsic manner is
to make a clearer distinction between points and vectors.

We duplicate R? into two copies, the first copy, R>, cor-
responding to points, where we forget the vector space
structure, and the second copy, R?, corresponding to
free vectors, where the vector space structure is impor-
tant.
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Furthermore, we make explicit the important fact that the
vector space R? acts on the set of points R?: Given any
point a = (aq, as, a3z) and any vector v = (vq, vg, V3),
we obtain the point

a—+v = (a1+vl,a2+vg,a3+v3)a

which can be thought of as the result of translating a to
b using the vector v.

This action +: R? x R? — R? satisfies some crucial prop-
erties. For example,

a+0 = a,
(a+u)+v = a+ (u+v),

and for any two points a, b, there is a unique free vector
ab such that
b= a+ ab.

It turns out that the above properties, although trivial in
the case of R?, are all that is needed to define the abstract
notion of affine space (or affine structure).
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Definition 2.1.1 An affine space is either the empty
H
set, or a triple (E, F/,+) consisting of a nonempty set F
H
(of points), a vector space E (of translations, or free

H
vectors), and an action +: F X E — FE. satisfying the
following conditions:

(A1) a4+ 0 = a, for every a € F;
(A2) (a+u)+v=a+ (u+wv), for every a € E, and every

—>

u,v e E;

—

(A3) For any two points a,b € E, there is a unique u € E
such that a +u = 0.

H
The unique vector v € E such that a4+ u = b is denoted
as ab, or sometimes as b — a. Thus, we also write

b=a+ab
(oreven b=a+ (b —a)).
.

The dimension of the affine space (FE, E ,+) is the di-

— —
mension dim( F ) of the vector space E . For simplicity,
it is denoted by dim(FE).
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Conditions (A1) and (A2) say that the (abelian) group

E actson E , and condition (A3) says that E acts tran-
sitwely and faithfully on E.

Note that
ala+v)=uv
H

foralla € Fandallv € E | since a(a + v) is the unique
vector such that a +v =a+ala+v).

Thus, b = a + v is equivalent to ab = v.

[t is natural to think of all vectors as having the same
origin, the null vector.

Figure 2.2: Intuitive picture of an affine space
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H
For every a € E, consider the mapping from E to E:

ur—a-+u,

— . . —
where u € FE', and consider the mapping from £ to E':
b — ab,

where b € F.

The composition of the first mapping with the second is
u+— a+u— ala+u),

which, in view of (A3), yields w.

The composition of the second with the first mapping is
b+— ab — a + ab,
which, in view of (A3), yields b.

— —>
Thus, these compositions are the identity from E to E
and the identity from E to E, and the mappings are both
bijections.
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H
When we identify £ to E via the mapping b — ab,
we say that we consider E as the vector space obtained
by taking a as the origin in E, and we denote it as

H
E,. Thus, an affine space (E, E ,+) is a way of defining
a vector space structure on a set of points E, without
making a commaitment to a fized origin in E.

For notational simplicity, we will often denote an affine
— —
space (F, E,+) as (E, E), or even as . The vector

H
space E' is called the vector space associated with E.

One should be careful about the overloading of the ad-
dition symbol +. Addition is well-defined on vectors,
as in u + v, the translate a + v of a point a € E by a

N
vector u € FE is also well-defined, but addition of points
a + b does not make sense.

In this respect, the notation b — a for the unique vector
uw such that b = a + u, is somewhat confusing, since it
suggests that points can be substracted (but not added!).
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—

Any vector space E has an affine space structure spec-
ﬁ

ified by choosing £ = E, and letting 4+ be addition in
—
the vector space E. We will refer to the affine struc-

— — .

ture ( E/, E,+) on a vector space as the canonical (or
H

natural) affine structure on E .

In particular, the vector space R" can be viewed as the
affine space (R", R", +) denoted as A". In order to dis-
tinguish between the double role played by members of
R", points and vectors, we will denote points as row vec-
tors, and vectors as column vectors. Thus, the action of
the vector space R" over the set R" simply viewed as a
set of points, is given by

Uy
(a1, ... an)+ | ¢ | =(ar+ug, ... a6, + uy).
Un
We will also use the convention that if z = (zq,...,x,) €

R" then the column vector associated with x is denoted
as x (in boldface notation). Abusing the notation slightly,
if a € R" is a point, we also write a € A",
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The affine space A" is called the real affine space of
dimension n. In most cases, we will consider n =1, 2, 3.

For a slightly wilder example, consider the subset P of A?
consisting of all points (x,y, z) satisfying the equation
z* + y2 — 2z = 0.
The set P is a paraboloid of revolution, with axis Oz.
The surface P can be made into an official affine space
by defining the action
+:PxR*— P
of R? on P defined such that for every point (z, vy, 2°+y*)

on P and any (:j) c R?,

(z,y, 2° +y°)+ <5) = (z4+u, y+v, (z+u)*+(y+v)?).

Affine spaces not already equipped with an obvious vector
space structure arise in projective geometry. Indeed, the
complement of a hyperplane in a projective space has an
affine structure.
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Given any three points a,b,c¢ € E. since ¢ = a + ac,
b=a+ ab, and c = b+ bc, we get

c=b+bc=(a+ab)+bc=a+ (ab+ bc)
by (A2), and thus, by (A3),
ab + bc = ac,

which is known as Chasles’ identity.

Figure 2.3: Points and corresponding vectors in affine geometry
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2.2 Affine Combinations, Barycenters

A fundamental concept in linear algebra is that of a lin-
ear combination. The corresponding concept in affine
geometry is that of an affine combination, also called a
barycenter.

However, there is a problem with the naive approach in-
volving a coordinate system. The problem is that the sum
a + b may correspond to two different points depending
on which coordinate system is used for its computation!

Thus, some extra condition is needed in order for affine
combinations to make sense. [t turns out that if the
scalars sum up to 1, the definition is intrinsic, as the
following lemma shows.
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Lemma 2.2.1 Given an affine space E, let (a;);cr be
a family of points in E, and let (\;)ier be a family of
scalars. For any two points a,b € E, the following
properties hold:

(1) If Y .c; \i =1, then

a + Z Naa;=0b+ Z A;ba;.

iel il
(2) If Y .c; Ni =0, then

Z Aaa; = Z A;ba;.

el el

Thus, by lemma 2.2.1, for any family of points (a;);cr in
E, for any family (\;);e; of scalars such that > ., \; = 1,

the point
r=a-+ Z \;aa;

iel
is independent of the choice of the origin a € F.

el



32 CHAPTER 2. BASICS OF AFFINE GEOMETRY

The unique point x is called the barycenter (or barycen-
tric combination, or affine combination) of the points
a; assigned the weights A\; and it is denoted by

Z >\iCL2'~

In dealing with barycenters, it is convenient to introduce
the notion of a weighted point, which is just a pair (a, A),
where a € F is a point, and A € R is a scalar.

Then, given a family of weighted points ((a;, A;));er, where
> icr Ni = 1, we also say that the point

Z )\7;0,2'

is the barycenter of the family of weighted points
((% )\i))z’EL
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Note that the barycenter x of the family of weighted
points ((a;, A;))ier is also the unique point such that

ax — Z Aaa; forevery a € F,
i€l

and setting a = x, the point x is the unique point such

that
Z Axa; = 0.

el

In physical terms, the barycenter is the center of mass
of the family of weighted points ((a;, \;))ier (Where the
masses have been normalized, so that ) ., A; = 1, and
negative masses are allowed).

el
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The figure below illustrates the geometric construction of

the barycenters ¢g; and g of the weighted points (a 1),
(b,%), and (¢, 3), and (a, —1), (b, 1), and (c, 1).

72

' 4
' 4

Figure 2.4: Barycenters, g; = }la + %lb + %c, go=—a+b+ec.
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2.3 Affine Subspaces

In linear algebra, a (linear) subspace can be character-
ized as a nonempty subset of a vector space closed under
linear combinations. In affine spaces, the notion corre-
sponding to the notion of (linear) subspace is the notion
of affine subspace.

It is natural to define an affine subspace as a subset of an
affine space closed under affine combinations.

H
Definition 2.3.1 Given an affine space (E, F,+), a

subset V' of E is an affine subspace (of (F, §,+>) if
for every family of points (a;);e; in V, for any family
(A;)ier of scalars such that > ., A\; = 1, the barycenter
> icr Aia; belongs to V.

el

An affine subspace is also called a flat by some authors.
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According to definition 2.3.1 the empty set is trivially an
affine subspace, and every intersection of affine subspaces
is an affine subspace.

As an example, consider the subset U of R? defined by
U= {(z,y) € R*| ax + by = c},
i.e. the set of solutions of the equation
ax + by = c,
where it is assumed that a # 0 or b # 0.

Given any m points (z;,7;) € U and any m scalars \;
such that A\ +---+ A\,, = 1, we claim that

m

Z Ni(xi,yi) € U.

1=1

Thus, U is an affine subspace of A% In fact, it is just a
usual line in A%,
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[t turns out that U is closely related to the subset of R?
defined by

77 2
U ={(z,y) € R | ax + by = 0},
i.e. the set of solutions of the homogeneous equation
axr + by =0

obtained by setting the right-hand side of ax + by = ¢ to
Z€10.

Indeed, for any m scalars A;, the same calculation as
above yields that

zm: N(ziy) € U,

i=1
this time without any restriction on the \;, since
the right-hand side of the equation is null.
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Thus, U isasubspace of R*. Infact, U is one-dimensional,
and it is just a usual line in R?.

This line can be identified with a line passing through
the origin of A? line which is parallel to the line U of
equation ax + by = c.

Now, if (xg, yo) is any point in U, we claim that

—
U = (fo,y())—l— U7

where

—>

N
(Cffoyyo) + U = {(:U0+u1,y0+u2) | (ul,ug) S U}-
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The above example shows that the affine line U defined
by the equation

ax + by = c

N

is obtained by “translating” the parallel line U of equa-
tion

axr + by =0
passing through the origin.

In fact, given any point (z,yg) € U,

—>

U = <Qf0,y0)‘|‘ U.

N\

<l

N

Figure 2.5: An affine line U and its direction
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More generally, it is easy to prove the following fact:

Given any m X n matrix A and any vector b € R™,
the subset U of R" defined by

U={zeR"| Az = b}

is an affine subspace of A".

Actually, observe that Ax = b should really be written
as Arx' = b, to be consistent with our convention that
points are represented by row vectors.

We can also use the boldface notation for column vectors,
in which case the equation is written as Ax = b.

If we consider the corresponding homogeneous equation
Az = 0, the set

H
U={zeR"| Az =0}
is a subspace of R", and for any xy € U, we have

N
U:370—|—U.

This is a general situation. Affine subspaces can also be

H
characterized in terms of subspaces of E'.
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e

Given any point a € E and any subset V' of E ., let
a + 7 denote the following subset of F:

— —
a+V ={a+v|ve V}

Lemma 2.3.2 Let (E, E, +) be an affine space.

(1) A nonempty subset V. of E is an affine subspace
iff, for every point a € V', the set

N
V,=H{ax |z €V}

_ — —
15 a subspace of E . Consequently, V = a + V.
Furthermore,

—
T

{xy | z,y e V}

— — —
1s a subspace of £ and V, = V for all a € E.
Thus, V:a+7.

—>

(2) For any subspace V  of ﬁ, for any a € E, the set

H
V=a+V is an affine subspace.

H
The subspace V' associated with an affine subspace V' is
called the direction of V.
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—

[t is clear that the map +:V x V — V induced by
+Ex E — E confers to (V, 7, +) an affine structure.

—

) E

—
Figure 2.6: An affine subspace V' and its direction V

By the dimension of the subspace V', we mean the dimen-

] e d
sion of V.

An affine subspace of dimension 1 is called a line, and an
affine subspace of dimension 2 is called a plane.

An affine subspace of codimension 1 is called an hyper-
plane.
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We say that two affine subspaces U and V' are parallel

—
if their directions are identical. Equivalently, since U =
—

V', we have U = a+ﬁ>, and V = b+7, for any a € U
and any b € V', and thus, V' is obtained from U by the
translation ab.

In general, when we talk about n points aq,...,a,, we
mean the sequence (aq, ..., a,), and not the set
{ai,...,a,} (the a;’s need not be distinct).

We say that three points a, b, ¢ are collinear, if the vec-
tors ab and ac are linearly dependent.

If two of the points a, b, ¢ are distinct, say a # b, then
there is a unique A € R, such that ac = Aab, and we

define the ratio % = \.

We say that four points a, b, ¢, d are coplanar, if the vec-
tors ab, ac, and ad, are linearly dependent.
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Lemma 2.3.3 Given an affine space (F, ﬁ,—i—}, for
any family (a;);er of points in E, the set V' of barycen-
ters > .. Nia; (where Y .. A\ = 1) is the smallest
affine subspace containing (a;)ic;.

Given a nonempty subset S of E, the smallest affine sub-
space of E generated by S is often denoted by (S) (of
aff(9)). For example, a line specified by two distinct
points a and b is denoted as (a,b), or even (a,b), and
similarly for planes, etc.

Remarks: Since it can be shown that the barycenter of
n weighted points can be obtained by repeated computa-
tions of barycenters of two weighted points, a nonempty
subset V' of F is an affine subspace iff for every two points
a,b € V. the set V contains all barycentric combinations
of a and b.

If V' contains at least two points, V' is an affine subspace
iff for any two distinct points a, b € V', the set V' contains

the line determined by a and b, that is, the set of all points
(1—=Xa+ b, A € R.
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Let us go back to the problem (see Chapter 1) of finding
a plane that best fits a set of points, {p1,...,pn}, in A%,

We explained that we can solve our problem in the least
squares sense by minimizing
n
Z(sz‘ + by; + czi + d)°

1=1

But then, there is something wrong with our formula-

tion of the problem because the least squares solution s
a=b=c=d=0

We forgot to ensure that solutions of our problem must
satisfy the condition

(a,b,¢) # (0,0,0),
in order to have a well-defined plane.
The plane that we are looking for is not parallel to the

x-axis (a # 0) or not parallel to the y-axis (b # 0) or not
parallel to the z-axis (¢ # 0).
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Say we have reasons to believe that this plane is not par-
allel to the z-axis. If we are wrong, in the least squares
solution, one of the coefficients, a, b, will be very large.

If ¢ # 0, then we may assume that our plane is given by
an equation of the form

z=ax + by +d.

Then, our least squares problem is to minimize

n

Z(CLCC@' +by; +d — zz-)Q

i=1
This time, we get a solution (a, b, 1, d), which is not triv-
1al.
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It turns out that solving in the least-squares sense may
give too much weight to “outliers”, that is, points clearly
outside the best-fit plane. In this case, it is preferable to
minimize (the ¢;-norm)

n

Z lax; + by; + d — z].

i=1
This does not appear to be a linear problem but we can
use a trick to convert this minimization problem into an

LP!
Note that |x| = max{x, —z}. So, our minimization prob-
lem is equivalent to the LP:

minimize er1+---+tey
subject to ar; + by, +d — z; < e
—(az; + by, +d — z;) < e
1 <1< n.

Observe that the constraints are equivalent to
e; > |lax; + by; +d — 2, 1 <i<n,

equality holding for an optimal solution.
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2.4 Affine Independence and Affine Frames

Corresponding to the notion of linear independence in
vector spaces, we have the notion of affine independence.

Given a family (a;);e; of points in an affine space E, we
will reduce the notion of (affine) independence of these
points to the (linear) independence of the families

(ajaj) je(r—{:}) of vectors obtained by chosing any a; as an
origin.

First, the following lemma shows that it sufficient to con-
sider only one of these families.

Lemma 2.4.1 Given an affine space <E,E>,+>, let
(a;)icr be a family of points in E. If the family

(ajaj) je(r—fiy) s linearly independent for some i € 1,
then (aia;)jer—gi1) 18 linearly independent for every
1€ 1.
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Definition 2.4.2 Given an affine space (FE, ﬁ,—i—}, a
family (a;);er of points in E is affinely independent if
the family (aja;);jec(7—g:) is linearly independent for some
1€ 1.

Definition 2.4.2 is reasonable, since by Lemma 2.4.1, the
independence of the family (ajaj);e(r—gi1) does not de-
pend on the choice of a;.

A crucial property of linearly independent vectors
(w1, ..., Upy) is that if a vector v is a linear combination

m
UV = E )\Z’LLZ
1=1

of the wu;, then the \; are unique. A similar result holds
for affinely independent points.
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Lemma 2.4.3 Given an affine space <E,E>,—I—>, let
(ag, - .., an) be a family of m+1 points in E. Let x €
E, and assume that x =Y "  \ia;, where Y " A = 1.
Then, the family (X, ..., Am) such that x =" Na;

is unique iff the family (apay, . .., apay) is linearly in-
dependent.
_
E E
e5
‘ i aoaz‘
Qo aj apay

Figure 2.7: Affine independence and linear independence

Lemma 2.4.3 suggests the notion of affine frame.
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Let (E, ﬁ, +) be a nonempty affine space, and let
(ag, ..., an) be a family of m 4+ 1 points in E. The

family (ao, ..., an) determines the family of m vectors
—
(apay, ...,apay) in F.

Conversely, given a point ag in £ and a family of m

H
vectors (uq, ..., uy,) in E, we obtain the family of m+ 1
points (ag, . . ., a;) in K, where a; = ag+u;, 1 <1 < m.

Thus, for any m > 1, it 1s equivalent to consider a

family of m + 1 points (ag,...,ay,) in E, and a pair
—
(ag, (u1, ..., un)), where the u; are vectors in E .
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H
When (apay,...,apay) is a basis of F | then, for every
x € F, since x = ay + agx, there is a unique tamily
(x1, ..., xy,) of scalars, such that

Tr = ap+ xr1apay + - + nagdm-

The scalars (x4, ..., z,) are coordinates with respect to
(CLQ, (aoal, c. ,agam)). Since

m m m
Tr = ap+ E T;d0di ift = (1 — E CE’@)CLO + E Xy,

x € F can also be expressed uniquely as

m
r = E )\Z'CLZ'
1=0

with " A = 1, and where A\p = 1 — > ", x;, and

The scalars (A, .. ., A;) are also certain kinds of coordi-
nates with respect to (ag, ..., an).
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H
Definition 2.4.4 Given an affine space (E, FE ,+), an
affine frame with origin ay is a family (ag, ..., a,) of
m + 1 points in F such that (agay,...,apay) is a basis

H
of E. The pair (ag, (apay, ..., apay)) is also called an
affine frame with origin ay.

Then, every x € E can be expressed as

Tr = ag+ riapary + -+ padgdm

for a unique family (1, ..., x,,) of scalars, called the
coordinates of x w.r.t. the affine frame
(ao, (aoai, . .., a0am)).

Furthermore, every x € E can be written as
x = Mg+ -+ A\nam

for some unique family (A, ..., A,,) of scalars such that
Ao+ -+ Ay, = 1 called the barycentric coordinates of
x with respect to the affine frame (ag, ..., ay).
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The coordinates (x1, . .., Z;,) and the barycentric coordi-
nates (Ao, ..., Ap) are related by the equations
M=1-=> " x;and \; = x;, for 1 <i < m.

An affine frame is called an affine basis by some authors.

The figure below shows affine frames and their convex
hulls for [I| =0,1,2, 3.

as

o Qa aq

apgo——oaq aq c > A9

ai

Figure 2.8: Examples of affine frames and their convex hulls.
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A family of two points (a, b) in E is affinely independent
iff ab # 0, iff a # b. If a # b, the affine subspace
generated by a and b is the set of all points (1 — X)a+ b,
which is the unique line passing through a and b.

A family of three points (a, b, ¢) in E is affinely indepen-
dent iff ab and ac are linearly independent, which means
that a, b, and ¢ are not on a same line (they are not
collinear). In this case, the affine subspace generated by
(a, b, c) is the set of all points (1 — X — p)a + Ab + puc,
which is the unique plane containing a, b, and c.

A family of four points (a, b, ¢, d) in F is affinely indepen-
dent iff ab, ac, and ad are linearly independent, which
means that a, b, ¢, and d are not in a same plane (they
are not coplanar). In this case, a, b, ¢, and d, are the
vertices of a tetrahedron.
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Given n + 1 affinely independent points (ag, ..., a,) in
FE, we can consider the set of points A\gag + - - - + A,an,
where A\g+---+ A, =1and \; > 0, \; € R. Such affine
combinations are called convexr combinations. This set
is called the convex hull of (ay,...,a,) (or n-simplex
spanned by (ag, ..., a,)).

When n = 1, we get the segment between ay and aq,
including ay and a;.

When n = 2, we get the interior of the triangle whose ver-
tices are ag, ay, as, including boundary points (the edges).

When n = 3, we get the interior of the tetrahedron whose
vertices are ag, a1, as, ag, including boundary points (faces
and edges).
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Barycentric coordinates are very convenient for finding
the equation of a line passing through two given points
or for determining the intersection of two lines.

For example, given any two distinct points a, b in A? of
barycentric coordinates (ag, a1, as) and (bg, b1, by) with
respect to any given affine frame, the equation of the line
(a,b) determined by a and b is

a b() z
ay b1 r| — O,
ay by y

or equivalently

(a2b0 — CL()bQ)CE + (CL()bl — Cllb())y + (Cblbg — agbl)z — O,

where (z, x, y) are the barycentric coordinates of the generic
point on the line (a, b).

The above can be generalized to find the equation of the
plane determined by three affinely independent points in
A3 and more generally, of the hyperplane determined by
n affinely independent points in A".



58 CHAPTER 2. BASICS OF AFFINE GEOMETRY
If a line, D, is given by the equation
ar +by+c=0
with a # 0 or b # 0, with respect to (nonbarycentric) co-
ordinates (x, y), then in barycentric coordinates, (z, z, y),
as T+ y + z = 1, the line D is given by
(a+c)z+ (b+c)y +cz=0.

Observe that a + ¢ =b+c = c it a = b = 0, which is
impossible, by hypothesis.

Thus, in barycentric coordinates, a line is given by an
equation
ur + vy +wz = 0,

where u # w or v # w or u # v.

The triple (u,v,w) is called a set of tangential coordi-
nates for the line D.

Then, given two lines D and D’ in A? defined by tangen-
tial coordinates (u, v, w) and (u/, v’ w’) let

u v

w

/ !/ !/ / / !/

d=1|du v | =vw —wv+wi —uw +u —ou.
1

I 1
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It can be shown that D and D’ have a unique intersection
point iff d # 0, and that when it exists, the barycentric
coordinates of this intersection point are

]‘ / / / / / /
—(vw’ —wv', wu —uw', uv — vu).

d
It can also be shown that D and D’ are parallel iff d = 0.

More is true. Given three lines D, D', and D", at least
two of which are distinct, and defined by tangential coor-
dinates (u,v,w), (v',v",w’), and (v, v", w"), it can be
shown that D, D', and D" are parallel or have a unique
intersection point iff
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The set
{ap+Napai+- - -+ A apa, | where 0 < \; <1 (\; € R)},

is called the parallelotope spanned by (ayg, . . . , a,). When
F has dimension 2, a parallelotope is also called a paral-
lelogram, and when E has dimension 3, a parallelepiped.

A parallelotope is shown in figure 2.9: it consists of the
points inside of the parallelogram (ag, a1, as, d), including

its boundary:.
a2 d

_—

ap aq
Figure 2.9: A parallelotope

More generally, we say that a subset V' of E is convex,

if for any two points a,b € V', we have ¢ € V for every
point ¢ = (1 — AN)a + Ab, with 0 < A <1 (X € R).
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2.5 Affine Maps

Corresponding to ltnear maps, we have the notion of an
affine map.

H
Definition 2.5.1 Given two affine spaces (F/, E ,+) and

H
(E', E',+"), a function f: E — E'is an affine map iff
for every family (a;);e; of points in E| for every family
(Ai)ier of scalars such that ) ., A; = 1, we have

f(z )\iai> = Z Az’f(ai)-

In other words, f preserves affine combinations (barycen-
ters).

Affine maps can be obtained from linear maps as follows.
For simplicity of notation, the same symbol + is used for
both affine spaces (instead of using both + and +').
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Given any point a € E, any point b € E’, and any linear

—

_
map h: £ — E’ the map f: E — E’ defined such that
fla+v)=b+ h(v)

is an affine map.

As a more concrete example, the map

()= (o ) () ()

defines an affine map in A% It is a shear followed by
a translation. The effect of this shear on the square
(a, b, ¢, d) is shown in figure 2.10. The image of the square
(a,b, c,d) is the parallelogram (a’, ', ¢, d").

d d

Figure 2.10: The effect of a shear

Let us consider one more example.
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()= (a) () 6)

is an affine map.

The map

Since we can write

11:\@@—@ 1 2
1 3 vz 2 0 1)

this affine map is the composition of a shear, followed by a
rotation of angle 7 /4, followed by a magnification of ratio
V2, followed by a translation. The effect of this map on
the square (a, b, ¢, d) is shown in figure 2.11. The image
of the square (a, b, ¢, d) is the parallelogram (a’, ¥/, ¢, d').

C/

d
d c
A
a b CL/

Figure 2.11: The effect of an affine map
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The following lemma shows the converse of what we just
showed. Every affine map is determined by the image of
any point and a linear map.

Lemma 2.5.2 Given an affine map f: E — E’, there
1s a unique linear map f: E — E°, such that

fla+v)=fla)+ f (v),

—

for every a € E and everyv € E.

The unique linear map f: EF — E' given by lemma

2.5.2 1s the linear map associated with the affine map

f.
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Note that the condition

fla+v) = fla)+ f (v),

H
for every a € F/ and every v € E | can be stated equiva-

lently as
fl@)= fla)+ [ (ax), or fla)f(x) = [ (ax),

for all a,x € F.

&y

oQ
S
_I_
<

)

_>
Figure 2.12: An affine map f and its associated linear map f



66 CHAPTER 2. BASICS OF AFFINE GEOMETRY

Lemma 2.5.2 shows that for any affine map f: £ — E/,

there are points @ € E, b € E’, and a unique linear map
— —

N
f: E — E’ such that
N
flatv)=b+ f(v),
forallv e E (just let b = f(a), for any a € F).

Since an affine map preserves barycenters, and since an
affine subspace V' is closed under barycentric combina-
tions, the image f(V') of V is an affine subspace in E’.

So, for example, the image of a line is a point or a line,
the image of a plane is either a point, a line, or a plane.

Affine maps for which 7 is the identity map are called

N
translations. Indeed, if f = id, it is easy to show that
for any two points a,z € E,

f(z) = x + af(a).
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It is easily verified that the composition of two affine maps
is an affine map.

Also, given affine maps f: F — E' and g: E/ — E", we
have

g(fla+v) = g(fl@)+ [ () =g(f(@)+ T (f (v)),

—

: —
which shows that (go f)= ¢ o f.

It is easy to show that an affine map f: £ — E’ is injec-
— — —
tive iff f: E — E'isinjective, and that f: £ — E' is
— — —
surjective iff f: E — E’ is surjective.

— — —_
An affine map f: £ — E'is constant iff f: E — E' is
the null (constant) linear map equal to 0 for all v € E.
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If F is an affine space of dimension m, and (ag, a1, . . . , an,)
is an affine frame for F/, for any other affine space F', for
any sequence (bg, by, ..., by,) of m+ 1 points in F| there
is a unique affine map f: £ — F such that f(a;) = b;,
for 0 < <m.

The following diagram illustrates the above result when
m = 2.
by by

as

oXobo/H A1b1 + ANaby

oo\t A1aq + Aaas

ao ai

bo

Figure 2.13: An affine map mapping ag, ay, as to by, by, bs.

Using affine frames, affine maps can be represented in
terms of matrices.
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We explain how an affine map f: £ — E is represented
with respect to a frame (ay, ..., a,) in E.

Since
—

flao+z) = flao) + [ (2)

R
for all x € E |, we have

aof (ag + x) = apf(ag) + 7(56)

Since z, apf(ag), and apf(ag + x), can be expressed as

Tr = T1Qp9a1 + -+ + Tpadpan,
aof(ag) = biapa; + - - - + byapay,
aof (ag + x) = y1apa1 + - - - + Ypa0an,

H
if A= (a;;)is the n X n-matrix of the linear map f over

the basis (agay, . .., apay), letting x, y, and b denote the
column vectors of components (1, ..., %), (Y1, -, Yn),
and (by,...,b,),

aof(ag + x) = apf(ag) + 7(:10)

is equivalent to
y = Ax +b.
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Note that b # 0 unless f(ag) = ag. Thus, f is generally
not a linear transformation, unless it has a fized point,
i.e., there is a point ag such that f(ag) = ag. The vector
b is the translation part of the affine map.

Affine maps do not always have a fixed point. Obviously,
nonnull translations have no fixed point. A less trivial
example is given by the affine map

L1 s 1 0 1 i 1

X9 0 —1 I9 0 .
This map is a reflection about the x-axis followed by a
translation along the x-axis. The affine map

()~ (& 7)) -()
X9 @ i X9 1
can also be written as
I . 2 0 % —§ I 4 1
i) 0 5 @ % i) 1

which shows that it is the composition of a rotation of
angle 7 /3, followed by a stretch (by a factor of 2 along the

| =
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r-axis, and by a factor of 1/2 along the y-axis), followed
by a translation. It is easy to show that this affine map
has a unique fixed point.

On the other hand, the affine map

()= ) E)0)

has no fixed point, even though

8§ _6 4 _3
)60 )
10 5 2 5 5

and the second matrix is a rotation of angle € such that

cos ) = % and sin @ = %
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There is a useful trick to convert the equation y = Ax+b
into what looks like a linear equation. The trick is to
consider an (n + 1) X (n + 1)-matrix. We add 1 as the
(n+ 1)th component to the vectors z, y, and b, and form
the (n + 1) x (n + 1)-matrix

(5 1)

so that y = Ax + b is equivalent to

y\ (A Db x
1) \0 1 1)
This trick is very useful in kinematics and dynamics,

where A is a rotation matrix. Such affine maps are called
rigid motions.
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If f:E — E'is a bijective affine map, given any three
collinear points a, b, c in E, with a # b, where say, ¢ =
(1 — N)a + Ab, since f preserves barycenters, we have

f(c) = (1=X)f(a)+Af(b), which shows that f(a), f(b), f(c)

are collinear in E’.

There is a converse to this property, which is simpler to
state when the ground field is K = R.

The converse states that given any bijective function
f:E — E' between two real affine spaces of the same
dimension n > 2, it f maps any three collinear points to
collinear points, then f is affine. The proof is rather long
(see Berger [?] or Samuel [?]).

The above theorem is often referred to (pompously!) as
the fundamental theorem of affine geometry
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Given three collinear points a, b, ¢, where a # ¢, we have
b= (1— (B)a+ Pc for some unique 3, and we define the
ratio of the sequence a,b, c, as

6 ab
1-5) b
provided that 3 # 1, i.e. that b # ¢. When b = ¢, we
agree that ratio(a, b, ¢) = oco.

ratio(a, b, ¢) =

We warn our readers that other authors define the ratio ot
a,b, c as —ratio(a, b, ¢) = 2. Since affine maps preserves
barycenters, it is clear that affine maps preserve the ratio

of three points.



