Chapter 5

Homological Algebra

5.1 Introduction

Homological Algebra has now reached into almost every corner of modern mathematics. It started with the
invasion of algebra into topology at the hands of Emmy Noether. She pointed out that the ranks and “torsion
coeflicients” computed for various spaces were just the descriptions of finitely generated abelian groups as
coproducts of cyclic groups; so, one should instead study these “homology invariants” as homology groups.
Algebraic topology was born.

In the late 30’s through the decade of the 40’s, the invasion was reversed and topology invaded algebra.
Among the principal names here were Eilenberg, MacLane, Hochschild, Chevalley and Koszul. This created
“homological algebra” and the first deeply influential book was in fact called “Homological Algebra” and
authored by H. Cartan and S. Eilenberg (1956) [9].

Our study below is necessarily abbreviated, but it will allow the reader access to the major applications
as well as forming a good foundation for deeper study in more modern topics and applications.

5.2 Complexes, Resolutions, Derived Functors

From now on, let A denote an abelian category; think of Mod(R), where R is a ring, not necessarily
commutative. This is not so restrictive an example. The Freyd-Mitchell embedding theorem [15, 40], says
that each “reasonable” abelian category admits a full embedding into Mod(R) for a suitable ring R.

We make a new category, Kom(.A), its objects are sequences of objects and morphisms from A:

—n —n+1 -1 0 n
A L gt AT A A 40 o q o qn Y ekl

in which d'*! o d’ = 0, for all 4. That is, its objects are complexes from .A.

Such a complex is usually denoted by A® (sometimes, (A°®,d®)). The morphisms of Kom(.A) are more
complicated. However, we have the notion of “premorphism”: (A®,d®*) = (B*,§*). This is a sequence, ¢°,
of morphisms from A, where ¢": A™ — B™ and we require that for all n, the diagram

An i) An+l

wni lcpn«#l

Bn ?. Bn+1
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commutes. Such ¢’s are called chain maps, or cochain maps. The collection of complexes and their chain
maps forms the category PreKom(.A).

Remarks:

(1) Write A,, = A~". This notation is usually used when A® stops at A" (correspondingly, write d,, for
d—").

(2) A complex is bounded below (resp. bounded above) iff there is some N > 0 so that A* = (0) if k < —N
(resp. A¥ = (0) if k > N). It is bounded iff it is bounded above and below. The sub (pre)category of
the bounded complexes is denoted PreKom”(A).

(3) If A¥ = (0) for all k < 0, we have a cohomological complex (right complex or co-compler).

(4) If AF = (0) for all k > 0, then we use lower indices and get a homological complex (left complex, or
just complex).

(5) The category A has a full embedding in PreKom(A) via A — A®, where A* = (0) if k # 0 and A° = A
and all d* = 0.

(6) Given a sequence, {A™}>2

n—=—oo

from A, we get an object of PreKom(.A), namely:

0

_ _ _ 0
A ni)A ntl 0 4 1L>A0—>A1 0

y A2 —

where all maps are the zero map. Since Kom(A) and PreKom(A) will have the same objects, we will
drop references to PreKom(.A) when objects only are discussed.

(7) Given (A®,d®) in Ob(Kom(A)), we make a new object of Kom(A): H®(A®), with
H"(A®*) = Ker d"/Im d"~! € Ob(A),

and with all maps equal to the zero map. The object H®(A®) is the homology of (A®,d®).

Nomenclature. A complex (A°®,d*) € Kom(A) is acylic iff H*(A®) = (0). That is, the complex (A®,d®) is
an exact sequence.

Given A € Ob(A), a left (acyclic) resolution of A is a left complex, Py = {P,}52, in Kom(A) and a
map Py — A so that the new complex

Py — Py — -~ Py —sA—0
is acyclic. A right (acyclic) resolution of A € Ob(A) is the dual of a left acyclic resolution of A considered
as an object of AP.

We shall assume of the category A that:

(I) A has enough projectives (or enough injectives, or enough of both). That is, given any A € Ob(A)
there exists some projective object, Py, (resp. injective object Q°) and a surjection Py — A (resp.
an injection 4 — Q).

Observe that (I) implies that each A € Ob(.A) has an acyclic resolution P, — A — 0, with all P,
projective, or an acyclic resolution 0 — A — Q°, with all Q™ injective. These are called projective
(resp. ingective) resolutions. For Mod(R), both exist. (For Sh(X), the category of sheaves of abelian
groups on the topological space, X, injective resolutions exist.)

(IT) A possesses finite coproducts (resp. finite products, or both). This holds for Mod(R) and Sh(X).
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Remark: The following simple fact about projectives will be used in several of the subsequent proofs: If
we have a diagram

in which
(1) P is projective.
(2) The lower sequence is exact (i.e., Im ¢ = Ker ).
(3) ¥of=0,

then there is a map 0: P — A lifting [ (as shown by the dotted arrow above). Indeed, ¥ o f = 0 implies that
Im f C Ker #¢; so, we have Im f C Im ¢, and we are reduced to the usual situation where ¢ is surjective.
Of course, the dual property holds for injectives.

Proposition 5.1 Suppose we are given an exact sequence
0—A A4 0

and both A" and A" possess projective resolutions P, — A" — 0 and P) — A” — 0. Then, there ewists
a projective resolution of A, denote it P, and maps of complexes P, — Ps and Py — P), so that the
diagram

Pe Pe

0 P, P, P} 0
0 Yy V) 0
0 0 0

commutes and has exact rows and columns. A similar result holds for injective resolutions.

Proof. We have 0 — P! — P, — P/ — 0 if P, exists and P)/ is projective. So, the sequence would
split and P, = P/ IT P". Look at

s
P ‘n
0— P — P 11P! — P! — 0.
n
P’L

We have a map P,, — P, via i), o ¢,; we also have the map id — i/ o ¢,, and
ono(id =i 0 pn) = Yn — Pnoin 0y = @, —idl 0 Pp = ©n — n = 0.
It follows that id — i/ o ¢, factors through ,, i.e.,
id —i" ogn: Py — P. Y P,

So, we may speak of “elements of P,,” as pairs z, = (2},,2)), where !, = ¢, (z,) and
1

(id — i o pp)(xy) = @y — il (al)) = a!,. Therefore,

2 = Sl () = (7).
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This shows that for every n, we should define P, as P, 11 P/. We need d, on P,. The map d,, takes P, to
P, _1. These d, should make the diagram

0——> P . —— Py Pl 0
\Ld;LJrl J{dn{»l \de+1
0 P p . pr 0
ld; J{dn ldi—i
Yn—1 Pn—1

Pl 0

)—— P/ > P4
commute and d,, o d, 41 = 0. In terms of pairs, x,, = (z,,x]), where ¥, (x},) = (z/,,0) and ¢, (x,) =z, the
commutativity of the lower left square requires

dy(x),,0) = (d,x,,0).

nend

How about (0,z])? Observe that we have ¢,,_1d,,(0,z]) = d/!(x!!). Write d,,(0,2]!) = (ap—1,Bn—1); We
know that ¢, _1(an—1,8,-1) = Bn_1, thus,

dn(0,27) = (a1, dinxll).

So, we need a map 0,,: P/ — P!_,; namely 0, (z])) = ay,—1, the first component of d,,(0,z!/). If we know
0, then

dn(wn) = dn(ay,,27) = dn((27,0) + (0,27))
= (d,(2,),0) + dn(0,2;,)
= (dn(27),0) + (On(a7,), ()

(d(27,) + On (7). dyy (27,)).
Everything would be OK in one layer from P, to P,_1, but we need d,, o d,,+1 = 0. Since

dn+1(xn+1) = d7l+1(xib+17x’lri+l) = ( {rz+1(x;z+1) =+ 9n+1(53x+1)7 {r:-‘rl(‘r;i-‘,-l))a

we must have

dpodny1(Tny1) = (dy,od, y(2),1) +dy 00nia(ah 1) +0nody (2 ) dyody (1))
(0 B (1) + 0 (a711),0) =

Therefore, we need
d 0B+ 0,0 derl =0, foralln>1. (tn)

The case n = 0 requires commutativity in the diagram

0 Py Py Py 0
d dy dy
;%o ®o "
0 P P, P} 0
0 A A 0
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Since Pj is projective, there is a map o: P} — A so that
poo =¢".

We can now define e. We have e(zg) = e((z(,2()) = €((x(,0)) + €((0,2()) and e((z(,0)) = e (xf), as the
lower left square commutes. We also have

(e(0,25)) = €"(0(0,20)) = €"(x5) = ¢o(g).
Consequently, €((0,z()) — o(zy) is killed by ¢ and it follows that
e((xg, 20)) = ve'(xp) + o (ag)-
We construct the map 6,, by induction on n and begin with n = 1. Note that
0= edy (o, ) = e(dy (z1) + 02(2), d{ (27)) = ve'(dy () + O1(27)) + od (7).

Therefore, we need to have

»e'0y + od] = 0. ()
Construction of 6;: In the diagram
P/
—ody
r
By A—— 4 — 0

as Py’ is projective, the map —od{ lifts to a map 6y: P;’ — PJ; thus (ff) holds.

Next, we construct #: Consider the diagram

1!
1)
0
2 leld;’
L
/ /
Py Py o A 0.

d
If we know that € (—61dj) = 0, we can lift our map and get 05, as shown. But, apply ¢, then by (if), we get
»e'bhdy = odidy = 0.

Yet, v is an injection, so €'61dy = 0. Thus, the map 0- exists and we have d}f; = —6,dY, i.e. (1) holds.

Finally, consider the case n > 1 and assume the 6, are constructed for » < n and (fx) holds for all
k <n — 1. By the induction hypothesis,

7d;z—10nd;:,+1 = 9n,_1d§{d§{+1 =0.

We have the diagram

11
Pn+1
Ongr
o i_end;{“’l
ya
P/ P/ Pl
a4 > n—1 a > n—2
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in which P}, is projective, —d;,_,60,d;' ., = 0 and the lower sequence is exact. Therefore, —0,d, ,, lifts to
0n+1 so that
d/nan+1 = _ond'lr;—Fl?

which is (f,,). The case of injectives follows from the dual category. []

Definition 5.1 Say

a3" axnt? dy! df dy
X XX, xntl X L x1 X, x0 OX oyl 00, xn 2X, el L
and
" dyntt gt dy az
ei Ly XY,y Y oyl Yy Yoy Ly DYyt

are objects of Kom(A). A homotopy between two maps f®,¢®: X®* — Y* is a sequence, {s"}, of maps
s": X™ — Y"1 50 that
fr—g"=s""ody + d$71 os™, for all n,

as illustrated in the diagram below:

an—1 an
1 X X
Xn— Xn Xn+1 - = ...
n n+1
An—1 s AT S An+L
Ynfl i Yy o Yn+1 B
Y

where A" = f — g™.

Remark: From f® and ¢® we get two maps on homology:
HE(f*): H*(X®*) — H*(Y®)
H(g*): H*(X*) — H*(Y").
But, when f® and g® are homotopic, these maps on homology are equal. Indeed,
H(f* —¢*) = H*(s**ld*) + H*(d* 's*)
= H*(s*Y)H*(d®) + H*(d* ") H"*(s°).
As H*(d*) =0 and H*(d* ') =0, we get
H*(f*) = H*(¢*) = H*(f* = ¢°) =0,
as claimed.

Now, based on this, we define the category Kom(.A) by changing the morphisms in PreKom(.A).

Definition 5.2 Kom(.A) is the category whose objects are the chain complezes from A and whose morphisms
are the homotopy classes of chain maps of the complexes.

Theorem 5.2 Under the usual assumptions on A, suppose P*(A) — A — 0 is a projective resolution of
A and X*(A") — A" — 0 is an acyclic resolution of A’. If &: A — A’ is a map in A, it lifts uniquely
to a morphism P®(A) — X*(A’) in Kom(A). [ If0 — A — Q°*(A) is an injective resolution of A and
0 — A" — Y*(A) is an acyclic resolution of A’, then any map £: A" — A lifts uniquely to a morphism

Y*(A)) — Q*(A) in Kom(A).]
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Proof. We begin by proving the existence of the lift, stepwise, by induction. Since we have morphisms
€: Py(A) - Aand £: A — A, we get a morphism  oe: Py(A) — A’ and we have the diagram

Po(A)
fo = lgoe
o
Xo(4A') Al 0.

As Py(A) is projective, the map fo: Py(A) — Xo(A’) exists and makes the diagram commute. Assume the
lift exists up to level n. We have the diagram

dr, . P
Poi1(A) /"~ Pn(A)L 1 (A) — -

lfn lfﬂ %)

X1 (A) —— Xn(A) —> Xpoa(4) —> -+
n+1 n

so we get a map f, od? 1 Poi1(A) — X, (4’) and a diagram

Pn+1 (A)

frnt1
frodl )
A

Xn41(A) —— Xn(4) X Xn-1(A7).

But, by commutativity in (}), we get

dr)z( ofno d5+1 =fn-10 df: °© d5+1 =0.
Now, P,,11(A) is projective and the lower row in the above diagram is exact, so there is a lifting
frt1t Poy1(A) — X1 (A'), as required.

Now, we prove uniqueness (in Kom(A)). Say we have two lifts {f,} and {g,}. Construct the homotopy
{sn}, by induction on n.

For the base case, we have the diagram

el

Xi(4A) — Xo(A') —= A — 0.

di

As €'(fo — go) = (£ — &§)e = 0, the lower row is exact and Py(A) is projective, we get our lifting
So - Po(A) — Xl(A/) with fo — go = diXSO.

Assume, for the induction step, that we already have sq, ..., s,_1. Write A,, = f,, — gn, then we get the
diagram

P"L(A) — n—l(A) —— n_g(A) _— e

o e

X1 (A) —> Xn(A) —> X1 (4) Xpo
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There results a map A, — s, 1 0dl: P,(A) — X, (A") and a diagram

P (A)
iAnsn_lodf

Xn41(A") —— Xn(4A) e n—1(A").

X
diq dy

As usual, if we show that d:X o (A,, —s,_10dE) = 0, then there will be a lift s,,: P,,(A) — X,,41(A’) making
the diagram commute. Now, by the commutativity of (1), we have dX o A,, = A,_; odl; so

d¥ o (A, —sp_10d?) =7, 10d) —dX os,_10dl.
By the induction hypothesis, A, 1 = f—1 — gn—1 = Sp_20© df_l + df 0 $,_1, and therefore
A, Odf —dfosn_l Odf :dfosn_l Od5+3n_20d571 Odf—dfosn_l od,lf =0.
Hence, s,, exists and we are done. The case of injective resolutions follows by duality. ]

Corollary 5.3 Say &: A — A’ is a morphism in A and P, P' are respective projective resolutions of A and
A’. Then, & extends uniquely to a morphism P — P’ of Kom(A). (A similar result holds for injective
resolutions.)

Corollary 5.4 If P and P’ are two projective resolutions of the same object, A, of A, then in Kom(A), P
is uniquely isomorphic to P'. (Similarly for injective resolutions.)

Proof. We have the identity morphism, id: A — A, so we get unique lifts, f and ¢g in Kom(A), where
f: P — P’ and g: P’ — P (each lifting the identity). But then, f o g and g o f lift the identity to
endomorphisms of P’ and P respectively. Yet, the identity on each is also a lift; by the theorem we must
have fog=1id and go f =id in Kom(A). [J

Using the same methods and no new ideas, we can prove the following important proposition. The proof
will be omitted—it provides nothing new and has many messy details.

Proposition 5.5 Suppose we have a commutative diagram

0 A A A" 0
f/ l f J/ f// \L
0 B B B" 0,

(We call such a diagram a “small commutative diagram.”) Given objects, X"7X‘, etc. of Kom(A) as
below, an exact sequence

0—X* =X —X*—0
over the A-sequence and an exact sequence
0—Y*—Y* —Y *—0

over the B-sequence, assume X" and Y"* are projective resolutions, while X'* and Y'* are acyclic resolu-
tions. Suppose further we have maps ®: X'®* —Y'® and ®": X"'* = Y"* over f' and f". Then, there exists
a unique ®: X* — Y*® (over f) in Kom(A) so that the “big diagram” of augmented complexes commutes
and X°® and Y*® are acyclic.
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Definition 5.3 If T is a functor (resp. cofunctor) on A to another abelian category B, the left derived
functors of T are the functors, L, T, given by

(LnT)(A) = Hao(T(Po(A))),

where P,(A) is any projective resolution of A (resp., when T is a cofunctor, the right derived functors of T
are the functors, R"T, given by (R"T)(A) = H"(T(P.(A)))).

If T is a functor, its right derived functors are the functors, R™T, given by
(R"T)(A) = H"(T(Q*(A))),

where Q°(A) is any injective resolution of A (when T is a cofunctor, the left derived functors of T, written
(L,T)(A), are given by (L, T)(A) = H,(T(Q*(A)))).

The definition of derived functors is somewhat complicated and certainly unmotivated. Much of the
complication disappears when one observes that the values of either right or left derived functors are just
the homology objects of a complex; that, no matter whether 7" is a functor or a cofunctor, right (resp. left)
derived functors are the homology of a right (resp. left) complex (homology of a right complex is usually
called cohomology). Thus, for a functor, T', an injective resolution will yield a right complex and so is used to
compute right derived functors of T. Mutatis mutandis for projective resolutions; for cofunctors, T', simply
reverse all arrows. Of course, what we are investigating here is the effect of T on a resolution. We always
get a complex, but acyclicity is in general not preserved and the deviation from acyclicity is measured by the
derived functors.

As for motivation, the concept arose from experience first from algebraic topology later from homological
methods applied to pure algebra. Indeed the notion of derived functor took a long time to crystallize from
all the gathered examples and results of years of work. Consider, for example, a group G and the abelian
category of G-modules. On this category, we have already met the left exact functor M ~» M© with values
in Ab. Our notation for this functor was H°(G, M). Now, in Chapters 1 and 4, we constructed a sequence
of functors of M, namely H" (G, M). An obvious question is: Are the functors H"(G, —) the right derived
functors of H(G,—)? We will answer this question below by characterizing the derived functors of a given
functor, T.

Further remarks:

(1) The definition makes sense, i.e., derived functors are independent of the resolution chosen. Use Corol-
lary 5.4 to see this.

(2) Suppose T is a functor and A is a projective object of A (resp. an injective object of A), then
(L,T)(A) = (0) for n > 0 (resp. (R"T)(A) = (0) for n > 0). If T is a cofunctor, interchange
conclusions. (A is its own resolution in either case; so, remark (1) provides the proof.)

(3) If T is exact, then L, T and R™T are (0) for n > 0 (the homology of an acyclic complex is zero).

Proposition 5.6 If T is any functor, there are always maps of functors T — RT and LoT — T. If Q
is injective and P projective, then T(Q) — (RT)(Q) and (LoT)(P) — T(P) are isomorphisms. When T
is a cofunctor interchange P and Q. For either a functor or a cofunctor, T, the zeroth derived functor ROT
is always left-exact while LoT is always right-exact. A necessary and sufficient condition that T be left-exact
(resp. right-exact) is that T — R°T be an isomorphism of functors (resp. LoT — T be an isomorphism
of functors). Finally, the functor map T — R°T induces an isomorphism of functors R*"T — R"ROT for
all n > 0 and similarly there is an isomorphism of functors L, LyT — L,T.
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Proof. Most of this is quite trivial. The existence of the maps T — R°T and LoT — T follows immediately
from the definition (and the strong uniqueness of Corollary 5.4 as applied in Remark (1) above). That RT
is left exact is clear because it is a kernel and because the exact sequence of resolutions lifting a given exact
sequence can always be chosen as split exact at each level. Similarly, LyT is right exact as a cokernel. Of
course, if T is isomorphic to RT it must be left exact, while if 7" is left exact, the terms in the augmented
complex outlined by the braces form an exact sequence:

T(d°)
—

0—>T(A)—>TQO(A) TQl(A)_>...

Thus, the canonical map T'(A) — (R°T)(A) = Ker T'(d") is an isomorphism. Similarly for right exactness
and Lg.

Should @ be injective, the sequence
OHQLQHOHO—)'H

is an injective resolution of @ and it shows that T'(Q) is equal to (R°T)(Q). Similarly for P and for cofunctors.
But now if A is arbitrary and Q°(A) is an injective resolution of A, the diagram

0 T(A) T(Q(A) —— T(QY(A) — -+

| | i

0 —> (RT)(A) —> (R°T)Q(A) —> (R°T)Q'(A) —> -

in which the vertical arrows except the leftmost are isomorphisms shows immediately that R*T — R"(R°T)
is an isomorphism for all n > 0. Similarly for L, (LoT) — L,T. []

The point of the above is that right derived functors belong with left exact functors and similarly if we
interchange left and right.

There are two extremely important examples of derived functors—they appear over and over in many
applications.

Definition 5.4 If A is any abelian category and B = Ab (abelian groups), write Tg(A) = Hom4(A, B), for
fixed B. (This is a left-exact cofunctor, so we want its right derived functors R"Tpg). Set

Ext’y(A,B) = (R"Tg)(A). (%)
If A = Mod(R°P) and B = Ab, set Sp(A) = A®pg B, for fixed B. (This is a right-exact functor, so we
want its left-derived functors L,,Sg). Set

Tor®(A, B) = (L,SB)(A). ()

To be more explicit, in order to compute Ext% (A, B), we take a projective resolution of A
P*—A—0

apply Hom4(—, B) and compute the cohomology of the (right) complex Hom(P®, B). For the tensor
product, we similarly take a projective resolution of the R°P module, A,

P*—A—0
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apply — ®r B and compute the homology of the complex P® ® p B. Because Hom 4(—, B) is left exact and
— ®p B is right exact, we have

Homu(A,B) = Ext%(4,B)
A®rB = Torl(A, B).
The following proposition, which we will call the basic lemma, will give us a chief property of derived
functors and help us characterize the sequence of derived functors of a given functor.
Proposition 5.7 (Long (co)homology sequence) Suppose X®,Y® Z*® are complexes and
0—X*—Y*—2°"—0

is exact in pre-Kom(A) (also OK in Kom(A)). Then, there exists a long exact sequence of homology (or
cohomology)

N Hn—l(zo)

C—> H"(X*) ——> H"(Y*) —— H"(Z*)

: N Hn+1(Xo) *)antl(yo) *)Hnle(ZO)

L> H™2(X*)

(for all n). The maps 6™: H"(Z*) — H"1(X*®) are called connecting homomorphisms.

Proof. Look at the diagram

0—— anl . Ynfl anl 0

0 Xn yn zZm 0
d’ dy dy,

0 - > Xn+1 - 5 Yn+1 Zn+1 0

00— Xnt2 ——= ynt2 Zn+2 0

and apply the snake lemma to the rows n and n 4+ 1. We get

0 — Ker d% — Ker dyy — Ker d7 %, Coker d% — Coker dy. — Coker d} — 0.

If we look at Im d’;{l and apply the map X®* — Y*, we land in Im dg}fl, etc. Thus, at every level we get
that
H"(X®*) — H"(Y®) — H"™(Z®) is exact.

Now, the connecting map, §, of the snake lemma maps Ker d% to H"™'(X*). But, clearly, Im d’Zl_1
goes to zero under § (because every element of Im d; ' comes from some element in Y1), So, we get the
connecting homomorphism

8" H™(Z®*) — H"TH(X*®).
A diagram chase proves exactness (DX). ]
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Corollary 5.8 Given a commutative diagram of complezes

0 X ye z* 0
0 X ye z* 0

we have the big diagram of long exact sequences
-w——> H"(X®*) —— H"(Y*) —— H"(Z*) —— H""}(X*) —— -
i | | l =
s H(XY) > HO(VY) ——> HY(Z*) —> HFL(X) — -
which commutes.
Proof. Chase the diagram in the usual way. []
Suppose T is a right-exact functor on A and

0—A—B—C—0

is an exact sequence in A. Resolve this exact sequence (as we have shown is possible, cf. Proposition 5.1) to
get
0—— P*(A) —— P*(B)—— P*(C)——= 0

G S S S
R

Then, as L, T is the homology of the T'P*® complexes (still horizontaly exact on the complex level, as our
objects are projectives and the horizontal complex sequences split!), from the basic lemma, we get the long
exact sequence (of derived functors)

- ——> L,T(A) — L,T(B) — L,T(C) j

<—> Lo_1T(A)

Moreover, we have a commutative diagram corresponding to (#):

- —— (L,7)(A) — (L, T)(B) — (L, T)(C) —— (L, 1T)(A) —— ---

| l | |

= (L T)(A) — (L T)(B) — (L T)(C) — (Lpa T)(A) — -+
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stemming from Proposition 5.5.

We can abstract this behavior of the sequences {L,T}22, and {R"T}52, according to the following
definition:

Definition 5.5 A §-functor (resp. O-functor) is a sequence, {T™}, (resp. a sequence, {T},}) of functors so
that for every exact sequence
0—A—B—C—0

in A, we have a long exact sequence

00— T9(A) —= T9(B) — T°(C)
D
D

L> TU(A) —> TY(B) ——> T'(C)
L) TZ(A)4>~-

and it is functorial in morphisms of exact sequences (similarly for d-functors, but reverse the arrows). [This
means that for every commutative diagram

0 A B C 0
0 A B’ C’ 0,
where the rows are exact, the induced diagram
0 —— T°(A4) — T(B) —T°(C) ——= T'(4) -+ ——= T"(C) — T"(4) —> -

T | L

0> TO(A) — TOB) —T(C") —> T(A) -+ > T1(C) > TH(A) —>
is also commutative.]

Of course, our results on derived functors give us

Proposition 5.9 The sequence of derived functors {R"T} (resp. {L,T}) for a left-exact (resp. right-exact)
functor, T, forms a §-functor (resp. O-functor).

Another o-functor is the sequence {H" (G, —)}22, defined on the category of G-modules. To get at the
characterization of derived functors, we need

Definition 5.6 A §-functor {7} is universal iff for all J-functors, {S™}, given a map (of functors),
fO: 70 — SY there exists a unique extension of f° to a map {f": T" — S"} of §-functors. Similarly for
O0-functors, but reverse the directions of the arrows.

Remark: Say {T"} and {S™} are universal §-functors and fO: T® = S° is an isomorphism of functors.
Then, there is a unique isomorphism {f™: T™ — S™} of §-functors lifting f°. That is, universal §-functors
are determined by their components in dimension 0.
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Proof. Since f9: T° =2 S9 is an isomorphism of functors, there is a map of functors, ¢°: S° — TP so that
fogo = id and go fo = id. Universality implies that there exist unique f*: 7" — S™ and ¢g": S™ — T™" lifting
% and ¢°. But, f"g" and g f™ lift f0g" and ¢°f9, i.e., lift id. Yet, id lifts id in both cases. By uniqueness,
f"g" =id and ¢" f" =id. [

Theorem 5.10 (Uniqueness I; Weak effaceability criterion) Say {T™} is a d-functor on A and suppose for
every n. > 0 there is some functor, E,: A — A, which is exact and for which there is a monomorphism of
functors id — E,, [ i.e., for every object A in Ob(A) and all n > 0, we have an injection A — E,(A)
functorially in A and E,, is exact ] so that the map T"(A) — T™(E,(A)) is the zero map for every n > 0.
Then, {T™} is a universal 0-functor. Hence, {T™} is uniquely determined by T°.

Proof. Construct the liftings by induction on n. The case n = 0 is trivial since the map f9: 70 — SO is
given. Assume the lifting exists for all » < n. We have the exact sequence

0— A— E,(A) — coky — 0
and so, we have a piece of the long exact diagram

T Y(En(A)) — T (coka) —> T™(A) —> T"(Eq(A))

fnll/ fnll (ﬁ)
S71(E,(A)) — S (coky) —2> S™(A)

where the left square commutes and the rows are exact. Hence, by a simple argument, there is a unique
fn: T™(A) — S™(A) that makes the diagram commute. This construction is functorial since E,, is an exact
functor; when we are done, all the diagrams commute.

Now, we need to prove uniqueness. Say we have two extensions {f,} and {g,} of fo. We use induction
to prove that f,, = g, for all n. This is obviously true for n = 0. Assume that uniqueness holds for all r < n.
Write (ff) again:

Tn=Y(E,(A)) —> T (coky) —= T"(A) —2> T"(E,(A)) .

E.(4))
S
4))

S"=1(E,(A)) — S"1(coky) —= S"(A)

As fn—1 = gn—1 on all arguments, the above diagram implies f,, = g, on A. As A is arbitrary, f,, = g, and
the proof is complete. []

Corollary 5.11 Say E,, = E for alln (E functorial and exact) and E satisfies the hypotheses of Theorem
5.10. (For example, this happens when E(A) is {T™}-acyclic for all A (i.e., T"(E(A)) = (0) for all A and
alln>0).) Then, {T"} is universal.

We can apply Corollary 5.11 to the sequence {H"(G, —)}, because E(A) = Map(G, A) satisfies all the
hypotheses of that Corollary according to Proposition 4.54. Hence, we obtain the important

Corollary 5.12 The sequence of functors {H™ (G, —)} is a universal §-functor from the category G-mod to
Ab.

Corollary 5.13 If E, (A) is functorial and exact for every n > 0, and E,(Q) is T™-acyclic for each n and
for every injective Q, then every injective object of A is {T™}-acyclic.
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Proof. Pick @ injective, then we have an exact sequence
0— Q — E,(Q) — cokg — 0.
Since @ is injective, the sequence splits and so,
T"(En(Q)) = T"(Q) L T" (cokg).
By assumption, the left hand side is zero; thus, T"(Q) = (0). [J

Theorem 5.14 (Uniqueness II) Say {T™} and {S™} are §-functors on A and {f,: T™ — S™} is a map of
d-functors. If for all injectives, Q, the map f,(Q): T™(Q) — S™(Q) is an isomorphism (allm), then {f,} is
an isomorphism of d-functors. The same statement holds for O-functors and projectives.

Proof. (Eilenberg) Of course, we use induction on n. First, we consider the case n = 0.
Step 1. 1 claim that fo: T°(A) — S°(A) is a monomorphism for all A.

Since A has enough injectives, we have an exact sequence
0— A— @Q — coky — 0,

for some injective, ). We have the commutative diagram

0 TO(A) Q)
b e
0 SO(A) 5°(Q)

where g 0: T°(Q) — S°(Q) is an isomorphism, by hypothesis. It follows that f; is injective.
Step 2. The map fy is an isomorphism, for all A.

We have the commutative diagram

0——= 00— T%A) —— T°(Q) —— T°(coky)

e

00— 00— S%A) — S%Q) — S%(coka),

where the rightmost vertical arrow is injective by step 1 and fg ¢ is an isomorphism. By the five lemma, the
middle arrow is surjective, and thus bijective.

Next, consider the induction step.
Step 3. The map f, is injective for all A.

Consider the commutative diagram

T HQ) ——= T Y(coky) — T"(A) ——= T™(Q) — T"(coky)

S

Snil(Q) E—— Snil(COkA) E— Sn(A) —— S"(Q) _— Sn(cokA).

By the induction hypothesis, f,—_1 is injective; moreover, g ,—1 and g, are bijective, by assumption, so
the five lemma implies that f,,: T"(A) — S™(A) is injective.
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Step 4. The map f, is an isomorphism for all n.

By step 3, the righthand vertical arrow is an injection and by the induction hypothesis, f,_1 is an
isomorphism. As 0, and 0g ,,—1 are isomorphisms, by the five lemma, again, f, is surjective and thus
bijective. []

Theorem 5.15 (Uniqueness III) Given a §-functor {T™} on A, suppose that for any A € A, any injective
Q@ and any ezvact sequence

0— A— @Q —> coky — 0,

the sequence

T Q) — T" *(coka) — T™(A) — 0 s exact, if n > 0.

Under these conditions, {T"} is a universal §-functor. (Similarly for O-functors and projectives).

Proof. We proceed by induction. Given another J-functor, {S™}, and a morphism of functors fo: T° — S,
suppose fy is already extended to a morphism f,.: 7" — S”, for all » < n —1. Since A has enough injectives,
we have the exact sequence

0—A—Q —coky —0

and we get the diagram

" HQ) — T H(eoky) — T"(A) —= 0

ifn—l ifﬂ_l L0Q
\

S 1(Q) —— S Y(coky) — S"(A)

By a familiar argument, there exists only one map, ¢, making the diagram commute. Note that ¢ might
depend on Q. To handle dependence on @) and functoriality, take some A and its own exact sequence

O—>/~l—>@—>cokg—>0

and say we have a map g: A — A. Since é is injective, there exist § and # making the following diagram
commute:

0 A Q cok 4 0
[
0 A Q cok 7 0.

We have the diagram:
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Tn=1Q) T (coky) ——> T"(A) ————> 0
/ T"(9)
T 1(Q) T (cok z) T"(A) ———> 0
fn—l fn—l SDQ
S HQ) S 1(coka) —> S"(A)
fn—l n— ide)
/ frs %@
S"1(Q) S~ (cokz) S(A)

All squares at top and bottom commute and the two left hand vertical squares also commute by the
induction hypothesis. It follows that the righthand vertical square commutes (DX), i.e.:

5o T"(g) =5"(9) o ¢q-
If we set g = id (perhaps for different @ and @), we see that
Yo = P
so @ is independent of ). Moreover, for any g, the righthand vertical diagram gives functoriality.
It remains to show commutativity with the connecting homomorphisms. Given an exact sequence
0— A —A—A"—0
begin the resolution of A’ by injectives, i.e., consider an exact sequence
0— A — @Q — cokl — 0.

We obtain the diagram below in which § and 6 exist making the diagram commute:

0 A’ A A 0
Lo
0 A’ Q' cok’ 0.

Consequently, we get the diagram below in which all top and bottom diagrams commute and the left
vertical cube commutes:
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Tn—l(A) Tn—l(A//) (ST—) T”(A/)
Tn—l(Q/) Tn—l(cok/) Tn(A/)
fn—l fn—l fn
, ds
Sn—l(A) Sn—l(A//) R I S"(A/)
f/ fn/ f/
Sn—l(Q/) Sn—l(cok/) S"(AI)

If we use the rightmost horizontal equalities, a diagram chase shows

T”fl(A”) or T"(A/)

fnli ifn

ST (A7) - Sn(A)
commutes (DX). ]
Corollary 5.16 The right derived (resp. left derived) functors of T are universal 0-functors (resp. universal
O-functors). A necessary and sufficient condition that the o-functor {T™} be isomorphic to the 0-functor

{R"T°} is that {T™} be universal. Similarly for O-functors and the sequence {L,To}.

Corollary 5.17 For any group, G, the 6-functor {H"(G,—)} is isomorphic to the 6-functor {R"H°(G, —)}.
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5.3 Various (Co)homological Functors

There are many homological and cohomological functors all over mathematics. Here, we’ll give a sample from
various areas and some simple applications. By these samples, some idea of the ubiquity of (co)homological
functors may be gleaned.

First of all, the functors Ext% (A, B) and Torf‘(A, B) have been defined in an asymmetric manner: We
resolved A, not B. We'll investigate now what happens if we resolve B.

Pick any B € A and write
Tp(—) = Hom4(—, B).

[Remember, (R"Tp)(A) = Ext’y (4, B).]

If0 — B’ — B — B"” — 0 is exact and P is projective, we get the exact sequence
0— TB/(P) — TB(P) i TB//(P) — 0.
[Recall, P is projective iff Hom 4 (P, —) is exact.]

Resolve A: Py - A — 0. We get the commutative diagram

0—— TB’(Pn) I TB(Pn,) — TB” (Pn) — 0

OH TB’(PO) —_— TB(PO) —_— TB”(PO) —_— 0

0—— Tp/(A) —— Tp(A) —— Tp.(A)

0 0 0

Applying cohomology,’ we get the long exact sequence of (co)homology:

e_ 5 Rn_lTB//(A) 1

Q RT3/ (A)
CH R 1Tg (A)

IThe locution “apply (co)homology” always means make the long exact sequence arising from the given short one.
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Therefore, we have the exact sequence

- ————Ext’{ (A, B")

<—> Ext"y (A, B") —— Ext’y (A, B) —— Ext4 (A, B") ﬁ
<—> Ext""! (A, B')

Consequently, we find that:

(1) Ext% (A, B) is a functor of A and B, actually a co-functor of A and a functor of B.
(2) {Ext%(A,—)}2, is a d-functor (functorial in A).

(3) {Ext%(—, B)}22, is a universal d-functor (functorial in B).

Now, write E;(/t;l(A, B) for what we get by resolving the righthand variable B (using injective resolutions).
We obtain analogs of (1), (2), (3); call them (1), (2) and (3). Note that

Ext (A, B) = Homu(A, B) = Ext% (A, B).

Now, Ext;‘(A, —) is a universal J-functor and Ext% (A4, —) is a d-functor. Thus, there is a unique extension
Ext (A, B) £ Ext"(A, B),

which is a map of d-functors. When B is injective, the left hand side is (0) (as derived functors vanish on
injectives). Moreover, in this case, Hom 4(—, B) is exact, and so,

R"Hom 4 (A, B) = (0), for alln >0 and all A.
By Uniqueness II (Theorem 5.14), we conclude
Theorem 5.18 The derived functor Ext% can be computed by resolving either variable. The same result

holds for Tork (in Mod(R)).

There is a technique by which the value of RVT(A) can be computed from R™ 1 T(A) for a suitable A.
This is known as décalage® or dimension shifting. Here is how it goes for a left exact functor, T, or left
exact cofunctor, S.

For T, consider A and embed it in an acyclic object for R™"T', e.g., an injective
0—A— Q — coky — 0.

Now apply cohomology:

T(A) T(Q) — T(coky) R'T(A) —>0

0 RT(coka) j
C_> R2T(A) 0 R*T(coka) e 0 R" 1T (coka) j

R"T(A) 0

2The French word means a shift in space and is also used for time.
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We find that
R" T(coky) — R"T(A), n>?2
cok(T(Q) — T(coka)) —— R'T(A),
so the suitable A is just cok 4.
For the cofunctor, S, project an acyclic object (for R"S), e.g., a projective, onto A:
0—Kery —P—A—0.
Just as above, we find

R"™'S(Ker ) — R"S(A)
cok(S(P) — S(Ker 4)) — R'S(A).

Similar statements hold for right exact functors or cofunctors and their left derived functors.

There is a very important interpretation of Exti‘(A, B); indeed this interpretation is the origin of the
word “Ext” for the derived functor of Hom. To keep notation similar to that used earlier for modules in
Chapter 2, we’ll replace A by M and B by M’ and consider Exti‘(M”, M').

Say
0— M —M-—M'—20 (E)

is an extension of M” by M’. Equivalence is defined as usual: In the diagram below, the middle arrow, g,
is an isomorphism that makes the diagram commute:

0 M’ M M 0
i
0 M M M 0

Apply to (E) the functor Hom 4(M",—). We get

8
0 — Hom4(M", M") — Hom 4(M", M) — Hom4(M", M") 2 ExtY (M", M").

So, §(g)(id) is a canonical element in Extl (M", M'); it is called the characteristic class of the extension (E),
denoted x(E). Note: x(E) =0 iff (E) splits.

Now, given ¢ € ExtYy(M”, M"), resolve M’ by injectives:
OHMIHQU*)QI*)QZ‘}”'.

If we apply Hom4(M", —), we get

0 — Hom (M”, M') — Hom(M”, Q") 2% Hom(M”, Q") -2 Homa(M", Q2) — --- ,

and we have Ext'(M”, M') = Ker d;/Im dy. Consequently, ¢ comes from some f € Hom4(M”, Q") and
di(f) =0.

do di

0 M’ QO

Q! Q*

f
T %(f)—o

M//
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Thus,
Im f C Ker dy =Im dyp = X,

and so, f is a map M" — X C Q'. We get

0 M’ Qo x 0
Tf (%)
M//
Taking the pullback of (%) by f, we find
0 M’ M M" 0 (E)
J{g lf
0 M’ QO X 0,

i.e., we get an extension, (E). One checks that (E) is independent of f, but depends only on £. This involves
two steps (DX): (E) does not change if f is replaced by f + do(h); (E) does not change if we use another
injective resolution. Hence, we’ve proved

Theorem 5.19 There is a one-to-one correspondence
(E) = x(E)

between equivalence classes of extensions of modules of M" by M’ and elements of Ext’y (M", M').

An interpretation of Ext’y (M"”, M') for n > 2 will be left for the exercises. The cohomological functor
Ext% (A, B) is the most important of the various cohomological functors because many cohomological functors
are special cases of it. The same holds for Tor? (A, B) with respect to homological functors. Here are several
examples of these considerations:

We begin with groups. Recall that we proved the d-functor { H"(G, A)} coincided with the right-derived
functors of the functor A ~ AY. (Of course, here G is a group and A is a G-module.) We form the group
ring R = Z[G]3; every G-module is an R-module and conversely—in particular, every abelian group is an
R-module with trivial action by G. Consider Z as R-module with trivial G-action and for any G-module
introduce the functor

A~ HomR(Z, A)

Tt is left exact and its derived functors are Ext}(Z, A). But, a homomorphism f € Hompg(Z, A) is just an
element of A, namely f(1). And, as Z has trivial G-action, our element, f(1), is fixed by G. Therefore

Homp(Z,A) = A%,
and so we find
Proposition 5.20 If G is any group and A is any G-module, there is a canonical isomorphism

Extyq(Z,A) — H"(G,A), all n>0.

3Recall that Z[G] is the free Z-module on the elements of G. Multiplication is defined by ¢ ® 7 + o7, where 0,7 € G and
we extend by linearity.
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As for group homology, first consider the exact sequence of G-modules
0—I— Z[G] -~ Z —0, (¥)

in which e takes the element Y a, - 0 to Y a,; that is, € sends each group element to 1. The ideal I is by
definition Ker €; one sees easily that I is freely generated by the elements o — 1 (for 0 € G, 0 # 1) as a
Z-module. A little less obvious is the following:

Proposition 5.21 The mapping log(c) = (o — 1)(mod I?) is an isomorphism of abelian groups
log: G/[G,G] = I/I*.

Proof. The operations on the two sides of the claimed isomorphism, log, are the group multiplication abelian-
ized and addition respectively. Clearly, log(c) = (o — 1)(mod I?) is well-defined and

(cr—1)=(c-1)4+ (-1 +(c—-1)(r—-1)

shows it’s a homomorphism. Of course we then have log(c=1) = —(o — 1), but this is easy to see directly. It
follows immediately that [G, G| lies in the kernel of log; so we do get a map

log: G/[G,G] — I/I*.
As I is the free Z-module on the elements (o — 1), as o ranges over G (o # 1), we can define
exp: I — G/[G,G],
via

exp an(a -1)| = H " mod [G, G|

o#1 o#£1

and considerations entirely simililar to those above for log show that exp is a homomorphism from I to
G/|G,G] and that I? is killed by exp. It should be obvious that log and exp are mutually inverse, so we’re
done. []

If A is a G-module, we can tensor exact sequence () over Z[G] with A; this gives
I @z A — A— Z Rz A— 0.

Of course, this shows
A/(TA) — Z ®z[a] A.

The functor A ~» A/IAis aright-exact functor from G-modules to Ab and its left derived functors, H, (G, A),
are the homology groups of G with coefficients in A. The isomorphism we’ve just observed (together with
the usual arguments on universal d-functors) allows us to conclude

Proposition 5.22 If G is a group and A is any G-module, there is a canonical isomorphism (of 0-functors)

H,(G,A) = Tor”l%l(z, A), all n>0.

We first introduced and computed group cohomology wia an explicit chain complex, is there a similar
description for group homology? There is indeed, and while we can be quite direct and give it, perhaps it is
better to make a slight detour which is necessary anyway if one is to define (co)homology of algebras in a
direct manner.
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Write K for a commutative ring and R for a (possibly non-commutative) K-algebra. In the case of
groups, K will be Z and R will be Z[G], while for other purposes K will be a field and R the polynomial
ring K[T1,...,Ty]; there will be still other purposes.

For an integer, n > —1, write C,,(R) for the (n + 2)-fold tensor product of R with itself over K:

Ch(R) = R®xR®K---®x R
n+2

C.(R = R
Cni1(R) = R®k C,(R).

Next, introduce the module R® x R°P. We want to make R® ;¢ R°P into a K-algebra by the multiplication

(p®@c°P)(r®s°) = pr @ cPs°? = pr @ (so)®

and for this we must have K in the center of R. To see this, pick A € K, set p = s =1, set ¢ = A, and
compute

PA®K 1P = (r® AP1°P) = r @ AP
(1 @k AP)(r ®K 1)
= ()\ QK 1Op)(7“ QK 10p) =\ ®g 1°P.

As r is arbitrary, we are done. So, from now on, we shall assume K is in the center of R. The
algebra R ® g R°P is called the enveloping algebra of R over K; it is usually denoted R¢. Now, there is a
map R° — R via

r® s rs.

@ This map is not a map of K-algebras, only a map of R¢-modules. (R acts on R via (r®s°P)(m) = rms;
in general, two-sided R-modules are just R°-modules (as well as (R¢)°P-modules).) It will be a K-algebra
map if R is commutative.

We should also note that the map
r®s?Pi—sPr
is a K-isomorphism of K-algebras R® — (R°)°P. (DX)

It will be best to use “homogeneous notation” for elements of Cy,(R): 79 @ 11 ® -+ - @ rpq1. Then C,(R)
is a left R°-module under the rule

(RPN roR@mM @ Qrp @rpi1) = (s70) @1 ® -+ @1y Q (Tpy1l).

Now we’ll make {C),(R)}22, into an acyclic left complex. The boundary map is

n

On(ro®@r1 @ @Tpt1) :Z(_l)iro®"'®(riri+1)®"'®Tn+17
=0

it is an R®-homomorphism C,,(R) — C,,_1(R). In particular, 9y is the R®-module map discussed above,
Oo(ro ® 1) = 1071

and
(91(7‘0 ®T‘1 ®T2) = (1"07‘1) ®T’2 —To [ (’I"l’f‘g).
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From these, we see 9p0; = 0 precisely because R is associative. To prove {C},(R)} is a complex and acyclic,
introduce the map

On: Cp(R) — Cpi1(R) wvia o,(§) = 1@k &

The map o, is only an R°P-module map but it is injective because there is a map 7, : Cp1(R) — Cp,(R) given
by 7, (ro ® (rest)) = ro(rest) and we have 7,0, = id. Moreover, Im (o,,) generates C,,1(R) as R-module! It
is easy to check the relation

On+10n + 0410, =id on Cp(R), for n>0. M

Now use induction to show 9,_10, = 0 as follows: Above we showed it for n = 1, assume it up to n and
apply 0, (on the left) to (1), we get

8n8n+10'n + 05,01—10p = On.
However, 0,01 = idy—1 — 0pp—20,-1, by (f) at n — 1. So,
8nan+10n + 8n - Unf2anflan = a’ru

that is, 0,,0p410, = 0 (because 9,-10, = 0). But, the image of o, generates C,,4+1 as R-module; so
OnOn+1 = 0, as needed. Now, notice that dy takes Cp(R) = R onto C_1(R) = R, and so

-—>Cn(R)ﬁ> n,l(R)—>---—>CO(R)ﬁ>R—>O

is an acyclic resolution of R as R¢-module.

Since C,,(R) = Rk (R®Kk - @k R) @k R, we find
— ——

Cn(R) = R° @k Cy[R],
where
Ch|R]=R®k - ®g R, n-times

and
ColR) =K.

Several things follow from this description of C),(R): First, we see exactly how C,(R) is an R°-module
and also see that it is simply the base extension of C,,[R] from K to R°. Next, we want a projective resolution,
so we want to insure that C, (R) is indeed projective even over R°. For this we prove

Proposition 5.23 Suppose R is a K-algebra and R is projective as a K-module (in particular this holds if
R is K-free, for example when K is a field). Then

(1) C,[R] is K-projective for n > 0,
(2) R®xk Cy[R] is R-projective for n >0,
(3) Cn(R) is R¢-projective for n > 0.

Proof. This is a simple application of the ideas in Chapter 2, Section 2.6. Observe that (2) and (3) follow
from (1) because we have
Homp(R ®k Cu|R],T) — Homg (Cy,[R],T) )

and
Hompge (R @k C,[R],T) — Homg (C,[R],T) ()
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where T is an R-module in () and an R°-module in ({7). An exact sequence of R-modules (resp. R°-modules)
is exact as sequence of K-modules and (1) shows that the right sides of () and ({}) are exact as functors of
T. Such exactness characterizes projectivity; so, (2) and (3) do indeed follow from (1).

To prove (1), use induction on n and Proposition 2.47 which states in this case

HomK(R (2974 Cn_l[R],T) = HomK(C’n_l[R],HomK(R, T)) (*)

Now, T ~~ Homg (R, T) is exact by hypothesis; so, the right hand side of () is an exact functor of T' by
induction hypothesis. Consequently, (*) completes the proof. []

Corollary 5.24 If the K-algebra, R, is K-projective, then

s Cp(R) 25 €y (R) — - — Co(R) 2% R — 0

is an R°-projective resolution of the R®-module R.
The resolution of Corollary 5.24 is called the standard (or bar) resolution of R.  We can define the

homology and cohomology groups of the K-algebra R with coefficients in the two-sided R-module, M, as
follows:

Define the functors
Hy(R,—): M ~~ M/MJ

and
H(R,—): M ~{m &€ M |rm=mr, alrecR}=M"

to the category of K-modules. Here, the (left) ideal, J, of R¢ is defined by the exact sequence
0—3— R 2 R—0, (%)

and is called the augmentation ideal of R¢. It’s easy to check that M ~» M /MZJ is right exact and M ~s M
is left exact. We make the definition

Definition 5.7 The n-th homology group of R with coefficients in the two-sided R-module, M, is
Hn(R, M) = (L" Ho)(M)
and the nth cohomology group with coefficients in M is
H™(R,M) = (R"H°)(M).
We'll refer to these groups as the Hochschild homology and cohomology groups of R even though our

definition is more general than Hochschild’s—he assumed K is a field and gave an explicit (co)cycle description.
We'll recover this below and for this purpose notice that

The augmententation ideal, J, is generated (as left R¢-ideal) by the elements r @ 1 — 1 @ r°P for r € R.
To see this, observe that Y, r; ® s7¥ € J iff we have Y, 7;s; = 0. But then

Zri®s?p:Zr,;@s?prmsi@l:Z(ri@)l)(l@s?pfsi@l).

Now, to apply this, tensor our exact sequence (x*) with M:

M®gd— M™% Mop R—0,
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so we find
Hy(R,M)=M/M3J — M ®pge R.

It follows immediately that we have an isomorphism
H,(R,M) = Tor% (M R).
Similarly, we take Hompge (—, M) of (xx) and get
0 — Hompe (R, M) — M % Homp. (3, M).

The isomorphism
Hompge (R, M) — M

is just
[ fQ),
thus if f € Hompge (R, M) and m = f(1), we find for £ € J that
O()E) = f(§) = &m.

Therefore, f is in Ker 6 iff &ém = 0 for all £ € J, where m = f(1). But, by the above, such £ are generated by
r®1—1®r°P, and so m € Ker  when and only when (r ® 1)m = (1 ® r°P)m; i.e., exactly when rm = mr,
for all » € R. We have proved that there is an isomorphism (of K-modules)

Homp. (R, M) — M"? = H(R, M).
Once again we obtain an isomorphism
Extie(R,M) — H"(R,M).
Our discussion above proves the first two statements of

Theorem 5.25 If R is a K-algebra (with K contained in the center of R), then for any two-sided R-module,
M, we have canonical, functorial isomorphisms

H,(R,M) = Tor¥ (M, R)

and

H"(R,M) — Ext's.(R,M).
If R is K-projective, then homology can be computed from the complex
M @k C,[R]

with boundary operator

On(mMOr1 @ Q@ry) =mri @ra @ - - ®rn+z m®r1 QT Q- Ry

+(=D)"r,meri @ @rp_1;
while cohomology can be computed from the complex
Homg (Cy[R], M)
with coboundary operator

((5nf)(7“1®---®7”n®7”n+1)=T1f(7“2®~--®7’n+1 +Z CRTiri1 Q- ®Tn+1)

=1
(_1)n+1f(7,1 c QT )Tht1-
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Proof. Only the statements about the explicit complex require proof. Since homology and cohomology are
given by specific Tor’s and Ext’s, and since the standard resolution is an R°-projective resolution of R, we
can use the latter to compute these Tor’s and Ext’s. Here, it will be important to know the R°-module
structure of C),(R) and the fact that the map

rQsP—sPr

establishes a K-algebra isomorphism of R® and (R®)°P.

Now, consider the map
O0: M ®pge Cp(R) = M ®pge (R° ®k Cp|R]) — M @k C,[R].
Observe that M is treated as an (R¢)°P-module, the action being
m(r @ s°P) = smr.
Thus,

O:MmRpe (r® -+ Qrpg1) = MOpe (ro @15 ,) Ok (M & Qry)
[m-(ro @15 )] @k (M ® - @)
= (Fpp1mro) @k (M ® -+ @r,) € M @k Cp[R)].

!

We now just have to see the explicit form of the boundary map induced on M ® C,[R] by the diagram

M ®pe Cn(R) ==

lm

M ®pe Cp_1(R) —2> M &g Cy_1[R)]

M ®p Cn[R]

This goes as follows:

MOk (M@ ®r) oo mer (101) @K (1@ @)
= MRPre lIM K- Qr, @1
MPpe T Q-+ Rr, @1

n—1
+ Z(—l)im@me 1@rn® - Rrrn® - er,®1)
i=1
+(-1)"m@g (1@ Q- Q1)
n—1
—  mr ®7“2®"'®TH+Z(—1)lm®T1®"'®Ti7’i+1®"'®7"n
i=1

+(=D)"r,mri @ @ Tp_1,

exactly the formula of the theorem. For cohomology we proceed precisely the same way, but remember that
here M is treated as an R°-module. Details are left as a (DX). ]

When K is a field, the explicit (co)chain descriptions of H, (R, M) and H™(R, M) apply; these are
Hochschild’s original descriptions for the (co)homology of K-algebras, Hochschild [25, 26].

By now, it should be clear that there is more than an analogy between the (co)homology of algebras and
that for groups. This is particularly evident from comparison of the original formula (Chapter 1, Section 1.4)
for cohomology of groups and Hochschild’s formula for the cohomology of the K-algebra, R. If we use just
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analogy then R will be replaced by Z[G] and K by Z; R is then free (rank = #(G)) over K. But, M is just
a left G-module (for cohomology) and for K-algebras, R, we assumed M was a two-sided R-module. This
is easily fixed: Make Z[G] act trivially on the right. Then, H°(Z[G], M) is our old M“ and the coboundary
formula becomes (it is necessary only to compute on 01 ® -+ ® 0,41 as such tensors generate):

Onf)o1®@- @opt1) =01f(02Q - @ 0pt1)
+ Z(_l)if(al ®: ®0i0i41 @ @ Opt1)
i=1
+ (=) for1®---@0a,),

as in Chapter 1. Therefore, keeping the analogy, for homology, where we have a right G-module, we should
make Z[G] act trivially on the left, and get the explicit formula:

I(M@®o1®@ - ®0oy) =MoL ®02Q - Q0p
n—1
+ Z(_l)im@)al®"'®0i0i+1®"'®0n (%)
i=1
+ (-1)"m®o1 @ Q0n_1,

which formula we had in mind at the beginning of this discussion several pages ago.

The ideal J is generated by 0 ® 1 — 1 ® 0°P as o ranges over G (o # 1). Thus MJ is the submodule
generated by {m — mo | 0 # 1}. Now the formula

o tm =mo (special for groups)
turns M into a left Z[G]-module and shows that M is exactly our old M and therefore proves the Hochschild
Hy(Z[G], M) is our old Hy(G, M).

However, all this is heuristic, it does not prove the Hochschild groups for Z[G] on our one-sided modules
are the (co)homology groups for G. For one thing, we are operating on a subcategory: The modules
with trivial action on one of their sides. For another, the Hochschild groups are Tor?[G}E(—,Z[G]) and
Ext7qe (Z][G], —) not TorZ¢(—,Z) and Ext7()(Z, —). We do know that everything is correct for cohomology
because of a previous argument made about universal d-functors. Of course, it is perfectly possible to prove
that the groups

ﬁn(G,M) = Ker 9,,/ITm 0y, 11

for 0,, given by (*) above form a universal O-functor—they clearly form a 9-functor and universality will
follow from the effaceability criterion (Theorem 5.10). The effaceing module will be M ®z Z[G] in analogy
with Map(G, M) (which is Homg(Z[G], M)). Here, details are best left as an exercise.

Instead, there is a more systematic method that furthermore illustrates a basic principle handy in many
situations. We begin again with our K-algebra, R, and we assume there is a K-algebra homomorphism
e: R — K. Note that this is the same as saying all of (DX)

(i) K is an R-module (and R contains K in its center),
(ii) There is an R-module map R —— K,
(iii) The composition K — R —— K is the identity.

Examples to keep in mind are: K = Z, R = Z[G] and €(0) = 1, all 0 € G; K arbitrary (commutative),
R=K[Ty,...,T,) or K(Ty,...,T,) and ¢(T;) = 0, all j.
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In general, there will be no such homomorphism. However for commutative K-algebras, R, we can
arrange a “section™, €, after base extension. Namely, we pass to R @y R and set e(r ® s) = rs € R; so now
R plays the role of K and R ®k R the role of R. (The map ¢: R — K is also called an augmentation of
R as K-algebra.) Hence, the basic principle is that after base extension (at least for commutative R) our
K-algebra has a section; we operate assuming a section and then try to use descent (cf. Chapter 2, Section
2.8).

This technique doesn’t quite work with non-commutative R, where we base extend to get R = R® i R°P
and try do: R¢ — R for our e. We certainly find that R is an R°-module, that dy is an R¢-module map,

that the composition R —— R® — R (i(r) = r ® 1) is the identity; but, R is not in the center of R*
and R° (with the multiplication we’ve given it) is not an R-algebra.

Notwithstanding this cautionary remark, we can do a descent-like comparison in the non-commutative
case provided R possesses a section e: R — K. In the first place, the section gives K a special position
as R-module. We write I = Ker ¢, this is a two-sided ideal of R called the augmentation ideal. Further,
consider the augmentation sequence

0—I—R-5K-—0; M

by using condition (iii) above, we see that, as K-modules, R = I'II K. The special position of K as R-module
leads to the consideration of the d-functor and §-functor:

{H,(R,M) = Tor®(M,K)} (M an R°°-module)
{(H"(R,M) = Bxth(K,M)} (M an R-module)

which, as usual, are the derived functors of
M~ M/MI

and
M~ {m € M| (v € I)(¢m = 0)},

respectively. (Here, M is an R°P-module for the first functor and an R-module for the second.) You should
keep in mind the case: K = Z, R = Z[G], €(c) = 1 (all o) throughout what follows. The idea is to compare
the Hochschild groups Hy, (R, M) and H™(R, M) with their “bar” counterparts.

Secondly, we make precise the notion of giving a two-sided R-module, M, “trivial action” on one of its
sides®. Given M, a two-sided R-module, we make ¢*M and ¢*°PM which are respectively an R°P-module
(“trivial action” on the left) and an R-module (“trivial action” on the right) as follows:

For m € M and A°» € R°P,  XP.m=mA andfor \€ R, X-m=¢€e\)m

and

Form € e¢*PM and A€ R, A-m=XAm  and for \°® € R°P?,  A°P .m = me(N).

Clearly, these ideas can be used to promote one-sided R-modules to two-sided ones (i.e., to R®-modules),
Viz:

4The term “section” is geometric: We have the “structure map” Spec R — Spec K (corresponding to K — R) and € gives
a continuous map: Spec K — Spec R so that Spec K —— Spec R — Spec K is the identity.

50ur earlier, heuristic, discussion was sloppy. For example, in the group ring case and for trivial action on the right, we
stated that Z[G] acts trivially on the right. But, n-1 =n € Z[G] and m - n # m if n # 1; so, our naive idea must be fixed.
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Any R, R°P, or R°-module is automatically a K-module and, as K is commutative so that K°? = K, we
see that A-m = m- X for A € K in any of these cases. Now if we have an R-module, M, we make R® operate
by

(r @ s°P) - m = rme(s) = re(s)m = e(s)rm,

and similarly for R°P-modules, M, we use the action
(r @ s°P)-m = e(r)ms = me(r)s = mse(r).

When we use the former action and pass from an R-module to an R°-module, we denote that R¢-module by
€’ (M); similarly for the latter action, we get the R®-module e,(M). And so we have pairs of functors

€*: R°-mod ~» R°P-mod

€. R°P-mod ~ R°-mod
and

€*°P: R°-mod ~» R-mod

€Y R-mod ~» R¢-mod
As should be expected, each pair above is a pair of adjoint functors, the upper star is left adjoint to the
lower star and we get the following (proof is (DX)):

Proposition 5.26 If R is a K-algebra with a section ¢: R — K, then €* is left-adjoint to €, and similarly
for €*°P and P. That is, if M is any R®-module and T and T' are respectively arbitrary R°P and R-modules,
we have

HOmROP (6*]\47 T) = HomRe (M, G*T)
Hompg(e*PM,T") = Hompge(M,ePT").

Lastly, we come to the comparison of the Hochschild groups with their “bar” counterparts. At first, it
will be sunpler conceptually and notatlonally (fewer tensor product signs) to pass to a slightly more general
case: R and R are merely rings and K and K are chosen modules over R and R respectively. In addition we
are given module surjections R —— K and R-K. By a map of the pair (R, K) to (R, K), we understand
a ring homomorphism ¢: R — R so that p(Ker €) C Ker e. Of course, Ker ¢ and Ker € are just left ideals
and we obtain a map of groups, p: K — K and a commutative diagram

R—2> R

|

K—2- K.

€

™

Now the ring map ¢: R — R makes every R-module an R-module (same for R°P-modules). So, K is an
R- module, and the diagram shows © is an R-module map.

Suppose Po— K — 0is an R—prOJectlve resolution of K and Py — K — 0 is an R-projective
resolution of K. We form R ®p K, then we get an R-module map

0: R®g K—K
via _ _

O(r @z k) = rp(k).
(Note that as @ is an E—module, this makes sense.) Now the complex R ®5 P, is R-projective and surjects
to Ry K
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By a slight generalization of Theorem 5.2, our R-module map lifts uniquely in Kom(R-mod) to a map
©: Ro; Pe — P
(over 0, of course). Thus, if M is an R°P-module, we get the map on homology
Ho(M @5 P) = Hi(M @ (R®5 P.) — Ho(M ©p P),
while if M is an R-module, we get the map on cohomology
H*(Hompg(Ps, M)) — H*(Homp(R @5 Ps, M)) = H*(Homz(Py, M)).

But, He(M ®5 P,) computes TorfN%(M7 K) (where, M is an R°°-module through ¢) and He(M ®g P,)
computes Torf(M, K). This gives the map of d-functors

Tor® (M, K) — Torf (M, K).
Similarly, in cohomology we get the map of J-functors

Ext}, (K, M) — Ext% (K, M).
Our arguments give the first statement of

Theorem 5.27 If p: (]T?,I?) — (R, K) is a map of pairs, then there are induced maps of 0 and d—functors

Hy(M, p): Torf(M, K) — Tor®(M, K)
(for M € R°P-mod), and B
H* (M, p): Extyh(K, M) — Ext% (K, M)
(for M € R-mod).
Moreover, the following three statements are equivalent:
(1) { a) 0: I;%@E{N( — K is an isomorphism, and
b) Tor,'(R,K) = (0) forn >0,
(2) Both maps He(M, @) and H®*(M, ) are isomorphisms for all M,
(3) The map He(M, @) is an isomorphism for all M.

Proof. (1) = (2). Write P, — K — 0 for a projective resolution of K. Then R®§]3. — R®§I~( —0
is an R-projective complex over R @5 K. By (1)b), it is acyclic and by (1)a) we obtain an R-projective
resolution of K. Thus, we may choose as R-projective resolution of K the acyclic complex R @ Ps. But
then, © is the identity and (2) follows.

(2) = (3). This is a tautology.

(3) = (1). We apply the isomorphism He (M, ) for M = R. This gives us the isomorphism

Tor (R, K) = Tor(R, K).
We get (1)a) from the case 0 and (1)b) from n > 0. []

Corollary 5.28 If ¢: (R, K) — (R, K) is a map of pairs and conditions (1)a) and b) of Theorem 5.27 hold,
then for any R-projective resolution of K, say Ps — K — 0, the complex R @5 Py is an R-projective
resolution of K.
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Proof. This is exactly what we showed in (1) = (2). O

We apply these considerations to the comparison of the Hochschild groups and their bar counterparts.
The idea is to cast R® in the role of R (and, since (R)°P is K-isomorphic to R® by the map 7: sP@r — r@s°?,

cast (R°)°P as R, t00). The role of K is played by R for R® and by R°P for (R®)°P. Then R and K are just
themselves and, in the op-case, we use R°? and K.

Now dy: R® — R, resp. Jp: (R°)°P — R°P| by Jy(r ® s°P) = rs, resp. Op(s°P @ r) = s°Pr°P = (rs)°P, is
an R°-module map, resp. an (R¢)°P-module map. Moreover, the diagram

(RE)® > pe

Do \L l(’)o
op

R°P R

commutes for our formulae for dy. So, we cast dy as €. But we need the map of pairs and this is where our
section, €, is essential. Define ¢: R® — R (resp. (R®)°® — R°P) by

o(r ® s°P) = re(s) (resp. @(sP @ 1) = s°Pe(r)).

Clearly, ¢ is a ring homomorphism and as Ker € is generated by r ® 1 — 1 ® 7°P (resp. 7P @ 1 —1® ), we
find p(Ker €) C Ker e. There results the commutative diagram of the map of pairs:

(Re)°P - RoP

IR

do= RPHR

/\

Now consider an R-module, M (resp. an R°P-module, M), how does ¢ make M an R¢ (resp. (R¢)°P)-
module? This way:

ReP —

(r@s®)-m = ¢(res®) -m=res)m

(resp. (8P @7r)-m = @(sP@7r)-m=se(r) - m=mse(r)).

That is, the R-module, M, goes over to the R*-module € (M) and the R°P-module, M, goes over to the
(R®)°P-module €, (M). Therefore, the map of pairs yields the comparison maps

Hu(M,): Ho(R,e.(M)) = Torl" (e.(M), R) — Torf(M, K) = Ha(R, M)
H*(M,¢): H (R, M) = Ext}(K, M) — Exth. (R, e?(M)) = H*(R, 2 (M)).
Theorem 5.29 If R is K-projective, then the comparison maps
Ho(M,p): Ho(R,e.(M)) — Ho(R, M)

and
H*(M,): H (R, M) — H*(R, e (M))

are isomorphisms of O (resp. §)-functors. Moreover, if P, — R—0isan R¢-projective resolution of R,
then Py ® g K is an R-projective resolution of K.
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Proof . Everything will follow from Theorem 5.27 once we verify conditions (1)a) and b) of that theorem.
Here, there is the non-commutativity of R that might cause some confusion. Recall that R® operates on the
right on a module, N, via
n-(r® sP) = snr;
so, R® operates on €, N via
n- (r® sP) =e(s)nr.

We apply this when N is R—itself and M is any two-sided R-module. For p®pe m € €, R ®pe M, we observe
that
e(s)pr @re m = p - (r @ ) @pe M = p Qge TMS; (%)

hence, the map
a: €, R®pe M — M @r K

Via
a(p®prem) =pm g1
is well-defined. The only (mildly) tricky thing to check is that « preserves relation (). But, a of the left
side of () is e(s)prm ®g 1 and « of the right side of (x) is prms ®g 1. Now,
2s Qrl=2Qpe(s) = ze(s) Qg 1;

so, « agrees on the left and right sides of (*). And now we see that « is an isomorphism of K-modules
because the map
B: M@r K — e¢,RQpe M

Via
B(m R K) =Kk Qpem

is its inverse. (Note that [ is well-defined for:

mpRr k=m Qg e(p)k

and
e(p)k @re m=£-(1® p°P) ®gre m = kK @ge mp = B(mp QR k),
while
€(p)k @pre m = B(Mm Qr €(p)k), as required.)
However,

af(m@r k) =a(k@®rem) =rkmer1l=m®egrk
Ba(p@re m) = f(pm @r 1) =1 Qe pm = p Qre M.
We can now apply the K-module isomorphism «. First, take M = R (= K ). We find that

Q. €*R®ReR : R®RK:K

and €,R is just R as R (= R°module). This gives (1)a). To see (1)b), take P, — R — 0 an R® (= R)-

projective resolution. We choose M = P, an R°-module (i.e., a complex of same). Now apply «:

Torf (R, K) = Torf (e,R, R) = Hy(€,R @pe Po) — Hy(Ps @p K).

But, R is K-projective and so (by the usual arguments (DX)) P, is R°P-projective which means the last
homology complex computes Tor?(R, K). We’ve shown

Tor*(R, K) = Tor (R, K).
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Yet, R is free (so flat) over R and so Tor?(R, K) = (0) when n > 0; we are done. []

Of course, we should apply all this to the standard resolution, Ce(R), when R is K-projective. Here,
Ch(R)®r K = R®K C,|R]®x R®r K — R®k Cy[R]

via the map
On(rg® - @Tpi1 Or K) = €(rp1)k(ro @ -+ @ 1p).

As in the proof of Theorem 5.25, the standard boundary map induces a boundary map, d,,, on R®@x Cy, [R],
by the formula 9,, = ©,,_1 0 9,, 0 ©,;1, and we find

n—1
On(ro@rm @ ®@1y,) = Z(—l)iro Q- Qririg1 ® - @r, + (=1)"e(rp)ro® - @ rp_q.
i=0

This gives us our R-projective resolution R ® g Ce[R] — K — 0 with which we can compute. The case
when rp = 1 is most important:

n—1
Tn(1OT1 @ @rp) =11 @ @1+ Y ()11 @ @1t @ @1y + (—1)"e(r) (1@ 71 @+ @ 7Ty_1).
=1

Now, for a right R-module, M, the groups Torf(M, K) are the homology of

under 1 ®5 0. We find

On(M @k 11 O+ Qr Tn) =M1 Qg T2 QK -+ QK Ty
n—1
+ Z(—l)zm Q11 Qg+ O TiTi+1 OK -+ - QK Tn
=1

+(=1)"e(rpn)m @k 11 K - QK Th_1-

Therefore, we recover Hochschild’s homology formula for €,(M), and when R = Z[G] and K = Z (with
e(o) =1, all 0 € G) we also recover the explicit boundary formula for He(G, M).

For a left R-module, M, the groups Exty (K, M) are the cohomology of
Hompg(R ®pr Ce[R], M) = Homg (Ce[R], M).

If, as usual, we write f(ry,...,r,) for f(r1 @k ro @k -+ QK 75), then

((;nf)(rl, ceey T’n+1) = Tlf(erv o ,T‘n+1)
+ Z(—l)if(’l”l, BRI Y i A P ,Tn)
=1

+ (=" e(rpp) f(r1s - ).

Here, f € Homg (C,,[R], M). Once again, we recover Hochschild’s cohomology formula for ¥ (M), and when
R = ZI|G], etc., we get our explicit coboundary formula for H*(G, M).

But, we've done more; all this applies to any K-algebra, R, with a section (especially for K-projective
algebras). In particular, we might apply it to R = K[T1,...,T,] or R = K(Th,...,T,), with ¢(T}) = 0
for j = 1,2,...,n. The standard resolution though is very inefficient for we must know m ® ry ® --- ® n;
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or f(ri,...,r;) on all monomials r; of whatever degree. Instead we will find a better resolution, but we
postpone this until Section 5.5 where it fits better.

Let us turn to the cohomology of sheaves and presheaves. These objects have been introduced already
and we assume that Problem 69 has been mastered. Here, we’ll be content to examine ordinary topological
spaces (as in part (a) of that exercise) and (pre)sheaves on them. The most important fact is that the
categories of presheaves and sheaves of R-modules on the space X have enough injectives. Let us denote by
P(X, R-mod) and S(X, R-mod) these two abelian categories. Remember that

0—F —F—F"—0
is exact in P(X, R-mod) iff the sequence of R-modules
0— F'(U)— F(U) — F"(U) —0
is exact for every open U of X. But for sheaves, the situation is more complicated:
0—F —F—F"—0
is exact in S(X, R-mod) iff
(a) 0 — F'(U) — F(U) — F"(U) is exact for every open U or X and

(b) For each open U and each £ € F”(U), there is an open cover {U, — U}, so that each &, (= pga £))
is the image of some 7, € F(U,) under the map F(U,) — F"(U,).

A more perspicacious way of saying this is the following: Write i: S(X, R-mod) ~» P(X, R-mod) for the
full embedding which regards a sheaf as a presheaf. There is a functor, #: P(X, R-mod) ~ S(X, R-mod)
which is left adjoint to 7. That is, for FF € S and G € P, we have

Homg(G#, F) = Homp(G,i(F)).5
We can now say (b) this way: If cok(F — F"') is the presheaf cokernel
cok(F — F")(U) = cok(F(U) — F"(U)),
then cok(F — F")# = (0).
Given z € X, and a (pre)sheaf, F', we define the stalk of F at xz, denoted F,, by

F, = lim F(U).
—
{Us z}

It’s easy to see that (F#), = F, for any presheaf, F'. Stalks are important because of the following simple
fact:

Proposition 5.30 If F -2 G is a map of sheaves, then ¢ is injective (surjective, bijective) if and only if
the induced map @, : F, — G, on stalks is injective (surjective, bijective) for every x € X.

We leave the proof as a (DX).

60ne constructs # by two successive limits. Given U, open in X, write G<+)(U) for

GHw)= lim Ker([[GU.) = [[GWUsNnU,)
{Ua—U} a By

(the limit taken over all open covers of U) and set G#(U) = G(H () (U).
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@ This result is false for presheaves, they are not local enough.

Property (a) above shows that 4 is left-exact and the proposition shows # is exact. To get at the existence
of enough injectives, we investigate what happens to P(X, R-mod) and S(X, R-mod) if we have a map of
spaces f: X — Y. In the first place, if F' is a (pre)sheaf on X, we can define a (pre)sheaf f.F, called the
direct image of F' by f via

(f.F)(V) = F(f~1(V)), V openin Y.
A simple check shows that the direct image of a sheaf is again a sheaf. Now, in the second place, we want a
functor f*: P(Y) ~ P(X) (resp. S(Y) ~» S(X)) which will be left adjoint to f.. If we knew the (classical)
way to get a sheaf from its stalks, we could set (f*G), = Gy) for G € S(Y) and € X any point. But

from our present point of view this can’t be done. However, our aim is for an adjoint functor, so we can use
the method of D. Kan [30].

We start we a presheaf, G, on Y and take an open set, U, of X. We set
(ffeU)=lm GV),
{f~1(v)2U}

here, as noted, V ranges over all opens of Y with f~1(V) D U. Then, f*G is a presheaf (of R-modules) on
X. If G is a sheaf on Y, we form f*G, as above, and then take (f*G)#. We'll continue to denote the latter
sheaf by f*G if no confusion results. Once the idea of defining f*G by a direct limit is in hand, it is easy to
prove (and the proof will be left as a (DX)):

Proposition 5.31 If f: X — Y is a map of topological spaces, then the functors f* from P(Y) to P(X)
(resp. from S(Y') to S(X)) are left adjoint to the direct image functors. That is, for G € P(Y) and F € P(X)
(resp. G € S(Y) and F € §(X)), we have functorial isomorphisms

Homp x)(f*G, F) — Hompy)(G, [ F)
(resp.

Homg(x)(f*G, F) — Homg(v)(G, f. F)).
Moreover, we have (f*G)y = Gz, for all x € X.

Since lim is an exact functor on R-mod, our definition of the presheaf f*G shows that f* is an exact

Junctor P(Y) ~ P(X). The statement in the proposition about stalks shows (by Proposition 5.30) that f*
is also an exact functor S(Y) ~» S(X). Of course, f. is a left-exact functor on sheaves and an exact functor
on presheaves.

There is a useful lemma that connects pairs of adjoint functors and injectives—it is what we’ll use to get
enough injectives in P and S.

Lemma 5.32 Say A and B are abelian categories and a: A ~ B and 3: B ~ A are functors with 3 left
adjoint to «. If B is exact, then « carries injectives of A to injectives of B.

Proof. Take an injective, @, of A and consider the co-functor (on B)
T ~ Homp(T, a(Q)).

By adjointness, this is exactly
T ~ Homu(8(T), Q).

Now, Hom4(6(—), Q) is the composition of the exact functor S with the exact functor Hom4(—, @) (the
latter being exact as @ is injective). But then, Homg(—, a(Q)) is exact, i.e., «(Q) is injective in B. []

If we apply the lemma to the cases a =1, = #; a = fi, 8 = f*, we get
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Corollary 5.33 Let f: X — Y be a map of topological spaces and write P(X), etc. for the categories of
R-module presheaves on X, etc. Further consider the functors i: S(X) ~~ P(X) and #: P(X) ~ S(X).
Then,

(1) If Q is an injective in P(X), the presheaf f.(Q) is injective on Y.
(2) If Q is an injective in S(X), the sheaf f.(Q) is injective on Y .
(3) If Q is an injective sheaf on X, then i(Q) is an injective presheaf on X.
Theorem 5.34 If X is a topological space, then the category S(X, R-mod) possesses enough injectives.

Proof. Pick any point, &, of X and consider the map of spaces i¢: {{} — X. The categories P({{}) and
S({¢}) are each just R-mod, and for any module, M, we have

. M ifEeU
w000 ={ ) Figr

For any sheaf F' on X, look at its stalk, F¢, at £ and embed F¢ into an injective R-module Q¢ (say je: Fr — Q¢
is the embedding). We form i¢,(Q¢) which is an injective sheaf on X by Corollary 5.33 and then form
Q= ngX ie«(Q¢), again an injective sheaf on X. Note that

Q) = 1] Qe
£eu

Now, I claim that the map 6: F' — Q via
for 2 € F(U): 0(z) = (je(z¢))eev,

where z¢ is the image of z in Fy, is the desired embedding. If 6(z) = 0, then for each ¢ € U, the elements
Je(ze) = 0; as je is an embedding, we get ze = 0. By the definition of stalk, there is a neighborhood, Ug, of

¢ in U where pZﬁ (z) = 0. These neighborhoods give a covering of U, so we see that z goes to zero under the
map

F(U) — ] FWe). (+H)
%

But, this map is injective by the sheaf axiom; so, z = 0. []

Remark: The theorem is also true for presheaves and our proof above works for “good” presheaves; that is,
those for which the maps (+) are indeed injective. (For general presheaves, G, the presheaf G() will satisfy
(+) is injective). We can modify the argument to get the result for P(X) or use a different argument; this
will be explored in the exercises.

To define cohomology with coefficients in a sheaf, F', on X, we consider the functor
T: F ~ F(X).
We already know this is left exact and we define the cohomology of X with coefficients in F' by
H*(X,F)=(R°T)(F).
A little more generally, if U is open in X, we can set I'y(F) = F(U) and then

H*(U,F) = (R°Ty)(F).
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If we assume proved the existence of enough injectives in P(X), then for a presheaf, G, we set
H(X,G) =GP (X)= lim Ker([[G(U.) == [[GWUsNT,)
{Un—U} «a By

and define
H*(X,G) = (R°H")(G).

There is an explicit complex that computes H*(X,@), see the exercises. The R-modules H*(X,G) are called
the Cech cohomology groups of X with coefficients in the presheaf G. Again, as above, we can generalize to
cohomology over an open, U.

Pick open U C X, and write Ry for the presheaf

R #VCU
%“m{m)ﬁng

(so, Rx is the constant presheaf, R). Also write Ry for the sheaf (R )#. It turns our that the Ry form a
set of generators for P(X), while the same is true for the Ry in S(X). Moreover, we have

Proposition 5.35 If X is a topological space and U is a given open set, then we have an isomorphism of

0-functors
]{.((J7 —) = EXt?S(X) (RU, —)

on the category S(X) to R-mod.
Proof. All we have to check is that they agree in dimension 0. Now,
Homgx)(Ry, ') = Homp(x)(Ru, i(F)).
Notice that p;: R(U) — R(V) is just the identity if V C U and is the zero map otherwise. It follows that
Homp(x)(i)‘iU, Z(F)) = HomR_mod(R, F(U)) = F(U),
and we are done. []
@ We don’t compute EXt:g( X)(RU,F ) by projectively resolving Ry—such a resolution doesn’t exist in
S(X). Rather, we injectively resolve F.

Recall that we have the left exact functor i: S(X) ~» P(X), so we can inquire as to its right derived
functors, R*i. The usual notation for (R®i)(F') is H®(F)—these are presheaves. We compute them as follows:

Proposition 5.36 The right derived functors H®(F) are given by
H(F)(U)=H*(U,F).

Proof. 1t should be clear that for fixed F', each HP(U, F) is functorial in U; that is, U ~ HP(U,F) is a
presheaf. Moreover, it is again clear that
F~ H*(U,F)

is a 0-functor from S(X) to P(X). If @ is injective in S(X), we have H?(U,Q) = (0) when p > 0; so, our
5-functor is effaceable. But, for p = 0, the R-module H°(U, F) is just F(U); i.e., it is just H°(F)(U). By
the uniqueness of universal J-functors, we are done. []

For the computation of the cohomology of sheaves, manageable injective resolutions turn out to be too
hard to find. Sometimes one can prove cohomology can be computed by the Cech method applied to i(F),
and then the explicit complex of the exercises works quite well. This will depend on subtle properties of the
space, X. More generally, Godement [18] showed that a weaker property than injectivity was all that was
needed in a resolution of F' to compute the R-module H*(X, F). This is the notion of flasqueness.”

"The French word “flasque” can be loosely translated as “flabby”.
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Definition 5.8 A sheaf, F', on the space X is flasque if and only if for each pair of opens V' C U of X, the
map

pi: F(U) = F(V)

is surjective. Of course, this is the same as F(X) — F(U) being surjective for each open, U.

Here are two useful lemmas that begin to tell us how flasque sheaves intervene in cohomology.:

Lemma 5.37 The following are equivalent statements about a sheaf, F’, on the space X :
(1) Every short exact sequence in S(X)
0—F —F—F'—0
is exact in P(X).
(2) For every open U of X, the R-module H*(U, F') is zero.

Proof. (1) = (2). Embed F’ in an injective and pick open U C X. From 0 — F' — @ — cok — 0,
we get
0 — F'(U) — Q(U) — cok(U) — H'(U,F") — (0);

By (1), 0 — F'(U) — Q(U) — cok(U) — 0 is exact; so, H*(U, F’) = (0).

(2) = (1). Just apply cohomology over U to the short exact sequence 0 — F' — F — F" — 0.
We get
0 — F'(U) — F(U) — F"(U) — H U, F").

By (2), we're done as U is an arbitrary open. []

Lemma 5.38 Say F' is a flasque sheaf and 0 — F' — F — F"” — 0 is exact in S(X). Then it is
exact in P(X). Moreover, if 0 — F' — F — F" — 0 is exact in S(X), then F is flasque if and only if
F" is flasque (of course, F' is always assumed to be flasque).

Proof. Pick any open U C X; all we must prove is that F(U) — F”(U) is surjective. Write X for the
collection of pairs (V, o) where V is open, V C U and o is a lifting to F(V) of p};(s) € F”(V) for some
s € F"(U) fixed once and for all. As s admits liftings to F locally on U, our set ¥ is non-empty. Now
partially order X in the standard way: (V,0) < (V,5) iff V C V and p“g(bv) = 0. Of course, ¥ is inductive
and Zorn’s Lemma yields a maximal lifting, o, of s defined on V{; C U. We must prove Vi = U.

Were it not, there would exist £ € U with £ ¢ V). Now the stalk map Fr — Fg” is surjective, so the
image of s in some small neighborhood, U(§), of £ in U lifts to an element 7 € F(U(£)). We will get an
immediate contradiction if U(§) N Vy = 0, for then U = U(§) UV has two opens as a disjoint cover and
F(U) = F(U(€))[] F(Vo) by the sheaf axiom. The pair (7, 00) is a lifting of s to a bigger open than Vo—a
contradiction.

Therefore, we may assume U(£) N Vy # (—it is here that the flasqueness of F’ enters. For on the

intersection both pgggmvo (1) and pgo(&)mv" (00) lift pg(&)nvo (s). Thus, there is an “error” e € F'(U(&) N Vy),

so that
U©)nv; U&)nv;
oy o0) = g () =
As F' is flasque, € lifts to F/(U()); call it € again on this bigger open. Then 7+ € also lifts pg(g) (s) and 7+€
and op now agree on U(£) N Vp; so, the sheaf axiom shows we get a lifting to the bigger open U(£) U Vo—our
last contradiction. Thus, U = V4.
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For the second statement, in which F’ is given as a flasque sheaf, pick open V C U in X. We have the
commutative diagam

0 F'(U) F(U) — F"(U) — 0
0 F'(V) F(V) —= F'(V) — 0,

in which Coker (p") = (0), By the snake lemma
Coker (p) — Coker (p"),

and we are done. []

Remark: There is an important addendum to Lemma 5.37. We mention this as the method of argument
is fundamental in many applications. This addendum is: The statement

(3) HY(U,i(F")) = (0) for all U open in X, is equivalent to either properties (1) or (2) of Lemma 5.37.

Let us show (3) <= (1). So say (3) holds. This means given any open cover of U, say U = |J,, Uy, and
any elements zo3 € F'(U, NUpg) so that

Zap = —28a and  zay = 2ap+23y, onU,NUgNU, (%)

we can find elements z, € F'(U,) so that z43 = zo — 23 on U, N Uz. Now suppose we have s € F"(Uy,),
we can cover U by opens U, so that the s, = p5(s) € F"(Uy) lift to 0, € F(U,) for all a. The elements
0q —0g € F(U,NUg) are not necessarily 0 but go to zero in F”'(U, NUpg). That is, if we set zo3 = 00 — 03,
the zo3 belong to F'(U, NUg). These zqp satisfy () and so by (3) we get zo3 = zo — 23 for various
zo € F'(Uy,). Thus

2o — 23 =04 —0g on U, NUg,

that is
Onq — 2o =03 —23 onU,NUg.

This equality and the sheaf axiom for F' give us an element o € F(U) with pg" (0) = 00 — 2a- The z, go to
zero in F| thus o lifts s and this shows F(U) — F”(U) is surjective.

To show (1) = (3), we simply embed F’ in an injective again to get 0 — F' — @ — cok — 0 in
S(X). By (1), the sequence
0 — i(F") — i(Q) — i(cok) — 0

is exact in P(X) and i(Q) is an injective of P(X). Apply Cech cohomology (a d-functor on P(X)):
0— F'(U) — Q(U) — cok(U) — H*(U,i(F')) — 0
is exact. Since Q(U) — cok(U) is surjective, by (1), we get (3). [J

Proposition 5.39 FEvery injective sheaf is a flasque sheaf. For every flasque sheaf, F, and every open U,
we have H*(U, F) = (0) for n > 0.

Proof. Pick open V C U, call our injective sheaf (). Since V' C U, we have the exact sequence
0 — Ry — Ry — cok — 0
in S(X). Now Homg(x)(—, Q) is an exact functor; so

0 — Homgx)(cok, Q) — Homg(x)(Ry, Q) — Homgx)(Ry,Q) — 0
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is exact. The middle and right-hand groups are Q(U) and Q(V') respectively; so @ is flasque.

Let’s prove the second statement by induction on n. Take a flasque sheaf, F.. By Lemmas 5.37 and 5.38,
we have H' (U, F) = (0) for all open U. Now embed F in an injective sheaf

0— F — @Q — cok — 0.

By Lemma 5.38 and the above, the sheaf cok is also flasque. So by our induction hypothesis all the groups
HP (U, cok) = (0) for 1 < p < n — 1. Now apply cohomology to our exact sequence; this gives

HP(U,cok) — HPTY(U,F), forp>1.

When p = n — 1 this gives the induction step for F. []

The important part of this proposition is that flasque sheaves are acyclic objects over every open U of
X; that is, H™(U, F') = (0) for all n > 0 and every open U. And now we have the following general

Proposition 5.40 Suppose A is an abelian category, T is a left exact functor from A to R-mod and
0—F —Ly— L —---

is an acyclic resolution of F' by R*T-acyclic objects Ly, L1, ... (That is, (RPT)(L;) = (0), all p > 0, all
j >0.) Then the cohomology of the complex

T(Lo) — T(L1) — T(Lz) — -+
computes the derived functors of T on the object F (i.e., the (R"T)(F), n >0).

Proof. We use induction on n and décalage. (There are other methods of proof, e.g., by double complexes.)
Of course, the assertion for n = 0 is true and trivial, being independent of resolutions. So assume for an
object G resolved by a sequence of the L’s, we have (RPT)(G) = HP(T(L,)) for 0 < p < n — 1. Then the
sequence,

00— F— Ly —cok—0

yields the resolution
00— cok — L] — Ly — --- (1)

and the cohomology sequence

0——T(F) ————T(Ly) ——— T(cok) ——— (R'T)(F) >

<—> (RPT)(Lo) — (RPT)(cok) —— (RPHIT)(F) — (RPT'T)(Lo) — -

If p>1, we get
(RPT)(cok) — (RPT'T)(F)

while for p = 0, we get
T(Lo) — T(cok) — (R'T)(F) — 0. (if)

Now by induction hypothesis on n, (RPT)(cok) is the pth cohomology of T(L;) — T(Ly) — ---, for
p < n — 1. This is exactly the p + 1 cohomology of T'(Lg) — T(L1) — -+, that is HP*(T(Ls)). So,

H" (T (Ls)) = (RPT)(cok) — (RPFIT)(F)

if1<p<n-—1. Aslong as n > 2, we can set p =n — 1 and get the induction step.
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So, all that remains is the step from n =0 to n = 1. From (), we see
T(cok) — Ker (T'(L1) — T(L2)).

By the short exact sequence for F, Lo, cok, we find that Im (7'(Ly) — T'(cok)) is exactly the image
(T'(Lo) — T(Lq)); that means
T(cok) /T(Lo) = H(T(L4)).

But, we know
T(cok)/T(Ly) — (R'T)(F)

by (i), and we are done. []

Of course, we apply this to resolving a sheaf, F', by flasque sheaves. If we do this, we get a complex
(upon applying I'yy) and so from its cohomology we compute the HP(U, F'). It remains to give a canonical
procedure for resolving each F' by flasque sheaves. This is Godement’s method of “discontinuous sections”.

Definition 5.9 For a sheaf, F', write G(F') for the presheaf

G(F)U) =[] Fe

zeU

and call G(F') the sheaf of discontinuous sections of F'.

Remarks:
(1) G(F) is always a sheaf.

(2) G(F) is flasque. For, a section over V' of G(F') is merely a function on V' to |J,y Fi so that its value
at x lies in F,,. We merely extend by zero outside V' and get our lifting to a section of U (with U 2 V).

(3) There is a canonical embedding F — G(F). To see this, if s € F(U), we have s(z) € F,, its image
in F, = lim F(V). We send s to the function = +— s(z) which lies in G(F)(U). Now, if s and ¢ go to
Vozx

the same element of G(F)(U), we know for each z € U, there is a small open U(x) C U where s = ¢

on U(z) (ie., pg(w)(s) = pg(w) (t)). But these U(z) cover U, and the sheaf axiom says s =t in F(U).

Therefore, S(X, R-mod) has enough flasques; so every sheaf, F, possesses a canonical flasque resolution
(the Godement resolution) : Namely

0— F— G(F) — cok; — 0
0 — coky — G(coky) — coks — 0

0 — cok, — G(cok,) — cok,11 — 0---

This gives
0— F — Go(F) — Gi(F) — -+ — Gu(F) — -+,

where we have set
Go(F)=G(F) and G,(F)=G(cok,) whenn > 1.

It’s not hard to extend all our results on sheaves of R-modules to sheaves of Ox-modules, where Ox
is a sheaf of rings on X. To replace maps of spaces, we need the notion of a map of ringed spaces (i.e.,
of pairs (X,Ox) in which Ox is a sheaf of rings on X): By a map (X,0x) — (Y, Oy) of ringed spaces,
we understand a pair (f, ) in which f is a map X — Y and ¢ is a map of sheaves Oy — f.Ox (over
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Y’). For intuition think of Ox as the sheaf of germs of continuous functions on X. If F is an Ox-module,
then f,F will be an Oy-module thanks to the map Oy — f,Ox. But if G is an Oy-module, f*G is not
an Ox-module. We must augment the notion of inverse image. Our map ¢: Oy — f.Ox corresponds by
adjunction to a map ¢: f*Oy — Ox. Now f*G is an f*Oy-module, so we form

(fa SD)*G = OX ®f*(9y f*G

and get our improved notion of inverse image—an O x-module.

Finally, to end this long section we give some results (of a very elementary character) concerning
Tori2 (—, —) and properties of special rings, R. The first of these works for every ring:

Proposition 5.41 Say M is an R-module (resp. R°P-module), then the following are equivalent:
(1) M is R-flat.
(2) For all Z, we have Torf(Z, M) = (0), for alln > 0.
(8) For all Z, we have Tori'(Z, M) = (0).

Proof. (1) = (2). Since the functor Z ~~ Z ®p M is exact, its derived functors are zero for n > 0, i.e., (2)
holds.

(2) = (3). This is a tautology.

(3) = (1). Given an exact sequence
0—2 —Z-—27"—0
tensor with M and take cohomology. We get the following piece of the long exact sequence
- Torf (2" M) — Z' @g M — Z@r M — Z" @ M — 0.

By (3), we have Torf(Z", M) = (0), so the tensored sequence is exact. []

For the rest, we’ll assume R is a domain. Now for a P.I.D. we know divisibility of a module is the same
as injectivity. That’s not true in general, but we have

Proposition 5.42 If R is an integral domain, every injective R-module is divisible. Conversely, if a module
is divisible and torsion free it is injective.

Proof. We use the exact sequence
0—R-"R

(R is a domain) for a given element (# 0) of R. The functor Homp(—, Q) is exact as @ is injective. Then
we get
Q = Hompg(R,Q) = Homp(R,Q) = Q — 0

is exact. As r is arbitrary, @ is divisible.
Next, assume M is a torsion-free, divisible module. For an exact sequence

0— A — R,

suppose we have an R-module map ¢: % — M. We need only prove ¢ extends to a map R — M. Of
course, this means we need to find m € M, the image of 1 under our extension of ¢, so that

(Vr € A)(p(r) = rm).
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Now for each fixed r € 2, the divisibility of M shows there is an element, m(r) € M, so that

o(r) =r-m(r).

This element of M is uniquely determined by r because M is torsion-free. Now pick s € 2, s # 0, consider
sr. We have

p(sr) = sp(r) = srm(r).
But, sr = rs; so
p(sr) = (rs) = re(s) = rsm(s).

By torsion freeness, again, we find m(r) = m(s). So, all the elements m(r) are the same, m; and we’re done.

O

Write F' = Frac(R). The field F is a torsion-free divisible, R-module; it is therefore an injective R-module
(in fact, it is the injective hull of R). The R-module, F'/R, is an R-module of some importance. For example,
Homp(F/R, M) = (0) provided M is torsion-free. In terms of F//R we have the

Corollary 5.43 If M is a torsion-free module, then M is injective iff Exty(F/R, M) = (0). In particular,
for torsion-free modules, M, the following are equivalent

(1) M is injective
(2) Extiw(F/R,M) = (0) alln >0
(8) Exth(F/R, M) = (0).
Proof. Everything follows from the implication (3) = (1). For this, we have the exact sequence
0—R—F—F/R—0
and so (using Homp(F/R, M) = (0)) we find
0 — Homp(F, M) % M — ExthL(F/R, M)

is exact. The map, 6, takes f to f(1). By (3), € is an isomorphism. Given m € M and r # 0 in R, there is
some f: F'— M, with f(1) =m. Let ¢ = f(1/r), then

rg=rf(1/r) = f(1) =m;
so, M is divisible and Proposition 5.42 applies. []
The field F is easily seen to be lim (+R), where we use the Artin ordering on R: A < p iff A | p.
—

A
Consequently, F' is a right limit of projective (indeed, free of rank one) modules. Now tensor commutes with
right limits, therefore so does Tor? (DX). This gives us

Torf(F. M) =ty Tor! (LR ) = (0), if >0,
A

That is, I is a flat R-module. Moreover, we have

Proposition 5.44 If R is an integral domain and M is any R-module, then Tor®(F/R, M) = t(M), the
torsion submodule of M. The R-modules Tor;j‘(F/R, M) vanish if p > 2.
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Proof. Use the exact sequence
0—R—F—F/R—0

and tensor with M. We get
0 — Tor®(F/R,M) — R®r M (=M) — F@zr M — F/R@r M — 0
and, further back along the homology sequence
(0) = Tory, | (F, M) — Torl | (F/R, M) — Tory(R, M) = (0)
for all p > 1. Thus, all will be proved when we show
t(M)=Ker(M — F®rM).
Since F'®@p M = lim (sR®p M), we see £ € Ker (M — F @g M) iff there is some A (# 0) with

A
¢ € Ker(M — %R ®pg M). But, R is a domain, so multiplication by A is an isomorphism of %R and R.
This gives us the commutative diagram

= () RexM

M
l lmult. by A
M

— R®r M

and we see immediately that the left vectical arrow is also multiplication by A. Hence
¢ € Ker (M — (+R) ®g M) when and only when A¢ = 0, and we are done. []

The name and symbol for Tor?‘ arose from this proposition.

When R is a P.I.D., the module, F/R, being divisible is injective. Consequently,
Proposition 5.45 If R is a P.I.D., the sequence
0—R—F—F/R—0
is an injective resolution of R. Hence, Exth (M, R) = (0) if p > 2, while
Exth(M, R) = Coker (Homg (M, F) — Hompg(M, F/R)).
When M is a finitely generated R-module, we find
Exty (M, R) = Homg(t(M), F/R).

Proof. We know the exact sequence is an injective resolution of R and we use it to compute the Ext’s. This
gives all but the last statement. For that, observe that

0—t(M) — M — M/t(M) — 0
is split exact because M /t(M) is free when R is a P.I.D. and M is f.g. Now F is torsion free, so
Homp(M,F)=F% «=rank M/t(M)

and
Homp(M,F/R) = Homg(t(M), F/R) II (F/R)“.
Therefore, Ext (M, R) computed as the cokernel has the value claimed above. []

For torsion modules, M, the R-module Hompg(M, F'/R) is usually called the dual of M and its elements
are characters of M. The notation for the dual of M is MP. With this terminology, we obtain

Corollary 5.46 Suppose R is a P.I.D. and M is a f.g. R-module. Then the equivalence classes of extensions
of M by R are in 1-1 correspondence with the characters of the torsion submodule of M.
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5.4 Spectral Sequences; First Applications

The invariants provided by homological algebra are obtained from the computation of the (co)homology of a
given complex. In general, this is not an easy task—we need all the help we can get. Experience shows that
many complexes come with a natural filtration (for example, the complex of differential forms on a complex
manifold with its Hodge filtration). In this case, if the filtration satisfies a few simple properties, we can go
a long way toward computing (co)homology provided there is a suitable beginning provided for us.

So let C* be a complex (say computing cohomology) and suppose C* is filtered. This means there is a
family of subobjects, {FPC*},cz, of C* such that

. D FPC* D FPHIC* D ...,

We also assume that (J, FPC® = C* and (), FPC* = (0). Moreover, if d is the coboundary map of the
complex C* (also called differentiation), we assume that

(1) The filtration {FPC*} and d are compatible, which means that d(F?C*®) C FPC*, for all p.
(2) The filtration {FPC*} is compatible with the grading on C*°, i.e.,

Free = [ Freencrte =] o,
q q

where CP4 = FPC® N CPT4. Then, each FPC*® is itself a filtered graded complex as are the FPC®/FP¥rC®,
for all » > 0.

Remarks:
(1) We have FPC* =[], CP1, the elements in C” have degree p + g.
(2) The CP?’s are subobjects of CP*4.
(3) The CP?’s filter CP™4, and p is the index of filtration.
Now, C*® possesses cohomology; H®(C*®). Also, FPC*® possesses cohomology, H®(FPC®). There is a map

of complexes FPC® — C°, so we have a map H®(FPC®) — H®(C*®), the image is denoted H*(C*®)? and
the H*(C®)?’s filter H*(C*). So, H*(C*®) is graded and filtered. Thus, we can make

H(C)P1 = H*(C*)P N HPT(C*®).
There is a graded complex, gr(C*®), induced by F' on C*®, defined as
gr(C*)" = F"C*/F"T ",
So, we have gr(C*®) =[], gr(C*)™ and it follows that

gr(C*) = [[w@ree/rrrice)

L1[(11ene) /(1L nees)

p
H H(cho N CPHa) /(FPHLC® 0 oPtHa)
P q

= [Jcrejerttat,

p.q
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So, we get

gr(C*) = [T crojereta = [T er(C),
p.q

P,
with gr(C)P4 = CP4/CPT14=1, Similarly, H*(gr(C*)) is also bigraded; we have

H*(gr(C*)) = [ ] H(ex(C))",
p.q
where H(gr(C))P4 = HPH4(FPC® /FPHLC®).
Finally, we also have the graded pieces of HPT4(C*®) in its filtration,

gr(H(C)P" = H(C)/H(C)PFH171 = HP*(C®) N H* (C*)P[HP1(C®) N H* (C*) .

As a naive example of a filtration, we have FPC® = Hn>p cn.

The rest of this section is replete with indices—a veritable orgy of indices. The definitions to remember
are four: CP1, gr(CYP1, H(gr(C))P? and gr(H(C))P1. Now C* is filtered and it leads to the graded object
gr(C®). One always considers gr(C*®) as a “simpler” object than C®. Here’s an example to keep in mind
which demonstrates this idea of “simpler”. Let C be the ring of power series in one variable, x, over some
field, k. Convergence is irrelevant here, just use formal power series. Let FPC be the collection of power
series beginning with terms involving P! or higher. We feel that in F?C the term of a series involving 2P*!
is the “dominating term”, but there are all the rest of the terms. How to get rid of them? Simply pass to
FPC/FPHLC | in this object only the term involving 2P+ survives. So gr(C) is the coproduct of the simplest
objects: the single terms a,,12PT!. It is manifestly simpler than C. Ideally, we would like to compute the
cohomology, H®(C*®), of C*. However, experience shows that this is usually not feasible, but instead we can
begin by computing H*®(gr(C*®)) because gr(C*®) is simpler than C®. Then, a spectral sequence is just the
passage from H®(gr(C*)) to gr(H®(C*)); this is not quite H*(C*®) but is usually good enough.

The following assumption makes life easier in dealing with the convergence of spectral sequences: A
filtration is regular iff for every n > 0, there is some p(n) > 0, so that for all p > pu(n), we have
FrC*nC™ = (0).

Definition 5.10 A cohomological spectral sequence is a quintuple,
£ = (BP9, 4P ol E, 3P,
where
(1) EP9is some object in Ob(A), with p,q > 0 and 2 <1 < oo (the subscript r is called the level).
2) dPa: P9 — EPHTa-Ttl s a morphism such that dP'? o dP="9"=1 =, for all p,q > 0 and all r < oo.
3

a4 Ker d&4/Im d?="4%t"1 — EP is an isomorphism, for all p, ¢, all r < occ.

4

(2)
(3)
(4) E is a graded, filtered object from A, so that each FPE is graded by the EP¢ = FPE N EPTY.
(5)

5) P4: EPY — er(E)PY is an isomorphism, for all p,q (where gr(E)P? = EP:4/Eptla=1),

Remarks:
(1) The whole definition is written in the compact form
EY! = F
P

and F is called the end of the spectral sequence. The index p is called the filtration index, p + q is
called the total or grading index and q the complementary indezx.
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(2) If r > ¢+ 1, then Im d?9 = (0) and if r > p, then Im d?~"9+"=1 = (0). So, if r > max{p,q + 1}, then
(3) implies that EP? = EY | i.e., the sequence of EP'¢ stabilizes for r >> 0.

(3) In general, when EP'? stabilizes, EP'? # EP:4. Further assumptions must be made to get EP? = EP1
for » >> 0.

(4) One can instead make the definition of a homological spectral sequence by passing to the “third quad-
rant” (p < 0 and ¢ < 0) and changing arrows around after lowering indices in the usual way, wviz:
H~" becomes H,. Further, one can make 2" or 4*" quadrant spectral sequences or those creeping
beyond the quadrant boundaries. All this will be left to the reader—the cohomological case will be
quite enough for us.

Spectral sequences can be introduced in many ways. The one chosen here leads immediately into appli-
cations involving double complexes but is weaker if one passes to triangulated and derived categories. No
mastery is possible except by learning the various methods together with their strengths and weaknesses. In
the existence proof given below there are many complicated diagrams and indices. I urge you to read as far
as the definition of Z?'7 and BP'? (one-half page) and skip the rest of the proof on a first reading.

Theorem 5.47 Say C* is a filtered right complex whose filtration is compatible with its grading and differ-
entiation. Then, H®(C*®) possesses a filtration (and is graded) and there exists a spectral sequence

Ept = H*(C"),

in which EY? is the cohomology of H®(gr(C®))—so that EV'? = H(gr(C))P4 = HPTI(FPC®/FPTIC®)). If
the filtration is reqular, the objects EP (= gr(H®*(C*))P4 = H(C)P4/H(C)Pt14=1 = composition factors in
the filtration of HP4(C®)) are exactly the EP*? when r >> 0.

In the course of the proof of Theorem 5.47, we shall make heavy use of the following simple lemma whose
proof will be left as an exercise:

Lemma 5.48 (Lemma (L)) Let

SN

Al—> A—— A"
¢’ K

be a commutative diagram with exact bottom row. Then, n induces an isomorphism
Im ¢/Im ¢’ — Tm 1.

Proof of Theorem 5.47. First, we need to make Z2'% and B and set EP? = ZP/BP1.
Consider the exact sequence (we will drop the notation C*® in favor of C' for clarity)
0 — FPC —s FP~"HC — FP"HC/FPC — 0.
Upon applying cohomology, we obtain
- P l(peortioy o grtasl(prortlo) Fre) N HPH(FPC) — .

There is also the natural map HP4(FPC) — HPTI(FPC/FPT1C) induced by the projection
FPC — FPC/FPTLC. Moreover, we have the projection FPC/FPT"C — FPC/FPTC, which induces a
map on cohomology

HPYY(FPO/FPT"C) — HPTI(FPC/FPTO).
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Set

N
b
2
|

Im (HPT4(FPC/FPT"C) — HPTY(FPC/FPTLC))
BP4  — Im(Hp+q_1(Fp_T+1C/F”C) SN Hp-s-q(FPC/FPHC«))7

the latter map being the composition of 6* and the projection (where r > 1).

The inclusion FP~"T1C C FP~C yields a map FP~"1C/FPC — FP~"C/FPC; hence we obtain the

inclusion relation B2¢ C BEY,. In a similar way, the projection FPC/FPT"H1C — FPC/FPT"C yields the

inclusion Z7y!, € ZP%. When r = oo, the coboundary map yields the inclusion B%? C Z%9 (remember,

F>C = (0)). Consequently, we can write
ngquffl g...gB&quéﬂéqg...ng

Set
EP4 =7P9/BP4  where 1 <r <oo,and E,=H"(C).

Then, E =[], E, = H(C), filtered by the H(C')P’s, as explained earlier. When r =1, B}’ = (0) and
ZP1 = HPTI(FPC/FPTIO);

We obtain EV? = HPTI(FPC/FPTIC) = H(gr(C))P?. On the other hand, when r = oo (remember,
F~>°C =0C), we get

zbt = Im(HPYY(FPC) — HPTI(FPC/FPTIC))
BrY = Im(HPYI~Y(C/FPC) — HPHI(FPC/FPTIC)).

Now the exact sequence 0 — FPC/FPHIC — C/FPH1C — C/FPC — 0 yields the cohomology sequence
. — HPYY (O FPC) 2 HPT(FPCFPYIC) — HPTY(C/FPLC) — -

and the exact sequence 0 — FPC — C' — C/FPC — 0 gives rise to the connecting homomorphism
HPTa=Y(C/FPC) — HPTI(FPC). Consequently, we obtain the commutative diagram (with exact bottom
row)

Hr+a(FPQ)

HrT=1(C/FPC) —— HPTI(FPC/FPTIC) —— HPTI(C/FPTIC)
and Lemma (L) yields an isomorphism
gpa; ERY = 704 /BPA — Tm (HPT(FPC) — HPY(C/FPTIC)).
But another application of Lemma (L) to the diagram

HPHa(FrC)

i

Hp+q(Fp+lc) - > Hp+q(C) - > Hp+q(0/Fp+10)
gives us the isomorphism

0P gr(H(C))P? — Im (HPT4(FPC) — HPT(C/FPTIC)).
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Thus, (n77)~! 0 £P4 is the isomorphism 37 required by part (5) of Definition 5.10.

Only two things remain to be proven to complete the proof of Theorem 5.47. They are the verification
of (2) and (3) of Definition 5.10, and the observation that E2:?, as defined above, is the common value of

oo )

the EP*? for r >> 0. The verification of (2) and (3) depends upon Lemma (L). Specifically, we have the two
commutative diagrams (with obvious origins)

HP+a(FPC ) FrirQ)

Hp+q(ch/Fp+r+1c) o Hp+q(ch/Fp+lc) T> HPptat+l (Fp+lc/Fp+r+lc)

and

HP+I(FPC ) FPH Q)

T

HPHI(FPHLQ)FrHr Q) ——s HPHaHL(Frer Frer+10) —s Fpratl(Frelo/prerio),
=

Here, the map 6 is the composition
HPH(FPC/FPHTC) — HPH Y (prtro) — getatl(petio)/ prtrtic)),
Now, Lemma (L) yields the following facts:
zra/z%  — Im#,
BT B = g,

that is,
D»q . P.q P9 p+r,g—r+1 p+r,q—r+1
ona. Z )z — BYl /BP .

As B4 C ZP1 for every r and s, there is a surjection
P, FPg psd | 7P
U Er - Zr /Zr+1
with kernel Z7%, /BP»9; and there exists an injection

ptr,g—r+1, pptr,g—r+l  ppt+r,g—r+1 p+r,q—r+1
Ort1 . Br+1 /Br - E’I" .

The composition a? 119" 0 §2:¢ o 724 is the map d29 from EP4 to EPT¢~"+1 required by (2). Observe
that,
lm 7471 = B, BIY € 279, /BP9 = Ker

hence
Pq) — D,q p—r,q+r—1 ~v 7P:q P4 _ Pq
H(EP?) = Ker d2?/Im d? _ZTH/BTH—ETJr17

as required by (3).

To prove that E2:? as defined above is the common value of E?-? for large enough r, we must make use
of the regularity of our filtration. Consider then the commutative diagram

HPHa(FrC/FrirQ)

i

HP+4(FPC) ——> HPI(FPC/FPHIC) ——> HPHa+l(FrrlQ)
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where A is the composition
Hp+q(FpC/Fp+TC) 5_*, Hp+q+1(Fp+TC) N Hp+q+1(Fp+lc)'

By Lemma (L), we have Z29/Z2:9 — Tm \. However, if r > pu(p+q+1) — p, then 6* is the zero map. This
shows Im A = (0); hence, we have proven

zZP =789 forr > ulp+q+1) —p.
By our assumptions, the filtration begins with C' = F°C, therefore if r > p we find BP9 = B2:4. Hence, for

r > max{p,u(p +q+1) — p}

the EP? equal ER9. []

Remark: Even if our filtration does not start at 0, we can still understand EZ:? from the E?'¢ when the
filtration is regular. To see this, note that since cohomology commutes with right limits, we have

; P4 — BDP.a
lim B9 = B,
T

and this implies | J,. B?'9 = BZ:?. Hence, we obtain maps

r.d — 7P,q P,q A S P4 — P9
Er, _Zr7 /‘Br7 Zs, /‘Bs7 _E57

for s > r > pu(p+q+1)—p, and these maps are surjective. (The maps are in fact induced by the d2="4+7=1’g

because of the equality
BRI df =TT = (20 /BRY) /(B | BET) = B
for r > u(p+ g+ 1) — p.) Obviously, the right limit of the surjective mapping family

P.q P,q P.q
ET7 *)E”h’»l*)...;)Es* —_— e e

is the group Z2:2/(|J B??) = EP9; so, each element of EP:? arises from EP? if r >> 0 (for fixed p, q).
Regularity is therefore still an important condition for spectral sequences that are first and second quadrant

or first and fourth quadrant.

@ It is not true in general that Z%:9 = (" ZP? or that lim ZP9 = ZL1. In the first case, we have a weakly
convergent spectral sequence. In the second case, we have a strongly convergent spectral sequence.

Remark: Let us keep up the convention of the above proof in which the complex C appears without the
“dot”. Then, by (5) of our theorem we find

BRI = (HPF(C) N H(C)P)/(HPF(C) N H(C)PHY),
so that, for p + ¢ = n, the E%? = EP:""P are the composition factors in the filtration
H"(C)2 H"(C)' 2 H™(C)*2--- 2 H"(C)" 2 -+

To understand a spectral sequence, it is important to have in mind a pictorial representation of it in its
entirety. We are to imagine an “apartment house”; on the r*® floor the apartments are labelled E?*¢ and a
plan of the r*" floor is exactly the points of the pg-plane. The roof of the apartment building is the oo-floor.
In addition, there is the map dP? on the 7! floor; it goes “over r and down r — 17. Hence, a picture of the
r* floor is
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Figure 5.1: The EP+? terms of a spectral sequence (“r'® floor”)

The entire edifice looks like

Figure 5.2: The entire spectral sequence (regular filtration)

One passes vertically directly to the apartment above by forming cohomology (with respect to d,.); so,
one gets to the roof by repeated formings of cohomology at each higher level.

Once on the roof—at the co-level—the points on the line p+q = n, i.e., the groups E%", ELn=1 .. B0
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are the composition factors for the filtration of H"(C'):

H™(C) D H™(C)! D H"(C)* 2 --- 2 H™(C)" 2 (0).

points = composition factors in H"(C')

Figure 5.3: The E2:? terms of a spectral sequence (“roof level”)

To draw further conclusions in situations that occur in practice, we need three technical lemmas. Their
proofs should be skipped on a first reading and they are only used to isolate and formalize conditions
frequently met in the spectral sequences of applications. We’ll label them Lemmas A, B, C as their conclusions
are only used to get useful theorems on the sequences.

First, observe that if for some 7, there are integers n and p; > po so that EX"~" = (0) whenever

v # po,v # p1, then certainly E¥" " = (0) for every s with r < s < oo. If the filtration is regular, then

EPom—Po and EPL™~P1 are the only possible non-zero composition factors for H™(C') and therefore we obtain
the exact sequence

0 — BR"7 — H(C) — B 0. (1

Lemma 5.49 (Lemma A) Let EYY —> H*(C') be a spectral sequence with a regular filtration. Assume there
are integers r;p1 > po;n so that

U+U:n7u#p05p1
EY =(0) for u+v=n+1l,u>p +r
ut+v=n—1u<py—r.

Then, there is an exact sequence
EPvn=Pr __ {g(C) — EPomTPo, (A)

Proof. The remarks above and the first hypothesis yield sequence (f). In the proof of Theorem 5.47, we saw

that

po—t,n—po+t—1 __ ppo.n—po P0,—P0
T d — BPoPo /gPOn TR0,

We take oo >t > r, let u =pg—t and v =n —py +t— 1. Using these v and v and the third hypothesis, we
deduce BY*" P is constant for ¢ > r. Therefore, BP2:"~Po = BPo:n=ro_ This gives an injection
Egg,n*po [N Efo,n*po_
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Next, with « = p1 +t;v = n—p; —t+ 1 and co > t > r, the second hypothesis shows that
Ker @' %" P11 = (0) and the latter is ZPL"" Pt ppittnom =it gyt

BI® C B C By C 73 C 2

and so we get
ijjl»t,nfplfthl _ Bf1+t,n*p1*t+1’ 00 Z ¢ Z r

However, from the proof of Theorem 5.47, we find

P1,m—p1 p1,m—pP1 ., pPP1+t,n—p1—t+1 p1+t,n—p1—t+1,
Zt /ZtJrl - Bt+1 /Bt )

and therefore ZP"'" P! is constant for co > ¢ > r. By the regularity of the filtration, we find
zZpvn—Pr = ZP1n—P1 - This gives a surjection EPV" Pt — EP1—P1 and if we combine (}), our injection for

po,n — po and the surjection for p;,n — p; we get sequence (A). []

Lemma 5.50 (Lemma B) Suppose that EYY = H*(C) is a spectral sequence with a regular filtration.
Assume that there are integers s > r;p,n so that

ut+v=n—1l,up—r
EY =(0) for utv=nu#pandu<p+s—r

utv=n+1Lp+r<uandu #p+ s.

Then, there is an exact sequence
H"(C) — EPn=P — ppts(ntl)=(pts) (B)

Proof. We apply dP"~P to EP"~P and land in EPT""~P="+1 which is (0) by hypothesis three. Also,
Ep—rn=ptr=lig (0) by the first hypothesis, so the image of d2~""~P*"~1 is (0). This shows EP" P = EP/ ",
Repeat, but with d,y1; as long as r+1 < s we can continue using hypotheses one and three. Thus we obtain
Epn=P = EPn=P Now apply d7"" " to EV'""P where t > s+ 1. Hypothesis three shows our map is zero

and similarly the map d?~ """ P71 is zero by hypothesis one. So, for all ¢, with co >t > s + 1, we get
EP™P = EPY'. As the filtration is regular, we obtain E?}} P = EE P,

Next, by hypothesis two with u = p + (s — r) (provided s > r, otherwise there is nothing to prove), we
see that Tm @2~ (PFs=r) i (0). Thus,

Bpify(nJrl)*(PJrS) — Bpts:(ntl)—(p+s)

Should s > r + 1, we continue because
(0) — Im dﬁi‘i‘(’“ﬁ‘l),n—(?"rs—(ﬁf—l))'
This gives

+s,(n+1)—(p+s +s,(n+1)—(p+s
Bf+2( )—(p )ZBfH( )= (pts)

Hence, we get
Brts:(nt)=(p+s) — gpts,(nt1)—(p+s)

by repetition. Of course, this gives the inclusion

Epts(ntl)=(pt+s) C prts,(nt)—(pts)

Lastly, by hypothesis one, s (n=h==s) (0); so, Effs’(nfl)f(pfs) = (0) for every t > r. Take t = s,
then @2~ * "D ~P=%) anishes, and in the usual way we get

pn—p _ pp,n—p
Bs+1 - Bs$ .
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But then, we obtain an inclusion
p,n—p p,n—p
ESP — EPTTP.

However, the kernel of d?"~? is Z!\""P /BP"~P = EP""P; therefore we get the exact sequence

P,n—p pn—p 97 ppts, (nt1) = (p+s)
0— B 7 — Ef — BT .
And now we have a surjection H"(C') — EL"~P because EXL" " = (0) when u < p+s—1r (r # p) by
hypothesis two. If we put all this together, we get sequence (B). []

In a similar manner (see the exercises) one proves

Lemma 5.51 (Lemma C) If EY?Y = H*(C') is a spectral sequence with a regular filtration and if there
exist integers s > r;p,n so that

u+v=n+l,u>p+r
E» =(0) for utv=np+r—s<u#p
ut+v=n—1p—s#up-—r,

then, there is an exact sequence

Eps(n=D=(=s) _, ppn-p __, g0, (©)

Although Lemmas A, B, C are (dull and) technical, they do emphasize one important point: For any
level r, if E2'? lies on the line p+ q = n, then d, takes it to a group on the line p+q =n-+1 and it receives
a d, from a group on the line p+ q=n — 1. From this we obtain immediately

Corollary 5.52 (Corollary D) Say EY? = H*(C) is a regularly filtered spectral sequence and there are
integers r,n so that

P p+g=n-—1
E’r _(0) f07” {p+q:n+1,

Then, EP"P = EP:""P qnd the EP™ P are the composition factors for H™(C') in its filtration.

Now we wish to apply Lemmas A, B, C and we begin with the simplest case—a case for which we do not
need these Lemmas. A spectral sequence EY'Y = H*(C') degenerates at (level) r when and only when for
each n there is a ¢(n) so that

B9 = (0) if q # q(n).
Of course then ET~ %% = (0) when ¢ # ¢(n) for all s > r; so that, in the regular case, we have E” 77 = (0)
if ¢ # q(n). If we have ¢(n+ 1) > ¢(n) — (r — 1) for all n (e.g., if g(n) is constant), then EI'~ %7 = E7 %1
for every n and ¢ and we deduce that

n—
oo

H™(C) = Eryaman) — pr—a(n).a(n)
for all n. This proves
Proposition 5.53 When the filtration of C is reqular and the spectral sequence
EY?T = H*(C)
degenerates at r, then H"(C) = Eram)a(n) If in addition, q(n 4+ 1) > q(n) — (r — 1) for all n, then
H™(C) Eg—q(n)ﬂ(n)

for every n.
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Theorem 5.54 (Zipper Sequence) Suppose EY? = H*(C) is a regularly convergent spectral sequence and
there exist integers po,p1,r with p1 — po > r > 1 so that E*Y = (0) for all u # po or p1. Then we have the
exact zipper sequence

. thn—m H”(C) Efo,n—po Ef1,n+1—p1 N Hn+1 (C) ...

Dually, if there are integers qo, q1,7 with ¢ —qo > r —1 > 1 so that E*" = (0) for v # qo or q1, then the
zipper sequence 1s

. E;L—qo,qo o (C) E:f—q17q1 E;H-l—q(),qo H"'H(C) ...

Proof. Write s = p; — pg > r and apply Lemmas A, B and C (check the hypotheses using u + v = n). By
splicing the exact sequences of those lemmas, we obtain the zipper sequence. Dually, write s = 14+q1 —qo >,
set po =n —q1 and p; = n — qo. Then Lemmas A, B and C again apply and their exact sequences splice to
give the zipper sequence. []

The name “zipper sequence” comes from the following picture. In it, the dark arrows are the maps
Epon—po — pPuntl=pi and the dotted arrows are the compositions EP17Hi=p1 — g+l prontl-po
(one is to imagine these arrows passing through the H"*! somewhere behind the plane of the page). As you
see, the arrows zip together the vertical lines p = pg and p = p;.

q

(Level r in the spectral sequence)

Figure 5.4: Zipper Sequence

Theorem 5.55 (Edge Sequence) Suppose that EYY — H*(C) is a regularly convergent spectral sequence
and assume there is an integer n > 1 so that E5'? = (0) for every ¢ with 0 < ¢ < n and all p (no hypothesis
ifn=1). Then EY° =~ H"(C) forr=0,1,2,...,n—1 and

0— By — H"(C) — EY" — Byt — g ()

is exact (edge sequence). In particular, with no hypotheses on the vanishing of EY?, we have the exact

sequence

0,1
0— E21’O — H'(C) — Eg’l N E;’O — HQ(C).
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Proof. Since we have a cohomological (first quadrant) spectral sequence all the differentials dlr’o vanish for
all [ and if [ > n no differential d}"? hits EZ“’0 if p>0and r <n— 1. All the differentials d}"? are 0 if ¢ < n
and so we find Ey° 2 E70 for 0 < r < n — 1. But, only one non-zero term E2 exists on the line r = p 4 ¢
for r < m by our hypothesis on the vanishing; so, indeed Eg’o ~ Er0 = H"(C) when 0 <7 <n—1.

For El"’o, since dﬁ’f;pil: Eﬁ’fp*pfl — Epr, and since p > 0 implies ¢ < n — 1, we see that no non-zero
differential hits El”70 for any . Thus, E}° = E™0 and we get the injection E5° — H"(C). Apply Lemma

A with pg = 0,p; = n,r = 2 to find the sequence

0— E’ — H™(C) — EJ". (%)

Next, in Lemma B, take r =2, s =n+ 1> 2, and p = 0. Sequence (B) splices to (*) to yield
0— EQ’O — H"(C) — Eg’n — E£L+1’O. (k)

And, lastly, use Lemma C with r =2, s =n+ 1 > 2, the n of Lemma C to be our n + 1= s and p=n+ 1.
Upon splicing Lemma C onto (*x*) we find the edge sequence

0—>E;’O—>H"(C) —>Eg’n—>E;L+1’O—>H"+1(C). [l

Obviously, the edge sequence gets its name from the fact that the EY? which appear in it lie on the
edge of the quadrant in the picture of F5 as points (of the first quadrant) in the pg-plane. Equally obvious
is the notion of a morphism of spectral sequences. Whenever C' and C are graded, filtered complexes and
g: C'— (' is a morphism of such complexes, we find an induced morphism

ss(g): EY? = H*(C) v EZ9 = H*(C)
of spectral sequences.

Theorem 5.56 Suppose C' and C are graded filtered complezes and write E**(C) and E”‘(é) for their
associated spectral sequences. Assume both filtrations are regular and ¢g®: E**(C) — E"'(é) is a spectral
sequence morphism. If, for some r > 2, the level r map gr: E2® — E;" is an isomorphism, then for every
s >r the level s map, g2, is also an isomorphism (also for s = 00) and we have an induced isomorphism on
the graded cohomology

grH(g%): grH®*(C) — grH®*(C).

The proof of this is obvious because by regularity E?:? = EP9 for s >> 0. But for H", its graded pieces
are the F2."~P and p > 0. Thus, p < n and ¢ < n; so, our choice s = s(n) >> 0 will do to get

EP9 = EP4 (all p,q with p+ ¢ = n).

These groups are exactly the graded pieces of H"™ as we've remarked and ||

|

Our technical results on spectral sequences are over, now we actually need some spectral sequences to use
them on. Big sources of spectral sequences are double complexes. So, let C' = ]_[p, p CP1 be a doubly-graded
complex (we assume that p, ¢ > 0). We have two differentiations:

ptg—n 957 18 our isomorphism.

dri. ope Pt (horizontal)
. cpe ., opatt (vertical)

such that
diody =dipodn=0.
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We will require
dffrl’q odPT & df’q+1 odi?=0, forallp,q.

Then we get the (singly graded) total complex
c-11( 11 o)
n p+g=n
with total differential dr = di + dy;. We immediately check that dr o dp = 0. There are two filtrations
Fpe= ] €™ and FiC= [] o7
r>p,q p,s>q

Both have every compatibility necessary and give filtrations on the total complex and are regular. Therefore,
we find two spectral sequences

i = H*(C) and i = H*(0).
Observe that
en(0) = [let(©)
= [l@Ee/m+o)

11 (1)

and E"? = HP(gr}(C')), which is just H{;?(C'). Now, we need to compute d}"? in spectral sequence (I). It
is induced by the connecting homomorphism arising from the short exact sequence

0 — FPH'C/FPPC — FPC/FPTC — FPC/FPT'C — 0.

Pick £ € H?(C'), represented by a cocycle with respect to dip in CP14, call it . The connecting homomor-
phism (= dy) is given by “dpx”. But, drx = diz + dijx = dizx, as dipe = 0. Therefore, d; is exactly the map
induced on H{yY(C) by dy. It follows that

137 = 259/ By = HP(H(C)).
We have therefore proved

Theorem 5.57 Given a double complex C = ]_[p q CP9, we have two regular spectral sequences converging
to the cohomology of the associated total complex:

HY (H}(0)) = H*(C)

and
HA(HY(C)) = H*(C).

It still is not apparent where we’ll find an ample supply of double complexes so as to use the above

theorem. A very common source appears as the answer to the following

Problem. Given two left-exact functors F': A — B and G: B — C between abelian categories (with
enough injectives, etc.), we have GF: A — C (left-exact); how can we compute R"(GF) if we know RPF
and RIG?

In order to answer this question, we need to introduce special kinds of injective resolutions of complexes.
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Definition 5.11 A Cartan-Eilenberg injective resolution of a complex, C, (with C*¥ = (0) if k < 0) is a
resolution

0_)00_)@00_)@01_}@02%'."

in which each Q*7 = [[, Q" is a complex (differential d*/) and every Q" injective and so that if we write
743 = Ker d; B% =TIm d*~'9 and H* = Z%J /B%J, we have the injective resolutions

® o e QW —= Q¥
2 0 7'(C) 70 Zi
(3) 0 BY(C) B&0 Bt
(4) 00— HI(C)—> HIO —> g

The way to remember this complicated definition is through the following diagram:

0 Oi+1 QiJrl,O S Qi+1,1 J
5i 4i0 dir!
0 O Qi,o Qz,l
0 VA Zi70 71 1
0 0 0

Proposition 5.58 Every complex, C, has a Cartan—FEilenberg resolution, 0 — C — Q®, where the {Q"7}
form a double complex. Here, we have suppressed the grading indices of C' and the Q7.

Proof. We begin with injective resolutions 0 — B%(C') — B%*; 0 — B'(C') — B%* and
0 — H°(C) — H"* of BY(C); B(C); H°(C). Now, we have exact sequences
0 — B%C) — Z°(C) — H°(C) — 0
and
0 0 p1
00— Z2°(C)— C" — B (C) —0;

so, by Proposition 5.1, we get injective resolutions 0 — Z%(C) — Z°%® and 0 — C° — Q"*, so that

0 —> BO’. . ZO,. . HO,. —50
and

00— ZO,. . QO,Q . Bl,o — 50
are exact.

For the induction step, assume that the complexes Bi~1:*, Zi=Le fi=Le (i=1.® and B"* are determined
and satisfy the required exactness properties (i > 1). Pick any injective resolution H** of H*(C'), then using
the exact sequence

0 — B'(C) — Z'(C) — H'(C) — 0
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and Proposition 5.1, we get an injective resolution 0 — Z¢(C) — Z%* so that
0 — Bi,o N Zi,o N Hi,o — 50

is exact. Next, pick an injective resolution, 0 — B*T1(C) — BtL* of B*1(C) and use the exact
sequence

0— ZY(C) — C" L B™(C) — 0
and Proposition 5.1 to get an injective resolution 0 — C? — Q%*® so that

0— Zb — Qb — Bt
is exact. The differential dj; of the double complex {Q"/} is the composition

Qb — BN L, gitli _, gitli
and the differential di’j is given by

£ = (1),

where, €-® is the differential of Q“*. The reader should check that {Q%/} is indeed a Cartan-Eilenberg

resolution and a double complex (DX). []

Note that, due to the exigencies of notation (we resolved our complex C'® horizontally) the usual conven-
tions of horizontal and vertical were interchanged in the proof of Proposition 5.58 at least as far as Cartesian
coordinate notation is concerned. This will be rectified during the proof of the next theorem, which is the
result about spectral sequences having the greatest number of obvious applications and forms the solution
to the problem posed before.

Theorem 5.59 (Grothendieck) Let F: A — B and G: B — C be two left-exact functors between abelian
categories (with enough injectives, etc.) and suppose that F(Q) is G-acyclic whenever Q is injective, which
means that RPG(FQ) = (0), if p > 0. Then, we have the spectral sequence of composed functors

RIG((RPF)(A)) = (R*(GF))(A).

Proof. Pick some object A € A and resolve it by injectives to obtain the resolution 0 — A — Q°*(A):
O—>A—>QO—>Q1—>Q2—>---_

If we apply GF to Q°(A) and compute cohomology, we get R"(GF)(A). If we just apply F to Q°*(A), we
get the complex:

F(Q") — F(Q') — F(Q*) — -, (FQ*(A))

whose cohomology is R1F(A).
Now resolve the complex FQ®(A) in the vertical direction by a Cartan-Eilenberg resolution. There results
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a double complex of injectives (with exact columns)

QO’O QI,O - Qn,o

in the category B. Apply the functor G to this double complex to obtain a new double complex we will label
C:

GQY) —= GQM) — - ——= G@Q™) — -
G(QO,O) S G(Ql’o) e s G(Q”vo) . ... (C)

G’F(QO)H.GF(Ql)*> i GF(Q") —— -

0 0 0 ’

in which, by hypothesis, all the columns are still exact. Therefore, using the notations for the two spectral
sequences converging to H*(C'), we have H(C) = (0) so that (by our first remarks)

H*(C) = R*(GF)(A).
From the second spectral sequence, we get
5™ = HY(H['(C) = R*(GF)(4).

Since we used a Cartan-Eilenberg resolution of FQ®(A), we have the following injective resolutions

0 — ZP(FQ*(A) — zp0 ol ..
0 — BP(FQ*(A)) — BP? — Bl — ...
0 — HP(FQ*(A) — HPY — gP! — ...

)

for all p > 0. Moreover, the exact sequences

0— ZP° — QP* — Brtle _ .
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and
00— BP® ., gP® [P

are split because the terms are injectives of B. Therefore, the sequences
0 — G(Z7*) — G(QP*) — G(BPT*) — 0
and
0— G(B"*) — G(ZP°*) — G(H?*) — 0

are still exact and we find
HY(C™) = G(HP)

) —
But, the H?>® form an injective resolution of H?(FQ®(A)) and the latter is just RPF(A). So, G(H?*®) is the
complex whose cohomology is exactly RYG(RPF(A)). Now, this cohomology is H{;(G(H?*)) and HY (C**)
is G(HP*) by the above. We obtain

RIG(RPF(A)) = HL(H (C**)) = 1157 = H*(C).
Since H*(C) = R*(GF)(A), we are done. []

There are many applications of the Spectral Sequence of Composed Functors. We give just a few of these.
(I) The Hochschild-Serre Spectral Sequence for the Cohomology of Groups

Write G for a (topological) group, N for a (closed) normal subgroup and A for a (continuous) G-module.
(Our main interest for non-finite or non-discrete groups is in the case of profinite groups because of their
connection with Galois cohomology in the non-finite case. For a profinite group, the G-module is always
given the discrete topology and the action G[[ A — A is assumed continuous.)

We have three categories: G-mod, G/N-mod and Ab. And we have the two functors
A~ H°(N,A) =AY (G-mod ~ G//N-mod),
and
B~ H°(G/N,B) = B%~N  (G/N-mod ~ Ab).

Of course, their composition is exactly A ~ A%. To apply Grothendieck’s Theorem, we have to show
that if @ is an injective G-module, then QY is G'/N-cohomologically trivial. But, I claim Q¥ is, in fact,
G /N-injective. To see this, take 0 — M’ — M exact in G/N-mod and look at the diagram (in G-mod)

Q

j

QN

|

0—> M —> M

Every G/N-module is a G-module (via the map G — G/N) and Q is G-injective; so, the dotted arrow
exists as a G-homomorphism rendering the diagram commutative. Let 6 be the dotted arrow; look at Im 6.
If g=0(m) and 0 € N C G, then ¢ = 0(om) = 0(m) = g, because M is a G/N-module so N acts trivially
on it. Therefore ¢ € QV and so 6 factors through Q¥ as required.

We obtain the Hochschild-Serre SS
HP(G/N,HY(N,A)) = H*(G, A). (HS)
p
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Here is an application of importance for profinite groups (and Galois cohomology). If G is profinite,
write ¢.d.(G) < r (resp. c.d.,(G) < r) provided H*(G, M) = (0) whenever M is a Z-torsion G-module
(resp. p-torsion G-module) and s > r. This notion is uninteresting for finite groups (see the exercises for
the reason).

Theorem 5.60 (Tower Theorem) If G is a profinite group and N is a closed normal subgroup, then
c.d.(G) < c.d.(N) + c.d.(G/N).
(also true for c.d.p).

Proof. We may assume c.d.(N) < a < oo and ¢.d.(G/N) < b < oo, otherwise the result is trivial. Let M
be a torsion G-module and suppose n > a + b. All we need show is H"(G, M) = (0). Write n = p + ¢ with
p >0, g > 0. In the Hochschild-Serre SS, the terms

EY? = HP(G/N,HY(N,M))

must vanish. For if p < b, then ¢ > a and HY(N, M) is zero by hypothesis. Now M is torsion therefore M
is torsion and we saw in Chapter 4 that H?(N, M) is always torsion if ¢ > 0 as it is a right limit of torsion
groups. So, if ¢ < a, then p > b and E}'? = (0) by hypothesis on G/N. Therefore, E?¢ = (0) for all s with
2 < s < o0, when p+ ¢ =n > a+b. Hence, the terms in the composition series for H™(G, M) all vanish
and we’re done. []

(IT) The Leray Spectral Sequence

The set-up here is a morphism
m: (X,0x) — (Y,0y)

of ringed spaces (c.f. Section 5.3) and the three categories are: S(X), S(Y'), Ab. The functors are
et S(X) ~ S(Y)

and
H°(Y,-): S(Y) ~ Ab.

Of course, H°(X,—): S(X) ~ Ab is the composition H(Y,—) o m,. We must show that if Q is an
injective sheaf on X, then m,Q is cohomologically trivial on Y. Now every injective is flasque and flasque
sheaves are cohomologically trivial; so, it will suffice to prove 7, takes flasque sheaves on X to flasque sheaves
onY.

But this is trivial, for if U and V are open on Y and V C U, then 7=}(V) C 7#=1(U) and

W*E(U) —— F(r N (U))
. F(V) == F(z~\(V))

shows that surjectivity of the left vertical arrow follows from surjectivity on the right. We therefore obtain
the Leray Spectral Sequence
HY(Y,Rin,F) = H*(X, F). (LSS)
P

Unfortunately, full use of this spectral sequence demands considerable control of the sheaves Riw, F' and
this is vitally affected by the map ; that is, by the “relative geometry and topology of X wvis a vis Y. We
must leave matters as they stand here.
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(ITT) The Cech Cohomology Spectral Sequence

Once again, let (X, Ox) be a ringed space and write S(X) and P(X) for the categories of sheaves of Ox-
modules and presheaves of Ox-modules. We also have two left exact functors from P(X) to .Ab. Namely,
if {U, — X} is an open cover of X and G € P(X), then H'({U, — X},,G) is in Ab and we have
H°(X,G), where the latter abelian group is what we called G(*)(X) in footnote 6 of Section 5.3. For the
three abelian categories: S(X), P(X), Ab we now have the two composed functors

i H({Uy—X},—
S(X) s prx) WL ZEED 4y

S(X) s p(x) ~E

Ab.
Observe that both composed functors are the same functor:
FeS(X)~ H°X,F) € Ab.
We need to show that if @ is an injective sheaf, then i(Q) is acyclic for either H'({U, — X},—) or

HOY(X,—). However, part (3) of Corollary 5.33 says that 1(Q) is injective as presheaf and is therefore acyclic.
From Grothendieck’s Theorem, we obtain the two Cech Cohomology Spectral Sequences:

HY({Uy — X}o,HI(F)) = H*(X,F) (CCI)
P
HP(X,HY(F)) = H*(X,F) (CCII)
P
Now it turns out that HI(F)# = (0) for every ¢ > 0 and every sheaf, F. (See the exercises.) Also,
HI(F)F) C HI(F)#; so, we find
EY? = HY(X,HI(F)) = HY(F)*) = (0), when ¢ > 0.
If we apply the edge sequence to (CCII), we deduce

Proposition 5.61 If (X,Ox) is a ringed space and F is a sheaf of Ox-modules and if we continue to write
F when F is considered as a presheaf (instead of i(F)), then

(1) HY(X,F) — HY(X, F) is an isomorphism and
(2) H*(X,F) — H?*(X, F) is injective.

(IV) The Local to Global Ext Spectral Sequence

Again, let (X,Ox) be a ringed space and fix a sheaf, A, of Ox-modules on X. Write S(X) for the
(abelian) category of Ox-modules. We can make a functor from S(X) to itself, denoted Homo (A4, —) via

Homoy, (A, B)(U) = Home, 1v(A | U,B | U).

Here, U is open in X, the functor Home, (A, —) is usually called the sheaf Hom, it is (of course) left exact
and its right derived functors (called sheaf Ert) are denoted Exty, (A, —).

Therefore, we have the situation of three categories S(X), S(X), Ab and the two functors
Homo, (A4, —): S(X) ~ S(X)
HY(X,-)=T(X,—): S(X) ~ Ab

whose composition is the functor Home, (A, —). In order to apply Grothendieck’s Theorem, we must show
that if Q is injective in S(X), then Homo (A, Q) is an acyclic sheaf. This, in turn, follows from
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Proposition 5.62 Suppose that Q is an injective sheaf of Ox-modules. Then Homeo, (A, Q) is a flasque
Ox -module.

Proof. If U is open in X, recall we have the presheaf Ay defined by

Ap (V) = {A(V) ifVCuU

(0) ifVgu
and this gives rise to the associated sheaf (Ay)!. Now by adjointness,
HomOX ((AU)ﬂa B) = Homox-presheaves(AU7 Z(B))

On the right hand side, if V' is open and V C U, then an element of Home, (Ay,i(B)) gives the map
A(V) — B(V) (consistent with restrictions). But, if V' Z U, we just get 0. However, this is exactly what
we get from Home,, (A | U, B | U); therefore

Home, ((Ay)*, B) = Homo (A | U, B | U).

Now take @ to be an injective sheaf, we have to show that
Homoy (A, Q) — Homo,w(A TU,Q [ U)
is surjective for each open U of X. This means we must show that

Homop, (A,Q) — Homox((AU)ﬁ, Q)
is surjective. But, 0 — (Ay)* — A is exact and Q is injective; so, we are done. []

We obtain the local to global Ext spectral sequence

HP (X, Extl, (A, B)) = Extg, (A, B). (LGExt)

Remark: If j: U < X is the inclusion of the open set U in X, then the sheaf we have denoted (Ay)* above
is usually denoted j1A. The functor, ji, is left-exact and so we have a basic sequence of sheaf invariants R*®j.
Of course, we also have R*m, (for a morphism 7: Y — X) as well as 7*, j' (adjoint to j;). The siz operations

R.’IT*, R.j!a ,/T*a j!v R.H0m7 ®

were singled out by A. Grothendieck as the important test cases for the permanence of sheaf properties under
morphisms.

(V) “Associativity” Spectral Sequences for Ext and Tor

In the proof of Grothendieck’s Theorem on the spectral sequence for composed functors, there were two
parts. In the first part, we used the essential hypothesis that F'(Q) was G-acyclic to compute the cohomology
of the total complex (of our double complex) as R*(GF(A))—this is the ending of the spectral sequence. In
the second part, which depends only on using a Cartan-Eilenberg resolution and did not use the G-acyclicity
of F(Q), we computed the spectral sequence 115'? = H*(C) and found RPG(RIF(A)) = H*(C). This
second part is always available to us by Proposition 5.58 and we’ll make use of it below.

We consider modules over various rings. In order that we have enough flexibility to specialize to varying
cases of interest, we begin with three K-algebras, R,S,T and modules A, B, C as follows:

A is a right R and a right S-module
(t){ B is a left R-module and a right T-module
C is a right S and a right T-module.
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Then

A ®p B is a right S ® x T-module
and

Homyp (B, C) is a right R ®x S-module.
Observe that A is then a right R ® g S-module via

a(r ® s) = (ar)s
because to say A is a right R and a right S-module is to imply
(ar)s = (as)r (alla € A,r € R,s € S).
Also, C is a right S ® ¢ T-module. We know in this situation there is an “associativity” isomorphism

Hompg, s(A, Homy(B,C)) =2 Homgg,7(A®g B,C). (%)

If S is K-projective and P, — A — 0 is an R ® S-projective resolution of A, then P, — A — 0
is still an R-projective resolution of A and similarly if 0 — C — @Q°® is an S ® g T-injective resolution, it
still is a T-injective resolution of C'. Our spectral sequences I15'? then give us two spectral sequences with
the same ending (by (x)):

Exthg  ¢(A,Exth(B,C)) = Ending®
Extf;@KT(Tor?(A,BLC) = Ending®.

In a similar way, but this time if C is a (left) S and T-module, we get the “associativity” isomorphism
AQprgrs (Bo7r C) = (AR B) ®sgr C. (k)

Again, we assume S is K-projective and we get two spectral sequences with the same ending (by (s#x)):
—_
TOTI?@KS(A,TOTZ(B, C)) = Ending

P

Tor;f@KT(Torf(A,B),C) —> Ending .

However, it is not clear how to compute the endings in these general cases. If we assume more, this can
be done. For example, say Toqu(A7B) = (0) if ¢ > 0—this will be true when either A or B is flat over
R—then the second Ext sequence and second Tor sequence collapse and we find

Extjfz@KS(A, Ext?(B,C)) = Extgy, r(A®rB,C)
Tor[®<5(A, Tor] (B,C)) = Tor}**"(A@g B,C).

We have proved all but the last statement of

Proposition 5.63 Suppose R, S, T are K-algebras with S projective over K and say A is an R and S right
module, C' is an S and T right (resp. left) module and B is a left R and right T-module. Then there are
spectral sequences with the same ending

Extﬁz@KS(A,Ext%(B,C')) —> Ending®

Extl, r(Tork(A,B),C) = Ending®
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(resp.

R®KkS T .
Tor,**” (A, Tor, (B,C)) = Ending
S@xT R T
Tor,“*" (Tor, (A, B),C) = Ending )
If Toqu(A,B) = (0) when g >0 (e.g. if A or B is R-flat) then
Exthg, s(4, Ext?(B, C)) = Extgg, r(A®r B, C) (Ext)

and
TorZ}f@KS(A, Tor(:;(B7 Q) = Torf®KT(A ®r B,C)). (Tor)

Lastly, if B is T-projective (more generally Extd.(B,C) vanishes if ¢ > 0 and Torg(B, C) vanishes if ¢ > 0),
then we have the Ext and Tor associativity formulae

Extlhg  g(A,Homr (B, C)) = Extly, (A®r B,C)

and
Tor®%%(A, B @1 C) = Tory **"(A®pr B,C).

Proof. The last statement is trivial as our spectral sequences (Ext), (Tor) collapse. []

Upon specializing the K-algebras R,S,T and the modules A, B,C, we can obtain several corollaries of
interest. For example, let S = R°? and A = R. Then Ext’; pop (R, —) = HP(R, —) in Hochschild’s sense (by
Section 5.3) and if R is K-projective the spectral sequences involving Ext yield

Corollary 5.64 If R is K-projective then there is a spectral sequence
H?(R,Ext].(B,C)) = Exthopg, (B, C)

provided B is a left R and right T-module and C' is also a left R and right T-module.

Note that this is reminiscent of the local-global Ext spectral sequence. Note further that if B is also
T-projective, we deduce an isomorphism

HP(R,Homz(B,C)) = Extho, o (B, C).
Next, let A = B = R = K in the Ext-sequences. If S is K-projective the second Ext sequence collapses

and gives Extg®KT(K ,C') = Ending?. The first spectral sequence then yields

Corollary 5.65 Say S is K-projective and S and T possess augmentations to K, then we have the spectral
sequence
Ext% (K, Ext].(K,C)) = Extyg (K, C),

where C' is a right S and right T-module.
Here is another corollary:

Corollary 5.66 Say S and T are K-algebras with S being K -projective. Assume C' is a two-sided S Q@ T -
module, then there is a spectral sequence

HP(S, HY(T,C)) = H*(S ®x T, C).
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Proof. For this use K, S¢,T¢ in place of R, S,T. Now 5S¢ is K-projective as S is so. Further replace A, B, C
by (S,T,C)—this is O.K. because C' is indeed both a right S¢ and right T°-module by hypothesis. The
second Ext sequence collapses; so,

Ext?

(s@xr)e (S @K T,C) = Ending”.

But, the left-side is just H?(S @k T, C) by definition. Now the E5'? term of our first Ext sequence is
Extle. (S, Extf.. (T, C))

that is, it equals H?(S, H1(T,C)); so our proposition concludes the proof. []
Clearly, there are analogous results for homology. Here are the conclusions, the exact hypotheses and
the proofs will be left as (DX).
Hy(T, Torf(A,B)) = Torl®<"" (A, B)
Tor?(Toqu(A, K),K) = Torf®x<%A K)
H,(S,H,(R,A)) = H.(R®k S,A).
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5.5 The Koszul Complex and Applications

In our previous work on the Hochschild cohomology of algebras, we studied the standard or bar complex,
but we saw that it was inefficient in several cases of interest. As mentioned there, we have another, much
better complex—the Koszul complexr—which will serve for varied applications and which we turn to now.

Let A be a ring and M a module over this ring. For simplicity, we’ll assume A is commutative as the
main applications occur in this case. But, all can be done wih appropriate care in the general case. The
Koszul complex is defined with respect to any given sequence (f1,..., f;) of elements of A. We write

F=(fie £

Form the graded exterior power \* A”. We make A\°® A" into a complex according to the following prescrip-

tion: Since
-

. k
AA=TTAA"
k=0
it is a graded module, and we just have to define differentiation. Let (e1,...,e,) be the canonical basis of
A" and set
0
dej = fi € \A" = 4,
then extend d to be an antiderivation. That is, extend d via
d(aAB) =daA B+ (=1)%%8 A dB.
For example,
d(e; Nej) = fiej — fjei,
and
dle;NejNeg) = dle; Nej) Neg + (e; Aej) Adeg
= (fiej — fjei) New + fulei Aej)
= fiei Nej Nep— fiei Néj Nek + frei Aej A ér,

where, as usual, the hat above a symbol means that this symbol is omitted. By an easy induction, we get
the formula:

t
dles, N Neg,) = Z(fl)f’*lfijei1 Ao NEs N Ny,
j=1

We denote this complex by K.(?>)7 i.e., it is the graded module A® A” with the antiderivation d that we
just defined. This is the Koszul complez.

Given an A-module M, we can make two Koszul complexes for the module M, namely:

Ko, M) = KJ(T)oaM,
K*(F,M) = Homa(K.(f),M).

We can take the homology and the cohomology respectively of these complexes, and we get the modules

Ho(f,M) and H*(f,M).

For the cohomology complex, we need the explicit form of 6. Now,

t
K'(f. M) = Homa(/\ A", M),
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and the family of elements of the form
€i1/\"‘/\€it With1§i1<i2<...<it§T,
is a basis of /\t A" thus, HomA(/\t A", M) is isomorphic to the set of alternating functions, g, from the

set of sequences (i1, ...,4:) of length ¢ in {1,...,r} to M. Hence, the coboundary 4 is given (on elements
g € Homa (A" A", M)) by

t+1

(69)(ir, - iv1) = S (-1 figlins oo i),

J=1

— — —
We have HO( f,M) = Z°( f,M) = Kerd. (Note that K°( f, M) = M, via the map g — g(1).) Then,
dg(e;) = fig(1) = fim,

so 0f = 0 implies that f;m = 0 for all 7. We find that
HY(f,M)={meM | %m=0}, (5.1)
where 2 is the ideal generated by {fi,..., fr}. Also, it is clear that
HY(F,M)=0 ift<0ort>r. (5.2)

Let us compute the top cohomology group HT(7, M). We have
Z7(F.M) = K"(f,M)=Homu(/\ A", M) = M,

via the map g +— g(exr A -+ Aep). Now, Imd,_ = BT(?),M)7 but what is B’“(?,M)? If g € K’"_l(?,M)
is an alternating function on 41,...,4,_1, then

Or—19(1,...,r) = (6r—19)(e1 A=+~ Nep) = Z(—l)jflf]‘g(l, . ,3, AR
j=1

Therefore,
BY = fiM 4+ f,M,

and we find that
H'(f ,M)=M/(fiM +---+ fM) = M/AM.

It is important to connect the Koszul homology (whose boundary map is

t
Oei, A= Nej, @m) =Y (1) ey, Ao AEg A-eeei, @ fim)
j=1

and cohomology via the notion of Koszul duality. This is the following: Consider Kt(T, M); an element of
Kt(?,M) has the form

h:Zeil/\-«-/\eit@)zil,_it, where 1 <41 <ig <...<i <.
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We define a map (the duality map)

O: Ki(f, M) — K™(F, M)
as follows: Pick j; < jo < -+ < jr—¢, and set
Oh)(Jus - -+ s Jr—t) = €2iy iy
where
(@) i1,...,4; is the set of complementary indices of ji, ..., j,—; taken in ascending order,
(8) e is the sign of the permutation
(1,2, cc0,m) = (i, e ooy ity Ty e oo Jret)s

where both é1,...,%; and j1,..., 7, are in ascending order.

We find (DX) that
©(0h) = 60(h),

where 0 is the homology boundary map described above. So, the isomorphism, O, induces an isomorphism
— . —
Hy(f,M)=H"'"(f,M) foralt>0,

which is called Koszul duality. This notion of Koszul duality does not look like a duality, but we can make
it look so. For this, write Q(A) for “the” injective hull of A as A-module and set M = Hom (M, Q(A)).
The cofunctor M ~ MP is exact; we'll refer to MP as the dual of M. Now the associativity isomorphism

Homy (M ®4 N, Z) =2 Homy (M, Homu (N, 7))

- . . . s . .
shows that (Ky( f,M))P is isomorphic to K'( f, MP). Moreover, it is easy to see that

—

(K (T, M)P —— K'(F, MP)

TgtD T[stl

(Ko (T, M)P — KT, MP)

is a commutative diagram. So, it follows (by the exactness of M ~ M) (DX) that our isomorphisms yield
isomorphisms

- D~ prt(F gD
H/(f M) =2H'(f,M"), forallt>D0. (5.3)
Put these together with the above notion of Koszul duality and obtain the duality isomorphisms
H'(F.MP) = H(F . ;)P
+ gD i D
H(f,M”) = H,(f,M)", forallt>D0.

Gathering together what we have proved above, we find the following

Proposition 5.67 If A is a (commutative) ring, M is an A-module, and 7 = (f1,..., fr) an ordered set
of r elements from A, then for the Koszul homology and cohomology of M we have
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(0) Hy(f,M)=H'(F,M)=(0) ift <0 ort>r,

(1) (Koszul duality) There is an isomorphism

H(F, My~ H(F, M), alt>0,

2) (A0
f

Hy (F, M) = M/aAM,
HO( T

=H" M
JMY=H.(f,M)={m|2m =0},
where A is the ideal generated by f1,..., fr.
Write MP = Hom 4 (M, Q(A)) with Q(A) the injective hull of A, then
(3) Hi(F .M)P = H'(],MP)

and Koszul duality becomes

HY(F,MP) = H"='(F,M)P
H(f,MP) = H,_(f,MP, forallt>0.

We need one more definition to exhibit the main algebraic property of the Koszul complex.

Definition 5.12 The sequence 7) = (f1,..., [r) is regular for M or M -regular if for every i, with 1 <i <r,
the map

z+ fiz

is an injection of M/(fiM + ---+ fi—1 M) to itself.

By its very definition, the notion of M-regularity appears to depend on the order of the elements f1, ..., f..
This is indeed the case as the following classical example [39] shows: Let A be C[X,Y, Z] and f; = X(Y —1);
fo=Y; fs = Z(Y — 1). Then unique factorization in A shows that fi, fa, f3 is A-regular, but fi, fs, fo
is certainly not A-regular as f3X is zero in A/f1 A but X is not zero there. In the special case that A is
graded, M is a graded module and the f; are homogeneous elements of A, the order of an M-sequence does
not matter.

If A is a given ideal of A and f1,..., f, € U (the f; are not necessarily generators of ), and if fi,..., f, is
an M-regular sequence but no for other element g € 2 is f1,..., fr, g an M-regular sequence, then f1,..., fr
is a mazimal M -regular sequence from 2. It turns out that the number of elements in a mazimal M -regular
sequence from A is independent of the choice of such a sequence; this number is called the 2A-depth of M
and denoted depthy M. (When A is a local ring and 2 = 9 is its maximal ideal, one writes depth M and
omits any reference to 9.)

Here is the main property of the Koszul complex vis a vis M-regularity (and, hence, depth):

Proposition 5.68 (Koszul) Suppose M is an A-module and 7 1s an M -reqular sequence of length r. Then
the Koszul complezes K.(T, M) and K'(T,M) are acyclic and consequently

Hi(f ,M)y=(0) if i#0 and H(f,M)=(0) if i#r.
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Proof. The two Koszul complexes

r—1
Ko7 M):M 2 Naroam 2 Loaroam 2 M
r—1
K*(F,M): M 25 Homa (A7, M)~ .- < Homa( \ A", M) 2= M
— —
will be exact sequences when Hy( f ,M)=---=H,_1( f,M) = (0) and when
H1(7, M)y=-..= H“l(?, M) = (0); so the vanishing statement of the conclusion appears stronger than

acyclicity. But, under our hypothesis the modules

— 0,7
H.(f,M)=H(f,M)={m|Am = (0)}
automatically vanish since fi is a non-zero divisor on M.

We will prove the vanishing statements and, of course, by Koszul duality all we need prove is that

Ht(?, M) = (0) for all ¢ > 0. There are several ways of proving this; all use induction on r, the length of
the M-sequence. We choose a method involving the tensor product of complexes.

If Cy and D, are left complexes, we make their tensor product Ce ® De by setting

(Co ®D.)t = H Ci ®D]
itj=t

and defining differentiation by
d(a® B) =dc(a) ® B+ (-1)***a @ dp(f).

Then, (Ce ® D,)e is a complex. Consider for example the Koszul complex for the single element f € A.

Namely,
A ift=0orl
K'<f)t:{(0) ift>1

a two term complex. Its differentiation is given by d(e) = f, where e (= 1) is a base for A as A-module; in
other words, d is just multiplication by f. With this notation, we have

Ko([) = Ku(f1) @ ® Kol fy).

.
Now the vanishing statements are true and trivial for r = 0 or 1. So, write f' = (f1,..., fr—1) and set

— —
Le = Ko(f',M). Since f’ is M-regular we see that
—
Hi(f',M) = H(Ls) = (0), forallt>0,

by the induction hypothesis. Further, set My = Ko(f-, M). Then K.(?, M) = (Le ® M,)e, and this will
enable our induction.

I claim that we have the exact sequence
- — Ho(H¢(Le) ® My) — Hi(Le @ My) — Hy(Hy—1(Le) @ My) — - - (5.4)
for every t > 0. Suppose this claim is proved, take ¢ > 2 (so that ¢t — 1 > 1) and get

Ht(L.) = Ht—l(L-) = (O)
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by the induction hypothesis. The exact sequence (5.4) tells us that Ht(T, M) = Hy(Le ® M,) = (0) when
t > 2. If t =1, we know that Hy(L,) vanishes, so (5.4) gives us the exact sequence

0 — Hy(f, M) — H(Hy(Ls) ® M.).

But Hy(—) = H°(—) by Koszul duality for M, and the latter is the kernel of multiplication by f. on (—).
However, in this case (—) is Ho(Le) = M/(f1M + -+ + fr.—_1M); the kernel of multiplication by f,. on this
last module is zero because f1,..., f, is M-regular. We conclude Hy(Ho(Le) ® M,) is zero, finishing our
induction.

There remains only the proof of exact sequence (5.4). It, in turn, follows from a general homological
lemma:

Lemma 5.69 Suppose M is a two-term complex of A-modules, zero in degree # 0,1 and for which My and
My are free A-modules. If Lo is any complex of A-modules, we have the exact sequence

- — Ho(Hy(Le) @ My) — Hy(Le ® My) — Hy(Hi—1(Le) @ Mg) —> - -+ (5.4)
for allt > 0.

Proof. Once again, we have more than one proof available. We’ll sketch the first and give the second in
detail. The modules comprising M, are A-free, so there is a “Kiinneth Formula” spectral sequence

Ezth = H,(Hy(Ls) ®4 My) => Ho(Le @4 M,).

(For example, see Corollary 5.66 and its homology analog.) But, as M, is a two-term complex, Eg’q = (0) if
p # 0,1 and we obtain the zipper sequence (5.4) of our lemma.

More explicitly (our second proof), we make two one-term complexes, M;, in which M; has its one term
in degree ¢ (i = 0,1). Each differentiation in these complexes is to be the trivial map. We form the tensor
product complexes Lo ® M; and recall that

(Le ® My)p = Ly, ® My
dla® ) =dp(a)®
Hy,(Le ® My) = Hp(Le) ® Mo

and
(L- ® Ml)p = Lp—l & Ml

dla® p) =dr(e) ® B8
Hp(L. & Ml) = prl(L.) ® M.

Then, we obtain an exact sequence of complexes
00— Le®@My— Le ® Mg — Le @ M; — 0
and its corresponding long exact homology sequence
o Hye1(Lo @ My) 2 Hy(Ly ® M) — Hy(La © M) — Hy(Lo @ My) — -+

But, 9 is just 1 ® dpy, and so the above homology sequence is exactly (5.4). []

The main applications we shall make of the Koszul complex concern the notion of “dimension”—and even
here most applications will be to commutative rings. We begin by defining the various notions of dimension.
Suppose R is a ring (not necessarily commutative) and M is an R-module.
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Definition 5.13 The module M has projective dimension (resp. injective dimension) < n if and only if it
possesses a projective (resp. injective) resolution P, — M — 0 (resp. 0 — M — Q°®) for which P, =0
(resp. Q' = 0) when ¢t > n. The infimum of the integers n for which M has projective (resp. injective)
dimension < n is called the projective dimension (resp. injective dimension) of M.

Remark: Of course, if no n exists so that proj dim M < n, then we write proj dim M = oo and similarly
for injective dimension. A module is projective (resp. injective) iff it has proj (resp. inj) dim = 0. It is
convenient to set proj (or inj) dim (0) equal to —oo. If M is a right R-module, it is an R°P-module and
so it has proj (and inj) dimension as R°P-module. Therefore, it makes sense to include R in the notation
and we’ll write dimp M for the projective or injective dimension of M (as R-module) when no confusion can
arise.

By this time, the following propositions, characterizing the various dimensions, are all routine to prove.
So, we’ll omit all the proofs leaving them as (DX’s).

Proposition 5.70 If R is a ring and M is an R-module, then the following are equivalent conditions:
(1) M has projective dimension < n (here, n >0)
(2) Extyp™ (M, —) = (0)
(3) Ext’z(M,—) is a right exact functor

(4) If0 — X,, — P,y — -+ — Py — M — 0 is an acyclic resolution of M and if Py, ..., P,_1
are R-projective, then X,, is also R-projective

Also, the following four conditions are mutually equivalent:
(') M has injective dimension < n (here, n > 0)
(2) Bty (=, M) = (0)
(%) Extly(—, M) is a right exact functor
) If0 — M — Q° — .. — Q"1 — X" — 0 is an acyclic resolution of M and if Q°,..., Q" !

are R-injective, then X" is also R-injective.

If we use the long exact sequence of (co)homology, we get a corollary of the above:

Corollary 5.71 Say 0 — M’ — M — M" — 0 is an exact sequence of R-modules.
(1) If dimg M’ and dimg M" < n (either both projective or both injective dimension), then dimr M <n
(2) Suppose M is projective, then either

(a) dimg M" =0 (i.e., M" is projective), in which case M’ is also projective; or
(b) dimgp M"” > 1, in which case dimg M' = dimp M" — 1.

To get an invariant of the underlying ring, R, we ask for those n for which projdimz M < n (resp.
injdimp M < n) for all R-modules M. For such an n, we write gldim R < n and say the global dimension
of R is less than or equal to n. (It will turn out that we can check this using either projdim for all M or
injdim for all M; so, no confusion can arise.) Of course, the infimum of all n so that gldim R < n is called
the global dimension of R. When we use right R-modules, we are using R°P-modules and so are computing
gldim R°P.
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Notice that gldim R is an invariant computed from the category of R-modules. So, if R and S are
rings and if there is an equivalence of categories R-mod = S-mod, then gldim R = gldim S. Rings for
which R-mod ~ S-mod are called Morita equivalent rings. For commutative rings, it turns out that Morita
equivalence is just isomorphism; this is not true for non-commutative rings. Indeed, if R is a ring and M,,(R)
denotes, as usual, the ring of n X n matrices over R, then R ~ M, (R). Moreover, this is almost the full
story. Also, if R ~ S, then R°®? ~ S°P. Now for a field, K, we clearly have gldim K = 0; so, we find
gldim M, (K) = 0, as well. If A is a commutative ring and G is a group, then the map o +— o~ gives an
isomorphism of A[G] onto A[G]°P. Hence, gldim A[G] = gldim A[G]°P.

Proposition 5.72 Let R be a ring and let n be a non-negative integer. Then the following statements are
equivalent:

(1) Every R-module, M, has projdimp < n.
(2) Every R-module, M, has injdimp < n.
(3) gldim R < n.

(4) Bxtly(—,—) = (0) for all t > n.

(5) Exti (=, —) = (0).

(6) Extz(—,—) is right-exact.

A ring R is called semi-simple if and only if every submodule, N, of each R-module, M, possesses an
R-complement. (We say M is completely reducible.) That is, iff given N C M, there is a submodule N C M
so that the natural map N[N — M is an isomorphism (of R-modules). Of course each field, K, or
division ring, D, is semi-simple. But, again, semi-simplicity is a property of the category R-mod; so M, (K)
and M, (D) are also semi-simple. It is a theorem of Maschke that if K is a field, G is a finite group, and

(ch(K),#(G)) = 1, then the group algebra, K[G], is semi-simple. See Problem 134 for this result. Again,
there are many equivalent ways to characterize semi-simplicity:

Proposition 5.73 For any ring, R, the following statements are equivalent:
(1) R is semi-simple.
(2) R°P is semi-simple.
(3) R, as R-module, is a coproduct of simple R-modules.
(4) R, as R-module, is completely reducible.
(5) Each (left) ideal of R is an injective module.
(6) Every R-module is completely reducible.
(7) In R-mod, every exact sequence splits.
(8) Ewery R-module is projective.
(9) Every R-module is injective.

(10) gldim R = 0.
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The proofs of these equivalences will be left as the material of Problem 145. Note that dimension
is defined using Ext$(—,—) and Tor? is not mentioned. There are two reasons for this. First, while
Hom, Ext, projective and injective are properties of abelian categories, tensor and Tor are generally not.
Second, the vanishing of Tor characterizes flatness which is a weaker property than projectivity. However,
for commutative rings, the notions of dimension and global dimension are frequently reduced by localization
to the case of local rings. For noetherian local rings, we already know flatness and freeness are equivalent
for f.g. modules; so over noetherian local rings the vanishing of Tor is connected with dimension (at least
on the category of f.g. modules). In the general case, when we use Tor, we call the resulting invariant the
Tor-dimension. It’s easy to see that when R is a PID we have gldim R < 1.

For our main applications of the Koszul complex, we return to the situation of a pair (R, ) in which
R is aring and €: R — @ is a surjective R-module map. Such a pair is an augmented ring, the map € is
the augmentation (as discussed in Section 5.3) and @ is the augmentation module. As usual, write I for the
augmentation ideal (just a left ideal, in general): I = Ker €. Then the exact sequence

0—I—R-55Q—0

and Corollary 5.71 above show:
Either Q is projective (so that I is projective) or 1 + dimpg I = dimpg Q.

Note that if R is commutative then I is a 2-sided ideal and @ becomes a ring if we set €(r) -e(p) = r-€(p);
i.e., if we make € a ring homomorphism. The map € is then a section in case R is a (Q-algebra. Here is the
main result on which our computations will be based.

Theorem 5.74 Assume (R, Q) is an augmented ring and suppose I is finitely generated (as R-ideal) by
elements f1,..., f, which commute with each other. If fi,...,f. form an R-regular sequence, then
dimr Q =7 (if Q # (0)). In particular, gldim R > r.

Proof. Write A for the commutative ring Z[T1, ..., T,], then as the f1,..., f, commute with each other, R
becomes an A-module if we make Tj operate via pT; = pf; for all p € R. We form the Koszul complex

K.(?) for A and then form R ®4 K.(?). The latter is clearly the Koszul complex K.(?,R) and as

(f1,-.., fr) is an R-regular sequence, K.(?, R) is acyclic. Thus, we obtain the exact sequence
r—1 s 1
0—R2 AN®R)ZZ 2B NER) R —Q—0 (%)

because we know the image of 9 is the (left) ideal generated by fi,..., fr; that is, Im &y = I. Now (%) is
visibly an R-projective resolution of @) and so dimp @ < r.

Since (x) is an R-projective resolution of @, we can use it to compute Ext%(Q, —). In particular, we can
compute Ext,(Q, Q)—this is the cohomology of the complex Hompg((x), Q). But, the latter complex is just
K*(f.Q). We find

Exth(Q,Q) = H'(F,Q) = Q
and so dimpg @ = r provided @ # (0). []

Corollary 5.75 If K is a ring (not necessarily commutative) and R is the graded ring K[Ty,...,T,], then
dimg K = r. If K is a field or division ring and R is the local ring of formal power series K|[[Ty,...,T,]],
then dimp K = r. (This is also true if K is any ring though R may not be local.) Lastly, if K is a field
complete with respect to a valuation and R is the local ring of converging power series K{Ty,...,T,}, then
dimp K =r. In all these cases, gldim R > r.



5.5. THE KOSZUL COMPLEX AND APPLICATIONS 331

Proof. In each case, the variables T7,...,T, play the role of the fi,..., f, of our theorem; all hypotheses
are satisfied. ]

Notice that for A (= Z[T1,...,T,]), the Koszul resolution

r—1 1

OHAH/\(AT)—)'~'/\(AT)*>A*>Z—>O (k)
can be used to compute Torf‘(—, Z) as well as Ext%(Z,—). So for M, any A-module,

Tor(M,Z) = Hy(T ,M) and Ext%(Z,M) = H"(T,M).

By Koszul duality,
Tor!' (M, Z) = Ext, *(Z, M).

Further, the acyclicity of M & 4 K.(?) is equivalent with Tor;?(]\/[ ,Z) = (0) when p > 0.

Now, recall that, for a ring R possessing a section R — K (here, R is a K-algebra), we defined the
homology and cohomology “bar” groups by

H,(R,M) = Tor(M,K) (M an R°°-module)
H"(R,M) = Ext%(K,M) (M an R-module).

In the cases
(1) R=K[Ty,...,T,]
(2) R=K|[T,...,T,]]
(3) R=K{T\,...,T.} (K has a topology),

our discussion above shows that
Hy(R,M)=H,(T,M) and H'(R,M)=H"(T,M).

So, by the Hochschild (co)homology comparison theorem (Theorem 5.29), we see that the Hochschild groups

H,(R,e.(M)) and H"(R, ¥ (M)) can be computed by the Koszul complexes K.(?,M) and K'(?,M) in
cases (1)-(8) above. This is what we alluded to at the end of the discussion following Theorem 5.29.

We now face the problem of the global dimension of a ring R. We assume R is not only an augmented
ring (with augmentation module, @, and ideal, I) but in fact that I is a two-sided ideal so that @ is a ring
and €: R — @ 1s a Ting homomorphism. Experience shows that for certain types of rings some subclasses
of modules have more importance than others. For example, if R is a graded ring, the graded modules are
the important ones for these are the ones giving rise to sheaves over the geometric object corresponding
to R (a generalized projective algebraic variety) and the cohomology groups of these sheaves are geometric
invariants of the object in question. Again, if R is a (noetherian) local ring, the finitely generated modules
are the important ones as we saw in Chapter 3. It makes sense therefore to compute the global dimension
of R with respect to the class of “important” R-modules, that is to define

Z-gldim R = inf{m | Z-gldim < m},

where Z-gldimp < m iff for every important module, M, we have dimpr M < m; (here, Z-stands for “impor-
tant”).

Eilenberg ([9]) abstracted the essential properties of the graded and finitely generated modules to give
an axiomatic treatment of the notion of the class of “important” modules. As may be expected, the factor
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ring, @, plays a decisive role. Here is the abstract treatment together with the verification that for graded
(resp. local) rings, the graded (resp. finitely generated) modules satisfy the axioms.

(A) Call an R°P-module, M, pertinent provided M ® g Q # (0) when M # (0); also (0) is to be pertinent.

If R is a graded ring, say R = ][5, R;, then we set | = RH) = [150 R and Q = Ro. When M is a
graded R°P-module with grading bounded below then M is pertinent. For we have M =[], - 5 M,; so,
MI =11,>p541 Mn # M. But M @ Q = M/MI. When R is a local ring, we set [ = 9y (its maximal
ideal) and then @@ = x(R)-the residue field. Of course, all f.g. R°P-modules are pertinent by Nakayama’s
Lemma.

If S is a subset of a module, M, write F'(S) for the free R (or R°P)-module generated by S. Of course,
there’s a natural map F(S) — M and we get an exact sequence

0 — Ker (S) — F(S) — M — cok(S) — 0.
(B) The subset, S, of M is good provided 0 € S and for each 7" C S, in the exact sequence
0 — Ker(T) — F(T) — M — cok(T) — 0,
the terms Ker (T") and cok(7") are pertinent.

Notice right away that free modules are pertinent; so, if S is good and we take {0} = T, then, as the map
F({0}) — M is the zero map, we find M = cok({0}) and therefore M is pertinent. That is, any module
possessing a good subset is automatically pertinent. Conversely, if M is pertinent, then clearly S = {0} is a
good subset; so, we've proved

Proposition 5.76 If R is an augmented ring and I is two-sided, the following are equivalent conditions on
an R°P-module, M :

(a) M possesses a good subset
(b) M is pertinent
(c) {0} is a good subset of M.

In the case that R is a graded ring, we shall restrict all attention to modules whose homogeneous elements
(if any) have degrees bounded below. In this case, any set S C M consisting of 0 and homogeneous elements
is good. For suppose T' C S, then we grade F(T') by the requirement that F(T) — M be a map of degree
zero (remember; M is graded and, further, observe if 0 € T' it goes to 0 in M and causes no trouble). But
then, Ker (T') and cok(T') are automatically graded (with grading bounded below) and so are pertinent. If
R°P is a noetherian local ring and M is a finitely generated R°P-module, then any finite set containing 0 is
good. For if S is finite, then any 7' C S is also finite and so all of F(T'), M, cok(T) are f.g. But since R°P is
noetherian, Ker (7') is also f.g.

(C) A family, F, of R°P-modules is a class of important modules provided
(1) If M € F it has a good set S which generates M, and
(2) In the exact sequence
0 — Ker(S) — F(S)— M —0
resulting from (1), we have Ker (S) € F.

For graded rings, R, the graded modules (whose degrees are bounded below) form an important family.
This is easy since such modules are always generated by their homogeneous (= good) elements and Ker (S)
is clearly graded and has degrees bounded below. In the case that R is noetherian local, the family of all f.g.
modules is important. Again, this is easy as such modules are generated by finite (= good) sets and Ker ()
is again f.g. because R is noetherian.

In what follows, one should keep in mind the two motivating examples and the specific translations of
the abstract concepts: pertinent modules, good sets of elements, the class of important modules.
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Abstract R R graded R noetherian local
pertinent module | graded module with finitely generated module
degrees bounded below
good subset of subset of homogeneous finite subset of module
a module elements of a module
class of important | class of graded modules class of finitely
modules with degrees bounded below | generated modules

Since we have abstracted the local case, it is no surprise that we have a “generalized Nakayama’s Lemma”:

Proposition 5.77 (Generalized Nakayama’s Lemma) If (R,Q) is an augmented ring with I a two-sided
ideal, then for any good subset, S, of an R°P-module, M , whenever the image of S—{0} in M ®rQ generates
M @ Q as Q°P-module the set S — {0} generates M. Moreover, if Tori(M,Q) = (0), and the image of
S — {0} freely generates M ®r Q as Q°P-module, then S — {0} freely generates M as R°P-module.

Proof. The proof is practically identical to the usual case (write S instead of S — {0}): We have the exact
sequence

0 — Ker (S) — F(S) % M — cok(S) — 0,
and we tensor with Q. We obtain the exact sequence

F(S)®rQ 25 M ®p Q — cok(S) @r Q — 0

and we've assumed P is surjective. Thus cok(S) @r Q = (0), yet cok(S) is pertinent; so cok(S) = (0). Next,
our original sequence has become

0 — Ker (S) — F(S) — M — 0,

so we can tensor with @ again to obtain

Torf(M, Q) — Ker (S) ©r Q — F(S) ®r Q —» M ®r Q — 0.

Since, in the second part, we’ve assume % is an isomorphism and Tor(M, Q) = (0), we get Ker (S) @z Q =
(0). But, Ker (5) is also pertinent and so Ker (S) = (0). []

If we specialize @), we get the following:

Corollary 5.78 With (R, Q) as in the generalized Nakayama’s Lemma and assuming Q is a (skew) field,3
we have the following equivalent conditions for an R°P-module, M, which is generated by a good set:

(1) M is free over R°P

(2) M is R°P-flat

(3) Tor®(M,Q) = (0) if n >0

(4) Torf (M, Q) = (0).
Moreover, under these equivalent conditions, every good generating set for M contains an R°P-basis for M.
Proof. (1) = (2) = (3) = (4) are trivial or are tautologies.

(4) = (1). The image, S, of our good generating set generates M ®r Q. But, Q is a (skew) field; so S
contains a basis and this has the form T for some T' C S. Then T'U {0} is good and (4) with generalized
Nakayama shows T is an R°P-basis for M. This gives (1) and even proves the last asssertion. []

Finally, we have the abstract Z-gldim theorem, in which 7 is a class of important modules.

8A skew field is a division ring.
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Theorem 5.79 (Z-Global Dimension Theorem) If (R, Q) is an augmented ring in which Ker (R —= Q) is
a two-sided ideal, if Q is a (skew) field and if T is an important class of R°P-modules, then

Z-gldim R°P < dimp @ (proj. dim).

Proof. Of course, w.m.a. dimp @ < oo else there is nothing to prove; so, write n = dimg ). The proof
is now practically forced, namely pick an important R°P-module, M, then by assumption there is a good
generating set, Sy, in M and an exact sequence

0 — Ker (So) — F(Sp) — M — 0.
Also, Ker (Sp) is important so, there’s a good generating set, S7, in Ker (Sp) and an exact sequence
0 — Ker (S1) — F(S1) — Ker (Sg) — 0
in which Ker (S7) is again important. We repeat and obtain the chain of exact sequences

0 — Ker (Sy) — F(Sp) — M — 0
0 — Ker (S1) — F(S1) — Ker (Sy) — 0

0 — Ker (S;) — F(S;) — Ker (S;—1) — 0
for all t. Upon splicing these sequences, we get the exact sequence
0 — Ker (5;) — F(S¢) — F(Si—1) — - — F(51) — F(S) — M — 0. (ft)
Now in the sequence
0 — Ker (S;) — F(S;) — Ker (S;—1) — 0
(t > 0 and Ker (S_1) = M), we compute Tor and find

- — Tor} 1 (F(S,), Q) — Tory’y; (Ker (S;-1), Q) — Tor; (Ker (S4), Q) — Tor; (F(S,),Q) — -
for all » > 1 and t > 0; hence the isomorphisms
Torerl(Ker (S-1),Q) = Tor®(Ker (S,), Q).
Take r =1 and t =n — 1, then
TOI'?(KGI‘ (Sn—Q)a Q) = TOI'{{(KQI' (Sn—1)7 Q)

and similarly
TorSR(Ker (Sn—3),Q) = Torg(Ker (Sn-2),Q),

etc. We find
Torerl(Ker (5-1),Q) = Tor{%(Ker (Sn-1),Q). (H17)

But, dimp @ = n and so Tork, | (—, Q) = (0); thus,
Tor{! (Ker (Sp-1), Q) = (0)-

Now Ker (S,,—1) is important and the corollary to Generalized Nakayama shows that Ker (S, _1) is R°P-free.
Thus,
0 — Ker (Sy1) — F(Sp_1) — -+ — Ker (81) — F(So) — M — 0

is a free resolution (length n) of M and this proves dimper (M) < n. But, M is arbitrary and we’re done. []

Notice that the above argument is completely formal except at the very last stage where we used the
vanishing of Tor? +1(—, Q). But, this vanishing holds if Tor*-dim(Q) < n and therefore we’ve actually proved
the following stronger version of the Z-global dimension theorem:
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Corollary 5.80 Under the hypotheses of the Z-global dimension theorem, we have the strong Z-global di-
mension inequality
Z-gldim(R°P) < Tor®-dim(Q).

To recapitulate and set these ideas firmly in mind, here are the two special, motivating cases:

Theorem 5.81 (Syzygy’ Theorem) Assume of the ring R that either
(I) R is graded; R=QI Ry IIT Ry IT---, and Q is a (skew) field,

or
(II) R is local with R°P noetherian and Q = k(R) is a (skew) field.

Then, when T is, in case (I), the class of graded R°P-modules with degrees bounded below, or in case (II),
the class of finitely generated R°P-modules, we have

Z-gldim(R°P) < Tor’-dim(Q).

Moreover, either Q is projective or else if 2 is any R°P-ideal (which in case (I) is homogeneous), then we

have
1+ dimROP (Q»[) S dlmR(Q)

In case (I) of the Syzygy Theorem, note that @ is an R°P-module, too and that Z can be taken to be the
class of graded (with degrees bounded below) R-modules. Therefore, dim o (Q) < Tor'-dim(Q) < dimz(Q).
Interchanging R and R°P as we may, we deduce

Corollary 5.82 In case (I) of the Syzygy Theorem, we have
(a) dimp(Q) = dimper (Q) = Tor®-dim(Q) = Tor®" -dim(Q),
(b) T-gldim(R) < Tor®-dim(Q),

(¢c) 1+ dimg() < dimg(Q) if Q is not projective.

Similarly, in case (IT) of the Syzygy Theorem, provided we assume R noetherian, Z is again the family
of f.g. R-modules when we interchange R and R°P. There results

Corollary 5.83 If R is local with both R and R°P noetherian, then
(a) dimg(k(R)) = dimpe» (k(R)) = Tor’-dim(k(R)) = Tor®" -dim(x(R)),
(b) T-gldim(R) < Tor’*-dim(x(R)),
(¢) 14 dimp(2) < Tor®-dim(x(R)).
Finally, there are the cases that appeared first in the literature:
Corollary 5.84 If K is a (skew) field and

(1) (Hilbert Syzygy Theorem) R = K[T1,...,T,] and M is a graded R-module with degrees bounded from
below or A is a homogeneous R-ideal then

dimp M <n and dimpA<n—1.

9The Greek (later Latin) derived word “syzygy” means a coupling, pairing, relationship. Thus, for the exact sequence
0 — Ker (S) — F(S) — M — 0, the generators of Ker (5) are relations among the generators of M and generate all such
relations. For 0 — Ker (S1) — F(S1) — Ker (S) — 0, generators of Ker (S1) are relations among the relations and so on.
Each of Ker (Sj) is a syzygy module.
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or

(II) R = K[[T1,...,T;)]] (resp. R = K{Ty,...,T,,} when K has a non-discrete (valuation) topology) and
M is a f.g. R-module while A is an R-ideal, then

dimp M <n and dimp2A <n—1.
To prove these, we use the above and Theorem 5.74.

Remarks:

(1) Note that @ appears as the “worst” module, i.e., the one with the largest homological dimension. In
the case of a commutative local ring, R, if 9 is generated by an R-regular sequence (R is then called
a regular local ring) of length n, we see that Z-gldim(R) = n and @ = x(R) achieves this maximum
dimension. The finiteness of global dimension turns out to be characteristic of regular local rings (Serre
46]).

(2) One might think of interchanging R and R°P in the general global dimension theorem. But this is
not generally possible because the class of important modules usually does not behave well under this
interchange. The trouble comes from the self-referential nature of Z. The R-module @) is an R°P-
module, pertinence will cause no difficulty, nor will good subsets cause difficulty (in general). But, we
need Ker (S) to be important in the sequence

0 — Ker(S) — F(S) — M —0

if M is to be important, so we cannot get our hands on how to characterize importance “externally”
in the general case.

For the global dimension of R (that is, when Z = R-mod itself) we must restrict attention to more special
rings than arbitrary augmented rings. Fix a commutative ring K and assume R is a K-algebra as in the
Hochschild Theory of Section 5.3. An obvious kind of cohomological dimension is then the smallest n so that
H" (R, M) = (0) for all R® (= R ®g R°P)-modules, M; where the cohomology is Hochschild cohomology.
But, this is not a new notion because, by definition,

H"(R, M) = Exth. (R, M).

Hence, the Hochschild cohomological dimension is exactly projdimpg.(R). Let us agree to write dimpge (R)
instead of projdimpg. (R). It’s important to know the behavior of dimpe(R) under base extension of K as
well as under various natural operations on the K-algebra R. Here are the relevant results.

Proposition 5.85 Suppose R is projective over K and let L be a commutative base extension of K. Then
dim(L®KR)e(L QK R) S dlmRe (R)

If L is faithfully flat over K, equality holds.

Remark: To explain the (perhaps) puzzling inequality of our proposition, notice that the dimension of R
is as a K-algebra while that of L ® ¢ R is as an L-algebra as befits base extension. So we might have written
dimpge (R; K), etc. and then the inequality might not have been so puzzling—but, one must try to rein in
excess notation.

Proof. A proof can be based on the method of maps of pairs as given in Section 5.3, but it is just as simple
and somewhat instructive to use the associativity spectral sequence and associativity formula for Ext (cf.
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Proposition 5.63). To this end, we make the following substitutions for the objects, K, R,S,T, A, B,C of
that Proposition:

K—K R—K S— R, T— L,
A— R, B— L, C — M (an arbitrary (L ®x R)°-module).

Since R is projective over K, the abstract hypothesis: A (our R) is R (our K)-flat is valid and moreover B
(our L) is T (again our L)-projective. Hence, the Ext associativity gives

Exth. (R, M) = Ext?

(L®KR)E(L ®K R7M)

because S @k T is equal to (L @k R)¢. Now M is an L and an R°-module; so, if p > dimpge (R) the left side
vanishes and therefore so does the right side. But, M is arbitrary and the inequality follows. (One could
also use Corollary 5.66).

We have an inequality simply because we cannot say that an arbitrary R®-module is also an L-module.
Now suppose L is faithfully flat as K-algebra, then L splits as K-module into K (= K - 1) 1TV so that we

have a K-morphism n: L — K. The composition K < L -5 K is the identity. If M is any R®-module,
then L ® g M is an R¢ and an L-module and we may apply our above Ext associativity to L @ x M. We find
the isomorphism

Ext?. (R, L ®@x M) = Ext? (L®k R, L @K M). (%)

(L®K R)®

However, the composition
M=Keox M Lox M2 KogM=M
is the identity; so, applied to (x) it gives
Exth. (R, M) — Ext},. (R, L ®x M) — Exth. (R, M) ()

whose composition is again the identity. If p > dim(zg, ry (L ®x R) the middle group is (0) and so (**)
shows ExtY,. (R, M) = (0). M is arbitrary, therefore dimpge(R) < dim(rg, p)e(L @k R). [J

Of course, faithful flatness is always true if K is a field; so, we find
Corollary 5.86 If K is a field and R is a K-algebra, then for any commutative K-algebra, L, we have
dimpe (R) = dim(zg, r)- (L @k R).
In particular, the notion of dimension is “geometric”, i.e., it is independent of the field extension.
If we're given a pair of K-algebras, say R and S, then we get two new K-algebras R[S and R ®x S.
Now, consider R]]S. It has the two projections pri; and pry to R and S and so we get the two functors

pri and pri from R-mod (resp. S-mod) to R[[S—mod. If M is an R[] S-module, then we get two further
functors

Pri,: RHSfmod ~ R-mod
pro,: RH S —mod ~~ S-mod
via M ~ (1,0)M (resp. (0,1)M). Observe that pr} (pr;, M) is naturally an R[] S-submodule of M, therefore

we have two functors
F: R-mod [ [ S-mod ~ R][ §~mod
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via
F(M, M) =pri M W prj M (in RT[S—mod)
and
G: R][S-mod ~ R-mod ] ] S-mod
via

G(M) = (prl* M,p’l"g* M)ﬂ

the above shows that F' and G establish an equivalence of categories

R[S mod~ R-mod ][ S-mod.

If T =R][S, then T¢ = R[] S¢ so, applying the above, we get the category equivalence
T°-mod = R® H S€ —~mod ~ R°-mod H S€-mod.
Then, obvious arguments show that
HP(R]]S. M) = HP(R,pry, M) H?(S, pra, M)
(where, M is an (R[] S)%module). This proves the first statement of

Proposition 5.87 Suppose R and S are K-algebras and R is K-projective then
dim(RH S)e (R H S) = max(dimRe (R), dimse (S))

and
dim(R®S)e (R ® S) < dimpge (R) + dimge (S)

Proof. For the second statement, we have the spectral sequence (of Corollary 5.66)
HP(R,HY(S,M)) = H*(R®K S, M).

Ezactly the same arguments as used in the Tower Theorem (Theorem 5.60) for the Hochschild-Serre spectral
sequence finish the proof. ]

Remark: The K-projectivity of R is only used to prove the inequality for R ®x S.

We can go further using our spectral sequences.
Theorem 5.88 Suppose R is a K-projective K -algebra, then
gldim R® < dimpge (R) + gldim(R).

Further,
gldim(R) < dimge(R) + gldim K

and
gldim(RP) < dimpge (R) + gldim K.
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Proof. We apply the spectral sequence
EY? = HP(R,Ext}.(B,C)) = Exthopg, (B, C)

of Corollary 5.64. Here, B and C' are left R and right T-modules (and, in the Ext® of the ending, they are
viewed as right R°P @ T-modules, or left R @ x T°P-modules). We set T = R and see that

Ext%(B,C) = (0) when ¢ > gldim(R).

But,
HP(R,—) = Exth. (R, —)

and so
HP(R,—)=(0) when p > dimge(R).

Therefore, EY'? = (0) when p + ¢ > dimge (R) + gldim(R). Once again, exactly as in the Tower Theorem,
we conclude Extpg oo (B, C) vanishes for n > dimpg.(R) + gldim(R). This proves the first inequality.

For the second and third inequalities, we merely set 7= K. Then, Ext% (B, C) vanishes for all
g > gldim(K') and HP(R, —) vanishes for all p > dimge(R) = dimpge (R°P). Our spectral sequence argument
now yields the two desired inequalities. []

Corollary 5.89 If R is a projective K-algebra and R is semi-simple as K-algebra, then
gldim(R®) = dimpe(R).

If R is arbitrary but K is a semi-simple ring, then
gldim(R) < dimpe(R)

and

gldim(RP) < dimpe (R).
Proof. In the first inequality, gldim(R) = 0, so
gldim(R®) < dimpge(R).

The opposite inequality is always true by definition.

If now K is semi-simple, R is automatically K-projective; so, our other inequalities (of the theorem)
finish the proof as gldim(K) = 0. []

Corollary 5.90 If K is semi-simple and R is a K-algebra, then R® is semi-simple if and only if R is a
projective R¢-module (i.e., dimpe(R) =0).

Proof. Suppose dimpge(R) = (0). Then, by Corollary 5.89 above, gldim(R) = 0, i.e., R is itself a semi-
simple ring. But then we apply the corollary one more time and deduce gldim(R¢) = 0. Conversely, if
gldim(R¢) = 0, then dimge(R) = 0. [

Corollary 5.91 If K is semi-simple and if R® is semi-simple, then R is semi-simple (as K-algebra).

Proof. As gldim(R¢) = 0 and K is semi-simple, we get dimge(R) = 0. But, gldim(R) < dimge (R); so, we
are done. []

We can now put together the Koszul complex and the material above to prove
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Theorem 5.92 (Global Dimension Theorem) Suppose K is a commutative ring and write
R=K|[Ty,...,T,]. Then,
dimpe (R) = dimp(K) = n.

We have the inequality
n < gldim R < n + gldim K,

and so if K is a semi-simple ring (e.g., a field), then
gldim R = n.

Proof. By the main application of the Koszul complex to dimension (Theorem 5.74) we have dimg(K) =n
and so gldim R > n. Here, K is an R-module via sending all T} to 0. But if € is any K-algebra map R — K,
we can perform the automorphism Tj +— T; — €(T;) and this takes € to the usual augmentation in which all
T; — 0. Therefore, we still have dimr K = n (and gldim R > n) when viewing K as R-module via €.

Now R°P = R; so, R° = R ®k R, and thus
R =K[Ty,...,Tn, Z1,...Zy| = R[Z1, ..., Zy).

(Remember that Tj stands for T; ® 1 and Z; for 1 ® Tj). The standard augmentation n: R® — R is given
by p® p — pp and it gives a map
R¢=R|Zy,...,Zy] — R,

in which Z; goes to T € R. The Z;’s commute and we can apply Theorem 5.74 again to get
dimpge(R) = n.
Finally, Theorem 5.88 shows that
gldim(R) < n + gldim K. O

Remark: The global dimension theorem is a substantial improvement of Hilbert’s Syzygy Theorem. For
one thing we need not have K a field (but, in the semi-simple case this is inessential) and, more importantly,
we need not restrict to graded modules. Also, the role of the global dimension of K becomes clear.
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5.6 Concluding Remarks

The apparatus of (co)homological methods and constructions and, more importantly, their manifold appli-
cations to questions and situations in algebra and geometry has been the constant theme of this chapter.
Indeed, upon looking back to all earlier chapters from the first appearance of group cohomology as a compu-
tational tool to help with group extensions through the use of sequences of modules and Galois cohomology
in field theory to the theory of derived functors and spectral sequences to obtain new, subtle invariants in
algebra and geometry, we see a unified ever deepening pattern in this theme. The theme and pattern are a
major development of the last sixty years of the twentieth century—a century in which mathematics flowered
as never before. Neither theme nor pattern gives a hint of stopping and we have penetrated just to middling
ground. So read on and work on.

5.7 Supplementary Readings

The classic reference on homological algebra is Cartan and Eilenberg [9]. One may also consult Mac Lane
[36], Rotman [44], Weibel [48], Hilton and Stammback [24], Bourbaki [5], Godement [18] and Grothendieck
[20]. For recent developments and many more references, see Gelfand and Manin’s excellent books [16, 17].
For a global perspective on the role of homological algebra in mathematics, see Dieudonné [10].
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