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Abstra ct. The fourteen lectures in this book were prepared
for the advanced undergraduate course at the Park City Math-
ematics Institute on Geometric Combinatorics in July 2004.
They begin with the basics of polytop e theory with an em-
phasis on geometry via the theory of Schlegel and Gale dia-
grams. The lectures lead up to secondary and state polytop es
arising from point con gurations. These polytop es are rela-
tiv ely recent constructs that have connections to seweral parts
of mathematics such as combinatorics, commutativ e algebra,
algebraic geometry and symplectic geometry. The treatment
here constructs them from scratch and focuseson their geo-
metric combinatorics. This book is meant to be accessibleto
undergraduates with a background in linear algebra.
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Preface

Theselectures were prepared for the advancedundergraduate course
at the Park City Mathematics Institute in Geometric Combinatorics
in July 2004. Many thanks to the organizers of the undergradu-
ate program, Bill Barker and Roger Howe, for inviting me to teach
this course. | also wish to thank Ezra Miller, Vic Reiner and Bernd
Sturmfels who coordinated the graduate researd program at PCMI,
for their support. Edwin O'Shea conducted all the tutorials at the
courseand wrote se\eral of the exercisesseenin these lectures. Ed-
win was a huge help in the preparation of these lectures from the
beginning to the end.

The main goal of these lectures was to dewelop the theory of
corvex polytopes from a geometric view point to lead up to recent
dewvelopmerts certered around secondaryand state polytopesarising
from point con gurations. The geometric view point naturally relies
on linear optimization over polytopes. Chapters 2 and 3 dewelop the
basics of polytope theory. In Chapters 4 and 5 we seethe tools of
Sdlegeland Gale diagramsfor visualizing polytop esand understand-
ing their facial structure. Gale diagrams have beenusedto unearth
seweral bizarre phenomenain polytopessuch asthe existenceof poly-
topes whose vertices cannot have rational coordinates, and others
whosefacets cannot be prescribed. These examplesare described in
Chapter 6. In Chapters 7{9 we construct the secondarypolytope of
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Viii Preface

a graded point con guration. The facesof this polytope index the
regular subdivisions of the con guration. Secondary polytopes ap-
pearedin the literature in the early nineties and play a crucial role
in combinatorics, discrete optimization and algebraic geometry The
secondary polytope of a point con guration is naturally re ned by
the state polytope of the toric ideal of the con guration. In Chap-
ters 10{14 we establish this relationship. The state polytope of a
toric ideal arisesfrom the theory of Grebner baseswhich is developed
in Chapters 10{12. Chapter 13 establishesthe connection between
the Grobner basesof a toric ideal and the regular triangulations of
the point con guration de ning the ideal. Finally, in Chapter 14
we construct the state polytope of a toric ideal and relate it to the
corresponding secondarypolytope.

Theselectures are meart to be self-cortained and do not require
any badkground beyond basic linear algebra. The concepts needed
from abstract algebra are developed in Chapters 1,10,11and 12.

| wish to thank Tristram Bogart, Ezra Miller, Edwin O'Sheaand
Alex Papazoglufor carefully proof reading many parts of the original
manuscript. Ezra made seweral important remarks and corrections
that have greatly bene ted this nal version. Many thanks also to
Sergei Gelfand and Ed Dunne at the AMS o ce for their patience
and help in publishing this book.

Rekha R. Thomas
Seattle, January 2006



Chapterl

Abstract Algebra:
Groups, Rings and
Fields

This coursewill aim at understanding convexpolytopes which are fun-
damertal geometric objects in combinatorics, using techniques from
algebra and discrete geometry Polytopes arise everywhere in the
real world and in mathematics. The most famous examplesare the
Platonic solids in three dimensional space: cule, tetrahedron, octa-
hedron, icosahelron and dodecahedron, which were known to the an-
cient Greeks. The natural rst approac to understanding polytopes
should be through geometry asthey are rst and foremost geometric
objects. However, any experiencewith visualizing geometric objects
will tell you soon that geometry is already quite hard in three di-
mensional space,and if one has to study objects in four or higher
dimensional space,then it is essetially hopelessto rely only on our
geometric and drawing skills. This frustration led mathematicians
to the discovery that algebra can be usedto encale geometry and,
since algebra does not su er from the samelimitations as geometry
in dealing with \higher dimensions", it can sere very well as the
language of geometry. A simple example of this translation can be
seenby noting that, while it is hard to visualize vectors in four di-
mensionalspace linear algebraallows us to work with their algebraic

1



2 1. Abstract Algebra: Groups, Rings and Fields

incarnations v = (Vi1;Vo;Va;Vs) 2 R* and w = (wqg; Wy, ws;wy) 2 R
and to manipulate them to nd new quartities such asthe sumvector
V+ W= (Vi+ Wi Vot WoiVa + Wa; Vs + Wy) 2 R* or the length of
their di erence vector = (vi wj)2+ + (v4  Wg)2. We useR for
the set of real numbers.

These lectures will focus on techniques from linear and abstract
algebrato understand the geometry and combinatorics of polytopes.
We beginwith somebasic abstract algebra. The algebraically sophis-
ticated reader should skip aheadto the next chapter and refer back
to this chapter only as needed. The material in this lecture is taken
largely from the book [DF91 ].

In linear algebraone learns about vector spacesover elds. Both
of theseobjects are examplesof a more basicobject known asa group.

De nition  1.1. A set G along with an operation on pairs of ele-
mernts of G is called a group if the pair (G; ) satis es the following
properties:

(1) is a binary operation on G: This meansthat for any two
elemens g;;0, 2 G, g1 @2 2 G. In other words, G is closal
under the operation on its elemers.

(2) is assaiative: For any three elemens ¢;1;09,;03 2 G,
(1 %) B=0 (2 %)

(3) G has an identity element with respect to : This means
that there is an elemen e 2 G such that for all g 2 G,
e g=9g e=g. If isaddition, then e is usually written
asO0. If is multiplication, then e is usually written as 1.

(4) Every g 2 G has an inverse For eath g 2 G there is an
elemet g ' 2 Gsuchthatg gl=g?! g=e If is
addition, then it is usualto write g * as g.

It canbe provedthat the identit y elemen in G is unique and that
every elemert in G hasa unique inverse. Let Z be the set of integers
and R := RnfOg. The multiplication table of a nite groupis a
jGj jGj array whoserows and columns are indexed by the elemerts
of G and the ertry in the box with row index g and column index g°
is the product g ¢°
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Exercise 1.2. Ched that the following are groups. In ead case,
write down how the binary operation works, the identity elemen of
the group, and the inverseof an arbitrary elemen in the group.

@) (Z";+)
@ R:)
@ (R )

The above groups are all in nite. We now study two important
families of nite groupsthat are usefulin the study of polytopes.

The symmetric group Sp:
Recallthat a perm utation of n letters 1;2;:::;n is any arrangemen
of the n letters, or more formally, a one-to-oneonto function from
the set[n] := f1;2;:::;ngto itself. Permutations are denoted by the
small Greek letters , etc, and they can be written in many ways.
For instance, the permutation

:f1,2;3g! f1;2;3g:17'2,27'1,37"'3

is denoted as either ; i g or more compactly, by recording
just the last row as 213. Since permutations are functions, two per-
mutations can be composedin the usual way that functions are com-
posed:f gisthe function obtained by rst applying g andthen apply-
ing f . The symbol denotescomposition. Ched that 213 321= 312
which is again a permutation. Let S, denote the set of all permu-
tations on n letters. Then (S,; ) is a group with n! elemens. We

sometimessay that 312is the product 213 321.

Exercise 1.3. (1) Ched that (S,; )isagroup for any positive
integer n. What is the identity elemen of this group, and
what is the inverseof a permutation 2 S,?

(2) List the elemerns of S, and Sz, and compute their multipli-
cation tables.

Denition  1.4. The group (G; ) is abelian if for all g;g° 2 G,
g &°=¢ g
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Ched that Sz is not an abelian group. Do you seehow to use
this to prove that (S,; ) is not abelian for all n 3?7

We now study a secondfamily of non-abelian groups. The reg-
ular n-gon, which is a polygon with n sidesof equal length, is an
example of a polytope in R?. Regular polygons have all sidesof equal
length and the sameangle between any two adjacert sides. For in-
stance,an equilateral triangle is a regular 3-gon, a squareis a regular
4-gon, a pentagon with equal sidesand anglesis a regular 5-gon, etc.

The Dihedral group Doap:

The group D3, is the group of symmetries of a regular n-gon. A
symmetry of aregular n-gonis any rigid motion obtained by taking
a copy of the n-gon, moving this copy in any fashionin three dimen-
sional spaceand placing it back down sothat the copy exactly covers
the original n-gon. Mathematically, we can describe a symmetry s by
a permutation in S,. Fix a cyclic labeling of the corners (vertices)
of the n-gon by the letters 1;2;:::;n. If s puts vertex i in the place
where vertex j was originally, then the permutation s sendsi to j.
Note that since our labeling was cyclic, s is completely speci ed by
noting wherethe vertices 1 and 2 are sert. In particular, this implies
that s cannot be any permutation in S,.

How many symmetries are there for a regular n-gon? Given a
vertex i, there is a symmetry that sendsvertex 1 to i. Then vertex
2 hasto goto either vertexi 1 or vertex i + 1. Note that we have
to add modulo n and hencen+ 1lisland1 1isn. By following
the rst symmetry by a re ection of the n-gon about the line joining
the certer of the n-gonto vertex i, we seethat there are symmetries
that send2 to eitheri 1 ori+ 1. Thusthere are 2n positions that
the ordered pair of vertices 1 and 2 may be sert to by symmetries.
Howewer, since every symmetry is completely determined by what
happensto 1 and 2 we concludethat there are exactly 2n symmetries
of the regular n-gon. These2n symmetriesare: the n rotations about
the certer through Zn—' radiansfor 1 i n and the n re ections
through the n lines of symmetry. If n is odd, each symmetry line
passesthrough a vertex and the mid-point of the opposite side. If
n is even there are n=2 lines of symmetry which passthrough two
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opposite vertices and n=2 which perpendicularly bisect two opposite
sides. The dihedral group D, is the setof all symmetriesof a regular
n-gonwith the binary operation of composition of symmetries (which
are permutations).

Example 1.5. Let 2 beasquarewith vertices1; 2; 3; 4 labeledcourter-
clockwise from the bottom left vertex and certered about the origin
in R2. Then its group of symmetriesis the dihedral group

8 9

ee 122324 - 122324
1234 ° 4321 °
%r:1234_ r2_1234_%
5. = 2 341 ° 3412 ° 7
8 . 234 1234
4123 ° 1432 °
§r2321234,r3321234§
2143 " 3214 °

where r denotes counterclockwise rotation by 90 degreesabout the
origin and s denotesre ection about the horizontal axis.

Exercise 1.6. Fix alabeling of aregular n-gon(say counterclockwise,
starting at somevertex) and let r denote counterclockwise rotation
through 27 radians and s denotere ection about the line of symme-
try through the certer of the n-gon and vertex 1. Then show the
following.

(Hint:(i) L;r;r2;:::;r™ L are all distinct, (i) r" = e, (i) s? = e,
(iv) s6 r' foranyi, (v) sr' 6 srl forallO i;j n 1,i6j, (vi
str=r s (vii) sr'=r s, for0O i n)

Exercise 1.7. Let G be the symmetries of a regular cube in RS.
Show that jGj = 24.

De nition  1.8. A set R with two binary operations + and is
called aring if the following conditions are satis ed:

(1) (R;+) is an abelian group,
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(2) isassaiative: (a b) c=a (b c¢) forall ajb;c2 R,
(3) distributes over +: for all a;b;c2 R,
(a+b c=(@a ¢+ (b c;anda (b+c=(a b+ (a o:

If in addition, R has an identity elemen with respectto , we
say that R is a ring with identity. If  is commutative in R then
we sa that R is a commutativ e ring. The identity of (R;+) is the
additiv e identity in R denoted as 0 while the multiplicativ e identit y,
if it exists, is denotedas 1. We will only considercommutativ e rings
with identit y.

Exercise 1.9. (1) Show that (Z;+; ) is a commutativ e ring
with identit y.
(2) Let M, denote the set of n n matrices with ertries in
R. Then shaw that under the usual operations of matrix
addition and multiplication, My is a non-commnutativ e ring
with identity. Is (Mp; ) agroup?

De nition  1.10. A eld is a set F with two binary operations +
and sud that both (F;+) and (F := FnfOg; ) areabelian groups
and the following distributiv e law holds:

a (b+c=(a b+ (a c) forall a;b;c2 F:

Let C denote the set of complex numbers and Q denote the set
of rational numbers.
Exercise 1.11. Ched that (C;+; ), (R;+; ), (Q;+; ) are elds
while (Z;+; ) and (Mp;+; ) arenot elds.

Where doesa vector spacet in the above hierarchy?



Chapter2

Convex Polytop es:
De nitions and
Examples

In this chapter we de ne the notion of a convex polytope. There
are seweral excellent books on polytopes. Much of the material on
polytopesin this book is taken from [Gr 03] and [Zie95]. We start
with an example of a family of convex polytopes.

Example 2.1. Cub es: The following is an example of the familiar

3-dimensional cube:

8
< 0 xp 1

Cs:= . (Xi;X2;X3)2R%: 0 xp 1,
' 0 X3 1’

<]

The cube C3z has volume one and edgesof length one. By trans-
lating this cube around in R® we seethat there are in nitely many
3-dimensionalcubes (3-cubes) of volume one and edgesof length one
in R3. If you are interestedin studying the properties of these cubes,
you might bewilling to believethat it su ces to examineone menmber
in this in nite family. Thus we pick the above member of the family
and call it the 3-dimensionalunit cube.

The unit 3-cube is of coursethe older sibling of a squarein R2.
Again, picking a represenativ e we have the unit square (or the unit

7



8 2. Convex Polytop es: De nitions and Examples

2-cube):

0 x4 1

0 X 1

Going down in the family we could askwho the 1-cubeis. If we simply
mimic the pattern we might concludethat the unit 1-cube is the line
segmett

Coi= (X1;%2) 2 R?:

Ci= (X1)2R: 0 x; 1
The baby of the family is the 0-cube Co = f0g = R.

How about going up in the family? What might be the unit 4-
cube? Again, simply mimicking the pattern we might de ne it to

be: 8 9
E 0 x4 lE
Cyi= (X‘X'X'X)2R420 X2 1.

4 B 1, A2, A3, A4 0 X3 1 B

' 0 Xu 1’

Of coursethis is hard to visualize. In Chapter 4 we will learn about
Sdhlegeldiagramsthat canbe usedto seeC,4. Making life evenharder,
we could de ne the unit d-cube (the unit cube of dimensiond) to be:

8 9
0 x1 1
3

X2
2

0 Xg 1’

Cq =

thus creating an in nite family of unit cubesfCqy : d 2 Ng. The sym-
bol N denotesthe set of non-negative integersf0; 1;2;3;:::9. Every
member of this family is a convex polytope.

De nition 2.2. AsetC RYisconvex if for any two points p and q
in C, the entire line segmet joining themf p+(1 )q: 0 1g,
is contained in C.

Exercise 2.3. (1) Ched that eat Cq4, d 2 N is convex.
(2) Draw an example of a non-corvex set.

Recall from linear algebrathat a hyp erplane in RY is a set

H:=fx 2 RY:aixs+ apXp +  + agXq = by
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in RY:

H* :
H

fx 2 Ry : ajxq + apxp +  + agXxq bg; and
fx 2 R4 : ajxq + apXp +  + agxg  bg:

We can always write H* with a  sign by simply multiplying both
sidesof the inequality by 1 to get

HY* = fx 2 RY : ajx; axXs agXq by:

Thus all halfspacescan be consideredto be of the form H . The

common intersection of seweral halfspacesthen looks like:
8 9
5 anXi+ apXe+  +aXe b

J X1+ apXo+  t+ayXq b T
x 2 R"Y: §

ami1X1 + @m2Xz +  + AmgXd bn

which can be written more compactly asfx 2 RY : Ax  bg where

1
aio aid

a1
A=B ¢ i K= @ e
Ani dm2 Amd

Exercise 2.4. Ched that the d-cube Cq4 is the commonintersection
of 2d halfspacesin RY.

De nition  2.5. A polyhedron (or H-polyhedron ) in RY is any
set obtained as the intersection of nitely many halfspacesin RY.
Mathematically, it has the form P = fx 2 RY : Ax bg where
A2R™ dandb2 R™.

The prex H stands for the fact that the above de nition of
a polyhedron involves intersecting halfspaces. We say that a set is
bounded if we can encloseit ertirely in a ball of some nite radius.
Note that all our unit cubesare bounded.

De nition  2.6. A boundedH-polyhedronis called an H-polytop e.

Example 2.7. We can create unbounded polyhedra by throwing
away some of the inequalities from our d-cubes. For instance if we
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take no inequalities then we get P = RY which is an unbounded poly-
hedron. Any single halfspacein RY, d 1 is also an unbounded
polyhedron. For example,fx 2 R : x Ogandfx2 R : x 1gare
examplesof halfspacesin R. Both are unbounded polyhedra gotten
by relaxing inequalities of C;.

Lemma 2.8. An H-polyhedron P is a convexset.

Pro of. Consider two points p;gq 2 P and any point p + (1 )q
on the line segmen joining them. Then A( p + (1 )JQ) = Ap+
1 )Ag b+ (1 )b = b wherethe inequality follows from the
fact that 0 1, which makesO 1 1.

There are objects called non-convex polyhedra which we will not
touch in these chapters. We will only considercornvex polyhedra and
in fact, mostly only convex polytopes, and will drop the adjective
convex from now on. There is a secondequivalent way to de ne
polytopeswhich makestheir corvexity more explicit.

De nition  2.9. A convex combination of any two points p;q 2
RY is any point of the form p+ (1  )q where0 1. The set
of all convex combinations of p and q is called the convex hull of p
and g.

Remark 2.10. The convexhull of p and q is the line segmet joining
them.

De nition  2.11. A convex combination of p1;:::;p: 2 RYis any

Boint of the form it:l ipi where O; foralli = 1;:::;t and
it:1 i = 1. The set of all convex combinations of py;:::;p; is

called their convex hull . We denoteit ascomv(fpy;:::;ptQ):

Exercise 2.12. (1) Draw the corvex hull of the points 0 and 1 in R.
(2) Draw the corvex hull of (0;0); (1;0); (0;1); (1;1) in R2.
(3) What is C3 the corvex hull of? How about Cy4?

Taking the corvex hull of a nite set of points is like \shrink
wrapping" the points. Here are somebasic facts about corvex hulls:
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conv(fpi;:::;ptg) is the smallestconvex set containing
P15 Pty

conv(fp1;:::;ptg) is the intersection of all corvex setscon-
taining p1;:::;pt. This follows from the fact that the inter-

section of two corvex setsis corvex.

De nition  2.13. A V-polytop e in RY is the corvex hull of a nite
number of points in RY. Mathematically, it is a set of the form P =

The pre x V standsfor the polytope being expressedasthe con-
vex hull of a set of points V. It takes some seriouswork to prove
that the two notions of a polytope in De nitions 2.5 and 2.13 are the
same.

Theorem 2.14. Main Theorem of Polytop e Theory [Zie95,
Theorem 1.1] Every V-polytope has a description by inequalities as
an H-polytope and every H-polytope is the convex hull of a minimal
number of nitely many points called its vertices .

The processof corverting one description to another is called
Fourier-Motzkin elimination. See[Zie95, x1.2] for instance.

Example 2.15. The cross-p olytop e in RY is the V-polytope

Cq = conv(f er; eyiii; eqQ)

aline segmenin R, C, isa\diamond" in R? and C; is an octahedron.
Expressedas %n H-polytope,

X1+ X2+ X3
X1+ X2+ X3
X1 Xo+ X3
X1+ Xo X3
X1 Xo+ X3
X1+ X2 X3
X1 X2 X3
X1 X2 X3

NN ©

Cs = _ (X1;X2;X3) 2 R%:

PR R R RRRPR

= VKRN

Exercise 2.16. What is the H-represertation of C; ?
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Example 2.17. Can you devisean algorithm for corverting the H-
represenation of a polytope to its V-represenation and vice versa?

Example 2.18. The simplest polytopesare the simplices . The unit
(d 1)-simplexisdened as 4 1:= conv(fei;ey;:::;eqQ) =

fx 2 RY : xq + + Xq = 1;X; O; i = 1;:::;dg. This family
includes a line segmem, triangle and tetrahedron.

Exercise 2.19. Show that if you drop any inequality in the H-
description of 4 3 you get an unbounded polyhedron.

The (d 1)-simplex 4 i livesentirely in the hyperplanefx 2
RY @ xq+ + Xg = 1g and henceis a (d 1)-dimensional polytope
even though it livesin RY. You can verify this at leastfor d = 1;2; 3.
The dimension of a polytope is perhapsits most important invariant.
It is what we think it is in low dimensional spaces,but we need a
formal de nition so that we can calculate it for polytopesthat live
in high dimensional spaces.To do this, we needto understand a ne
spaceswhich are closely related to linear vector spaces.

De nition  2.20. (1) An ane combination lgf vectors

P1iipi P 2 RY is a combination of the form }:1 ipi sud
that |, =1

(2) The ane hull of py;:::;p¢ is the set of all ane combi-

(3) The ane hull of asetS, denotedasa ( S), is the set of all
ane combinations of nitely many points in S.

Example 2.21. (1) The ane hull of two points p and q in RY is
the line through them. Note the di erence betweena ( fp;qg) and
corv(fp; qg).

(2) The ane hull of the three points ( 1;1);(0;1);(1;1) 2 R? is
the line x, = 1 which also equalsthe ane hull of the polytope
corv(f( 1;1);(0;1); (1, 1)g).

(3) The ane hull of the cube C; R® is RS,

De nition  2.22. An ane space is any set of the form fx 2 RY :
Ax = bg.

A non-empty ane spacefx 2 RY : Ax = bgis atranslate of the
vector spacef x 2 RY : Ax = 0g. Further, everyane hull isanane
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space.In (2) above,a (f( 1;1);(0;1);(1;1)g) = f(X1;X2) : X2 = 1g
is the translation of the vector spacef(x1;X2) : X2 = 0g. In (3)
above, a (Cs) is already the linear vector spaceR3.

De nition  2.23. (1) The dimension of an ane spaceis the di-
mension of the linear vector spacethat it is a translate of.
(2) The dimension of a polytope P is the dimensionof its a ne hull.

Exercise 2.24. Calculate the dimension of the polytope
conv(f(1;0;0); (1;1,0); (1;2;1); (1; 1, 2); (1,0, 1)g)

in R3. Basedon your answer, how many equations do you expect to
seein the H-represenation of this polytope?

Let P be a d-dimensional polytope (d-polytope) in RY cortaining
the origin in its interior. Let g; 2 RY be the ith standard unit vector
in RY. The three most basic constructions of polytopeswith P as
their foundation are the pyramid, prism and bipyramid over P.

Pyramid : This isthe corvexhull of P and any point outsideits a ne
hull. To construct oneexample,embedP in R%*! asf(p;0) : p 2 Pg.
Then pyr(P) := corv(P;eq+1). The much visited corvex polytope,
the Egyptian pyramid, is an example of pyr(C,). The d-simplex ¢
equalspyr( ¢ 1) = pyr(pyr( o 2)) = = pyr?(f0g).

The pro duct of the polytopesP  RY and P R% is:
P P%:=f(p;pY2R™*% :p2P;p°2P%
The newsetP  PPis again a polytope.

Prism : The prism over P, denoted as prism(P), is the product of P
with a line segmen such as the simplex ;. What we usually call
a prism is the prism over a triangle. Just like a d-simplex can be
obtained by taking d successie pyramids over a point, a d-cube can
be constructed by taking d successie prisms over a point.

Bip yramid : This is the corvex hull of P and any line segmen that
piercesthe interior of P at preciselyonepoint. To obtain an example,
assumethat the origin in RY is in the interior of P and embed P
in R4 asfor the pyramid. Let | := [ eqs1;€q+1] RY. Then
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conv(P; 1) is an exampleof bipyr(P). Note that Cy4 = bipyr(Cy ;) =

= bipyr?(f 0g).
Exercise 2.25. Let P = corv(fvy;:::;vi@). Argue that for eah
of the above constructions it su ces to considerjust vi;:::;v¢. For

Mink owski Sum: Supposed® d and that P?is a d®dimensional
polytope in RY. The Minkowski sum of P and P°is de ned to be
P+P%:= fp+p°%: p2 P; p°2 P%. This is againa polytopein R¢.

Exercise 2.26. Let L = [(0;0);(1;1)] R?, C, the squarein R?
as before,and , de ned as corvf(0;0);(1;0);(0; 1)g. Conrm that
C, = [(0;0);(2;0)]] + [(0;0);(0;1)]. Draw C, + . Next draw the
Mink owski sums , + L and C, + L. You should get a 5-gonand 6-
gonhere. Argue that if n  3is odd, then an n-goncanbe constructed
asthe Mink owski sum of a triangle and a collection of lines. If n 4
is even, shaw that an n-gon can be constructed asthe Mink owski sum
of a collection of lines.

Mink owski sums of nitely many line segmeits are called zono-
topes Note that unlike prisms, pyramids and bipyramids, Mink owski
sums of polytopesdepend on the embedding of the summands.

There are many other basic constructions for building new poly-

topesfrom old. We will seesomeof them in the forthcoming chapters.
For others we refer the interested readerto [Gr 03] and [Zie95].



Chapter3

Faces of Polytop es

In this chapter we continue with the basicsof polytope theory. These
facts can be found in books such as [Gr u03] and [Zie95]. A short
summary of polytope basicscan be found in [HR GZ97 ].

Givenany vectorc 2 RY, we obtain alinear function . : RY! R
such that x 7! ¢ x wherec x is the dot product of ¢ and x. In
optimization, oneis often interestedin the max (or min) value of this
function over a speci ed polytope P = fx 2 RY : Ax bg RY,
leading to the linear program:

(3.1) maxfc x : x2Pg=maxfc x : Ax b; x 2 R

If ¢ = 0, then the max value is simply 0. Else, we can solve the
above linear program geometrically as follows. Take the hyperplane
fx 2 RY : ¢ x = g for somevalue of and then move it, in a
perpendicular direction so that the translated version is parallel to
the original, acrossP in the direction in which increases. At a
given position of this moving hyperplane (say with right hand side
value 9, all the points x 2 RY that lie on the hyperplane have

c(x) = ¢ x = % Thus geometrically, the optimal (in this case,
max) value of ¢ x over P is achieved by all points in P hit by the
hyperplane immediately before the hyperplane goes past P. These
points are the optima of the above linear program. We would like
to understand this set.
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(0,1) (1,1)

(0,0) (1,0)

Figure 1. The unit square C;.

Example 3.1. Take P = C, with its cornerslabeled asin Figure 1.
Note that the linear functional (.1)(X1;X2) = 2X1 + X2 is maximized
at the corner (1; 1) of the squareand nowhere else. SeeFigure 2 (a).
How much can we swing ¢ on either side of (2;1) keepingits base
xed and still have c;x; + coX2 be optimized at (1;1)? Note that
we can go right asfar as (1;0) and left asfar as (0;1) and still have
(1;1) be the optimum of the linear program (3.1). The functional

@:0)(X) = X1 is in fact maximized by the whole right side of C, or
in other words by the edgelabeled23. When we swing ¢ slightly past
(1;0) to the right, we seethat the unique optimum now is the corner
(1;0) labeled 2. Going all the way around with ¢, we seethat the
optima of (3.1) move around the boundary of C, jumping from one
vertex to a neighboring oneat certain critical valuesof ¢ that depend
on the shape of C,. In fact all of R? breaks up asin Figure 2 (d)
depending on the optima of (3.1) over C,.

For ¢ 2 RY, let m¢(P) 2 R be the max value of the linear func-
tional .(x) over P. The number m.(P) is called the optimal value
of the linear program (3.1).

De nition  3.2. For ¢ 2 RYnf0Og, the hyperplane H (P) := fx 2
RY : ¢ x = m¢(P)gis called a supp orting hyp erplane of P, and
foreacd m m¢(P), the inequality c x m is saidto be valid for
P sinceall x 2 P satisfy this inequality.

Example 3.3. The linesH,.1)(Cz) = f(x1;X2) : 2x1 + X2 = 3g and
H1.0(C2) = f(x1;X2) : x3 = 1g are supporting hyperplanesof C,.
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2.1
4 3 4 3
(@ (b) — (1,0
1 2 1 2
4 3
() = — (1,0 (d)
1 2

Figure 2. Maximizing linear functionals over C,.

SeeFigures 2 (a) and (b). The inequality x; 2 is valid for C, but
doesnot provide a supporting hyperplane for C,.

De nition  3.4. The intersection of a polytope P RY with a sup-
porting hyperplaneof P is called a face of P. More precisely the face
of P in direction ¢ 6 O is the intersection face.(P) := H.(P)\ P.
Theseare the non-trivial facesof P.

Whenc= 0, Ho(P)=fx2RY: 0xy+ + Oxq= 0g= RY and
facey(P) = P\ Ho(P) = P. Note that Hg(P) is not a hyperplane
in RY. The empty setis always consideredto be a face of P aswell.
The facesP and ; are the trivial facesof P.

Writing P in its H-represetiation P = fx 2 RY : Ax  bg, we
seethat
face(P)= fx2RY:Ax b; c x=mc(P)g
= fx2RY:Ax b;c x mc(P); ¢ x mc(P)g

is again a polytope.
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De nition  3.5. (1) The dimension of a face of P is the di-
mension of the face as a polytope. The k-dimensional faces
of P are called its k-faces. The O-facesare called vertices ,
the 1-facesare called edges and the (dim(P) 1)-facesare
called facets. The empty face of P is de ned to have di-
mension 1.

(2) The number of k-facesof P is denotedasf x (P) and is known
asthe k-th face number (k-th f -number) of P.

(3) The face vector (f-vector) of P is the vector

Example 3.6. The vertices of C, are (0;0);(1;0);(1;1) and (0; 1).
The polytope corv(f (0; 0); (1; 0)g) is an edgeof C,. This edgeis also
a facet of C,. The unique 2-faceof C, is C; itself. The facevector of
C,isf(Cp) = (4;4;1).

Note that the points in face.(P) are precisely the optimal solu-
tions to the linear program (3.1). Hencewe call face,(P) the optimal
face of P in direction c.

Recall that the H-represettation of face.(P) showed that it is a
polytope. By the main theorem of polytopes, we then know that it
alsohasa V-represertation. In fact, face;(P) is the convex hull of the
verticesof P contained in it. Ched this for C,. This meansthat if we
label the verticesof P by 1;2;::: then ead face of P can be labeled
by the set of indices of the vertices of P whosecorvex hull is this face.
For example, in Figure 1, the facgqs;o) (C2) can be labeled by the set
f2;3g or more compactly as 23. Since every face of a polytope P is
the convex hull of a subset of the vertices of P, P has only nitely
many facesin ead dimensionand hencef(P) is a nite number for
eahh0 k dim(P). Let usdenoteby F (P) the setof all facesof P.
We can now partially order F (P) by the usual containment relation,

, On sets, creating a partial ly ordered set (poset) (F (P); ).

De nition  3.7. The partially ordered set (F(P); ) is called the
face lattice of P.

Note that ; is the unique minimal elemen of (F (P); ) while P
is the unigue maximal elemern. Lattices are posetswith the property
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f1;2;3;4g

ﬂ\

f1,2g f2;3g f3; 49 f1,4q

T ]

f1g f2g f3g f4g

A

Figure 3. Face lattice of C,.

that every pair of elemens has a unique greatest lower bound and a
unique lowest upper bound in the partial order. In particular, lattices
have a unique minimal elemen and a uniqgue maximal elemen. The
faceposetof a polytopeis always a lattice. In Chapter 4 (seeFigure 4)
we will seeposetsthat are not lattices.

Example 3.8. The face lattice of C, is shawn in Figure 3. Suc
pictures of partially ordered setsare called Hassediagrams.

By the combinatorics of a polytope one usually meansthe infor-
mation about the polytope that is carried by its facelattice without
concerningoneselfwith the actual geometric embedding of the poly-
tope. For instancenote that C, hasthe samefacelattice asany square
in R? or for that matter any squarein RY. In fact, it hasthe same
facelattice asany (planar) quadrilateral in RY. Thus combinatorially
all quadrilaterals are equivalent to C, although they may vary wildly
in actual embedding into someRY. The face lattice is an abstrac-
tion of the polytope and by its nature forgets a lot of information
about the polytope it came from. Howewer, it doesretain essetial
\combinatorial" information such ashow many verticesthe polytope
had, which vertices de ne which face and which facesare cortained
in which other faces. This is called the face incidence information.
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De nition  3.9. Two polytopesP and Q are combinatorially  iso-
morphic or combinatorially  equiv alent if F(P) and F(Q) are
isomorphic as partially ordered sets.

We haven't de ned what it meansto be isomorphic as partially
ordered sets. We can just take that to mean that both F(P) and
F (Q) have the sameHassediagram up to relabeling of the vertices.

Exercise 3.10. Draw the face lattices of the 3-cube C3 and the oc-
tahedron C; . Do you seea relationship betweenthe two?

Exercise 3.11. Let t 2 N. Recall that the power set of [t] =

f1;2;:::;tg, denotedas 2!, is the set of all subsetsof [t]. This power
set is partially ordered by

(1) Is there a polytop e whoseface lattice is (2[1; )?

(2) Doesewery partially ordered subsetof (2[t; ) appear asthe face
lattice of a polytope? If not, do you seeconditions that are necessary
for a subsetof 2[! to be the facelattice of a polytope?

De nition  3.12. A d-dimensional polytope P is simple if every
vertex of P isincident to d edgesof P or equivalertly, if every vertex
of P lies on preciselyd facetsof P.

De nition  3.13. A d-dimensional polytope P is simplicial if for
0 k dim(P) 1,eadt k-faceof P is combinatorially isomorphic
to a k-simplex.

Note that a simplicial polytop e doesnot haveto be a simplex since
the condition on k-facesis only required to hold for k dim(P) 1.

Example 3.14. The cubesCy are simple polytopeswhile the cross-
polytopesC, are simplicial polytopes.

Exercise 3.15. Can you tell from the face lattice of a polytope
whether the polytope is simple or simplicial?

Exercise 3.16. (1) Shaw that a polygon (a 2-polytope) is both simple
and simplicial.

(2) Construct a polytope that is neither simple nor simplicial.

De nition 3.17. If P RY is a d-polytope with the origin in its
interior, then the polar of P is the d-polytope

P =fy2R%:y x 1forallx2Pg:
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Ched that cubes are polar to cross polytopes. If you use the
de nition of C,; that was given in the last chapter, what exactly is
the H-represertation of the cube that is polar to Cy ?

There are many nice relationships betweena polytope P and its
polar P . We list someof them below.

(1) If P = corv(fvy;i::;vig)  RY, thenP = fx 2 RY :
vi x 1 foralli=1;:::;tqg.

@ P ) =P

(3) The polars of simple polytopesare simplicial and the polars
of simplicial polytopesare simple.

(4) The facelattices F (P) andF (P ) areanti-isomorphic. This
means that there is a bijection between the k-facesof P
and the (d k 1)-facesof P , where we assumethat
dim(P) = dim(P ) = d, that also\in verts" the inclusions.
Informally, the Hassediagram of (F (P); ) canbe gotten by
rotating the Hassediagram of (F (P ); ) by 180degrees.

In the rest of this chapter, we focuson a special classof polytopes
called cyclic polytopes The cyclic polytope Cq4(n) is a simplicial d-
polytope with n vertices. The most well known property of the cyclic
polytopeis that it provides an upper bound on face numbers of sim-
plicial polytopeswith the samedimension and number of vertices.

Theorem 3.18. (The Upper Bound Theorem)
Let P be any d-dimensional simplicial polytope with n vertices. Then
fi(P) fi(Cq(n)) for everyO i d 1.

The construction of C4(n) is possibleusing techniquesfrom linear
algebra and its most satisfying combinatorial property is a simple
description of its facets. We follow the treatment in [Zie95].

The momentcurvein RY is de ned by the functon : R ! RY; t 7!

We say the cyclic polytope sinceany sud choice of t;'s will yield the
sameface lattice. We will show that:
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(1) Cq4(n) is a simplicial polytope.

(2) The facetsof Cy(n) satisfy Gale's evennesscondition: S =
fig;ig;:ii;igg  [n] indexesa facet of Cy4(n) if and only if
foralli;j 2Sandi < j,

2 divides jfk : k2 S;i< k< jg:
(3) Everyl [n]with jl j b%c indexesa face of C4(n). More
commonly, C4(n) is said to be b%c—neighhnrly.

De nition  3.19. A polytope P is k-neigh borly if any set of k or
lessvertices of P is the vertex set of a faceof P.

Example 3.20. Using PORTACL ] we can compute the facetsof the
cyclic polytope C4(7) in dimension four with sewen vertices. The
input le consistsof the sewen verticeslisted under CONNBECTIONas
shown below.

DIM= 4

CONV_SECTION
1111
24816

39 2781

4 16 64 256

5 25 125 625

6 36 216 1296
7 49 343 2401
END

The output le hastwo parts. The facet inequalities of C4(7) are
listed at the top under INEQUALITIESSECTIONAfter that, we get
the strong validity table of C4(7) which is a table whose columns
index the sewen vertices and whoserows index the facets of C4(7).
The stars in a row indicate which vertices of C4(7) lie on the facet
indexing that row.

DIM= 4

VALID
7 49 343 2401
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INEQUALITIES_SECTION

m "~~~ "~ "~ "~ "~~~

1)
2)
3)
4)
5)
6)
7)
8)
9)
10)
11)
12)
13)
14)

ND

-317x1+125x2-19x3+x4
-223x1+ 99x2-17x3+x4
-145x1+ 75x2-15x3+x4
- 83x1+ 53x2-13x3+x4
+ 50x1- 35x2+10x3-x4
+ 78x1- 49x2+12x3-x4
+112x1- 65x2+14x3-x4
+152x1- 83x2+16x3-x4
+154x1- 71x2+14x3-x4
+216x1- 91x2+16x3-x4
+288x1-113x2+18x3-x4
+342x1-119x2+18x3-x4
+450x1-145x2+20x3-x4
+638x1-179x2+22x3-x4

strong validity table

\ P | |
Vo | |
IR |
N\N | 1 6 | #
E\ T | |
Q\ S| |
S\ | |
\ |
1 | x4
2 | = x4
3 | *.**. * 4
4 | =L x o 4
5 | ****. 4
6 | **.‘k* 4
7 | =.x % o 4
8 | = ™ . 4
9 I .**** 4

210
-140
-84

24
40
60
84
120
180
252
360
504
840
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10
11
12
13
14

*% %

*%

**

*%

| *kk

| 88888 88

There are 14 facetsin all, the rst of which corntains the vertices

*%

*%

*%

A A DDAD

1;5;6; 7. Verify that properties (1), (2) and (3) are satis ed.

Exercise 3.21. Letrg;rq;

Exercise 3.22. Let S= fiq;i,

rq 2 R.

a. Prove Vandermonde'sidentit y:

det L

(ro)

(r1)

1 Y .
(re) (ryn:

0 igj d

b. Deducethat no d+ 1 points on the momert curve area nely

dependen.

c. Concludethat C4(n) must be a simplicial polytope.

piinigg [n].

a. Write down the equation Hs(x) = m that de nes the hy-

b. SupposeS indexesa facet of C4(n). What relationship can
you nd betweenthe hyperplane Hg(x) = m and f (t;) :

j 25Sg?

c. If S indexes a facet, draw a picture of how Hs(x) = m
intersectsthe momert curve (t). Begin by drawing this for

d= 2.

Exercise 3.23. Deducethat Cy(n) is b%c—neigrborly. Hin t: Pick
[n] with jlIj = bgc. Using Gale's evennesscondition can you
nd a facetthat cortains | ?

any |
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Schlegel Diagrams

We usually draw a polytope on paper by drawing its vertices and
edges. For instance, the square C, was drawn this way in the last
chapter. This is called the 1-skeleton of the polytope (all faces of
dimension at most one). For the combinatorics of the polytope it is
enoughto think of this 1-skeleton as an abstract graph G = (V;E)
whereV is the vertex set of the graph G and E is the edgeset of G.
Even though a graph may have many di erent drawings, its combi-
natorics is xed and thusit carriesimportant information.

De nition  4.1. The graph of a polytop e P is the abstract graph

for the verticesof P: v; is alabel for the vertex v; of P. The elemers
of E(P) are the setsfv;;v; g where corv(fv;;v;g) is an edgeof P.

Example 4.2. Figure 1 shawstwo di erent drawings of the graph of
a 3-cube.

Figure 1. Two drawings of the graph of a 3-cube.
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De nition  4.3. A graph G = (V;E) is said to be planar if it can
be drawn in the planein such a way that no two edgesmeet except
possibly at their end points.

Clearly, the graph of every two-dimensional polytope is planar.
Figure 1 shaws that the graph of a 3-cube is planar. How about
other three-dimensional polytopes? The following famous theorem
from about 100 yearsago answers this question.

Theorem 4.4. Steinitz Theorem. G is the graph of a three-
dimensional polytope if and only if it is simple, planar and 3-connected.

De nition  4.5. (1) A graph G is simple if it has no loops
and no multiple edges.A loop is an edgeof the form fv; vg,
wherev is the label of a vertex of the graph.

(2) A simple graph G is k-connected if it remains connected
after the removal of any k 1 or fewer vertices. (All the edges
incident to these vertices are also removed). Equivalertly,
a graph G is k-connectedif there are k edgedisjoint paths
betweenany two vertices of G.

Exercise 4.6. Draw a planar embedding of the graph of an octahe-
dron. How about an icosahedronor a dodecahedron?

We next state three well known facts and conjecturesabout graphs
of polytopesthat the reader might nd interesting.

Theorem 4.7. (Balinski) If P is a d-dimensional polytope then G(P)
is d-connected.

The following is a wealer result.

Exercise 4.8. Let P be a d-dimensional polytope. Argue that every
vertex in G(P) has degreeat leastd. Give an exampleto show that
this is not strong enoughto show d-connectednesf G(P).

Theorem 4.9. (Blind and Mani) If P and Q are simple polytopes
with their graphsG(P) and G(Q) being (combinatorially) isomorphic
then P and Q are combinatorially isomorphic as polytopes.

Conjecture 4.10. Hirsc h conjecture . Let P be a d-dimensional
polytope with n facets. If u and v are any two verticesin G(P) then
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there exists a path in G(P) going from u to v that contains at most
n dedges.

Exercise 4.11. Verify the Hirsch conjecture for the 3-cube, 4-cube
and any other polytope that takesyour fancy.

The Steinitz theorem is a very satisfactory understanding of the
graphs of three-dimensional polytopes. In fact, for every planar 3-
connectedsimple graph G there is only one 3-polytope P (up to com-
binatorial isomorphism) with G(P) = G. Moreover, this P can be
embeddedin R® with integer coordinates. This may seemsomewhat
trivial right now but in Chapter 6 we will seethat it is not always pos-
sibleto nd integer coordinates for the vertices of a polytope whose
combinatorics (face lattice) hasbeenspeci ed.

Can we extend our graph technique to visualize four-dimensional
polytopes? To do this, let's rethink how we drew the planar graph
of the 3-cube in Figure 1. What we did can be expressedroughly as
follows. Imagine you are an ant looking into a hollow 3-cube through
atiny pinhole in the certer of one squarefacet of the cube. This facet
is your 36(° horizon and we draw it rst. In the gure, this is the
facet labeled 1234. As you look into the cube, you seethe opposite
squarefacetto 1234asa small squarein the distance. Drawing what
we see,we put this small facet 5678in the certer of the square1234.
Now you seethe edgeshat connectthe front facetto the badk facetas
the four segmems 45,36,18and 27. These edgesare actually parallel
but due to their large lengths relative to you, you seethem as parts
of four lines that will evertually meet at a point at innit y. The
resulting gure is a drawing of the graph of the polytope through a
facet of the polytope. Yet another way of thinking about this is that
you can imagine that the 3-cube is made of rubber. Puncture one
facet in the middle and then stretching this hole wide open, atten
the cube onto your paper. The edgesof this attened polytope will
provide the graph drawing.

Can we do this for 4-polytopes as well? We want to rst draw
onefacet (which is now a three-dimensionalpolytope) and then draw
the rest of the polytope inside this facet. Let's try it on the following
4-simplex.
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Example 4.12. Considerthe 4-simplex
P = conv(f(0;0;0;0); (1;0; 0; 0); (0; 1; 0; 0); (0; 0; 1; 0); (0; 0; 0; 1) 9):

Its H-represenation is

8 X
2 o
:

o O O
IMW/ ©

P = _ (X1iX2;X3;Xs) 2 R* ¢ X3
Xa 0

X1+ Xo+ Xg+Xs4 1

= WW

The v e inequalities given above all de ne facets of P. By plugging
in the verticesof P into the v einequalities we can seewhich vertices
lie on which facets. This givesthe following facet-v ertex incidence
table for P. This computation was done using PORTA although we
could have alsodoneit by hand.

strong validity table

\ P I I
Vo | I
IR I |
NVN |1 | #
E\ T | |
Q\ S| I
S\ | |
\ I
l | *.*** 4
2 | **.** 4
3 | ***.* 4
4 I *kkk 4
5 I .**** 4
# | 44444

We seeimmediately that ead facet is a 3-simplex (sinceit is the
corvex hull of four points all of which are vertices). This implies
that any two vertices form an edgeof P since every pair of vertices
appear as vertices of some facet which is a simplex, and also every
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three vertices of P form a triangular 2-faceof P aswell. Can you see
all this in the above table?

Let's start by rst drawing the facet 2345 (in solid lines) and
then the rest of the polytopeinside this facet (with dashedlines). The
vertex 1is placedinside the tetrahedron 2345and then we draw all the
tetrahedral facets of the simplex involving 1 with dashedlines. This
givesFigure 2. Ched that there are four three-dimensionalsimplices
inside the outer tetrahedron which are the perspective drawings of
the four facets of the 4-simplex that we can seethrough the facet
2345.

Figure 2. A 4-simplex.

Exercise 4.13. (1) Can the graph of a 4-polytope be planar?
(2) Can you draw the 4-cube like we drew the 4-simplex?

Diagrams such as the above are known as Schlgyel diagrams and
are extremely useful for visualizing 4-polytopes. We de ne them for-
mally now. See[Zie95, Lecture 5] for many pictures and much of the
material below.

De nition  4.14. A polyhedral complex Cis a nite collection of
polyhedrain RY such that

(1) the empty polyhedronisin C,
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(2) if P 2 Cthen all facesof P are alsoin C,
(3) if P and Q arein Cthen P\ Q is a faceof both P and Q.

Example 4.15. In Figure 3, the rst is a polyhedral complex and
the secondis not. Why?

Figure 3. A polyhedral complex : example and non-example.

The dimensionof a polyhedral complex Cis the maximum ¢imen-
sion of a polyhedron in C. The support of Cisthe setjCj= fP :
P 2 Cg. Just like we drew face lattices of polytopes, a polyhedral
complex C has a face poset which is the set of all the polyhedra in
Corderedby . The faceposetof the polyhedral complex on the left
in Figure 3 is shown in Figure 4. Note that this posetis not a lattice.

Figure 4. Face poset of the polyhedral complex in Figure 3.

Exercise 4.16. Can you assignfacelabelsto the posetin Figure 4 to
verify that it is the face posetof the polyhedral complexin Figure 3?
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We are interested in polyhedral complexessince a polytope P
gives rise to some natural polyhedral complexeswhich play an im-
portant role in the study of polytopes.

De nition  4.17. Let P be a polytope.

(1) The complex C(P) of the polytop e P is the polyhedral
complex of all facesof P. The faceposetof C(P) is the face
lattice of P.

(2) The boundary complex @C(P)) is the polyhedral com-
plex of all the proper facesof P along with the empty face.

(3) A polytopal subdivision of P is a polyhedral complex C
with support P in which all the polyhedra are polytopes. If
all the maximal polytopesin the subdivision are simplices,
the subdivision is called a triangulation  of P.

For instance Figure 5 shaws two polytopal subdivisions of a pen-
tagon. The secondsubdivision is a triangulation. Notice that new
vertices might be intro duced when we subdivide a polytope.

Figure 5. Polytopal subdivisions of a pentagon.

SupposeF is a facet of the full dimensional polytope P = fx 2
RY: Ax bganda(F):=fx2R%:a x = bgisthe ane hull
of F. Note that a ( F) is a hyperplanein RY. Assumethat for eat
facet G of P, P is contained in the halfspacea ( G) . We say that a
point y is beyond the facetF ify 2 a(F)*,y 62P but y isin the
interior of the halfspacea ( G) for all other facetsG of P.

De nition  4.18. [Zie95, De nition 5.5] Let P be a d-polytope in
RY and let F be a facet of P de ned by the inequality a x b.
Thena(F)=fx 2 RY:a x = bgis the hyperplane spannedby F.
Choosea point yg beyond F. For x 2 P de ne the function p(x) as
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follows (seeFigure 6):

b a
PX) = yr + ot

ax - (X Yyg):

The Schlegel diagram of P basedat the facetF, denotedasC(P; F),
is the image under p of all proper facesof P other than F.

a(F) p(x)

YF

Figure 6. De nition of p(x).

Prop osition 4.19. [Zie95, Proposition 5.6] The Schleyel diagram of
P basal at the facet F is a polytopal suldivision of F that is combi-
natorial ly equivalent to the complex C(@P )nfF g) of all proper faces
of P other than F.

Pro of. For afaceG of P dierent from F, the set
Ce=fyg+ (X VYg):x2G; Og

is aconewith vertex yg . SeeFigure 7. If G is a proper faceof P, then
it is cortained in the hyperplanea (G) = fx 2 RY : a® x = by that
doesnot cortain yg. Thus the facelattice of G is isomorphic to the
face lattice of Cg. The intersection of Cg with a ( F) also has face
lattice isomorphicto Cg and henceto G. However this intersection
is p(G). Thus the facelattice of G is isomorphic to the facelattice of

p(G).

Example 4.20. Figure 1 (b) is a Schlegeldiagram of a 3-cube while
Figure 2 is the Schlegel diagram of a 4-simplex.

If the Schlegel diagram of a polytope P basedat the facet F is
given as a polytopal complex D, then the facelattice of P is the face
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a(F)

4

YF

Figure 7. Denition of Cg.

posetof D alongwith the facesF and P addedin. How doesF sit in
this poset? For afaceG in D, G F if and only if G is a faceof F.
The Sdlegel diagram thus completely encalesthe combinatorics of
an d-dimensional polytope into a (d  1)-dimensional complex. This
is especially usefulfor d 4.

Exercise 4.21. What polytope has the Schlegel diagram shown in
Figure 8? Draw the facelattice of this polytope. Doesthis polytope
have a di erent Schlegeldiagram if you look through a di erent facet?

Figure 8. Figure for Exercise 4.21.

Now comesan unexpectedsubtlety. The polytopal complexshowvn
in Figure 9 is not the Schlegel diagram of any 3-polytope! If you look
at the diagram closely you might corvince yourselfthat asa graph, it
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Figure 9. A non-Schlegel diagram.

is the graph of an octahedron. It evenlookslike the Schlegeldiagram
of the octahedron seenthrough a triangular facet.

Howevwer this gure lacks an important property of Schlegel dia-
gramsthat we now describe.

De nition  4.22. [Zie95, De nition 5.3] A subdivision C of a poly-
tope Q RYisregular if it arisesfrom a polytope P R in the
following way:

(1) The polytope Q is the image (P) = Q of the polytope P
via the projection

X
: RIT 1 RY: 7! X;
Xd+1

which deletesthe last coordinate.

(2) The complex C is the projection under of all the lower
faces of P. We call F a lower face of P if for every x 2 F
anda > 0,x eqg+1 62P. Informally, they are the faces
that you can seefrom Q if you \lo ok up" at P from Q. See
Figure 10.

Prop osition 4.23. [Zie95, Prop. 5.9] If D is a Schlgel diagram
then D is a regular suldivision of jDj, the support of D.

Exercise 4.24. Can you seewhy the polytopal complex shown in
Figure 9 is not a regular subdivision? You have to argue that the
picture you seecannot be the projection of the lower facesof any
3-polytope.
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Figure 10. Lower facesof P (which are thic kened) induce a
subdivision of Q.

Exercise 4.25. Isevery regular subdivision of a polytope, the Schlegel
diagram of somepolytope?

Thus we seethat we have to be a bit careful when dealing with
Sdlegeldiagrams. Not everything that looks like a Schlegel diagram
is indeed a Schlegel diagram.

Exercise 4.26. Draw the Sdlegel diagrams of the cyclic polytopes
C4(6) and Cy4(7).






Chapter5

Gale Diagrams

In the last chapter we saw techniquesfor visualizing four-dimensional
polytopes via their Schlegel diagrams. In this chapter, we will see
that we can actually visualize even higher dimensional polytopes as
long as they do not have too many vertices. We do this via a tool
called the Gale diagram of the polytope.

mensiond 1, and the matrix

A= 11 1 2RI "
Vi Vo Vi

then there are d a nely independert vectorsin this collection, which
in turn implies that the rank of A is d. Hencethe dimension of the
kernelof A isn d. Recallthat the kernel of A is the linear subspace

kerr(A) := fx 2 R" : Ax = 0g:

P
chte that x 2 kerg(A) if and only if (1) in:1 ViXxj = 0 and (2)
iz1 Xi = 0.
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De nition  5.1. (1) Any vector x with properties (1) and (2)

aresaidto beanely indep endent.

Let By;:::;Bn ¢ 2 R" be a basisfor the vector spacekerg(A)
If we organizethesevectorsasthe columnsofann (n d) matrix
B:= Bi B Bh a

we seethat AB = 0.

B drawn in R" ¢,

Later, we'll seea more generalde nition of Gale diagrams. Since
the columnsof B canbe any basisof kerg(A), Gale transforms are not
unique. Howewer all choicesof B dier by multiplication by a non-
singular matrix and we will be happy to chooseone basis of kergr(A)

Example 5.3. Let fv;g bethe verticesof the triangular prism shawn
in Figure 1. Then

11111 11°
A:%010010§_
00100 1A
000111

Computing a basisfor the kernel of A, we get

01 1 O 11
10 1 1 0 1

where B! is the transposeof B. The Gale transform B is the vector
con guration consisting of the columns of Bt (or the rows of B). In
our example, B = fb; = (0;1);b, = (1;0);bz = ( 1; 1);by =
(0; 1);bs = ( 1;0);be = (1;1)g: The Gale diagram is shown in
Figure 2.

B! =
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0;1;1)
6
(0;0;1)
4
5] (10:1)
(0;1;0)
3
(0;0;0) 1
2 (1;0;0)

Figure 1. Triangular prism.

b1 be

b5 b2

b3 bs

Figure 2. Gale diagram of the vertices of the triangular prism
in Figure 1.

The labeling is very important in the construction of a Gale trans-
form. We label column i of Bt asb;.

The main goal of this chapter will be to understand how to read
o0 the face lattice of the (d 1)-polytope P = corv(fvy;:::;vnQ)

vertices on a face of P for someJ [n], it is conveniert to simply
label this face by J. Here is a very important characterization of
faces.

Lemma 5.4. LetP = corv(fvy;:::;vng). ThenJ [n]is a face of
P if and only if

conv(fv; :j 2 [nindg)\ a (fv; :j2Jg) =;:
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Let us illustrate this condition on an example rst. In Figure 3
(a), note that 15is a faceof the pentagon and that corv(fv,;vs;Vv4Q)
doesnot intersect the ane hull of the face 15. On the other hand,
14 is not a face of the pentagon and indeed conv(fv,;v3;Vvsg) does
intersectthe ane hull of the non-face 14. SeeFigure 3 (b).

@ (b)

Figure 3. Condition in Lemma 5.4.

Pro of. We may assumethat P is a full dimensional polytope. If J
is a face of P then by de nition of a face,both J anda(J) lie ona
supporting hyperplane H of P. Choosea supporting hyperplane H
that contains J but doesnot cortain any higher dimensionalfaceof P.
Oneway to do this would beto let the normal vector of H be the sum
of the normal vectorsof the a ne spansof the facetscorntaining J. We
may assumewithout lossof generality that P liesin the half spaceH

Sincenov;, j 62] liesonthe facecorv(fv; : j 2 Jg) of P, corv(fv; :
j 2 [n]nJg) liesin the interior of H which provesonedirection of the
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lemma. Conversely if corv(fv; @ j 2 [njndg)\ a (fv; :j 2Jg)=;,
then P liesin onehalfspacede ned by the hyperplaneH obtained by
extendinga ( fv; :j 2 Jg) which is thus a supporting hyperplane of
P. This shawsthat J is a faceof P.

You might wonderwhy the lemmawasnot stated in the seemingly
stronger form: J  [n] is a face of P if and only if corv(fv; :j 2
[nndg)\ corv(fvj :j 2 Jg) = ;: The above form of the lemma is
what is neededto prove the main theorem below.

De nition  5.5. Call [n]nJ a co-face of P if J is a faceof P.

Note that a co-faceis not the sameasa non-face. In the triangular
prism in Figure 1, 123is both a face and a co-face. (The labeling of
the vertices of the prism was xed by how we orderedthem to create
the matrix A.)

In order to understand our main theorem, we needto de ne for-
mally what we mean by the interior and relative interior of a poly-
tope. The interior of a polytope in RY is the set of all points in
the polytope such that we can t a d-dimensional ball certered at
this point, of in nitesimal (as small asyou wish but positive) radius,
ertirely inside the polytope. A polytope has an interior if and only if
it is full dimensional. For instance the interior of C, is the set

int(Cy) = f(X1;X2) 2 R? : 0< x1< 1; 0< x5 < 1g:

The line segmen corv(f (1;0); (0; 1)g) R? doesnot have an interior
sincethere is no point on this segmen sud that a 2-dimensionalball
certered at this point will be contained in the line segmen. However,
this line segmem doeshave an interior if we think of it asa polytope
in its ane hull, whereit is a full dimensional polytope. This is
known asthe relativ e interior of the line segmen. In our example,
relint(conv(f (1;0); (0; 1)g)) = f(X1;X2) 2 R? : X1+ Xp = 1;
X1 > 0; x2 > Og:

We now cometo the main theorem of this chapter. The proof of
this theorem is taken from [Gr w03, pp. 88].

either J = [n] or 0 2 relint(conv(fby : k 621Q)).
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Pro of. Note that J = [n] if and only if J is the whole polytope P
which is an improper face of P. So we have to shav that J ( [n]
is a face of P if and only if 0 2 relint(conv(fbx : k 62Jg)). Let
dm(P)=d 1.

If J ( [n]is not afaceof P then by Lemma 5.4,
a(fvg : k2Jg)\ conv(fvk : k621g) 6 ;:

P P
Let z be in this intersection. Then z = = ., PkVk = gz %Vk

with X X
Pk = 1, & =1, andg Ofor all k 62]
k2J k62
or (;(quwalertly, X
reVg = 0; r« = 0and r« =1, re Oforall k 62]
k2[n] k2[n] k62

by taking rx = g« whenk 62 andry = px whenk 2 J.

The rst two conditionsimply that r = (ry;:::;rn) liesin kerg(A)
where
A = 1 1 1
Vi V2 Vi

Let B bethe matrix from which the Gale transform B wastaken.
Sincethe columnsof B form a basisfor kerz(A), there existst 2 R" 9
sud that

r = Bt; or equivalently; ry = by t forallk= 1;:::;n:

Sincery  Ofor all k 62], we getthat ry = by t 0 for all k 62]
which meansthat all the by's with ISGQJ lie in the halfspacede ned
byt x 0in R" 9 Alsosince 4,k = 1, it cannot be that
re = by t = 0for all k62J, or in other words, not all the by's with
k 621 lie in the hyperplanede ned by t x = 0. Thus 0 is not in the
relative interior of corv(fby : k 62Jg). Reversingall the argumerts
you get the other direction of the theorem.

Example 5.7. Let's use Theorem 5.6 to read o the face lattice
of the triangular prism from the Gale diagram in Figure 1. First,
note that for eadh i = 1;:::;6, 0 2 relint(conv(by : k 6 i)). This
implies that all the singletons 1; 2; 3; 4, 5; 6 are facesof P, asindeed
they are. Now let's nd the edgesof P. These will be all pairs
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ij such that 0 2 relint(conv(fbx : k & i;jg)). For instance 14 is
an edgeof P since 0 2 relint(conv(fb,;bs;bs; bgg)). Howewer, 16
is not an edge of P since 0 62relint(conv(fby;bs;by;bsg)). Can
you nd all the other edges? The face 123 is witnessedby the fact
that 0 2 relint(conv(fby; bs; bgg)), but 245is not a face since 0 62
relint(conv(fb1; bs; bsQ)).

Exercise 5.8. Compute the facelattice of the cyclic polytope in R*
with 7 vertices. The Gale transform consists of the columns of the

matrix
1 5 10 10 5

1

5 24 45 40 15 0

(Hint: For a simplicial polytope, it suces to know the facets to
write down the whole face lattice.)

0
1

Theorem 5.6 can be usedto read o the facelattice of any poly-
tope. But it is most useful when the Gale diagram is in a low dimen-
sional spacesuch as R or R?. Three-dimensional Gale diagrams are
already quite challenging. Howewer, there is a nice trick to reduce
the dimension of the Gale diagram by one. These Gale diagrams are
known asane Gale diagrams. See[Zie95] for a formal de nition.
We give the idea below.

We canthink of aGalediagramin R" 9 asn vectorsthat pokeout
through a(n d 1)-sphere.If welook at this spherefrom outside, we
only seeone hemispherewhich we will call the northern hemisphere.
We can mark all the vectorsthat poke out through this hemisphere
with a dot and label them asbefore. The rest of the vectors poke out
through the southern hemisphereand we will mark their antip odal
vectors on the northern hemispherewith an open circle and change
labels to the old labels with bars on top. You should always choose
the equator so that no vector pokes out through the equator. This
can always be done sincethere are only nitely many vectorsin the
Gale diagram. Let's rst try this on the Gale diagram from Figure 1.

We rst put a circle (1-sphere)around the Gale diagram with the
dotted line chosento be the equator. SeeFigure 4. Let's declarethe
right hemisphereto be the northern hemisphere. The Gale vectors
1; 6; 2 intersect this hemisphere. We mark those points with black
dots. The antip odals of the other vectors also intersect the northern
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be

14

6 3
b2

2 5
equator

affine Gale diagram

Figure 4. The ane Gale diagram of the triangular prism.

hemisphereat the same points. We mark those intersections with
open circles and label them 4;3;5. On the right we seethe ane

Gale diagram, which livesin R. Can weread o the facelattice from
this a ne Gale diagram? To do this we needto say what condition on
a collection of black and white dots is equivalent to the origin being
in the relative interior of the Gale vectors with the sameindices. For
instance to chedk whether 1346 is a face of P, we remove the dots
with labels 1, 3, 4 and 6. This leavesthe black dot 2 and the white
dot 5 which are at the sameposition. This meansthat b, and bs are
opposite to eat other and 0 is in the relative interior of their corvex
hull. Thus 1346is a face.

Exercise 5.9. What conditions on a collection of black and white
dots in the ane Gale diagram guararteesthat the origin is in the
relative interior of the corresponding Gale vectors?

Exercise 5.10. Compute the facelattice of the cyclic polytopein R3
with 7 vertices.

In this case,

.

111111

3 4 5 6 76&
9 16 25 36 49 A°
27 64 125 216 343

e
o hANBR
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Using a computer padkage that does linear algebra, we compute a
basisfor kerg(A) t% get

1
1 4 6 4 100
Bt:%4 15 20 10 0 1 0§:
10 36 45 20 0 0 1

Let's try to draw the ane Gale diagram for this example. We
can start by positioning the last three vectors at the corners of an
equilateral triangle that will be in the certer of the hemispherewe
can see. In our casethen, we are looking at the sphere along the
vector (1;1;1) toward the origin. Can you nish and write down
the facelattice? (Hin t: Read the rest of this pagefor a methodical
procedure.)

As the above exerciseshows, it's hard to draw ane Gale dia-
grams precisely with the description we have of it sofar. We needa
more methodical procedurefor drawing them, which we now describe.

Let B R" 9 bethe Gale transform. Choosea vectory 2 R" ¢
sucdthat y b 6 Oforany b 2 B. We now compute b®:= % for eath
b 2 B. Then the points b° lie on the hyperplaneH := fx 2 R" ¢ :
y x = 1g. If b; y > 0then label b®with i and mark it with a black
dot. If b y < 0O then label b®with i and mark it with a white dot.
SinceH is isomorphicto R" ¢ 1, we simply haveto nd an explicit
isomorphismthat will help us draw our new points onH R" 9 in
R" d 1. Projection of the points onto the rst n d 1 coordinates
turns out to be such an isomorphismin the examplesyou will seein
these chapters.

Exercise 5.11. Compute the face lattice of the four-dimensional
cross-plytope C (4) by drawing its a ne Gale diagram.

Exercise 5.12. Now replacethe vertexe; 2 R*in C (4) with  e;.
For dierent valuesof 2 R how will this new corvex polytope
change?How is this changere ected in the ane Gale diagram?






Chapter6

Bizarre Polytop es

In this chapter we will seethat Gale diagrams are powerful tools for
studying polytop esbeyond their ability to encade the facesof a poly-
tope. Let us rst investigate someproperties of Gale diagrams. The
most fundamertal question you can ask is if any vector con gura-
tion can be the Gale diagram of somepolytope. The material in this
chapter is taken from [Zie95, Chapter 6].

As in Chapter 5, let V := fvy;:::;vpg RY ! and
1 1

A = 2 RY N
Vl Vn

Assumethat rank(A) = d, and choosea matrix B 2 R" (" 9 whose
columns form a basis of kerr(A). Recall that the Gale transform

B=fby;:::;byg R" 9 consistsof the rows of B.
De nition  6.1. (1) A vector con guration fwq;:::;wpg RS
is saidto beacyclic if there existsavector 2 RY such that
w; > Oforalli = 1;:::;p. Geometrically this meansthat

all the vectors w; lie in the interior of a halfspacede ned
by a hyperplanein RY containing the origin.
(2) A vector con guration fwgi;:::;wpg RYis said to be to-

tally cyclic if there existsa vector > 0 in RP such that
Wy + i+ pw, = 0. Geometrically this meansthat the

47
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w; are arranged all the way around the origin and are not
ertirely on one side of any hyperplane through the origin.

Lemma 6.2. The columns of A form an acyclic con gur ation in R¢
since they all lie in the open halfspace fx 2 RY : x; > Og, while
the Gale transform B is a totally cyclic con gur ation in R" 9 since
b1+ :::+ b, = 0. (Note that the rst row of A, which is a row of
ones, dots to zer with the rows of B.)

Supposewe start with a totally cyclic vector cgn guration B =
fby:::::bn R" 9 and a vector > 0 such that ibi = 0. By
rescalingthe elemens of B, we may assumethat = (1;1;:::;1). If
B 2 R" (™ 9 jsthe matrix whoserows are the elemers of B then we
can also assumethat rank(B) = n d. This meansthat kerr(B!) =
fx 2 R" : B'x = Ogis alinear subspaceof rank n (n d)= d. Let
A 2 RY " be a matrix whoserows form a basis for kerg(B!). The
columns of A form the vector con guration A = fas;:::;a,g RY.

answer formally, we intro duce the notion of circuits and co-circuits of
vector con gurations.

De nition  6.3. (1) The sign of a vectoru 2 R" is the vector
sign(u) 2 f+;0; g " de ned as:
8

< + ifui>0
sign(u); = . ifuy<o0
0 if u=20

(2) The supp ort of avector u 2 R" is the set
supp(u) := fi : u; 6§ 0g [n]:
Note that the supports of a collection of vectors can be partially

ordered by set inclusion.

De nition  6.4. Let W = fwy;:::;wpg RY be a vector con gura-
tion.
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(1) A circuit of W is any non-zerovector u 2 RP of minimal
support such that wiui+:::+wpup = 0. The vector sign(u)
is called a signed circuit of W.

(2) A co-circuit of W is any non-zerovector of minimal support

of a co-circuit is called a signed co-circuit .

Example 6.5. Considerthe vector con guration shawn in Figure 1
that is the Gale transform of the triangular prism from Chapter 5.
If we takev = (1;0) in De nition 6.4 (2), then we get the co-circuit
(0;1; 1;0; 1;1) and the signedco-circuit (0;+; ;0; ;+). On the
other hand, the vector (1;0;0; 1; 0; 0) is a circuit of the con guration,
and hence(+;0;0;+;0;0) is a signedcircuit of the con guration.

b1 be

b5 bZ

bs ba

Figure 1. Gale diagram of the vertices of the triangular prism
from Chapter 5.

The signedcircuits (or equivalertly signedco-circuits) of a vector
con guration completely determine the combinatorics of the con gu-
ration. In fact there is a very rich theory of circuits and co-circuits
that we will not get into here. It is also a fact that if A and B are
Gale duals then the circuits of A are exactly the co-circuits of B and
vice-versa. For instance, in our triangular prism example, A can be
taken to be the columns of the matrix:

11111 11°
A:%010010§_
00100 1A
000111
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The co-circuit (0;1; 1;0; 1;1) of B doesindeedform a circuit of A:
Ched rst that this vector lies in the kernel of A. To seethat it's a
circuit, i.e., a dependencyon the columns of A of minimal support,
you have to ched that all subsetsof columns 2;3;5;6 are in fact
linearly independert.

Circuits and co-circuits comein symmetric pairs: the negative of
a circuit is again a circuit and similarly for co-circuits. It suces to
record one member of ead pair.

Theorem 6.6. [Zie95, Theorem 6.19]Let %: fby;::ii;bn Rn d
be a totally cyclic vector con gur ation with  b; = 0 and the matrix
B having rank n  d as before. Then B is a Gale transform of a
(d 1)-polytope with n verticesif and only if every co-circuit of B has
at least two positive coordinates.

Pro of. Recall the matrix A constructed from B as before. We have
to show that fv,;:::;vng is the vertex set of the (d 1)-polytope
P = corv(fvy;:::;vpg) if and only if every co-circuit of B has at
least two positive coordinates. Since B is totally cyclic, every co-
circuit of B has at least one positive entry and one negative entry.
Someco-circuit of B has exactly one positive entry | say in position
j | ifandonly if 0 62elint(conv(b; : i 6 j)) which, by Theorem5.6,
is if and only if v; is not a vertex of P. This provesthe theorem.

s&y that the v; are in convex position . Theorem 6.6 is providing

conditions on a vector con guration B with the stated assumptions
that precisely guarantee when B is the Gale dual of a con guration

A whosecolumns are all in corvex position.

We can also characterize a ne Gale diagrams by reinterpreting
Theorem 6.6.

Corollary 6.8. [Zie95, Corollary 6.20] A point con guration C =
fci;iii;eng R™ 9 1) each of them declared to be either black or
white, that anely spns R" 9 1, is the ane Gale diagram of a
(d 1)-polytope with n verticesif and only if the following condition
is satis ed: for every oriented hyperplane H in R" 4 1 spanned by
some points of C, the numker of black dots on the positive side of H
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plus the number of white dots on the negative side of H is at least
two.

Exercise 6.9. Ched that Corollary 6.8 is a straight translation of
Theorem 6.6 to ane Gale diagrams.

Exercise 6.10. Ched that the condition of Corollary 6.8 is true for
the ane Gale diagram of the triangular prism from Chapter 5.

We are now ready to get to the fun. We could try to use Gale
diagramsto classify (d 1)-polytopeswith n vertices. Any (d 1)-
polytope with d verticesis a simplex. The Gale diagram in this case
is in zero-dimensionalspaceR® and all the b; = 02 R%. If P is
a (d 1)-polytope with d + 1 vertices, then its Gale diagram is a
totally cyclic vector con guration in R and its ane Gale diagram
is a cloud of black and white points in R®. It is known that there
areb(d 1)?=4c combinatorial typesof (d 1)-polytopeswith d+ 1
vertices. Of these,b(d 1)=2c are simplicial polytopesand the others
are multiple pyramids over simplicial polytopes of this type. This is
a non-olvious but classical result. Further results are known. See
[Gr w03, Chapter 6] for details. Our goal in the rest of the chapter
will beto shaw that Gale diagramsexhibit the existenceof somereally
bizarre polytopes.

Theorem 6.11. [Gr u03, pp 94] There existsa non-rational 8-polytope
with 12 vertices.

Pro of. Using Corollary 6.8, ched that the point con guration shown
in Figure 2 is the a ne Gale diagram of an 8-polytope P with 12 ver-
tices. It turns out that this point con guration cannot be realized by
rational coordinates without violating the prescribed combinatorics.
By \prescrib ed combinatorics" we meanthat the samepoints should
be collinear, or on a plane etc, asin Figure 2. First note that xing

the combinatorics implies that there will always be a pentagon in the
middle of the con guration. It's harder to seethat this pentagon has
to beregular (do you seeit?). Further, aregular pentagon cannot be
embedded in, the plane with rational coordinates as its coordinates
will involve = 5 which is not rational.
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Let Q be any polytope that is combinatorially equivalert to P.
Then the ane Gale diagram of Q also has the samecombinatorics,
i.e., samecollinearities, circuits, coincidencesetc. Thus Q cannot be
realizedwith rational coordinates either. In particular, neither P nor
any polytope conmbinatorially equivalent to it can be realized with
rational coordinates.

Figure 2. Ane Gale diagram for Theorem 6.11.

The above example is due to Perles. No non-rational polytope
with lessthan 12 verticesis known. However, Richter-Gebert hascon-
structed 4-polytopes(with about 30 vertices) which are non-rational.
This stands in cortrast to the fact that all polytopes of dimension
at most three can be realized with rational coordinates. Also, all
(d 1)-polytopeswith at most d + 2 vertices can be realized with
rational coordinates. Can you seehow to construct in nitely many
polytopesof dimensiond 8 and at leastd + 4 vertices that do not
have rational realizations beginning with the above example?
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We now turn to a dierent feature of polytopesthat can be un-
coveredvia their Gale diagrams. It is known that for all polytopesof
dimensiond 3 or with at most d + 3 vertices, one can prescribe the
the shape of a facet. This meansthat if a particular facet is known
to be an octahedron say, then we can start with any embedding of an
octahedron as this facet and then complete the construction of the
polytope according to the combinatorics prescribed. This cortrasts
the following theorem whoseproof is from [Zie95, Theorem 6.22].

Theorem 6.12. [Stu88] There is a 4-polytope P with 7 facets for
which the shape of a facet cannot be prescriked.

Pro of. Let P bethe bi-pyramid over a squarepyramid. Let the A
matrix for this be:

11 1 111 11
10 1 0O0O0 O
AZ%}Ol 0O 100 0§
00 O 011 O
00 O O0O01 1

To seethat the convex hull of the columns of A is a bi-pyramid over
a square pyramid, rst note that the corvex hull of the rst four
columnsof A is a square,and the corvex hull of the rst v e columns
of A is a square pyramid. Next note that the average of the last
two columns of A is (1;0; 0; 1=2; 0) which is the midpoint of the line
segmen perpendicular to the baseof the pyramid, dropped from the

apex of the pyramid. The columns of
|

10102 2 2
01012 2 2

form the Gale transform B of P . The Gale diagram is shown in
Figure 3.

Now we examine an operation on polytopesthat we haven't seen
so far. The vertex gure of a polytope Q at a vertex v is the
intersection of Q with a hyperplaneH that \chopso " vertex v very
near vertex v | i.e., v lieson onesideof H and all other vertices of
Q lie on the other side of H. The resulting polytope is denoted as

Q=v.
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Figure 3. Gale and ane Gale diagram for Theorem 6.12.

Let's considerthe vertex gure of our bi-pyramid P at the vertex
5. The Gale diagram of P =5 is obtained from the Gale diagram of
P by deleting the point 5 from the diagram. (This is Exercise6.13.)
The resulting Gale diagram is that of a regular octahedron, for in-
stancethe one with

1 11 11 1t
AO:%l 10 00 o§_
0 01 10 O0A"

0 00 01 1

Ched that for P , 56 and 57 are co-facets. Howevwer, this requires
that the points 6 and 7 coincide in the ane Gale diagram of P =5
or equivalertly that the Gale vectors6 and 7 are in the in the linear
span of the Gale vector 5 in the opposite direction from 5. Therefore,
if we start with a non-regular octahedron sud as the following one
with: 0

1 11 11 1 1
AO= % 1 10 00 O §
- 01 1 0 O
0O 00 01 1
which hasthe ane Gale diagram showvn in Figure 4, then it is not
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o

=

Figure 4. Ane Gale diagram of a non-regular octahedron.

the vertex gure of a 4-polytope that is combinatorially isomorphic
to P

Recall that the face lattices of P and P are anti-isomorphic
which meansthat the vertex 5 of P corresponds to a facet of P.
This facet has the same combinatorics as the vertex gure P =5.
Thus by showing that a vertex gure of P cannot be prescribed, we
have shown that a facet of P cannot be prescribed.

Exercise 6.13. Argue that the Gale diagram of the vertex gure
P =5is obtained from the Gale diagram of P by deleting the point
5 from the diagram. This result is true in general.






Chapter7

Triangulations of Point
Con gurations

In this chapter we will consider subdivisions and triangulations of
graded point con gurations. Seethe forthcoming book [DRS ] for a
comprehensie accourt of triangulations in the sensewe will study
them.

Let V = fvy;::ii;vag  Z9 1 be a point con guration whose
corvex hull is a (d  1)-dimensional polytope P RY 1. We do not
insist that the points be distinct or that they all be verticesof P. We
embed V in RY by placing all its points on the hyperplanex; = 1in
RY and considerthe point con guration

A= . yon 1
Vi Vn
The con guration A is saidto be graded sinceit liveson the hyper-
plane x; = 1. If A is gradedthen the vector (1;1;:::;1) livesin the
row spaceof A. Let A be the correspnding d n matrix. We have
that rank(A) = d. Note that corv(A) isa(d 1)-polytope living in
RY. We will study subdivisions of A.

Oncewe x A, we can simply refer to its ith elemen a; by its
index i 2 [n]. We identify [NJwith A =fa :i2 g. A subset
A of a point con guration A is called a face of A if the elemeris of
A arepreciselythosethat lie on a faceof the polytope conv(A). We

57
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refer to this faceas . The dimensiondim( ) is the dimension of the
polytope corv(A ). We say that is a k-simplex if dim( ) = k and
j j= k+ 1. This is all a bit tricky aswe will seein the examplesin
Figure 1.

De nition  7.1. A subdivision , =1f 1;:::; g, of the point con-

2) S 2 Cov(A ) = corv(A),

(3) fori 6 j, corv(A )\ corv(A ;) = corv(A ) where =
i\ j isacommonfaceof both ; and ;.

If further, all the ; are (d 1)-simplices,then is a tri-
angulation of A.

The setsf ; : i = 1;:::;tg are called the facets ((d 1)-
faces)of , and the indicesthat appear in the facets of
are called the vertices (0-faces)of . Facesof ; are called
faces of .

A triangulation in which every i 2 [n] is a vertex is called a
ne triangulation of A.

A subdivision = f 1;:::; (grenes asubdivision °=
f1;:00 sgif forevery ; 2 Othere exist i,;:::; i, 2
such that f i,;:::; i gis asubdivision of ;.

Example 7.2. Consider the 8-point con guration A shown in Fig-
ure 1. Figure 1 (a) is not a subdivision of A asthe union of the facets
(which are shadedin this picture) is not all of P. In the rest of the
gures, facetswill not be shaded. Figure 1 (b) is not a subdivision
of A becausethe facets f1;2;3g and f1;2;4g do not intersect in a
common face. How about Figure 1 (c)? The bottom triangle could
mean that either f5;6;7;8g is a facet or that f6;7;8g is a facet. If
f5; 6;7;8g is a facet, then it hasthe facef5; 6; 8g but not f5; 8g which
meansthat f 1;5;8g and f 5; 6; 7; 8g do not intersectin a commonface.
If £6;7;8gis afacetthen againfl;5;8g and f 6; 7; 8g do not intersect
in a commonfaceeither. Thus Figure 1 (c) is not a subdivision. This
example also shaws that it isn't always clear from the picture what
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the facets are. Suldivisions are accurately speci e d by listing their
facets as subsetsof [n].

$ i

lpllilnel

Figure 1. Subdivisions and non-subdivisions.

:

In Figure 1 (d), let us assumethat the facetsare
f1;2;3g;f1;3;4;6g and f 1; 4; 6; 7; 8g:

This is indeed a subdivision of A. Somenon-facesof this subdivision
are f5g and f 1;4g. Figure 1 (f) is a re nement of Figure 1 (d) and
is a triangulation. Howewer, Figure 1 (e) is not a re nement of Fig-
ure 1 (d). In fact it is not a subdivision asthe facetsf 1; 3; 4; 6g and
f1; 4, 8g do not intersectin a commonface. How about Figure 1 (g)?
Hopefully, you can seethat it's a triangulation, but isit a re nement
of the triangulation in Figure 1 (f)? The answer is no sinceit has
simplices that use the vertex 5 which is not presen in any face of
Figure 1 (f).

Pleasepauseand considerthe di erences betweensubdivisions of
point con gurations as de ned above and subdivisions of polytopes
that we saw in Chapter 4. For subdivisions of point con gurations,
all vertices have to come from the con guration. Also, the corvex
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hull of a facemay not specify the faceasin Figure 1 (d) in which the
convex hull of f1;3;4; 6g equalsthe corvex hull of f1; 3; 6g.

Among all subdivisions, there are somespecial onescalled regular
suldivisions, a concept we sav before for subdivisions of polytopes.
Let's rede ne it more generally for point con gurations now.

Denition 7.3. Let! = (! 1;:::;1 1) 2 R" beaweight vector and A
be a graded point con guration in R asbefore. Considerthe \lifted"
point con guration

A! — EEEE an Rd+l

and its corvex hull P! RY*1 . The \lo wer faces"of P! form a poly-
hedral complex. Projecting this \lower hull* bad onto A inducesa
subdivision of A, denotedas | and known asthe regular subdi-
vision of A with respectto ! . Subdivisions of A that arise via this
construction are preciselythe regular subdivisions of A. For a generic
I,  isatriangulation of A. (In fact wede ne ! to be generic(with
respect to A) whenewr  is a triangulation of A.)

Recall that F is a lower faceof P' if for eath x 2 F and > 0,
X eq+1 62P' . Figure 2 shows all the regular triangulations of a
graded point con guration in R? whosecorvex hull is a line segmen.

direction of lifting

<\ <\ s A

L] L] L] L] L] L] L] L] L] L] L] L] L] L] L] L]
1 2 3 4

ff 15499 ff 1;29;f2;499 ff 1;29;f2;39;f3;499 ff 1;3g;f3; 499
Figure 2. Regular triangulations.

Informally speaking, a subdivision  of A is regular if we can
fold it along the creasesof the subdivision to be the lower hull of a
polytope in one higher dimensional space. For instance the subdi-
vision in Figure 1 (d) is regular as it can be induced by the weight
vector! = (0;5;1;0;100 0;0; 0). We can test this using PORTA by
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computing P' and computing its lower facets. We will seese\eral
alternate tests for regularity in the rest of this chapter. Can you see
why the triangulation in Figure 3 is non-regular by trying to induce
it using a weight vector ! ?

Figure 3. A non-regular triangulation.

The above de nition of | can be stated mathematically as fol-
lows.

De nition  7.4. A subset [n] is a face of the regular subdivision
. of A if and only if there exists a vector y 2 RY such that

a y=1!; forall j2
a y<!; forall j62:

What is the above test doing geometrically? It says that is a
faceif and only if the vector (y; 1) (a;!j)' = Oforallj 2 and
(y; 1) (a;!j)' < Oforallj 62 . This meansthat (y; 1)isnormal
to the ane hull of the \lifted*  and all other lifted points lie above
this ane hull.

While De nition 7.4 is useful for testing whether = |, given

I, perhapswe might rst ask for a more general test of regularity.

Given a subdivision of A, is it regular? In other words, does

= , for some! ? To proceedwe needto be able to work with
coneswhich are special casesof polyhedra.

De nition  7.5. A cone K RY is any subsetof R? such that
(1) forx;y 2K, x+y 2K, and
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(2) forx 2 K and 0, x2K.

The most common example of a coneis the ice-creamconein R3,
an example of which is the set

K=f(xy;2)2R®: x?2+y? 7% z Og

We will beinterestedin polyhadral coneswhich are coneswith nitely
many at sides.

De nition  7.6. A polyhedral cone K R is a polyhedron of the
form

K=fx2R%:Mx Og
where M is a real matrix, or equivalertly (by the main theorem of
cones)any set of the form

K=fNy:y Og

where N is a real matrix.

The secondexpressionsays that K is the set of all non-negative
combinations of columnsof N. The columnsN of N are called the
generators of the cone K. This can be expressedby writing K as
K = coneN). A column n of N generatesan extreme ray of K
if congN) ) cone(N nn). The inequalitiesin M x 0 are called the
constraints of K. By the main theorem of coneswhich is analogous
to the main theorem for polytopes, every nitely constrained coneis
a nitely generatedconeand vice-versa. A cone complex is a poly-
hedral complexin which all the polyhedra are cones. Cone complexes
are more typically called polyhedral fans. If the support of the fan
is the ertire spaceit livesin, we call it a complete fan.

Deniton 7.7. Let P RY be a polyhedron and F be a faceof P.
Then the outer normal cone of P at F is the cone

Np(F)=fc2 RY : F = face.(P)g:

The collection of outer normal conesof P is called the outer normal
fan of P. It is denotedasN (P). Similarly the inner normal cone
of P at F is the cone

Np(F)=fc2 RY : F = face ¢(P)g
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and the inner normal fan of P is the fan formed by the collection
of inner normal conesof P. We usethe samenotation for both aswe
will not needboth simultaneously anywhere in this book.

@

(b)

Figure 4. A complete and incomplete fan.

Figure 4 givestwo examplesof outer normal fans of polyhedra.
The top fan is complete while the bottom fan is not complete.

Notice that the outer normal coneof P at a faceF is the negative
of the inner normal coneof P at F. Also, if a faceF is contained in
a face G of P then Np (F) contains Np (G). The map that sendsa
face F of P to its normal cone Np (F) is an anti-isomorphism. For
instance, if P is a full dimensional polyhedronin RY then the normal
coneat a k-faceof P isa (d k)-face of N (P).

Exercise 7.8. Prove that both the inner and outer normal fans of
a polyhedron are cone complexes. (You will needto show that the
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intersection of two conesin a fan is a common face of ead and that
every face of every conein a fan is again a conein the fan.)

De nition  7.9. A polyhedral fanis polytopal if it isthe outer/inner
normal fan of a polyhedron.

A very surprising fact is that not all polyhedral fans are outer
normal fans of polyhedra! To seesuch an example,take the fan whose
conesare the conesover the simplicesin the non-regular triangulation
in Figure 3. Argue that this fan is not polytopal.

Recall that in Chapter 5 we de ned the Gale transform of a con-
guration V by rst grading it to form the matrix A and then taking
the kernel of A. If V is already graded (we are given A) we don't
needto gradeit againto compute the Gale transform. In this case,
we sa& that B is a Gale transform of A (= V).

We now return to the question of how we can ched whether a
given subdivision  of a point con guration A is regular. For a set

[n], let = [n]n .
Theorem 7.10. [Lee91]Let =f q;:::; (g bea suldivision of A
and B be a Gale transform of A. Then s regular if and only if
\t

relint(cong(B ,)) 6 ;:
i=1

The proof of this theoremwill be the main job remaining. Before
we do that, let's understand the result geometrically. First, note that
the test involves guring out whether the relativeinteriors of the cones
fcongB ,)g have a common intersection. Sinceead ; 2  hasat
least d elemerts, B, hasat most n d elemens and cone@® ;)

R" 9. Let's rst apply this theorem to ched the regularity of the
triangulations in Figure 2.

Example 7.11. Supposethe con guration A shown in Figure 2 is
the grading of f0; 1;2; 3g. Then
1111

A= ;and B! = L

210
01 2 3 2 3 01

The Gale diagram is shown in Figure 5 (a).
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1

@

Figure 5. Gale diagram of the con guration in Figure 2.

(1) 1= ff 1;49gis regular sincerelint(cong(f b,; b3g)) is non-
empty.

(2) o= ff 1,29;f2; 4ggis regular sincerelint(cong(f bs; b4g))\
relint(cong(fbq; bsQ)) is relint(cong(fbq; bsg)) which is not
empty.

(3) 3= ff 1;2g;f2;3g;f3;4gg is regular since
relint(cone(fbs; bsg)) \ relint(cong(fby;bsg)) \
relint(cong(fbq; b,Q)) is relint(cong(fbq; b4g)) which is not
empty.

(4) 4= ff 1;3g;f3;4ggisregular sincerelint(cone(fb; b4g))\
relint(cong(fbq; b,Q)) is relint(coneg(f by; bsg)) which is not
empty.

In Figure 5 (b).l.we have placed the four regular triangulations in

the corresponding it:1 relint(cong(B ,)).

Example 7.12. Considerthe gradedpoint con guration A consisting

of the columns of the following matrix:

1
4 00 211

@0 4012 1A;
004112

and the subdivisions of A shawn in Figure 6.
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e (0,04)
1,1,2)
°
211) e e (1,2,1)
(4,00 ® ® (0,4,0)
@ (b) (©
Figure 6.

The Gale transform of A consistsof the columns of the following

matrix:
0 1
1 00 3 1
A

@0 1 0 1 3
001 1 1 3

e

and the ane Gale diagram is showvn in Figure 7. (We used the
construction described at the end of Chapter 5 with y = (1;1;1).)

o
(1,3

2 (0;1)

0;0 .
.( ) .(1,0)
3 1

[CREY]

06 [e]

(1D 4

Figure 7. Ane Gale diagram of the con guration in Exam-
ple 7.12.
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The subdivision in Figure 6 (c) is 3= f 1 = f4,5;,6qg; , =
f1,2;4,50; 3 = 2;3,5;60; 4 = f1;3;4,69g Figure 8 shows the
conesfcongB ,)g. Note that their relative interiors intersect at the
point z which shows that 3 is regular.

s

6
/ \
Figure 8. Intersection of fcone(B ;) : 2 3g.

Exercise 7.13. Ched that Figure 6 (b) is a regular triangulation
while Figure 6 (a) is non-regular.

If B is a Gale transform of a point con guration A, then the scaled

scaled Gale transform of A. ScaledGale transforms carry the same
combinatorial information as Gale transforms | for any  ( [n],
0 2 relint(conv(B )) if and only if 0 2 relint(conv(B )). L,gt's prove

one direction: 0 2Prelint(conv(B ) if alapl only if 0 = ;, ib;
where0< <1, ,, =1 Suppose ;, - =1t Then clearly
t> Qsince ;; > 0. Then0= |, t—( ib;) where0 < t— <1
and , =1 which shows that 0 2 relint(conv(B )). Can you

prove the other direction? The upshotisthat wecanreado the faces
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of P = corv(A) from B. In many books, all scaledGale transforms
are called Gale diagrams.

Now we begin to prove Theorem 7.10via a seriesof lemmas. We
have to show that =f q1;:::; tgis a regular subdivision of A if
and only if

\t
relint(congB |)) 6 ;:
i=1
The strategy will be to shaw that elemerts in szl relint(cong(B ,))
are precisely the seeds for lifting vectors! 2 R" suchthat = .
This proof is an elaboration of the onein [Lee91].

Lemma 7.14. Let! = (1 1;:::;11) 2 R" suchthat 0< !'; < 1 and
consider the polytopes:
P' = conv . G ; and
I I'n
a a
Pl ' = comv ! L "
1 ') (1 'n)

Then the facets in the lower hull of P' are precisely the facets in the
upper hull of P* !,

Exercise 7.15. Prove the above lemma. Figure 9 shows a small
example that might make the lemma believable. The con guration
A is on the x4+1 = 0 plane. The polytope P' has unshadedvertices
while P! ' has shadedvertices.

Xd+1 = 1

-~ & o & @& > Xgu =0

Figure 9. Figure for Lemma 7.14.
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Lemma 7.16. LetB R" 9 be a Gale transform of the graded point

conguration A = fay;:::;ang RY. Letz beaveaor in the interior
of the cogvexhull of Band 0 < !4;:::50h < 1, [ !y = 1such
that z = inzl ibj. ThenB%:= B[ f zgis a saled Gale transform
of the vector con gur ation
Al= 1 a ':::'i @n .0
Py (@ tg) T, (@ tn) 1

Pro of. To prove this we have to shaov that B is obtained by posi-
tively scaling some Gale transform of A® Using the de nition of z
and Gale transforms, ched that the matrix product
(1 1) fno (1 ) 1 !

givesthe zeromatrix. This provesthat the columnsof secondmatrix
lie in the kernel of A®. SinceB consistsof n  d linearly independert
vectors, the rank of the secondmatrix isn d which is the dimension
of the kernel of A% This provesthat the rows of the secondmatrix

form a Gale transform of A% Clearly B®is a positive scaling of this
Gale transform.

1by

nbn
4

Proof of Theorem 7.10. To nish the proof, we work out two equiv-
alent descriptions of the facets of conv(A9 that do not cortain the
point (0; 1). Considerthe projective transformation

1
f:R¥ | R™ sud that 7 X

Xd+1 1+ Xg+1  Xa+1
Under this map,
1 @ 7 &
Lo (@ 1) ')
and (0; 1)! gets sent to the plane at innit y. This implies that
conv(A9 getssert to P ' +[0; 1 ] and the facetsof corv(A9 that

do not cortain (0; 1) are precisely the bounded facets of P* ' +
[0; 1 ] whichin turn are the facetsin the upper hull of P* ' .
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On the other hand, we can use B° to work out the facets of
cornv(A9 that do not cortain the point (0; 1). Recall that s
such a facet if it is maximal with the property that

0 2 relint(conv(B [ f zQ)):

Now notice that we can rephrasethis last sertence as\ is sud a
facet if it is maximal with the property that z 2 relint(congB ))".

Thus we have proved that the facetsin the upper hull of P! '
(lower hull of P') are preciselythe maximal sets [n] with
\t
relint(cong(B |)) 6 ;:
i=1

2

Remark 7.17. The proof of Theorem 7.10 also shows us how to
produce weight vectors! that induce a regular triangulation . By
the theorem, \
relint(cong(B )) 6 ;:
2
Pick a non-zero z in this intersection small enough such that z 2
relin'g(conv(B)). Then there ngists! = ("1;::0510) 2 R" sudh that
z= [ lib;0<!iy<l T !i=1land = .
Note that once we have ! , any positive multiple of it will also
induce the same subdivision. Thus we could have picked any z 2
, relint(congB )) and solved for z = ! B to get ! sud that

Exercise 7.18. Find weight vectors to induce the four regular tri-
angulations in Figure 5. How about the subdivision 3 in Figure 6
(c)?

Exercise 7.19. Calculate all the regular subdivisions of the 4-point
con guration from Figure 2 and draw them in the picture of the
Gale diagram in Figure 5 (a). Note that in Figure 5 (b) we have
found all the regular triangulations. They correspond to the four full
dimensionalconesthat you seein the natural fan induced by the Gale
diagram.
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De nition ~ 7.20. If a subdivision ©renes a subdivision  of a
point con guration A, thenwrite ° . The operation partially
ordersthe set S of all subdivisions of A. This poset) (S; ) is called
the re nemen t poset of the subdivisions of A.

Exercise 7.21. Describe the re nement poset of the 4-point con g-
uration in Figure 2.

Exercise 7.22. Let A be the point con guration with 6 points in
R® given in Example 7.12. Carefully describe its re nement poset.
Indicate which subdivisions are regular by giving a weight vector
I that inducesead regular subdivision.






Chapter8

The Secondary Polytop e

Theorem 7.10 from the last chapter tests for the regularity of a sub-
division  of a graded point con guration A Z9 with the stated
assumptions. This theorem suggestsan algorithm for constructing all
regular triangulations of A. Take the Gale diagram B R" ¢ of A
and a vector z 2 R" 9. Then the subdivision

=f [n] : z 2 relint(congB ))g
is a regular subdivision of A. Conversely if is regular then
\t

relint(congB ,)) 6 ;
i=1

and we can choosea z in this intersection.

In the last chapter, we also saw that if z = P {‘:1 I;b; then in
fact, = . Isthis! unique? Recallthat the elemers of B are the
rowsofang (n d) matrix B whosecolumnsform a basisfor kerg(A).
Then z = inzl libj = ' B. Lety 2 row space@). Then yB = 0.
This impliesthat z= !B + yB = (! + y)B. Thus we can add any
vector in row spacef\) to a solution ! to the linear systemz = | B
to get! Osuch that | = 0. In particular, sinceA is assumedto
be graded, (1; 1;:::;1) 2 row space@), and there is always a positive
weight vector! sudh that z=1!B. Any ! sud that z= ! B is said
to be\lifted" from z.
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De nition  8.1. (1) The secondary cell of a regular subdivi-
sion of A is the open cone

\t
fl : thereexistsz=1B;z2 relint(congB ,))g R":
i=1

(2) The closure of the secondarycell in R" is the secondary
cone of , denotedasC .

T
(3) The opencone it=1 relint(congB |)) R" 9isthe pointed
secondary cell of , and

T
(4) the closure of it:l relint(cone(B ,)) is called the pointed
secondary cone of , which we denoteasC°.

Note that the pointed secondarycell and conelie in R" ¢ and
hencedo not consist of height/w eight vectors that induce triangula-
tions. To get weight vectors! we have to solve the systemz = | B
for z in these pointed cones. In other words, we can think of B as
de ning a linear transformation from R" | R" 9 where! 7! | B.
The full dimensional conesare the preimagesunder this map of the
corresponding pointed cones. The pointed conesallow us to mod out
the lineality space, row spacef\), from the set of height functions and
henceare more corveniernt to study. The linealit y space of a cone
is the largest subspacein the cone.

The discussionbefore De nition 8.1 provesthat every vector in
the secondarycell of is a weight vector that induces as a reg-
ular subdivision. Conversely if | 2 R" suc that = , then
we can write ! as! = 1%+ 1 ®Qwhere !0 2 kerg(A) and ! ©2
row sp:f\ce(b\). The proof of Theorem 7.10showns that z= !B = | B
liesin }:1 relint(cong(B ;)). This provesthe following theorem.

Theorem 8.2. The secondary cell of a regular suldivision s pre-
cisely the set of all weightvectors! 2 R" suchthat = .
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Example 8.3. Considerthe vector con guration A consisting of the
vertices of the pentagon shawvn in Figure 1. Here

o, ,1
11111 3 o
A:%01210§and5: 2 1G:
00121 10

0o 1

\V

50 ®3

le o2

Figure 1. The regular subdivisions of a pentagon.

Figure 1 shaws all the regular subdivisions of A placed against
their pointed secondarycones. The origin is the pointed secondary
coneof the coarsestsubdivision ¢ = ff 1;2; 3; 4; 5gg showvn at the top
of the gure. Its secondaryconeis the subspacerow space@) in R®.
The v eregular triangulations of A have full dimensional secondary
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cones. For instance, the triangulation
= ff 1,2;3g;f3;4;50; f 1; 3; 599

has the pointed secondarycone, congfb,;b4g), which givesa v e-
dimensional secondary cone. The remaining v e regular subdivi-
sions have one-dimensionalpointed secondaryconeswhich give four-
dimensional secondaryconesin R®.

Example 8.3 might make you suspect that there is much more
structure to the regular subdivisions of a point con guration than
what we have sofar. For instance,

(1) the secondaryconesof the regular subdivisions seemto form
a polyhedral fan with the full dimensional conesin the fan
indexed by regular triangulations.

(2) The facelattice of this fan seemso correspond to the poset
of regular subdivisions of A orderedby re nement. SeeFig-
ure 2.

O D e =~
~ T T

) /> o © <
T ——
>

Figure 2. The renement poset of the subdivisions of the
pentagon.

(3) There seemsto be a relationship betweena regular subdi-
vision and its neighbors in this re nement poset. In partic-
ular, the two triangulations neighboring a subdivision seem
to be the two possibleregular triangulations that re ne this
subdivision.

(4) Lastly, in this example at least, it seemsthat the fan of
secondary conesis polytopal. There is a pentagon whose
normal fan is this fan.
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All these obsenations are in fact theorems! We focuson (1) and
(4) and seeexamplesand construction methods.

Considerthe Gale transform B asa vector con guration in R" 9.
Wecall =1 1;:::; n» ¢g [n] a basis if congB ) is a basis of
RM 9.

De nition  8.4. [BFS90] The pointed secondary fan of A, de-
noted asF YA), is the conecomplexobtained asthe multi-in tersection
of all the conesfcongB )g as rangesover all basesof B.

The multi-in tersection of a collection of conesis the new cone
complex consisting of all intersections of the original conesinvolved.
Do not confuseit with the common intersection of all the conesin-
volved which may be just the origin.

Each cell (open cone)in the complex s of the form

relint(cong(B ))
2

where  consistsof all the sets [n] that are maximal with the
property that the cell liesin relint(congB )). Then s the regular
subdivision indexed by this cell. In particular, the full dimensional
cellsin FYA) index the regular triangulations of A since if a cell
is full dimensional, then the maximal 's sud that the cell lies in
relint(cong(B )) all have d elemeris.

Example 8.5. Let us verify all this in Example 8.3. Looking at
Figure 1 we seethat the multi-in tersection of cone® ) as ranges
over all basesof B is preciselythe fan obtained by simply drawing the
two-dimensional Gale transform in the plane. Therefore, the pointed
secondaryfan F9A) is the two-dimensional fan shavn in Figure 1.
Ched that the maximal 's sudc that the interior of conefps) liesin
the relative interior of congB ) aref1;2; 3;4g and f 1; 4; 5g which are
the facets of the subdivision labeling this pointed secondarycell.

Example 8.6. The secondaryfan becomesmore complicated when
n d> 2. Let ustry to construct the pointed secondaryfan of the
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con guration A consisting of the columns of

04002111

@0 4012 1A
004112

whoseGale transform B consistsof the columns of

100 3 1 1
@0 1 0 1 3 1 A;
001 1 1 3

We saw the Gale diagram in the previous chapter. To construct the
pointed secondaryfan, we haveto nd all basesof B and then inter-
sectthe conesthey span. How do we do this? Let B be the square
(n d (n d)submatrix of B whosecolumns are the elemeris of
B . Then s abasisif and only if B is non-singular. In Figure 3
we have drawn the fan in the northern hemispherewhich is the hemi-
spherein which we had previously drawn the ane Gale diagram.
You seel5 full dimensional conesin this picture. In the southern
hemispherethere is one more which is the cone spannedby By 4:5.6g.
Thus there are 16 full dimensional cellsin this pointed secondaryfan
which implies that this con guration has 16 regular triangulations.

Let's construct the regular triangulation that goeswith the cell
marked with an x. This cell lies in the relative interior of cone® )
for the following 's:

f1;3;49;f2;3;60;f2;3;50;f1; 2 3g;f3;4,60; f2; 4,50; f 1, 4; 59
which implies that it correspondsto the regular triangulation

= ff 2,5;60;f1;4;5g;f1; 4, 60;f4;5;60;f1;2,5g;f1,3; 6g; f 2, 3; 699
shown in Figure 4.

Exercise 8.7. Find all the regular triangulations of the above con-
guration and draw them in their pointed secondarycones.

Remark 8.8. The software padkage TOPCOM [Ram ] can be used
to nd all regular triangulations of a point con guration.

Theorem 8.9. The face poset of the secondary fan of A and the
re nement posetof A haveisomorphic Hassediagrams.
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Figure 3. The pointed secondary fan in the northern hemi-
sphere.

1 , 2

Figure 4. The regular triangulation for the cell marked x.

We will not elaborate on the above theorem except to say that
we hope it's somewhatbelievable basedon the examples.

Exercise 8.10. Isolate the part of the pointed secondaryfan in Fig-
ure 3 contained in the conespannedby By .,.35. Draw the part of the
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re nement poset of A indexed by the cells (of all dimensions) that
appear in this pieceof the pointed secondaryfan.

We concludethis chapter by showing that the secondaryfan of A
is polytopal. In fact, it is enoughto shaw that the pointed secondary
fan is polytopal aswe canthen embed this polytopein kerg(A) R"
and get its normal fan in R" to be the pointed secondaryfan plus
the row spaceof A. Recall that we have assumedthat A is a graded
point con guration in Z9.

De nition  8.11. Let be a simplex in a triangulation of A. The
the normalized volume of the simplex , denoted as vol( ), is
the absolute value of the determinant of A divided by the greatest
commondivisor (g.c.d.) of the maximal minors of A.

Example 8.12. In the A of Example 8.6, the g.c.d. of the maximal
minors of A is four. Thus the normalized volume of the simplex
f 4,5; 6g is one while the normalized volume of the simplex f 1; 2; 5g is
four.

De nition  8.13. The GKZ vector of atriangulation of A is the
vector

X X
= fvol(): 2 andi2 g € 2R":
i=1

GKZ stands for Gelfand, Kapranov and Zelevinsky who discov-
ered and initiated much of this work [GKZ94 ].

De nition  8.14. A secondary polytop e of A is any polytope
whoseinner normal fan equalsthe secondaryfan F (A).

Theorem 8.15. [GKZ94 ] The polytope
( A) = conv(f : a triangulation of AQ)
is a secondary polytope of A. The vertices of ( A) are the GKZ

vectors of the regular triangulations of A.

Pro of. [BFS90, x2] In order to show that ( A) is a secondarypoly-
tope of A, we have to shav that N (( A)), the inner normal fan of
( A), equalsF (A), the secondaryfan of A. We will prove that for
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ead regular triangulation of A, the secondarycone C is con-
tained in N oy( ). Recall that N ay( ) is the inner normal
coneof ( A) at the vertex . This will prove the theorem since
both N (( A)) and F(A) are complete polyhedral fansin R".

Given a triangulation of A and a vector ! 2 R", we obtain
a unique function g . with domain P = corv(A) as follows: set

g . (a) = !, for the verticesa; of and require that g . is an
ane function on eadh simplex of . This is an example of a piece-
wise linear function on . When =, the graph of g. is the

lower hull of P' = corv(A') where A' is the lifting of A by ! .

Let be aregular triangulation of A, andlet! 2 C . For any
point a; 2 A, the point (g;;!;) lies on or above the graph of g, .
Soif we take a di erent triangulation  °and considerg, . o then its

graph is cortained on or above the graph of g . . In other words,
g: (X) g ox)forall x 2 P. This implies that
V4 4
g (x)dx g ; o(x)dx
x2P x2P

for all triangulations  ° of A. Now obsene that

z x Z
g (x)dx

x2P 2 - facet X2

o (x)dx

vol( ) ( barycertric value ofg, . on )

2 ;facet
X 1 X
= vol() 5 9 (a)
2 ;facet i2
1 X X
= d [ vol( )
i=1 2 i2
1
= — (1 .
d (' )'
Since the same formula holds for % we get that (! ) (!
o) for all triangulations ©of A. But this implies that liesin

face ; (( A)) or equivalertly, ! is contained in the inner normal cone
N¢a( )
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Remark 8.16. The above proof also shaws that the collection of
full dimensional secondaryconesform a polyhedral fan | the inner
normal fan of ( A).

Example 8.17. Let us construct the secondarypolytope of the con-
guration in Example 8.3.

regular triangulation GKZ vector
1= f1,2,39,11;3,40,f1,4,599 | (5;1,4,4,1)
2= ff 1,2,40,12;3;40,f1;4;590 | (3;4;2,5;1)
3= 11,2,5g;12,3;49,f2,4,599 | (1,5;2,4;3)
4= ff 1,2,50;12;3,50;f3;4;599 | (1;3;4,2,5)
s = ff 1,2;30;f1;3;50;f3;4;599 | (3;1;5;2;4)

This can be read o from the determinants of the simplices of
this con guration that are computed below:

simplex | vol( )
f1,2;3g 1

f1;2;4g
f1;2;59
f1,3,49
f1;3;50
f1;4;5q
f2;3;4g
f2;3; 50
f2;4;5q
f3;4;5q

NNNEFENWEDN

N

Computing the convex hull of the v e GKZ vectorsin PORTA
we get the following description of the secondarypolytope which is
two-dimensional.

INEQUALITIES_SECTION

(1 + X2+ x3- x4-x5 == 0
( 2) +13x1+11x2-4x3-15x4 = 0
( 3 + X3+ 2x4+x5 == 13

( 1) -3x4-2x5 <= -14
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( 2) - x4 <= -2
( 3 - x5 <= -1
( 4) +x4+x5<= 7
( 5) +2x4+ x5 <= 11
END

strong validity table

\ P | |
Vo | |
v |
N\ N | 1 | #
E\N T | |
1 | %% 2
2 | . 2
3 |+ 2
4 | . 2
5 | 2
# | 22222

This shaws that the secondarypolytope is a pentagon as we ex-
pect and that the fan shawvn in Figure 1is its inner normal fan. Verify
this.

Exercise 8.18. (1) Compute the GKZ coordinates of the six
regular triangulations in Exercise 8.10 and the GKZ vec-
tor of the non-regular triangulation in this family that we
have beenseeing. Where doesthe vector of the non-regular
triangulation lie in the secondarypolytope?

(2) Further, deducethat the verticesof ( A) corresponding to
these regular triangulations lie on a common facet of the
secondarypolytope. (It seemsthat we must nd the nor-
malized volumesof many triangulations, but really we only
haveto nd it for two of them!)






Chapter9

The Permutahedron

In this chapter we investigate the secondarypolytope of a prism over
a simplex. This material is taken entirely from [DRS, x5.2].

Recallthat , = conv(fey;:::;ens+1 g) is the unit n-simplex and
| = ;is aline segmemn. We wish to study the prism over an n-
simplex, any example of which is combinatorially equivalent to the
product , |. Thuswewill use , | to denotea prism over an
n-simplex. The prism , | isan(n+ 1)-dimensional polytope with
2(n + 1) vertices. It hastwo simplicial facets which are both copies
of , which we call the top and bottom facetsof , 1. In addition
it hasn + 1 vertical facetsof the form , 1 |I.

For corveniencewe will denotethe vertices of the bottom simpli-

tices of the form p;; G; p; ; g form a quadrilateral 2-faceof the prism.
This is key to proving the following fact about maximal simplicesin
a triangulation of , I.

Lemma 9.1. A setof n+ 2 verticesof , | form the vertices of
an (n + 1)-simplex if and only if two of them form a pair p;; g and
the remaining n of them are taken one from each of the remaining n
pairs ;G g, i 6.

Exercise 9.2. Prove Lemma?9.1.
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Lemma 9.1 says that if is a maximal simplexin a triangulation
of , |I,then hasn vertical facetscontained in the vertical facets
of , | that arenot incident to any other maximal simplex of the
triangulation. There are two other facets| one opposite the vertex
pi and the other opposite the vertex g. We call thesethe top and
bottom facetsof respectively. This implies that every triangulation
of , | hasalinearly ordered sequenceof simplices, starting with
a simplex incident to the top facet of the prism and ending with
a simplex incident to the bottom facet of the prism sud that the
bottom facet of one simplex is incident to the top facet of the next
simplex. For an example, seeFigure 1.

d3 d3
< K
P3 P3
P1 p
p2 p2

Figure 1. A triangulation of , 1.

Theorem 9.3. There is a bijection between the triangulations of
n | and the permutations of [n + 1] which are the elements of
the symmetric group Sy +1 .

(1) Let =iy ip+1 be a permutation of [n + 1]. Then the
following n + 1 simplicesform a triangulation of , |I:
T = fp PG G, g k=Lnn+ 1
(2) All triangulations of |, | havethis form. In particular,
they are all equivalent to each other.

(3) Two regular triangulations of |, | are adjacent vertices
of the secondary polytope of |, | if and only if the cor-
respnding permutations di er by the exchangeof a pair of
consecutive elements.
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In particular, |, | hasexactly (n + 1)! triangulations and each
triangulation has exactly n + 1 simplices.

We will not prove (3) aswe haven't developed the notion of ad-
jacency of triangulations. Two regular triangulations are adjacert if
they index adjacert verticesof the secondarypolytope. However, this
is a special caseof a more generalnotion of adjacencybetween pairs
of triangulations that extendsto ewven the non-regular triangulations
and createsa graph in which the triangulations are the vertices and
the edgesare de ned by this notion of adjacencythat we are referring
to. The edgegraph of the secondarypolytopeis a (n d)-connected
subgraph of this graph of all triangulations.

Pro of. [DRS] Let's prove (2). The proof of (1) is similar. Let T be
atriangulation of , | and . its unique maximal simplex incident
to the top facet of the prism. Let p;, 2 1 be the vertex opposite
to the top facet of ;. The only facet of ; that is interior to the
prism is the bottom facet| opposite to the vertex g,. This facetis
the top facet of the next maximal simplex » in T which is obtained
by deleting g, from 1 and inserting a secondvertex p;,. Again
the bottom facet of , (the one opposite ¢,) is the top facet of the
next maximal simplex 3 cortaining athird bottom vertex p;, and so
on. The vertex set of the k-th simplex we get in this processwill be
fpil;:::;pik; k1o bng O
Example 9.4. (1) n= 1: In this case ; | isasquare(iden-
tied with C;). It has precisely two triangulations shown
in Figure 2 which are in bijection with the permutations of
f1;2g. The triangulations are:
(@) Tiz := ff p1;h; G fP1;P2; G299
(b) To1 := ff p2; G; b Q; F P25 P1; ChOY
(2) n = 2: In this case , | is a triangular prism. It has
3! = 6 triangulations which are shown according to their
adjacenciesin Figure 2. The secondary polytope is two-
dimensional. All six triangulations are regular and thus
the secondarypolytope is a hexagon. You can che& The-
orem 9.3 (3) on this example. The permutation indexing a
triangulation is written on top of the triangulation. Notice
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that thesepermutations are adjacert | i.e., they arerelated
by the exchange of two consecutiwe letters in ead.

.
s / 3 13 \

\ = /
Figure 2. Triangulations of 1 | and , |I.

Exercise 9.5. In the triangulation T shaow that the diagonalin the
squarewith vertices p;; 6 ;p;; g will gofrom p; to g if and only if i
comesbeforej in the permutation . Ched this on the triangulations
in Figure 2. Can you prove this in general? This givesan easyway
to draw T given

Looking carefully at the two secondary polytopes we implicitly
havein Figure 2, we seethat its verticesare labeledby all the elemeris
of a symmetric group and that two vertices are adjacert when the
permutations are adjacert in the sensewe have described. Sincethe
symmetric group is a classicalobject and adjacert permutations have
great signi cance in the study of symmetric groups, then following
polytop e should comeas no surprise.

De nition  9.6. [Zie95, Chapter O]Let =1i; i, 2 Syandv =
(i1;:::510) 2 R". The perm utahedron n is the convex hull of the
vectorsfv : 2 S,0.
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The permutahedron , is an (n  1)-dimensional polylgppe in
R". (Note that all the vectors v lie on the hyperplane x; =
M) ) Each v is avertex of , and two verticesv and v o are
adjacert if and only if the permutations and © are adjacert (i.e.,
dier by the exchange of two consecutive elemers). The faces of
a permutahedron are products of lower dimensional permutahedra.
Verify this in Figure 3 which shows a Schlegel diagram of 4.

4132

4123

4312

Figure 3. The permutahedron 4.

Wewill now provethat the secondarypolytopeof , 1 isanely
isomorphicto the permutahedron ;. The secondarypolytope will
have dimension2(n+ 1) (n+1) 1= nandwill have (n+ 1)! vertices
which agreeswith the dimensionand number of verticesof .1 .

De nition  9.7. A triangulation of A is said to be unimo dular if
all its simplicesare unimodular (i.e., have unit normalized volume).

Exercise 9.8. Ched that all triangulations of the two prisms in
Figure 2 are unimodular.

Lemma 9.9. All full dimensional simplicesof |, | havethe same
volume. In particular, all triangulations of , | are unimodular.
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Pro of. We provethis by induction onn. You canched from Figure 2
that the statement is true for n = 1. Let F be a vertical facet of

n |.ThenF isanely isomorphicto , i | and by induction,
all maximal simplices contained in F have the samevolume. The
pair of verticesp;; g oppositeto F are at the samedistance from the
ane spanof F. Henceany two (n + 1)-simpliceshaving a facetin F
must have its unique other vertex be either p; or g and hencehave
the samevolume. However, every pair of (n + 1)-simplicesof , |
have facetsin a common vertical facet of , | which provesthe
lemma.

Theorem 9.10. The secondary polytopeof , | isanely isomor-
phicto 4.

Pro of. Let T beatriangulation of , | where =i; ipq 2
Sh+1. Let 1 bethe GKZ vectorof T and 1 (p;, ) beits coordinate
corresponding to p;; . Recall that

T = fp; PG GG, 9 k=Lrn+1
This implies that if g, isin k simplicesthen p;; isinn+ 1 k+ 1=
n+ 2 Kk simplices. Thus, by Lemma 9.9,

T (p;)=n+2 1 (qg,)foralj=1:::;n+ 1

Thus if we know the p;; -coordinates of the GKZ vector of T , we can
reconstruct the g, -coordinates. This also meansthat we can project
all the GKZ vectors to the (n + 1)-vectors corresponding to their

g-coordinates and get a polytope that is a nely isomorphic to the
secondarypolytope of , |. We already saw that the vertex g,

liesin exactly k simplicesof T which meansthat the projected GKZ

vector of T is preciselyv : where ! isthe permutation inverse
to in the symmetric group Sy+1 . Putting all this together we have
that the secondarypolytope of |, | isanely isomorphic to the
permutahedron 41 .

Corollary 9.11. All triangulations of , | areregular.

To endthis chapter, we brie y investigatethe secondarypolytope
of an n-gon which is commonly known as an assa@iahedron. This
material is also taken from [DRS ], but most of it will be dewveloped
through exercises.
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Exercise 9.12. Provethat all triangulations of the n-gonareregular.
Hin t: Note that all triangulations of the 4-gonand 5-gonhave at least
two faceswith verticesfi; i + 1;i + 2g. Show that this is true for any
n-gon.

Exercise 9.13. Shaw that the number of triangulations of the n-gon
H 1 2n 4 .
is —— :

nln 2

Hin ts: The sequence(n+11 Zn” ) is known as the Catalan sequen@
and its terms, the Catalan numbers. For Exercise9.13let T, denote
the set of all triangulations of the n-gonand t, := jT,j. Let ¢; bethe
surjectivemapc; : Th+1 ! T, that cortracts the edgef1;n+ 1gin

ead triangulation of the (n + 1)-gon. Proceedas follows:

(1) Givensome xed triangulation 2 T, how many triangu-
lations in T,+1 will be mappedto  under ¢;? Experiment
with n = 4,

(2) Let deg(L, ) bethe number of edgesin  that contain the
vertex 1. Argue that

X
ther = deg(L ) :
2T,

(3) There wasnothing special about cortracting along the edge
f1,n+ 1g. Argue that

X X
Ntpep = deg(; ) :
i=1 2T,

(4) Argue that for any 2 T,,

deg@; ) =2(2n 3):
i=1
(5) Now give a (multiplicativ e) recurrencefor t,+1 . Rinse and
repeat.

The Catalan numbers count many other well studied and impor-
tant combinatorial objects, and we will explore two of theseand see
how they relate to triangulations of the n-gon. For this we take the
5-gon as our working example.
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De nition  9.14. A binary tree is a tree where every node has at
most two descendats, one labeled L (left) and the other R (right).

Let beatriangulation of the (n+ 2)-gonwith facetsf ;g. Place
avertex u; in the interior of every ; and form the dual graphdual ()
with vertices u; and edgesfu;;u; g whenewr ;\ ; intersectat an
edgeof . Then dual() is a binary tree with n nodesandn 1
vertices. Do the following exercisesfor the 5-gon and then corvince
yourself that theseresults are true in general.

Exercise 9.15. Shaw that there is a bijection betweenthe set Ty .2
and the set of binary treeson n vertices.

A parenthesizationof n + 1 objects is any bracketing of the n+ 1
objects that speci es an order in which to carry out multiplication.
For example (a(bg) is a parenthesization of the three objects a;b;c
that saysto rst compute bcand then multiply by a.

Given a binary tree with n nodes considerthe following rule for
parernthesizing n + 1 objects: For the root place one pair of brackets
around the n + 1 objects and recursively perform the following: if
the right/left child of a given parent hask 1 0 desendantsthen
enclosethe k + 1 rightmost/leftmost factors within the onesenclosel
in the parent parentheses

Exercise 9.16. Show that there is a bijection between the set of
binary trees on n vertices and the set of parerthesizations of n + 1
objects.

Exercise 9.17. From Figure 1 of Chapter 8, con rm that two vertices
of the secondarypolytope of the 5-gonform an edgeof the secondary
polytope if their corresponding parenthesesdi er only by one use of
the assaiative law a(bg = (abjc. (This is true in general: the edges
of the secondarypolytope of an n-gon are de ned by those vertices
that dier by only one useof the assaiative law. This explains the
name assaiahedron for the secondarypolytopes of n-gons.)



Chapterl10

Abstract Algebra:
Polynomial Rings

In this chapter we will study polynomial rings and ideals which will
evertually getusto more polytopes. See[CLO92 ] for more details on
this material. Recall that N denotesthe set of non-negative integers.

De nition  10.1. (1) A monomial inthe nvariablesxy;:::;Xn
is a product of the form x§*x3?  x3 wherea;;ap;:::;a, 2
N. In short form, we write the monomial x§*x3?  xa as

caXx? wherec, 2 R. If the set of variables is clear then
we typically denotef (x) asjust f .

(3) The simplest polynomials are of the form c;x2. They are
called terms .

P
(4) The support of a polynomial f =  ¢c;x? is the nite set
supp(f) := fa2 N" : c, 6 Og.

X1;:::;Xn over R. We can de ne a natural addition aBd multipli-
cation in R[x] as follows. Given two polynomials f = cx? and

93
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P
g= cxPin R[], let

f+g:= (cf, + cg)xm:
m 2 supp (f )[ supp(9)
In the above sum, if m 2 supp(f )nsupp(g), then set ¢, = 0 and
similarly, if m 2 supp(g)nsupp(f ), then setc’, = 0. The product of
two monomialsx? and x° is the new monomial x2*° . Extending this
to polynomials we de ne the pr;a(duct of the polynomials f and g as
f g:= . x
f(aib) :a2supp (f )ib2 supp(9)g

a+b.

Exercise 10.2. Let f = x3x§ ix3+ 16and g = p?xg + 13 be
polynomials in R[x1;X2;x3]. Find f + g and ¢°.

above, is called the polynomial ring in xq1;:::;Xn over R. The ring
R is called the coe cien t ring of R[x].

Exercise 10.4. Ched that R[x] is a ring under the operations of
addition and multiplication on polynomials de ned above.

Every polynomial in R[x] has a natural geometric object asso-
ciated to it called its zero-set or variety. This is the collection

Vr(f). An elemen of Vg(f) is called a zero or root of f. For
example, if x2 1 2 Z[x], then Vz(x? 1) = f1; 1g. In fact,
Vz(x2 1) = Vr(X? 1) = Vc(x? 1). Howewer, for the polyno-
mial X2+ 1, Vz(x?+ 1) = Vr(x?+ 1) = ; while Vc(x?+ 1) = fi; ig.
Thus the variety of a polynomial in R[x] dependson the coe cien t
ring R.

If f is a non-zeroconstart | i.e., a hon-zero elemer of R |
then Vg (f) = ;. This is true no matter what R is. What conditions
on R do we needto ensurethat all polynomials in R[x] other than
the constart polynomials have non-empty varieties? To investigate
an example, let us start with R = Z and consider the univpariate
polynomial ring Z[x]. Then we seethat V,(x> 2)=: since 22 R
but not in Z. Sowe enlargeour coe cien t ring from Z to R. Howewer,
Vr(x? + 1) = ; while Vc(x?+ 1) = fi; ig. This shows that we need
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to enlargeR to C. In fact C is good enough. The fundamen tal
theorem of algebra statesthat every non-constart polynomial in
C[x] of degreed has exactly d zeroscounting multiplicities.

De nition  10.5. A eld F is algebraically closed if every poly-
nomial in the univariate polynomial ring F[x] hasa root in F.

It requireswork to shaw that algebraically closed elds exist and
that every eld is contained in an algebraically closed eld called its
algebraic closure . For instance, the algebraic closure of R and Q
is C. From now on we will mostly be interested in polynomial rings
over algebraically closed elds. In fact, we mostly considerthe poly-

polynomial rings over Z;Q and R.

Exercise 10.6. Ched that Vr(x?+ y2 1) is the unit circle in R?
certered at the origin. What do you expect Vo(x? + y?> 1) to look
like? What is Vz(x2 + y2 1)?

An algebraic set in R" is any subsetof R" that consistsof the
zeros of a system of polynomials | not necessarily nite. Clearly,
VR (f) isan algebraicsetfor all f 2 R[x]. A variety cut out by a single
non-zero polynomial is called a hyp ersurface . We now examine
varieties cut out by more than one polynomial. It is most e cient
to do this via polynomial ideals. From now on we always consider
polynomial rings over algebraically closed elds k.

De nition  10.7. A subset| k[x] is an ideal if (1) (I;+) is an
abelian subgroup of k[x], and (2) for all h2 k[x]andg2 |, hg2 I.

Note that by property (2), | = k[x] if any non-zeroelemer c of
k isin |. This is becauseif c2 I, thenc c= 12 | by property (2)
wherewe takec * 2 k  k[x] and c 2 |. This in turn implies that
forany f 2 k[x],f 1=1f 21 againby property (2).

De nition  10.8. Given a set of polynomials P k[x], the ideal
geneated by P is the set

X
hPi = f hep : hy 2 K[X]; p2 Pg:
We sgy that P is a basis of the ideal hPi.
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In the 1890'sHilb ert proved that every polynomial ideal in k[x]
hasa nite basis. This theorem is known as Hilbert's Basis Theorem
and is a cornerstoneof commutativ e algebra and algebraic geometry.
We will seea proof of this theorem in Chapter 12. Let's take a look
at someexamplesof ideals.

Example 10.9. (1) A principal ideal is generatedby a single
polynomial f 2 k[x]. By de nition, i = fhf : h 2 k[x]g.
All elemerts of Hf i are divisible by the generatorf .

(2) Every matrix A with entries in k de nes an ideal asfollows.

ArXo + + anXn 2 K[x1;:::;Xn]. The ideal generatedby
the linear polynomials f, as a runs over the rows of A is
called the linear ideal of the matrix A. Note that this
ideal contains non-linear polynomials such asf 2.

(3) If all the generatorsof an ideal are monomials, we have a
monomial ideal . Note that there are many non—mop,omials
in a monomial ideal. Howewer, if a polynomial f = ¢3x?
is in a monomial ideal, then every x2 is alsoin the monomial
ideal. This implies that x? is divisible by a (monomial) gen-
erator of the ideal. This obsenation allows one to \draw"
monomial ideals as follows. Identify a monomial x2 in the
monomial ideal M with its exponert vector a 2 N". Draw
M asthe collectionfa : x& 2 M g. This collection of lattice
points in N" is in bijection with the monomialsin M.

Exercise 10.10. (1) Draw the monomial ideal hx3; x2y?; xy4i.
2) If M = x™M2;  ;x™Mti, then ched that the picture of M is
precisely
t
(mi + N"):
i=1
(3) LetM =hx : 21i. Thenshavthat x 2 M if and only

if x isdivisible by x for some 2 1.

(4) Twomonomialidealsarethe sameif and only if they contain
the samemonomials.
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Exercise 10.11. Prove Hilbert's basistheorem for monomial ideals.
(You needto show that if an ideal is generatedby a collection of
monomials (possibly in nite), then the ideal is in fact generatedby a
nite subsetof the above basis.)

Hints: (from [CLO92]): Let M = Ix : 2 1i k[x] be a
monomial ideal where | is some, possibly in nite, index set. We
want to show that there exists (1);:::; (s) 2 | sud that M =
b @;onx 9,
(1) Approach this problem by induction on the number of vari-
ablesin k[x1;:::;Xp]-
(2) Write eadh monomial in K[x3;:::;Xn] asx xJ' where 2

X Xp' 2 Mi. With (1) in mind, what can you sa about J?
(3) SoJ canbe generatedby nitely many elemens say

fx (1)...:;X (1)9
with x Ox™ 2 M foreah 1 i t. Let
m := maxfmgq;:::;mg

K[x1;:::;Xn 1] generatedoy monomialsx sudhthat x xX 2

M. Each J, hasa nite generatingsetfx «@;::::x «(t)g,
(4) Nowdene S=fx OxM;:::;x OxMgand

Sk = fx x@WxK;iix ktIxKg for every 0 k- m 1.

Show that S| So| Sm 1 is a generatingsetfor M.

De nition  10.12. The variet y of a collection of polynomials P
k[x] is the set

Then, by Hilbert's basistheorem, the variety of any poly-
nomial ideal is also the zero-setof a nite number of poly-
nomials.
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(2) Compute Vr(x?+y? 1;x 1=2). Using (1), nd adierent
set of polynomials that cut out the samevariety.

(3) Compute Vir(hx3;x2y?; xy%i) and compareit to Vg(hxi) where

hxi  R[x;y].

(4) What is the generalform of the variety (over R) of a mono-
mial ideal M = tlx™1;  ;xM™ti? Doesit matter what the
eld k is?

Be nition  10.14. The radical of an ideal | k[x] is the ideal

| :=ff 2Kk[x]: f" 21 for somepowerr 2 Ng.

Ched that P | is an ideBI and that it contains |. We say that
| is aradical ideal if | = " |. For a monomial x™ 2 Kk[x] de ne
its support to be supp(x™) := fi : m; > 0g. Be careful not to be
confusedby the useof\support" in two di erent ways. The support of
a polynomial is a collection of vectors. In this sensethe support of a
monomial should be the set containing its exponert vector. However,
what one usually meansby the support of a monomial x™ is the set
of indicesfi : m; > 0g which coincideswith, supp(m), the support
of the vector m.

Exercise 10.15. (1) Show that P hx3; x2y2; xy4i = hxi.
(2) In general,if M = lx™1;  ;x™ti is a monomial ideal then
show that
P Y . :
M =h Xj; i =1t
j2supp(x™i)

(3) Further, show that both M and de have the samevariety
over any eld k. Similarly, | and " | have the samevariety
overany eld k.

This brings us to a secondfamous theorem of Hilb ert from the
1890's.

Theorem 10.16. Hilb ert's Nullstellensatz

Weak form: Let k be an algebaically closel eld and | k[x] be
an ideal. Then V(1) = ; if andonly if I = Kk[X].

Strong form: Letk be an algebaically closal eld. If I  Kk[x]is an
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ideal, then the setof all polynomials that vanishon Vi (1) are precisely
the polynomials in 1.

The weak Nullstellensatz says that a system of polynomials in
k[x] has at least one solution if and only if the ideal generated by
the polynomials is not all of k[x]. The strong Nullstellensatz shows
that many dierent ideals in k[x] can cut out the same variety in
k". A simple exampleto keepin mind are the ideals hx'i in k[x] for
all I = 1;2;::: which cut out the samevariety fOg k. Howevwer,
there is a one-to-one correspondencebetween radical ideals in k[x]
and varietiesin k". This createsan algebra-geometrydictionary that
allows us to passfrom geometric objects such asvarieties to algebraic
objects sud asideals which are easierto manipulate. SeeChapter 4
in [CLO92 ] for more details.






Chapterll

Greobner bases |

This chapter and the next aim to give a brief intro duction to the basics
of Grebner basis theory. By now, there are many excellert books
on Grebner basesand their applications such as [AL94 ], [CLO92 ],
[CLO98 ], [GP0O2 ] and [KROO ]. Our accourt herewill be brief.

ring in n variables over an algebraically closed eld k. Let | be an
ideal of S. By Hilbert's basistheorem | hasa nite generating set.
Grebner basesof | are special nite generating setsof |. We rst
motivate these basesand then de ne and construct them.

Given an ideal | S and a polynomial f 2 S, a fundamental
problem is to decidewhether f belongsto |. This is known as the
ideal memtership problem Wewill seeshortly that Grobner basescan
be usedto solve this problem. We begin by examining algorithms for
ideal membership in two familiar families of ideals.

(i) Univ ariate Ideals: (See[CLO92 , Chapter 1.5].) Consider the
univariate polynomial ring k[x]. If deqf) denotesthe degreeof a
polynomial f 2 S, then f hasthe form

f=kpxP+kp 1xP 1+ +ko

wherep = deqf), k, 6 0, and all ki 2 k. We say that f is monic
if its leading coecien t k, equalsone. Given two polynomials f

101



102 11. Greobner bases |

and gin S with deg(f) deg(g), we candivide f by g to get unique
polynomials h and r 2 k[x] such that f = hg+ r wherer is the
remainder and deg(r) < deg(g). This is the usual long division of f
by g that you may rementber from high school.

Exercise 11.1. (1) Divide x* + 2x + 3 by 5x? + 2.
(2) Write a pseudo-cale for the division algorithm in k[x].

Theorem 11.2. Every ideal of k[x] is principal. A non-zemw ideal |
in k[x] is generated by any non-zerm polynomial in it of lowestdegree.

Exercise 11.3. Let usoutline a proof of Theorem 11.2. Let f bea
non-zero polynomial in | of lowest degree. Then clearly i |. So
the work is to show that if g2 | then g 2 K i, or equivalertly, that
f divides g. Sincedeg(@) deg() we can divide g by f to get the
unique polynomialsgandr such that g = df +r with deg(r) < ded(f).
If r=0theng?2 Hi. If r 6 0, can you derive a contradiction, and
thus concludethat r = 0 aswe want?

De nition  11.4. The g.c.d of two polynomials f and g in k[x] is a
polynomial h such that (1) h divides both f and g, and (2) if pis a
polynomial that divides f and g then p divides h.

Given two polynomials f and g in k[x], we can compute their
g.c.d. by the Euclidean algorithm which works as follows. See
[CLO92 , Chapter 1.5]for a proof of its correctness.We userem(h; s)
to denote the remainder of h on division by s.

Input: f;g
Initialize: h:=f;s:=¢g
While s6 0do
r:=rem(h;s), h:=s,s:=r
Output: h=g.c.d(f;Qg)

Theorem 11.5. [CLO92 , Proposition 6, x1.5]

(1) If f;g 2 K[x], then g.c.d(f;qg) exists and is unique up to
multiplication by a non-zero constant.

(2) The ideal i ;gi is geneated by g.c.d(f; g).
Exercise 11.6. Prove part (2) of Theorem 11.5.
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G.c.d.s can be computed for more than two polynomials in k[x].

De nition  11.7. The g.c.d. of polynomials fq1;:::;fs 2 K[X] is a
polynomial h suc that (1) h divides fq;:::;fs, and (2) if pis a
polynomial that dividesfq;:::;fs then p divides h.

Theorem 11.8. [CLO92 , Proposition 8, x1.5]

(1) The g.c.d. of fy;:::;fs existsand is unique up to multipli-
cation by a non-zer constant.

(3) If s 3theng.cd.(fi;:::;fs) = g.c.d.(f1;9.c.d.(fo;:::;fs)).

Exercise 11.9. Show that the variety of the ideal tx2+ 1;x3  2x+ 1i
in C[x] is empty.

We now have algorithms for solving the following three funda-
merntal problems for a univariate polynomial ideal |  Kk[Xx].

Finding a basis for 1: If | = hfq;:::;fii k[x],then | is
generatedby g = g.c.d(f;:::;f¢) which can be computed
by the Euclidean Algorithm.

Ideal membership: If f 2 k[x] then, f 2 | = hgi if and
only if the remainder obtained by dividing f by g is zero.
Thus ideal membership can be determined by the division
algorithm.

Solving ff, =f, = = fy = 0g; f; 2 k[x]: The variety
Vi(f1;::0:f) = V(g) whereg = g.c.d(fq;:::;ft). The
roots of g can be found via radicals when its degreeis small
and by numerical methods otherwise.

(ii) Linear ideals: [Stu96, Chapter 1] Let A 2 Z9 " be a matrix of
rank d. Recall that the linear ideal of A is:
* +

I = ajXj 1i=1:0d RIX]:

The variety Vgr(l) is the (n  d)-dimensional vector space

kerr(A) = fp 2 R" : Ap = Og:
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A non-zerolinear form f in | is a circuit of | if f has minimal
support (with respect to inclusion) amongall polynomialsin |. The
coe cien t vector of a circuit of | is therefore, a vector in the row span
of A of minimal support. Let B beany (n d) n integer matrix
whoserows form a basisof kerg(A). Then the vectorsin the row span
of A are precisely the linear dependencieson the columnsof B. The
coe cien t vectors of the circuits of | are therefore, the dependencies
on the columns of B of minimal support.

ForJ [n] with jJj = d, let det(A;) be the determinant of A,
the submatrix of A with column indices J. The following algorithm
computesthe circuits of I .

Algorithm  11.10. [Stu02, Chapter 8.3] For any (n d+ 1)-subset
;i1 n ¢+ g [n], form the vector
n xd+1 )
C = (1) det(B nf ,g) €,
i=1

whereeg; is the j th unit vector of R". If C is non-zero,then compute
the primitiv e vector obtained by dividing through with the g.c.d. of
its componerts. The resulting vector is a circuit and all circuits are
obtained this way.

Example 11.11. Let A= . Then

~N N

1 3 4 5
6 8 9 10

| = X1+ 2Xo + 3X3 + 4X4 + BX5; 6X1+ 7Xo + 8X3 + 94 + 10xXsi:

The rows of 0 1
3 4001

B=@2 30 10A
1 2100

form a basis for kerr(A). Let us compute one of the circuits of A.
For = f1;2;3;4g,
0

1 0 1
4 0 0 300
C = det@ 3 0 1Ae+det@2 0 1A6g
2 10 110
03 401 03 4o1
det@2 3 1Aeg+det@2 3 0Ag,
1 20 1 21
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which equals( 4; 3; 2; 1;0). Hencedx; + 3x, + 2X3 + X4 is a
circuit of I .

Exercise 11.12. Compute all circuits of the linear ideal of the matrix
A in the above example. What is a natural upper bound for the
number of circuits of the linear ideal ofad n matrix A?

Prop osition 11.13. LetC = (c¢; ) 2 Rd N qgthe Gauss-Jodan form
(reduced row-echelon form) of A and g = |, Gj X; be the linear
forms correspnding to the rowsof C. Let | be the linear ideal of A.
Then:

(1) fai1;:::;040 is a minimal geneating setfor |, and
(2) the linear forms gy;:::;gq are circuits of | .
Pro of. (1) Sinceewery row of C is a linear combination of rows

of A and vice-versa, every g; is a linear combination of the
fi's and ewery f; a linear conmbination of the gj's. Thus

| =y fgi = hgg;iii;09i. SinceC is in reduced row-
edelon form, we may assumethat C = |l jg where | is
thed d identity matrix. Therefore,g = x; + J”_ a+1 Gi X
foreah i = 1;:::; ;d. This implies that no g is a linear
conbination offgJ ;] 6 igandthusfg:;:::;gqgisaminimal
generating set for | .
(2) égaln assumewithout loss of generality that g = x; +
i=d+1 i X foreath i = 1;:::; ;d. Supposeg; is not a

circuit. Then there exists a Ilnear polynomial g 2 | such
that supp(g) ( supp(g:). Howewer, g = ty0; + :::+ tqgq for
scalarsty;:::;tg 2 R. Sincesupp(@) supp(gi), t2 = tz =

= tq = 0. This implies that g = tig, t1 6 0 and hence
supp(g) = supp(g1), a cortradiction. The sameargumert

Prop osition 11.14. Assume the notation as in Proposition 11.13
and its proof.

(1) A polynomial f 2 S liesin | if and only if suwessively
rep,lacmg every occurrence of xj, i = 1;:::;d, in f, with
i=d+1 € Xj resultsin the zeo polynomlal
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(2) To solvethe linear systemAx = 0, we back solve the \tri-
angularized" systemg; = g, = =gg=0.

Pro of. (1) Let f °be obtained from f by ]'s_,uccessiely replacing
every Xj;i = 1;:::;d, in f, with ?:d+belj Xj. Then
02 R[Xgs1;:::;Xn]. This impliesthat f = & hjg + f°
where h; 2 R[x]. If fI%: Othen clearly f 2 I. Conversely if
f21,thenfO=f idzl hig 2 1\ R[Xg+1;:::;%n] = f0g.

of the special structure of the g;'s.

(2) This is the familiar method from linear algebra of solving
linear systemsby Gaussianelimination.

Proposition 11.14(1) suggestsa division algorithm for linear poly-
nomials in many variables that succeedsn determining ideal mem-
bership for linear ideals. Note that when we perform Gauss-Jordan
elimination on A to obtain C = [l j E], we are implicitly ordering the
variablesin S suc that x; > x, > > Xn. The division algorithm
suggestedin Proposition 11.14 (1) replacesewvery occurrence of the
\leading term" x; in g with X; g, which is the sum of the \trailing
terms" in g;.

Thus the questionswe started with have well known algorithms
and answers when | is either a univariate principal ideal or a multi-
variate linear ideal. We now seeka common generalization of these
methods to multiv ariate polynomials of arbitrary degreesand their
ideals. This will lead usto Grebner basesof polynomial ideals.

In order to mimic the procedureswe saw thusfar, we rst needto
imposean ordering on the monomialsin S = k[x] sothat the terms in
a polynomial are always ordered. This is important if the generalized
division algorithm is to replace the leading term of a divisor by the
sum of its trailing terms. A total order on a setT is an ordering
of the elemens of T in which any two elemens are comparable. For
example,the usual\ " ordering of the integersis a total order on Z.
A partial order on T is an ordering where not all pairs of elemens
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may be comparable. For example, the vectors (2; 3;0) and (1;4;0)
are incomparable if we order Z3 by the usual\ " order which makes
(a1;82;83) (bibp;bs) if andonly if &g bija, bpandas b

De nition  11.15. A term order on S is a total order on the
monomials of S such that

(1) x2  x° implies that x®x®  xPx¢ for all ¢ 2 N", and
(2) x2  x%=1foralla2 N".

Example 11.16. The most commonexamplesof term ordersare the
lexicographic and the reverselexicographic orders on S with respect
to a xed ordering of the variables. Supposex; Xz Xn.

In the lexicographic order , x®  xP if and only if the left-most
non-zeroterm in a b is positive. For example,if x 'y z, then

3 99._,10000

x2y yloo (99, y%:

X

In the (graded) rev erse lexicographic order , x2  xP if and
only if either deg(x?) > deg(x?), or deg(x?) = deg(x?) and the right-
most non-zeroterm in a b is negative. The degreeof a monomial
is its usual total degree.Againif x 'y z, then

8 xly xy® vy

2 3 2 2 2 3

X X’z xyz vy’z xz z3:

yz

The reverselexicographic order de ned hereis degree-compatible
which meansthat it rst comparestwo monomials by degreeand
then breaksties using the rule described. Note that there are n! lex
(lexicographic) and revlex (graded reverselexicographic) ordersin S.

Exercise 11.17. Considerthe following term orderson K[x; y]:

() lex ordering with x vy, and

(i) gradedreverselex ordering with x .

Recall that we can identify the monomialsin k[x; y] by the elemens
of N2. Draw two copiesof N? and seehow its elemeris get ordered
by (i) and (ii).

Exercise 11.18. Show that the revilex order is not a term order if
we do not require it to be degreecompatible | i.e., if we de ne it
as x@ xP if and only if the right-most non-zeroterm in a b is
negative.
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Exercise 11.19. How many distinct term orders doesk[x] have?

There are many other examplesof term orders. In fact, every
vector in R", can be usedto de ne a term order as follows. Given
I 2 R",, pick a xed term order on S suc as a revlex order, and
de ne the total order |, asfollows:

x2 , xPifeither! a>! bor! a=! bandx* xP:

All term orders can be mimicked by weight vectors when the
polynomials we are dealing with have bounded degrees.For instance,
the lex order on k[x;y] with x y can be mimicked by the weight
vector! = (100;1) aslong asthe degreesof all monomialswe will see
are lessthan 100. In general,we can usethe weight vector (100; 100 ),
where can be made as small as we want depending on the largest
degreeof a monomial that we will encourter. In S we could mimic
the lex order with x1 Xn using

Exercise 11.20. What weight vector can be usedto mimic a revilex
order?

We now X aterm order on S which immediately orders the
terms in a polynomial. The unique term in a polynomial f that
cortains the highest monomial with respectto s calledthe leading
term orinitial term off. Wedenotethis term by LT (f) and write
f = LT (f)+fC% Usingthis, we canattempt to write down a division
algorithm for multiv ariate polynomials. The following algorithm is
copiedverbatim from [CLO92 , x2.3, Theorem 3].
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Algorithm  11.21. Division algorithm for multiv ariate poly-
nomials [CLO92 , Theorem 3]
INPUT: A dividend f 2 S and an ordered set of divisors

INITIALIZE: a;:=0;:::;85:=0;r:=0;p:=f
WHILE p6 0DO
i=1
divisionoccurred := false
WHILE i s AND divisionoccurred = false DO
IF LT (f;) dividesLT (p) THEN
g = a + LT (p=LT (fi)
p=p (LT (P=LT (fi)fi
divisionoccurred := true
ELSE
i=i+1
IF divisionoccurred = false THEN
r=r+LT (p)
p=p LT (p

Exercise 11.22. ([CLO92 , Chapter 2.3, Examples2 & 4])

Fix the lex order on k[x; y] such that x .

(1) Divide f = x?y + xy? + y? by the ordered list of polynomials
[fr=xy 1;f»=y? 1]andrecordthe remainder.

(2) Now repeat the division with the list of divisors reordered as
[f=y? 1;f1=xy 1]. Recordthe remainder.

Note that the remainders are dierent. This example shaws that
the above division algorithm for multiv ariate polynomials has se\eral
drawbadks oneof which is that it doesnot produceunique remainders.
This makesit impossibleto ched ideal membership of f in H 1;f,i
by dividing f with the generatorsf;f,.

The above exampleshows that arbitrary generating setsof ideals
and a naive extension of the usual division algorithm cannot be used
for ideal membership. We will seethat this di cult y disappearswhen
the basisof the ideal is a Grobner basis.
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Given a term order on S = Kk[x] and a polynomial f = P Mmax?,
recall that the leading term or initial term of f is the term myx2 in f
such that x2  x?° for all a®2 supp(f) dierent from a. It is denoted
asLT (f). The leading monomial or initial monomial of f is
the monomial x2 in LT (f). It is denotedasin (f).

Example 12.1. Letf = 3x;x3+ p?x% X1X3 2 C[X1;X2; X3] and
be the reverselexicographicorder with x; X, X3. Thenin (f) =
X1X3 is the initial monomial of f and x;x3 is the initial term of f .

The initial ideal of an ideal | S with respect to is the
monomial ideal:

in (1):=hn (f) :f21i S

The monomials of S that do not lie in a monomial ideal M are
called the standard monomials of M. Recall that M can be de-
picted by its stair-case diagram in N" which is the collection of all
exponert vectors of monomialsin M. Clearly, this set of \dots" is
closedunder the addition of N" to any of the dots. Equivalertly, its
complemert in N" is a down-set or order ideal in N". This means
that if xY 62M then x¥ 62M for all v u, where is the usual
componert-wise partial order on N".
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Example 12.2. Let | = ,x?2 y;x® xi  Kk[x;y] and be the
lexicographicorder with x  y. The polynomial x(x?> y) (x3 x)=

Xy + X 2 | which shawvsthat in (1) m?;x3;xyi = lx?;xyi. We
will seelater how to compute all of in (I).

By the Hilb ert basistheorem for monomial ideals (Exercise 10.11
in Chapter 10), all monomial ideals of S have a minimal nite gen-
erating set consisting of monomials. It can also be seenquite easily

that this minimal generating set is unique. Supposefx™:;:::;xMsg
is the unique minimal nite generatingsetofin (l). Then by de ni-
tion, there existsgs;:::;0s 2 | such that in (g) = x™',i=1;:::;s.

De nition  12.3. (1) A nite setof polynomialsfg;;:::;0s0
| is a Greobner basis of | with respectto if in (1) =
hn (g1);:::;in (gs)i. We assumethat ead in (gi) is a

(2) Further, if fin (g1);:::;in (gs)gis the unique minimal gen-
erating setofin (1), wesay that G (1) isaminimal Grebner
basisof | with respect to

(3) A minimal Grobner basisis reduced if no non-initial term

Example 12.4. Let| = x? y;x® xi. Then with respect to the
lex order with x vy, the reduced Grobner basisof | is

fy? yixy xx* yg

We will seelater how to compute this. In particular, this implies that
in (1) = % xy;y%i. The setfy? vy;xy x+y2 y;x> ygisa
minimal Grebner basisof | with respect to the above lex order while
fy2 yixy x+y? y;x? vy:x® xgisanon-minimal Grobner
basisof I with respect to the sameorder.

As you can seein the above example, Grobner basesof ideals are
not unique. However, the reducedGrebnerbasisof | with respectto a
xed term order is unique provided we assumethat the polynomials
in the reduced Grebner basisare monic.
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Lemma 12.5. A GreobnerhbasisG (l) of | is a basisof I.

Pro of. By de nition, hG (1)i |. Sowe needto show that if f 2 |
then f 2 hG (1)i. Supposenot. Then we can assumewithout loss
of generality that f is monic and that among all polynomials of |
that are not in hG (1)i, f hasthe smallestin (f) with respectto
(Such an f is called a minimal criminal). Howewer, f 2 | implies
that in (f) 2 in (1) which implies that there exists someg2 G (I)
such that in (g) dividesin (f). Supposein (g) x™ = in (f). Then
h=f xM™ gisapolynomial in I with smaller initial term than
in (f). By our assumption, h 2 hG (I)i which implies that f 2
hG (I)i which is a cortradiction. Thus!l hG (I)i.

Theorem 12.6. Hilb ert's Basis Theorem . Everyideal | in S has
a nite geneating set.

Pro of. By Lemma12.5,areducedGrebnerbasisof | with respectto
any term order is a basisof | . This reducedGrobner basisis nite

asit cortains asmany polynomials asthe unique nite generatingset
of the monomial ideal in (1). In a previous exercise,we proved that
all monomial ideals have a unique nite generating set.

Lemma 12.7. If G (I) is a Grobner basis of | with respect to the
term order , then the remainder of any polynomial after division by
G (1) is unique.

f 2 Sby G (I) with the elemens of G (1) orderedin two dierent
ways and obtain two remaindersrq;r, 2 S. Then we have the two
expressions: X X
f= ag+ri= ag+r;

which implies that r; r, 2 1 andthat noterm ofr; ry is divisible
in (g) for any g 2 G (I). Howewer this impliesthat r; r, = 0
since otherwise, the non-zeroterm in (r; ry) 2 in (I) and some
in (g) would divide it.

Corollary 12.8. Grobner basessolvethe ideal memtership problem:
A polynomial f is in | if and only if its remainder after division by
a Grobner basis G () is zer.
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Pro of. prf 2 S and its remainder after division by G () is zero,
thenf = ;.5 (1) hig which liesin I, and hence,f 2 1.

Conversely supposef 2 1. ThenPsince G (1) is a basis of
I, ttyre exists hj 2 S such that f = 926 (1) higi. Then 0 =
f g26 (1) Nig which implies that 0 is one, and thus the unique,
remainder of f on division by G ().

In [Buc65 ], Buchberger deweloped an algorithm to compute a

prescribed term order on S. The algorithm needsas a subroutine
the calculation of the S-pair of two polynomials f and g, denoted as
S-pair(f;g). Let x be the least common multiple of LT (f) and
LT (g). Then

e X X ]
S-pair(f; g) = T () f T @ o

We also let remg (h) denote the remainder obtained by dividing the
polynomial h by an ordered list of polynomials G.

Buchberger's algorithm hinges on the important fact that a set
of polynomials G form a Grobner basiswith respectto if and only
if for eadh pair f;f°2 G, remg(S-pair(f ;f%9) = 0. The proof can be
found in any of the books mertioned at the start of Chapter 11. We
reproduce the algorithm from [CLO92 , x2.7, Theorem 2].

Algorithm  12.9. Buc hberger's algorithm

INPUT: F = ffq;:::;figabasisof the ideall S and aterm order
onS.
OUTPUT: The reducedGrebner basisG (I) of I with respect to
G=F
REPEAT
GY=G
For ead pair fp;qg; p6 qin G%do
S = remgo(S-pair(p;q))
If S6 O0then G:= G[ fSg
UNTIL G= G°
(G is a Grobner basis of | with resgect to  at this point.)
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Producing a minimal Grebner basis.

Make every element of G monic by dividing through by its leading
coecient. Let U := fin (g) : g 2 Gg. For each minimal elemen
of U with respect to divisibilit y, pick one polynomial from G whose
initial monomial is this minimal elemen. Call this set G again.

Producing the reduced Grobner basis.
Let G be a minimal Grebner basisof | with respect to
SetG%:= Gand G () :=;
Foreath g2 G do
9°= remgonrgg(9); G (1) = G (1) [ fg%:; G°= G%hfgg[ fg%.

Example 12.10. Forthe ideal | = H;:= x> vy;f,:= x3 xi with
the lex order x vy, we begin by setting G = ff;f,g. The rst step
of the Buchberger algorithm computes S-pair(f 1;f,) = fo  x(f,) =
Xy X. Note that remg(xy X) = xy X. Thuswedene f3 =
Xy X and update G to G = ff;f,;f3g. Continue the Buchberger
algorithm until all S-pairsreduceto zeroat which stagewe will have
G = ffq;f,;f30. The reduced Grobner basisof I with respect to
isthusfx? y;xy Xxg.

De nition 12.11. A nite setU | isauniv ersal Greobner basis
of | if it is a Grebner basisof | with respect to everyterm order.

Prop osition 12.12. Linear ideals revisited (cf. Chapter 11).

Jordan form C of the matrix A is the reduced Grobner basis
of the linear ideal | of A with respect to any term order such
that x1 Xn .

(2) The setof all circuits of | is a minimal universal Grobner
basis of . ([Stu96 , Proposition 1.6]).

Pro of. (1) We follow the notation inPProposition 11.13. Note
that the terms of eah g; = x; + j”: 4+1 € X; are already
ordered in decreasingorder with respect to the above term
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it suces to shaw that the remainder obtained by dividing
S-pair(gi; g ) with respect to G is zerofor all i 6 j 2 [d].
This follows from the following generalfact: If f = in (f)+
fPand g=in (g)+ g°aretwo monic polynomials such that
in (f) andin (g) are relatively prime, then

S-pair(f;g)=in (g) f in (f) g
which reducesto zero modulo ff;gg. This is an important

criterion for avoiding S-pairsthat will evertually reduceto
zero, known as Buchlerger's rst criterion .

(2) (proof from [Stu96]) The argumert in (1) shows that every
reducedGrobnerbasisof | arisesfrom a Gauss-Jordanform.
Proposition 11.13(2) proved that all the elemeris of these
Grobner basesare circuits of I . Thus the circuits of | form
a universal Grobner basisof | .

To prove minimalit y, we needto arguethat ead circuit
| appearsin somereduced Grobner basisof |. Let bea
term order such that fx; : i 62upp(l)g fx; :i 2 supp()g
and G := G (I). Sudc term orders are known as elim-
ination orders. Supposel does not appear in G. Then
there exists I° 2 G suc that in (1) = in (19. By the
elimination property of , supp(9 supp(l) and hence
supp(l 19 ( supp(l). However this cortradicts that | is a
circuit of I as| 1°%is a non-zerolinear form with strictly
smaller support.

Exercise 12.13. Fixing aterm order, useBuchberger'salgorithm to
conrm that x> y22 I y;x? vyi.

. What is a Grebner basisfor M with respectto ? What would
you expect its reduced Grebner basisto be? Should your choice of
term order matter?



Chapterl3

Initial Complexes of
Toric ldeals

In this chapter we will setthe stagefor another polytope, called the
state polytope of a point con guration. The state polytope is ner

than the secondarypolytope in a precisesense.For this we rst pass
to a polynomial ideal called the toric ideal of the con guration and
then to its Grebner bases.

Let A Z9 be a graded vector con guration and A the d n
matrix whosecolumnsare the elemens of A. We will assumeasusual
that rank(A) = dandthat (1;1;:::;1) liesin the row spaceof A. Let

kerz(A) = fu2z" : Au = Og:

Notice that kerz(A) is an abelian subgroup of Z". We can write a
vector u 2 Z" uniquely asu = u* u whereu*;u 2 N" and

+y Uj if Uj 0
S 0 otherwise
. Uj if Uj 0
S 0 otherwise.

Example 13.1. Ifu= ( 5;16,0;0; 17;2)thenu* = (0;16;0;0;0;2)
andu = (5;0;0;0;17;0).

117
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De nition  13.2. The toric ideal of A is the polynomial ideal
Ia = Y xY :u2kerz(A)i  K[Xi:iiiXa] =S

De nition 13.2de nes |5 via an in nite generating set consist-
ing of binomials . Binomials are polynomials with two terms, just
as monomials are polynomials with one term. However, by Hilb ert's
basistheorem, we know that there is a nite subsetof the above in-
nite generating setthat alsogeneratesl 5. There are algorithms for
nding such a nite generatingset, although it becomesa highly non-
trivial calculation as the size of A increases. See[Stu96 , Chapters
4 and 12.A] if you are interested in these algorithms. The following
Macaulay 2 session(from [SST02]) implements one of these algo-
rithms and computesthe toric ideal of the con guration A consisting
of the columns of

4 1
@ o A
0

o ~ O

0
0
4

RN
BN R
N R

We will useit asa black bo

x

to generatetoric ideals.

Example 13.3. [thomas@penguin thomas]$ M2
Macaulay 2, version 0.9.2
il : load "LLL.m2"

i2 : toBinomial = (b,R) -> (
top := 1 R; bottom = 1 R;
scan(#b, i -> if b_i > 0 then top =top * R_i"(b_i)
else if b_i < 0 then bottom = bottom * R_i"-b_i));
top - bottom);

i3 : toricldeal = (A) -> (
n = #(A_0);
R = QQJ[vars(0..n-1),MonomialSize=>16];
B := transpose matrix LLL syz matrix A;
J = ideal apply(entries B, b -> toBinomial(b,R));
scan(gens ring J, f -> (J = saturate(J,f)));
J
);
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N
>
I

{{4,0,0,2,1,1}{0,4,0,1,2,1},{0,0,4,1,1,2}};

Gi
1

toricldeal A
3 3 3
o5 =ideal (e - b*d*, c*d*e - f , d - a*e*f,

05 : ldeal of R

i6 : toString 00

06 = ideal(e"3-b*d*f,c*d*e-f"3,d"3-a*e*f,a*b*c-d*e*f,
dn2*en2-a*b*f12,a*cren2-d"2*12,b*c*dn2-e/2*12)

The output on line 06 is the nite generatingsetof 4.

A grading of S by an abelian group G is a map called degree
dened asdeg:S! G sud that x; 7! g for ead i :Pl;:::;n. This
map is extendedto a monomial x 2 S asdegx?) =  ajg. A poly-
nomial f 2 S is homogeneous under this grading if all monomials
in f have the samedegree. An ideal | S is homogeneousf every
polynomial in | is a sum of homogeneougpolynomials or equivalertly,
if 1 is generatedby homogeneougpolynomials under the given grad-
ing. The most commongrading on S is by Z wheredeg(x;) = 1. This
is called the total degree grading and unlessstated otherwise, we
will meanthis grading when we talk about homogeneouddeals.

Every homogeneougpolynomial ideal has a state polytope which
is a polytope whoseverticesare in bijection with the distinct reduced
Grebner bases(equivalently, initial ideals) of the ideal. In the next
chapter we will examine the state polytopes of toric ideals and see
how they are related to secondarypolytopes. For suc a relationship
to exist we needa relationship betweenthe initial ideals of the toric
ideal of A and the regular triangulations of A. We establish this
connectionin the rest of this chapter.

De nition  13.4. A simplicial complex on [n] is a collection of
subsetsof [n] such that if F 2 and G F then G2 aswell. In
particular, the empty setisin .

(1) The elemers of are called the faces of .
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(2) The dimensionof afaceF 2 isjFj 1. The dimension of
is the maximum dimension of a facein .

(3) The maximal dimensionalfacesof are called facets.
(4) is pure if all its facets have the samedimension.

(5) The faceposetof s the setof facesof partially ordered
by inclusion.

(6) A non-face of isany setH [n] such that H is not a
faceof . A minimal non-face of is a non-faceH of
such that all its proper subsetsare facesof .

Example 13.5. A triangulation of A givesa simplicial complex on
[n]. For instance our favorite non-regular triangulation in Figure 1
givesthe pure simplicial complex on [6] = f1; 2; 3;4;5; 6g whoseface
lattice can also be seenin Figure 1.

3

Figure 1. Our favorite non-regular triangulation as a simpli-
cial complex.

The setf 1; 2; 6g is a non-minimal non-faceof this simplicial com-
plex while f 1; 2; 3g is a minimal non-face.
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Note that a subdivision of A that is not a triangulation does
not yield a simplicial complex, as only somesubsetsof a face of the
subdivision may be facesof the subdivision. We will identify a trian-
gulation with its assaiated simplicial complex. Note also that it is
enoughto specify the facets of a simplicial complex asthe remaining
facesare simply all subsetsof the facets. Thusfrom now on we specify
simplicial complexesby only listing their facets.

Givenanideall S andaterm order , wecancomputethe ini-
tial ideal in , (1) which is a monomial ideal in S. We saw earlier that
the radical in (l) isalsoa monomialideal in S and is generatedby
squarefreemonomials obtained by erasingthe powers on the mono-
mial generatorsof in (). There is a bijection between squarefree
monomial idealsin S and simplicial complexeson [n].

De nition  13.6. The Stanley-Reisner ideal of a simplicial com-
plex on [n] is the squarefreemonomial ideal

I =, Xi, X, :fii;iz;:i15ikgis a minimal non-faceof i:
Conversely a squarefreemonomial ideal | is the Stanley-Reisnerideal

of the unique simplicial complex ( ) whoseset of minimal non-faces
is

ffigyig;iiisikg  [n] @ XigXi, X, isaminimal generatorof | g:

Example 13.7. The minimal non-facesof the non-regular triangu-
lation in Figure 1 are 16; 35;24; 123 which implies that its Stanley-
Reisnerideal is haf ; ce;bd;abd where we take S = k[a;b;c;d;e;f].

then x;, x;, Xi, 2 |
(2) Finding all minimal non-facesof a simplicial complex is not so
easy It's easierto compute | \ via the following formula:
| = i :162i:
facet of
Ched this formula for the Stanley-Reisnerideal constructed in Ex-
ample 13.7 and then prove it in general.

If we have a non-squarefreemonomial ideal Ip S, then the sim-
plicial complexwe want to assiate with it is ( ~ 1). Howewer, since
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many ideals can have the sameradical, the map from monomial ideals
to simplicial complexesis not a bijection. We will study simplicial
complexesthat comefrom initial ideals of a polynomial ideal.

De nition  13.9. The initial complex (1) of a polynomial ideal
I S with respect to the term order is the simplicial complex

(7 i ).
Example 13.10. Considerthe vector con guration
1 1 1 1
o " 1 2 ' 3
from Example 7.11. Its toric ideal is
la=hac bP;bd c?;ad bd k[a;b;c;d]:

This ideal has eight distinct monomial initial ideals that are listed
below along with weight vectors ! 2 R#* that induce them, their
radicals, and initial complexes.On the extreme right we also list the
regular triangulations | of the con guration.

A =

D

! in (1) 0 (1) !
(0;1;1;0) hc?; be;kPi ho; ci f14g f14g
(0;5;1;0) | h#?;bc;c3; bd 00 00 0o
(0;1;5;0) | ho®;ac;bc;ci 00 00 0o
(0;3;0; 1) | ho?; bc;bd;ad?i ho;adi f13;34g f 13,349
(0;1;0;3) | h#;ad;bd 00 00 0o
(1;0;0;1) hac;ad; bd hac;ad;bd | f12,23;34g | f12,23;34g
(1;0;3;0) | hac;bc;c?; adi hc; adi f 12,249 f12; 249
(3;0;1;0) | hac;c?; adi 00 0o 00

From this example, you might suspect that the initial complex
1 (Ia) is precisely the regular triangulation ;. This is the main
result of this sectionwhich we prove in Theorem 13.12.

Lemma 13.11. Let , bearegulartriangulation of A, = fi;:::;ikg
afaceof |, and = fji;:::;j1ganon-face of |, suchthat the rel-

18, + 1ii+ aj = 14, + It 1§,

Py
and P = i = 1. Then < B i .
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Pro of. Recallthat the facetsof , are preciselythe lower facets of
the lifted polytope P' . Therefore, lifts to a lower faceof P' where
for eah j 2 , @ has beenlifted to height ! ;. This implies that
}pe corvex combination ja;, + :::+ a;, hasbeenlifted to height

i» i'i sincethe lifted points indexed by spananane plane.
On the other hand, the corvex hull ?_.I the points inexed by donot
form alower faceof | andhence, , !i > ;, !i .

Theorem 13.12. [Stu9l, Theorem 3.1] Let | o be the toric ideal of
A and! be aterm order on S. Then the initial complex | (Ia) is
the regular triangulation | of A or equivalently, = in, (1a) is the
Stanley-Reisner ideal | , of the regular triangulation , of A.

Pro of. We reproducethe proof in [Stu91]. Suppose . is aregular
triangulation of A. We will rst arguethat the Stanley-Reisnerideal

| , is contained in ~ iny (la). Let = fji;:::;j10 be a non-face
of | or equivalertly, Xj,Xj, Xj, 2 1 ,. Then there exists a face

= fiy;::1;ikgof | sudc that

relint(conv(a;,;:::;a;)) \ relint(conv(ay,;:::;a;)) 6 ;

H it H 0 0 0 0 \asi P 0

BICk positive rational numbers 7;:::; [ and 1;:::; Pwith Q=
9= 1 such that
Qai, + i+ Qa, = %4, + i+ fa:

Clearing denominators, we get vectors ; 2 N" such that

A = i, v+ 8, = 8, i+ ,—IajI:A:
Then the vector ( ) 2 kerz(A) which meansthat (X X )
lies in the toric ideal |o. Since is afaceof | while is a non-
face,by Lemma 13.11,we have that ! <! which implies that

in; (x  x )= x . This meansthat x 2 in, (I 5) and subsequetly,
Xj,  Xj; 2 iny (Ia). This provesthat | , iny (1a)-

Conversely supposep iny (Ia) is not contained in | , . This im-
plies that there is a monomial x in in, (Io) whose support is a
face of . It is not too hard to prove that the ideal 1 is gen-
erated as a k-vector spaceby binomials of the form XU xY where
u 2 kerz(A) which then meansthat there is a binomial x X 21la
with in, (x X )= x sud that supp(x ) is afaceof ,. We have
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! > | . Also, A = A which meansthat supp(x ) hasto

be a non-faceof | since otherwise we have two facesintersecting

in their relative interiors. This contradicts Lemma 13.11,and hence,
in; (IA) | L.

Corollary  13.13. A monomial x™ is standard for the initial ideal
iny (1) if and only if supp(x™) does not contain a non-face of .

The toric ideal of the six point con guration underlying our fa-
vorite non-regular triangulation has 112 initial ideals which is a bit
too large for us to analyze by hand. Instead, let's look at all the
initial ideals of the pentagonal con guration from Example 8.3.

Exercise 13.14. Considerthe the pentagonal con guration A whose
elemerts are the CO|UmBS of:

1
11111
@0 1 2 1 0A:
00121

The toric ideal |, = Hod ce;a?d bé;a’c bPei  k[a;b;c;d;€].

Listed below are the eight distinct monomial initial idealsof | 4 :

(1) hbd;a?d;a?ci

(2) hce;a?d;a’ci

(3) hce;bé€; a%ci

(4) hce;be; Pe;ac?i

(5) hbd;kPe;a?di

(6) hbé;bd;Pe;a?d?i

(7) hcé’; be; bd;rei

(8) hce;bé; KPe;bidi
This calculation was done using the software padkage CATS [Jenal].
Group these initial ideals by their radicals and compute the corre-
sponding initial complexes. Ched that they coincide with the v e

regular triangulations of this con guration that we sawv earlier. Can
you nd weight vectorsthat induce ead of the initial ideals?

Theorem 13.12 says that regular triangulations support initial
ideals in the sensethat their Stanley-Reisnerideals are radicals of
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initial ideals of | 5. Equivalertly, the set of regular triangulations of
A is precisely the set of simplicial complexescoming from radicals
of initial ideals of | o. Thus a non-regular triangulation cannot sup-
port an initial ideal of I 5. Let's prove this for our favorite regular
triangulation.

Theorem 13.15. There is no weight vector ! such that the initial
complexof | o with respect to ! is our favorite non-regular triangula-
tion.

Pro of. Look at the three quadrilaterals f 1;2;4;5q;f1;3;4;6g and
f2;3;5; 6g in the non-regular triangulation. Thesequadrilaterals sup-
port the dependencerelations

( 104 40);(10; 1 404)and(0; 1,104 4)

on the columns of

0 1
4 00211
A=@0 4 01 2 1A:
004112
These elemerts in kerz(A) give the following three binomials in the

toric ideal | 5 :
bd* ae*;af? cd';cet bf*:

In eat case the positive monomial is the leading term with respectto
any ! that inducesthis triangulation. This is becausethe support of
the positive term is a non-faceof the triangulation while the support
of the other monomial is a face of the triangulation. This implies the
following three inequalities:

lo+ 4l 4,>1 1+ 4l ¢

!1+4!6> !3+4!4

!3+4!5> !2+4!6
Howe\er, if you add the three inequalities we get 0 > 0 which implies
that no such ! exists.






Chapterl4

State Polytop es of Toric
|deals

In this chapter we will de ne and construct the state polytope of a
toric ideal I o and then relate it to the secondarypolytope of A via
the relationship betweeninitial idealsof | o and regular triangulations
of A deweloped in Chapter 13. We follow the sameapproad as with
secondarypolytopes| wewill rst de ne a polyhedral fan called the
Grobner fan of I 5 which will then be shown to be polytopal. This
polytope will be called the state polytope of | 5. State polytopesand
Grobner fans exist for all homogeneousdeals [BM98 , MR88 ] and
[Stu96 , Chapter 2]. For non-homogeneousdeals, one can de ne the
Grobner fan, but these fans may not be polytopal. An example of
such an ideal can be found in [Jenb].

Beforewe discussthe generalsituation, let ustake a homogeneous
principal ideal and work out its state polytope. The vertices of this
polytope must index the distinct reduced Grobner basesof the ideal.
If I = i wheref is homogeneousthen all reduced Grobner bases
of | consist of the single elemen f with dierent terms marked as
leading monomial. Which monomialsin the support of f can become
leading terms? For a given weight vector ! , these are precisely the
monomialsx in the support of f for which ! is maximized. Thus
the exponents of the possibleinitial monomials of f are in bijection

127
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with the vertices of the Newton polytop e of f which is the cornvex
hull of all the exponert vectorsof monomialsin f . The state polytope
of | = hfi is the Newton polytope of f .

Example 14.1. Let| = H = 3x3+ Ix%y+ IOixyz + y3i. Then the
Newton polytope of f is the line segmen

corv(f (3;0); (2;1); (1; 2); (0; 3)9);

and the two verticesof this line segmem correspond to th% two distinct

reducedGrobnerbasesof | which are G, = fx3+ ix?y+ —2xy?+ 1y%g
and G = f3x®+ ix?y + = 2xy? + y®g. The underlined term is the

leading term in ead case.

We will only be concernedwith toric ideals. We assumethe same
set up as always: A is a graded point con guration in Z¢ whose
columnsform the d n integer matrix A of rank d. We assumethat
the vector (1;1;:::;1) liesin the row spaceof A. Then the toric ideal
of A is the homogeneousinomial ideal

o= xY :u2 kerz(A)i:
Ched that 1, is homogeneous.
Exercise 14.2. Argue that every reduced Grebner basis G of the
toric ideal | o consistsof a nite set of binomials of the form x X
suc that 2 kerz(A).
(Hin t: We showed earlier that 15 hasa nite generating set of this
form. If we use this as the input to Buchberger's algorithm, what
sorts of polynomials will we generateduring, and at the end of the
algorithm?)
Example 14.3. The eight reduced Grobner basesof | 5 for
i1 1 1
A= o' 1 ' 2 ' 3
are listed below. We saw theseeight initial idealsin Example 13.10.
(1) f? acbc ad;c> bdg
(2) f¥ acbc ad;bd ;¢ ad’g
(3) fac k;b® a?d;bc ad;c® by
(4) fad®> ;¥ acbc ad;bd c?g
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(5) fad bc)? ac;bd c?g

(6) fac b*;ad bcbd g

(7) fa?d b*ac ©;bc ad;c? by

(8) fac k*;ad bc;c®? bdg
Denition 14.4. LetG =fx ' x ' :i=1;:::;tg be areduced
Greobner basisof | 5. The Greobner cone of G is the polyhedral
cone

Ki =fv2R": ; v i vforalli=1;:::;tg:

The Grebner cone K, is full dimensional (n-dimensional) since
the weight vector! satis es the t inequalities with a strict inequality.
Further, the entire row spaceof A liesin K, since( ; i) 2 kerz(A)
which implies that every vector in the row spaceof A will satisfy the
t inequalities with equality. Is there a larger vector spacein K, ? If
there is, then for every v in this vector space, v is alsoin the vector

spaceand we must have | v i vand ; \% i v which
together imply that ( ; i) v = 0. Now it turns out that the
spanof f | i 1= 1;:::;tg is exactly kerg(A) which implies that

the row spaceof A is the biggest vector spacein K, . Thus we can
write K, asthe sum of the row spaceof A and the part that liesin
the kernel of A. The latter is the interesting part | it is a pointed
polyhedral coneof dimensionn d, which we will call the pointed
Greobner cone of G, denoted as KP. We will now gure out how
to draw K? in kerr(A) which is a vector spaceisomorphic to R" 9.
From K? we can reconstruct K, by adding on the row spaceof A.

Let B be the Gale transform of A. Since (1;1;:::;1) is already
in the row spaceof A, the Gale transform B R" 9. Let B! be the
matrix whosecolumns give B. Since A is an integer matrix, we can
chooseB! 2 z(" 9 " such that its rows generatekerz(A) which in
particular meansthat they also generatekerg(A). Further, the row
spaceof B! isisomorphicto the column spaceof Bt which implies that
the span of B is isomorphic to kerg(A) which in turn is isomorphic
to R" 9. Thus we candraw K? in R" 9, the spacespannedby the
Gale transform B. Given 2 kerg(A), solveyBt = to nd
its represettativey 2 R" 9. Let's usethis method to draw the eight
Grobner conesof Example 14.3in R2.
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Example 14.5. For this example, we choose

1 210
T —
B'= 301

Let G = fb¥ acibc ad;c?2 bdy. Its Grebner coneis

Ki =fv2R*:2v, v+ V3 Vot Vs Vi+ Vy 2v3 Vo + V40

We nd the pre-imagesof the vectors ( 1;2; 1;0), ( 1;1;1, 1)
and (0; 1;2; 1) under the map from R?> | R* wherey 7! yB!.
Under this map, ( 1;2; 1,0) 7! ( 1;0), ( L, L1, 1) 7' (1; 1
and (0; 1;2; 1) 7! (2; 1). This implies that
KP=f(yiiy2)2R?: y1 Oyi y2 021 y» Og:

This coneis the shadedconeshown in Figure 1.

bd

b? == ac

ad
bc

Figure 1. Pointed Grobner cone.

We label the hyperplanesthat bound the halfspaceswith the
monomials of the original binomial that gave rise to this hyperplane
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sothat the monomial pointing into a half spaceis more expensiwe for
a weight vector lifted from that region than the other monomial.

Using this technique let us draw all eight Grobner cones. The
resulting picture is shown in Figure 3. To make our life easier, we
rst note that there are only v e dierent binomials in the eight
reduced Grobner bases,up to sign. Thus we draw the hyperplanes
corresponding to them rst and mark the halfspaceswith monomials
as before. Then it's easyto pick o the Grebner cones. Figure 2
shows the v e hyperplaneswith labeled halfspaces.

bd

b2 <= ac

ad
be

Figure 2. Hyperplanes given by binomials in the Grobner
bases.

Notice that the Grobner conest together to form a polyhedral
fan in the above example (see Figure 3). We will prove that this
is always the case. In the mean time, let's denote by GF (A) the
collection of all Grebner conesof 1 5. We will call it the Greobner
fan of | o although we haven't yet proved that it is a fan.

Lemma 14.6. Let! be a term order for |5, and G the reduced
Grobner basis of | o with resgct to ! . Then G o = G if and only if
I Olies in the interior of the Greobner cone K .
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bd

CZ
b? <= ac
ad
6
8 bc
7
5 azd
A
v
b3
3
4
1
2
ad?
C3
Figure 3. Pointed Grobner fan.
Pro of. SupposeG = fx i x i : i = 1;:::;tg = Go. Then
i 19>  1%foralli= 1;:::;t which implies that ! °lies in the
interior of K, .
Conversely suppose! liesin the interior of K, . Then ; !9>

i 1 %for all binomialsx  x ' in G . This implies that the initial
ideal in, (Ia) inyo(la). Therefore, the two initial ideals are equal
since the standard monomials of both initial ideals form a k-vector
spacebasisfor S=l and if oneinitial ideal is properly inside another,
then we would have one basis of this vector spaceproperly inside
another which is a contradiction. SinceG and G . are reduced, they
are equal asewery initial ideal givesrise to a unique reduced Grobner
basisof | 5.

Corollary 14.7. Two distinct Grobner conesof | o do not intersect
in their interiors.
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We now construct a polytope whoseinner normal fan is GF (A)
proving that GF (A) is a polyhedral fan and that it is polytopal.

De nition 14.8. Takethe universal Grobner basisof | o, denotedas
UGB (Il a), to be the set of all binomials (up to sign) that appear in
the reduced Grobner basesof | 5 .

Example 14.9. In our running example,UGB () = f? ac;c?
bd;ad bca’d b ad® g

It is a fact that ewvery polynomial ideal has a nite universal
Grebner basis. This follows from the more important fact that ev-
ery polynomial ideal only has nitely many distinct reduced Grebner
bases[Stu96 , Chapter 1] and that ead reduced Grebner basisis -
nite. The union of thesereduced Grobner basesis always a universal
Grobner basis of the ideal.

degxj) = a 2 A fori = 1;:::;n. Then degix") = Au 2 zZ9%
We sometimesabusenotation and also refer to Au as the degreeof
u 2 N". Notice that the two monomialsin a binomial x4~ x4 2 1,
have the samedegreeunder this A-grading. For u 2 N", let

deg *(Au) := fv 2 N" : deg(u) = deg(v)g
be calledthe b er of u or xY.

De nition  14.10. A vector b 2 Z% is a Greobner degree of | 5 if
there is someelemen x X 2 UGB(la) such that b = deq ) =
deq( ). The b ersof Grebner degreesare called Greobner b ers.

Example 14.11. The Grebner degreesof our running example are:
f(2;2)';(2:4)'(2;3)";(3:3)';(3;6)'q:
The Grebner b ersare:
(1) deg *((2;2)") = f(1;0;1;0);(0;2,0;0)g
(2) deg *((2;4)) = £(0;1;0;1);(0;0;2;0)g
(3) deg *((2:3)") = (1;0;0;1);(0;1;1,0)g
(4) deg *((3;3)!) = £(2;0;0;1); (1;1; 1;0); (0; 3;0;0)g
(5) deg *((3;6)!) = f(1;0;0;2); (0; 1; 1;1); (0; 0; 3;0)g
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We can compute all monomials of a given degreeusing the following
Macaulay 2 commands:

Macaulay 2, version 0.9.2

i1 A={{1,11,1}{0,1,2,3}};
i2 : R= QQ[a..d, Degrees => transpose A];
i3 : basis({2,2},R)
03 =| ac b2 |
1 2
02 : Matrix R <-- R

De nition  14.12. The state )POIytop e of | 5 is the Mink owski sum
St(la) = conv(deg (b))
b Greobner degree

Example 14.13. In our example,sincethe left-most 2 2 submatrix
of A is non-singular, the projection of any v 2 R* of a given degree
to (v3;Vs4) 2 R? can be uniquely lifted badk to v. Thus, we can draw
the projections of all Grebner b ersinto the x3;Xx4-plane and then
compute the state polytope. The summandsand the Mink owski sum
are shown in Figure 4.

Greobner Fib ers

EE T

X 1+2+3+4

1+2+3

State polytop e

1+2+3+4+5

Figure 4. The state polytop e of our example projected into
R?.
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In Figure 5 we seethat the inner normal fan of the state polytope
coincideswith the Grebner fan we sawv in Figure 3.

Figure 5. The state polytop e and Grobner fan.

Theorem 14.14. The Grobnerfan GF (A) of | o is the inner normal
fan of St(la).

Proof. Let! beaterm order for o and G = fx ' x i ;i =
1;:::;tg be the reduced Grobner basisof | o with respectto ! . Let
K, be the Grobner cone of G, N(St(la)) be the inner normal
fan of St(la), and N (face | (St(1a))) be the inner normal cone of
St(la) at the face that minimizes! . We needto show that K, =
N (face | (St(la))). The proof is going to needthe three facts that
we list below without proof. For details, see[Stu96 ].

(1) Fact (1): The inner normal coneof a Mink owski sum poly-
tope cortaining a vector ! Cis the intersection of all the inner
normal conesof the summands cortaining ! % In particu-
lar, the inner normal fan of the Minkowski sum polytope
is the common re nement of the inner normal fans of the
summands.

(2) Fact (2): If x X is an elemen of the reduced Grobner
basisG of I, then! >1 forall 2deg *(A ). In
particular, is a vertex of corv(deg (A )) and the inner
normal cone of corv(deg (A )) cortaining ! is the inner
normal coneat the vertex
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(3) Fact (3): For eath degreeb and a reduced Grobner basis
G , there is a unique elemert my 2 deg (b) such that x™»
is the normal form with respectto G , of any monomial x™
such that m 2 deg (b). In particular, if x x 2 G,
then x s this unique normal form with respectto G of all
monomials of the samedegree.

We rst prove that
N (face | (St(1n)) Ki:
Pick ! 92 N (face | (St(Ia))). Then by Fact (1) below,
1 92 N (face | (conv(deg *(b))))

for each Grobner degreeb of | . Considerthe Greobner b er
corv(deg }(b= A )) ofx x 2 G . By Fact (2) below,

N (face | (conv(deg (b)))) is the inner normal cone of

corv(deg (b)) at the vertex . Since! °lies in this inner normal
cone,we havethat !°%> 19 Sincethis is true for all elemens
of G, wegetthat ! °2 K, .

Now let's prove the opposite containment:
K, N (face | (St(1a))):

Pick ! %in the interior of K, . Then we know that G = Go. By
Fact (3), both ! and ! © are optimized at the same lattice point in
corv(deg (b)) for every b of the form Av, v 2 N". Therefore,! and
! Olie in the sameinner normal conein the corvex hull of all Grebner
b ers. Then Fact (1) implies that both vectorslie in the sameinner
normal cone of St(I») which provesthat ! © 2 N (face | (St(la))).

Exercise 14.15. Work out the state polytope and Grebner fan of
the con guration consisting of the columns of

1
11111
@0 1 2 1 0A:
00121

De nition  14.16. A polyhedral fan F is said to re ne another fan
FOif F re nes F%asconecomplexes.The fan F°is a coarsening of
F. Recall that the common re nement of a collection of polyhedral
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fans is the new fan obtained as the multi-in tersection of all cones
involved.

Notice that the Grebner fan of our running exampleis a re ne-
ment of the secondaryfan of the samecon guration.

Theorem 14.17. The Grobner fan of 1 5 is a re nement of the sec-
ondary fan of A.

Pro of. This is a direct consequenceof the fact that the radical of
the initial ideal in, (I5) is the Stanley-Reisnerideal of the regular
triangulation .

Exercise 14.18. Verify Theorem 14.17in Exercise14.15.
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