Mathematics 622
Assignment 5 (Shatz)
Due Thursday, December 1, 2003

1 Part A

Al Say X is a complex variety and assume X is non-singular. Prove X is Z-connected <= X irreducible. If
X is again a cx. variety and Xy is its non-singular locus, prove X is Z-connected <= X is norm connected.

ATl If © is a function on a covering, X, of Y, and © satisfies an equation
O" 4+ 7*(a1)O" '+ ...+ 7% (a,) =0
where 7: X — Y and a; € T'(Y, Oy), prove the estimate used in lecture:

(V¢ € X)(1I0(&)I < 1+ max{far(x(E))I], - -, [lan(x(£))I})-

AIII. (Eine kleine Garben Theorie)
Here F,S,F', F", etc., are sheaves of Ox-modules on the cx. variety X. Of course, F is locally free of rank
r iff v
(Vz € X)(FopenU 3 x)(F|U — O%|U).
The maps need not patch on the overlaps. We make the Ox-algebra, Symy, (F), where

Syme, (F) = [[(F®ox -+ ®oy F)/T
n>0

n

and 7 is the sheaf of two-sided ideals generated by a ® 3 — 8 ® a. Write Symep  (F) = [[,,5¢ S"™(F)-

a) Show Symy, (F) is a f.g. Ox-algebra if F is a f.g. Ox-module (cf. appendix A) and locally looks
like A[Z1,...,Zn]/J, where A =T'(U,Ox|U) and U is affine open in X. Then Spec A[Z1,...,Z,]/T = Vu
and the cx. affine varieties Vi; glue together on overlaps where U meets U, (another affine open). This gives
a cx. variety V and it has a morphism 7 : V' — X. Call this variety V(F). Show that V(F) is the total
space of a vector bundle of rank 7 iff F is locally free of rank r as Ox-module. Prove: F ~~» V(FP) is an
equivalence of categories: locally free finite rank sheaves and finite rank vector bundles over X.

b) If

0 F F F 0
is an exact sequence of loc. free sheaves, then

(b1) (¥r)(ST(F)) has a filtration

and

f(l)/]_'(l-i-l) o~ Sl(]:/) ® Sr—l(]_—//)
(b2) (Vr)( A"(F) has a filtration

NF) =FO > FH ... 0 FHD = (0)

and
r—I

f(l f(l+1 %/l\ /\ JT//))

[t



AIV. Prove on R?" the collection of cx. structures is the homogeneous space
GL(2n,R)/GL(n,C)

via class (= orbit) of A ~ A7YJA, where J is the usual cx. structure. Make a suitable generalisation for
the tangent bundle, T'x, of a 2n-dimensional R-manifold which is almost complex (given J: Tx — Tx).

AV. Prove: A sheaf, F, is fine iff Hom(F,F) is soft. Prove further that softness is local on X; that is, F
is soft iff each x € X has a neighbourhood, U, s.t. VS C U with S closed in X, the map F(U) — F(S5) is

surjective.

2 Part B

BI. a) Prove the Basic Extension Theorem. If X is locally compact and of our type as a topological
space underlying a cx. variety (more generally, X is paracompact) and if S is a norm-closed subspace, then
for all sheaves, F,

(Vs € F(S)(=T(S,F)))(3 neighborhood U D S) and a prolongation of s to a section o € F(U)).

b) Show each flasque sheaf is soft.
c¢) Hypotheses as in a), then V.S—closed,

F(S)=T(S,F) = lim F(U), U-open.
UDS

d) If
0 F F F 0

is exact, and F', F are soft, so is F".

e) If F is a fine sheaf and S is any sheaf of abelian grps, then F ®z S is a fine sheaf (thus, also soft).

BII. (Euler Sequence and consequences)
Here X = P™. Have the homogeneous coordinate ring, S = C[Zy, ..., Z,]. For each graded S-module, M, we
define the k-fold Serre twist, M (k), of M, via M = [],;., Ma, then M (k)q = My 4. Each graded S-module,

M, gives an Ox-module, M, as follows:

1) a(x) EM(x)
2) (Vz e U)(FopenV 3 2,V CU), so that
B — .
PUM = o:U— [T May| 3) @m e My, and 3f € 8, with

v 2 —a(y),VyeV)

(Of course, here M(,) = localisation at  in homog. sense, i.e., things of the form 7%, deg(m) = deg(f).)

f’
Then, we find
M(1)f = M* @ Ox(1), where Ox(1)=S(1)*

and more generally,
M(k)* = M* @ Ox (k).

Let QL = Ker (8: A"” — A""); this is the sheaf of germs of holomorphic 1-forms on X.

a) Establish the Fuler sequence:

0— Qb — H Opn(—1) — Opn — 0.

(n+1) times



(Begin with S = C[Zy, ..., Z,]. Look at H(n+1) times O (—1); it has basis eg, e, . . . , ey, as graded S-module.
Map each e; to Z;; this gives a graded (deg 0) S-module map

[Is¢-1)—s,

n+1

write K for its kernel. Show K* = Q% = O}, and from 0 ——= K —— ][, S(~1) ——= S show the

Euler sequence.)

b) Use the Euler sequence, induction and Fine kleine Garben Theorie (prob. AIII) to compute:
HP = HI(P", Q2,).

Note: This is the proof I want, not any of the others in books.

c¢) Compute as well
HI(P", SPQL.).

BIII. Consider a morphism X —— S of cx. varieties. On X, we have O% as Ox-module. For any variety,
T, over S (i.e., morphism ¢: T — S) we make the set

_ 1) E is aloc. free, rank k sheaf on X [T
Grassx/s(k,n)(T) = {E’ 2)3 surjection O% ®sOp — E — 0 } .

The association T~ Grassx,s(k,n)(T) is a cofunctor from cx. varieties over S to Sets—is it representable
is what we want to know here.
a) Take S = X = SpecC, show G(n, k), the cx. Grassmanian, represents Grassc,c(k,n).

b) Prove: If Grassx,/s(k,n) is representable when S is affine, it is always representable, thus we may
assume S is affine.

c) Take X = S = affine, prove Grassg,s(k,n) is representable.
d) Do the same if X is finite and flat over S.

The existence of Grassx,s(k,n) depends vitally on the structure of X over S.



