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Abstra ct. The fourteen lectures in this book were prepared
for the advanced undergraduate course at the Park Cit y Math-
ematics Institute on Geometric Combinatorics in July 2004.
They begin with the basics of polytop e theory with an em-
phasis on geometry via the theory of Schlegel and Gale dia-
grams. The lectures lead up to secondary and state polytop es
arising from point con�gurations. These polytop es are rela-
tiv ely recent constructs that have connections to several parts
of mathematics such as combinatorics, commutativ e algebra,
algebraic geometry and symplectic geometry. The treatmen t
here constructs them from scratch and focuses on their geo-
metric combinatorics. This book is meant to be accessible to
undergraduates with a background in linear algebra.
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Preface

Theselectures were prepared for the advancedundergraduate course
at the Park Cit y Mathematics Institute in Geometric Combinatorics
in July 2004. Many thanks to the organizers of the undergradu-
ate program, Bill Barker and Roger Howe, for inviting me to teach
this course. I also wish to thank Ezra Miller, Vic Reiner and Bernd
Sturmfels who coordinated the graduate research program at PCMI,
for their support. Edwin O'Shea conducted all the tutorials at the
courseand wrote several of the exercisesseenin these lectures. Ed-
win was a huge help in the preparation of these lectures from the
beginning to the end.

The main goal of these lectures was to develop the theory of
convex polytopes from a geometric view point to lead up to recent
developments centered around secondaryand state polytopesarising
from point con�gurations. The geometric view point naturally relies
on linear optimization over polytopes. Chapters 2 and 3 develop the
basics of polytope theory. In Chapters 4 and 5 we seethe tools of
Schlegeland Gale diagramsfor visualizing polytopesand understand-
ing their facial structure. Gale diagrams have been used to unearth
several bizarre phenomenain polytopessuch as the existenceof poly-
topes whose vertices cannot have rational coordinates, and others
whosefacets cannot be prescribed. Theseexamplesare described in
Chapter 6. In Chapters 7{9 we construct the secondarypolytope of
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viii Preface

a graded point con�guration. The facesof this polytope index the
regular subdivisions of the con�guration. Secondarypolytopes ap-
peared in the literature in the early nineties and play a crucial role
in combinatorics, discrete optimization and algebraic geometry. The
secondarypolytope of a point con�guration is naturally re�ned by
the state polytope of the toric ideal of the con�guration. In Chap-
ters 10{14 we establish this relationship. The state polytope of a
toric ideal arisesfrom the theory of Gr•obner baseswhich is developed
in Chapters 10{12. Chapter 13 establishesthe connection between
the Gr•obner basesof a toric ideal and the regular triangulations of
the point con�guration de�ning the ideal. Finally, in Chapter 14
we construct the state polytope of a toric ideal and relate it to the
corresponding secondarypolytope.

Theselectures are meant to be self-contained and do not require
any background beyond basic linear algebra. The concepts needed
from abstract algebra are developed in Chapters 1,10,11and 12.

I wish to thank Tristram Bogart, Ezra Miller, Edwin O'Sheaand
Alex Papazoglufor carefully proof reading many parts of the original
manuscript. Ezra made several important remarks and corrections
that have greatly bene�ted this �nal version. Many thanks also to
Sergei Gelfand and Ed Dunne at the AMS o�ce for their patience
and help in publishing this book.

Rekha R. Thomas
Seattle, January 2006



Chapter1

Abstract Algebra:
Groups, Rings and
Fields

This coursewill aim at understandingconvexpolytopes, which are fun-
damental geometric objects in combinatorics, using techniques from
algebra and discrete geometry. Polytopes arise everywhere in the
real world and in mathematics. The most famous examplesare the
Platonic solids in three dimensional space: cube, tetrahedron, octa-
hedron, icosahedron and dodecahedron, which were known to the an-
cient Greeks. The natural �rst approach to understanding polytopes
should be through geometry as they are �rst and foremost geometric
objects. However, any experiencewith visualizing geometric objects
will tell you soon that geometry is already quite hard in three di-
mensional space,and if one has to study objects in four or higher
dimensional space,then it is essentially hopelessto rely only on our
geometric and drawing skills. This frustration led mathematicians
to the discovery that algebra can be used to encode geometry and,
since algebra does not su�er from the samelimitations as geometry
in dealing with \higher dimensions", it can serve very well as the
languageof geometry. A simple example of this translation can be
seenby noting that, while it is hard to visualize vectors in four di-
mensionalspace,linear algebraallows us to work with their algebraic
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2 1. Abstract Algebra: Groups, Rings and Fields

incarnations v = (v1; v2; v3; v4) 2 R4 and w = (w1; w2; w3; w4) 2 R4

and to manipulate them to �nd new quantities such asthe sum vector
v + w = (v1 + w1; v2 + w2; v3 + w3; v4 + w4) 2 R4 or the length of
their di�erence vector

p
(v1 � w1)2 + � � � + (v4 � w4)2. We useR for

the set of real numbers.

These lectures will focus on techniques from linear and abstract
algebra to understand the geometry and combinatorics of polytopes.
We begin with somebasicabstract algebra. The algebraically sophis-
ticated reader should skip ahead to the next chapter and refer back
to this chapter only as needed. The material in this lecture is taken
largely from the book [DF91 ].

In linear algebra one learns about vector spacesover �elds. Both
of theseobjects are examplesof a more basicobject known asa group.

De�nition 1.1. A set G along with an operation � on pairs of ele-
ments of G is called a group if the pair (G; � ) satis�es the following
properties:

(1) � is a binary operation on G: This meansthat for any two
elements g1; g2 2 G, g1 � g2 2 G. In other words, G is closed
under the operation � on its elements.

(2) � is associative: For any three elements g1; g2; g3 2 G,
(g1 � g2) � g3 = g1 � (g2 � g3).

(3) G has an identity element with respect to � : This means
that there is an element e 2 G such that for all g 2 G,
e � g = g � e = g. If � is addition, then e is usually written
as 0. If � is multiplication, then e is usually written as 1.

(4) Every g 2 G has an inverse: For each g 2 G there is an
element g� 1 2 G such that g � g� 1 = g� 1 � g = e. If � is
addition, then it is usual to write g� 1 as � g.

It can be proved that the identit y element in G is unique and that
every element in G has a unique inverse. Let Z be the set of integers
and R� := Rnf 0g. The multiplication table of a �nite group is a
jGj � jGj array whoserows and columns are indexed by the elements
of G and the entry in the box with row index g and column index g0

is the product g � g0.
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Exercise 1.2. Check that the following are groups. In each case,
write down how the binary operation works, the identit y element of
the group, and the inverseof an arbitrary element in the group.

(1) (Zn ; +)

(2) (R� ; � )

(3) ((R� )n ; � )

The above groups are all in�nite. We now study two important
families of �nite groups that are useful in the study of polytopes.

The symmetric group Sn :
Recall that a perm utation of n letters 1; 2; : : : ; n is any arrangement
of the n letters, or more formally, a one-to-one onto function from
the set [n] := f 1; 2; : : : ; ng to itself. Permutations are denoted by the
small Greek letters � , � etc, and they can be written in many ways.
For instance, the permutation

� : f 1; 2; 3g ! f 1; 2; 3g : 1 7! 2; 2 7! 1; 3 7! 3

is denoted as either
�

1 2 3
2 1 3

�
or more compactly, by recording

just the last row as 213. Sincepermutations are functions, two per-
mutations can be composedin the usual way that functions are com-
posed: f � g is the function obtained by �rst applying g and then apply-
ing f . The symbol � denotescomposition. Check that 213� 321= 312
which is again a permutation. Let Sn denote the set of all permu-
tations on n letters. Then (Sn ; � ) is a group with n! elements. We
sometimessay that 312 is the product 213� 321.

Exercise 1.3. (1) Check that (Sn ; � ) is a group for any positive
integer n. What is the identit y element of this group, and
what is the inverseof a permutation � 2 Sn ?

(2) List the elements of S2 and S3, and compute their multipli-
cation tables.

De�nition 1.4. The group (G; � ) is abelian if for all g; g0 2 G,
g � g0 = g0 � g.
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Check that S3 is not an abelian group. Do you seehow to use
this to prove that (Sn ; � ) is not abelian for all n � 3?

We now study a secondfamily of non-abelian groups. The reg-
ular n-gon , which is a polygon with n sidesof equal length, is an
exampleof a polytope in R2. Regular polygonshave all sidesof equal
length and the sameangle between any two adjacent sides. For in-
stance,an equilateral triangle is a regular 3-gon,a squareis a regular
4-gon, a pentagon with equal sidesand anglesis a regular 5-gon, etc.

The Dihedral group D2n :
The group D2n is the group of symmetries of a regular n-gon. A
symmetry of a regular n-gon is any rigid motion obtained by taking
a copy of the n-gon, moving this copy in any fashion in three dimen-
sional spaceand placing it back down so that the copy exactly covers
the original n-gon. Mathematically, we can describe a symmetry s by
a permutation in Sn . Fix a cyclic labeling of the corners (vertices)
of the n-gon by the letters 1; 2; : : : ; n. If s puts vertex i in the place
where vertex j was originally, then the permutation s sendsi to j .
Note that since our labeling was cyclic, s is completely speci�ed by
noting where the vertices 1 and 2 are sent. In particular, this implies
that s cannot be any permutation in Sn .

How many symmetries are there for a regular n-gon? Given a
vertex i , there is a symmetry that sendsvertex 1 to i . Then vertex
2 has to go to either vertex i � 1 or vertex i + 1. Note that we have
to add modulo n and hencen + 1 is 1 and 1 � 1 is n. By following
the �rst symmetry by a re
ection of the n-gon about the line joining
the center of the n-gon to vertex i , we seethat there are symmetries
that send2 to either i � 1 or i + 1. Thus there are 2n positions that
the ordered pair of vertices 1 and 2 may be sent to by symmetries.
However, since every symmetry is completely determined by what
happensto 1 and 2 we concludethat there are exactly 2n symmetries
of the regular n-gon. These2n symmetriesare: the n rotations about
the center through 2� i

n radians for 1 � i � n and the n re
ections
through the n lines of symmetry. If n is odd, each symmetry line
passesthrough a vertex and the mid-point of the opposite side. If
n is even there are n=2 lines of symmetry which pass through two
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opposite vertices and n=2 which perpendicularly bisect two opposite
sides. The dihedral group D2n is the set of all symmetriesof a regular
n-gon with the binary operation of composition of symmetries(which
are permutations).

Example 1.5. Let 2 bea squarewith vertices1; 2; 3; 4 labeledcounter-
clockwise from the bottom left vertex and centered about the origin
in R2. Then its group of symmetries is the dihedral group

D8 =

8
>>>>>>>>>>><

>>>>>>>>>>>:

e =
�

1 2 3 4
1 2 3 4

�
; s =

�
1 2 3 4
4 3 2 1

�
;

r =
�

1 2 3 4
2 3 4 1

�
; r 2 =

�
1 2 3 4
3 4 1 2

�
;

r 3 =
�

1 2 3 4
4 1 2 3

�
; r � s =

�
1 2 3 4
1 4 3 2

�
;

r 2 � s =
�

1 2 3 4
2 1 4 3

�
; r 3 � s =

�
1 2 3 4
3 2 1 4

�

9
>>>>>>>>>>>=

>>>>>>>>>>>;

where r denotescounterclockwise rotation by 90 degreesabout the
origin and s denotesre
ection about the horizontal axis.

Exercise 1.6. Fix a labeling of a regular n-gon(say counterclockwise,
starting at somevertex) and let r denote counterclockwise rotation
through 2�

n radians and s denote re
ection about the line of symme-
try through the center of the n-gon and vertex 1. Then show the
following.

(1) D2n = f e;r; r 2; : : : ; r n � 1; s; sr; sr 2; : : : ; srn � 1g.

(2) What are the inversesin the above group?

(Hin t :(i) 1; r; r 2; : : : ; r n � 1 are all distinct, (ii) r n = e, (iii) s2 = e,
(iv) s 6= r i for any i , (v) sr i 6= sr j for all 0 � i; j � n � 1, i 6= j , (vi)
sr = r � 1s, (vii) sr i = r � i s, for 0 � i � n.)

Exercise 1.7. Let G be the symmetries of a regular cube in R3.
Show that jGj = 24.

De�nition 1.8. A set R with two binary operations + and � is
called a ring if the following conditions are satis�ed:

(1) (R; +) is an abelian group,



6 1. Abstract Algebra: Groups, Rings and Fields

(2) � is associative : (a � b) � c = a � (b� c) for all a; b;c 2 R,

(3) � distributes over +: for all a; b;c 2 R,

(a + b) � c = (a � c) + (b� c); and a � (b+ c) = (a � b) + (a � c):

If in addition, R has an identit y element with respect to � , we
say that R is a ring with identit y. If � is commutativ e in R then
we say that R is a commutativ e ring. The identit y of (R; +) is the
additiv e identit y in R denoted as 0 while the multiplicativ e identit y,
if it exists, is denoted as 1. We will only considercommutativ e rings
with identit y.

Exercise 1.9. (1) Show that (Z; + ; � ) is a commutativ e ring
with identit y.

(2) Let M n denote the set of n � n matrices with entries in
R. Then show that under the usual operations of matrix
addition and multiplication, M n is a non-commutativ e ring
with identit y. Is (M n ; � ) a group?

De�nition 1.10. A �eld is a set F with two binary operations +
and � such that both (F; +) and (F � := F nf 0g; � ) are abelian groups
and the following distributiv e law holds:

a � (b+ c) = (a � b) + (a � c); for all a; b;c 2 F:

Let C denote the set of complex numbers and Q denote the set
of rational numbers.

Exercise 1.11. Check that (C; + ; � ), (R; + ; � ), (Q; + ; � ) are �elds
while (Z; + ; � ) and (M n ; + ; � ) are not �elds.

Where doesa vector space�t in the above hierarchy?



Chapter2

Convex Polytop es:
De�nitions and
Examples

In this chapter we de�ne the notion of a convex polytope. There
are several excellent books on polytopes. Much of the material on
polytopes in this book is taken from [Gr •u03] and [Zie95 ]. We start
with an exampleof a family of convex polytopes.

Example 2.1. Cub es: The following is an example of the familiar
3-dimensionalcube:

C3 :=

8
<

:
(x1; x2; x3) 2 R3 :

0 � x1 � 1
0 � x2 � 1
0 � x3 � 1

9
=

;
:

The cube C3 has volume one and edgesof length one. By trans-
lating this cube around in R3 we seethat there are in�nitely many
3-dimensionalcubes(3-cubes) of volume one and edgesof length one
in R3. If you are interested in studying the properties of thesecubes,
you might be willing to believe that it su�ces to examineonemember
in this in�nite family. Thus we pick the above member of the family
and call it the 3-dimensionalunit cub e.

The unit 3-cube is of coursethe older sibling of a square in R2.
Again, picking a representativ e we have the unit square(or the unit

7



8 2. Con vex Polytop es: De�nitions and Examples

2-cube):

C2 :=
�

(x1; x2) 2 R2 :
0 � x1 � 1
0 � x2 � 1

�
:

Going down in the family wecould askwho the 1-cube is. If wesimply
mimic the pattern we might concludethat the unit 1-cube is the line
segment:

C1 :=
�

(x1) 2 R : 0 � x1 � 1
	

:

The baby of the family is the 0-cube C0 = f 0g = R0.

How about going up in the family? What might be the unit 4-
cube? Again, simply mimicking the pattern we might de�ne it to
be:

C4 :=

8
>><

>>:
(x1; x2; x3; x4) 2 R4 :

0 � x1 � 1
0 � x2 � 1
0 � x3 � 1
0 � x4 � 1

9
>>=

>>;
:

Of coursethis is hard to visualize. In Chapter 4 we will learn about
Schlegeldiagramsthat canbeusedto seeC4. Making life evenharder,
we could de�ne the unit d-cube (the unit cube of dimension d) to be:

Cd :=

8
>>><

>>>:

(x1; : : : ; xd) 2 Rd :

0 � x1 � 1
0 � x2 � 1

...
0 � xd � 1

9
>>>=

>>>;

;

thus creating an in�nite family of unit cubesf Cd : d 2 Ng. The sym-
bol N denotesthe set of non-negative integers f 0; 1; 2; 3; : : :g. Every
member of this family is a convex polytope.

De�nition 2.2. A setC � Rd is convex if for any two points p and q
in C, the entire line segment joining them f � p+ (1� � )q : 0 � � � 1g,
is contained in C.

Exercise 2.3. (1) Check that each Cd, d 2 N is convex.
(2) Draw an exampleof a non-convex set.

Recall from linear algebra that a hyp erplane in Rd is a set

H := f x 2 Rd : a1x1 + a2x2 + � � � + adxd = bg
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where a1; : : : ; ad; b 2 R. The hyperplane H de�nes two halfspaces
in Rd:

H + := f x 2 Rd : a1x1 + a2x2 + � � � + adxd � bg; and
H � := f x 2 Rd : a1x1 + a2x2 + � � � + adxd � bg:

We can always write H + with a � sign by simply multiplying both
sidesof the inequality by � 1 to get

H + = f x 2 Rd : � a1x1 � a2x2 � � � � � adxd � � bg:

Thus all halfspacescan be consideredto be of the form H � . The
common intersection of several halfspacesthen looks like:

8
>>><

>>>:

x 2 Rd :

a11x1 + a12x2 + � � � + a1dxd � b1

a21x1 + a22x2 + � � � + a2dxd � b2
...

am 1x1 + am 2x2 + � � � + amd xd � bm

9
>>>=

>>>;

which can be written more compactly as f x 2 Rd : Ax � bg where
b = (b1; : : : ; bm ) 2 Rm and A is the m � d matrix

A =

0

B
@

a11 a12 � � � a1d
...

...
...

...
am 1 am 2 � � � amd

1

C
A =: (aij )m � d:

Exercise 2.4. Check that the d-cube Cd is the common intersection
of 2d halfspacesin Rd.

De�nition 2.5. A polyhedron (or H-polyhedron ) in Rd is any
set obtained as the intersection of �nitely many halfspacesin Rd.
Mathematically, it has the form P = f x 2 Rd : Ax � bg where
A 2 Rm � d and b 2 Rm .

The pre�x H stands for the fact that the above de�nition of
a polyhedron involves intersecting halfspaces. We say that a set is
bounded if we can encloseit entirely in a ball of some�nite radius.
Note that all our unit cubesare bounded.

De�nition 2.6. A boundedH-polyhedron is called an H-polytop e.

Example 2.7. We can create unbounded polyhedra by throwing
away someof the inequalities from our d-cubes. For instance if we
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take no inequalities then we get P = Rd which is an unboundedpoly-
hedron. Any single halfspace in Rd, d � 1 is also an unbounded
polyhedron. For example, f x 2 R : x � 0g and f x 2 R : x � 1g are
examplesof halfspacesin R. Both are unbounded polyhedra gotten
by relaxing inequalities of C1.

Lemma 2.8. An H-polyhedron P is a convex set.

Pro of. Consider two points p; q 2 P and any point � p + (1 � � )q
on the line segment joining them. Then A(� p + (1 � � )q) = �A p +
(1 � � )Aq � � b + (1 � � )b = b where the inequality follows from the
fact that 0 � � � 1, which makes0 � 1 � � � 1. �

There are objects called non-convex polyhedra which we will not
touch in thesechapters. We will only considerconvex polyhedra and
in fact, mostly only convex polytopes, and will drop the adjective
convex from now on. There is a second equivalent way to de�ne
polytopeswhich makestheir convexity more explicit.

De�nition 2.9. A convex combination of any two points p; q 2
Rd is any point of the form � p + (1 � � )q where 0 � � � 1. The set
of all convex combinations of p and q is called the convex hull of p
and q.

Remark 2.10. The convex hull of p and q is the line segment joining
them.

De�nition 2.11. A convex combination of p1; : : : ; p t 2 Rd is any
point of the form

P t
i =1 � i p i where � i � 0; for all i = 1; : : : ; t and

P t
i =1 � i = 1. The set of all convex combinations of p1; : : : ; p t is

called their convex hull . We denote it as conv(f p1; : : : ; p t g):

Exercise 2.12. (1) Draw the convex hull of the points 0 and 1 in R.
(2) Draw the convex hull of (0; 0); (1; 0); (0; 1); (1; 1) in R2.
(3) What is C3 the convex hull of? How about Cd?

Taking the convex hull of a �nite set of points is like \shrink
wrapping" the points. Here are somebasic facts about convex hulls:

� conv(f p1; : : : ; p t g) is convex,
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� conv(f p1; : : : ; p t g) is the smallest convex set containing
p1; : : : ; p t ,

� conv(f p1; : : : ; p t g) is the intersection of all convex setscon-
taining p1; : : : ; p t . This follows from the fact that the inter-
section of two convex sets is convex.

De�nition 2.13. A V-polytop e in Rd is the convex hull of a �nite
number of points in Rd. Mathematically, it is a set of the form P =
conv(f p1; : : : ; p t g) where p1; : : : ; p t 2 Rd.

The pre�x V stands for the polytope being expressedas the con-
vex hull of a set of points V. It takes some serious work to prove
that the two notions of a polytope in De�nitions 2.5 and 2.13are the
same.

Theorem 2.14. Main Theorem of Polytop e Theory [Zie95 ,
Theorem 1.1] Every V-polytope has a description by inequalities as
an H-polytope and every H-polytope is the convex hull of a minimal
number of �nitely many points called its vertices .

The processof converting one description to another is called
Fourier-Motzkin elimination . See[Zie95 , x1.2] for instance.

Example 2.15. The cross-p olytop e in Rd is the V-polytope

C �
d := conv(f� e1; � e2; : : : ; � edg)

wheree1; : : : ; ed are the standard unit vectors in Rd. Note that C �
1 is

a line segment in R, C �
2 is a \diamond" in R2 and C �

3 is an octahedron.
Expressedas an H-polytope,

C �
3 =

8
>>>>>>>>>>><

>>>>>>>>>>>:

(x1; x2; x3) 2 R3 :

x1 + x2 + x3 � 1
� x1 + x2 + x3 � 1
x1 � x2 + x3 � 1
x1 + x2 � x3 � 1
� x1 � x2 + x3 � 1
� x1 + x2 � x3 � 1
x1 � x2 � x3 � 1
� x1 � x2 � x3 � 1

9
>>>>>>>>>>>=

>>>>>>>>>>>;

:

Exercise 2.16. What is the H-representation of C �
d ?
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Example 2.17. Can you devisean algorithm for converting the H-
representation of a polytope to its V-representation and vice versa?

Example 2.18. The simplest polytopesare the simplices . The unit
(d � 1)-simplex is de�ned as � d� 1 := conv(f e1; e2; : : : ; edg) =
f x 2 Rd : x1 + � � � + xd = 1; x i � 0; i = 1; : : : ; dg. This family
includes a line segment, triangle and tetrahedron.

Exercise 2.19. Show that if you drop any inequality in the H-
description of � d� 1 you get an unbounded polyhedron.

The (d � 1)-simplex � d� 1 lives entirely in the hyperplane f x 2
Rd : x1 + � � � + xd = 1g and henceis a (d � 1)-dimensional polytope
even though it livesin Rd. You can verify this at least for d = 1; 2; 3.
The dimension of a polytope is perhapsits most important invariant.
It is what we think it is in low dimensional spaces,but we need a
formal de�nition so that we can calculate it for polytopes that live
in high dimensional spaces.To do this, we needto understand a�ne
spaceswhich are closely related to linear vector spaces.

De�nition 2.20. (1) An a�ne combination of vectors
p1; : : : ; p t 2 Rd is a combination of the form

P t
i =1 � i p i such

that
P t

i =1 � i = 1.

(2) The a�ne hull of p1; : : : ; p t is the set of all a�ne combi-
nations of p1; : : : ; p t . It is denoted as a�( f p1; : : : ; p t g).

(3) The a�ne hull of a set S, denoted as a�( S), is the set of all
a�ne combinations of �nitely many points in S.

Example 2.21. (1) The a�ne hull of two points p and q in Rd is
the line through them. Note the di�erence between a�( f p; qg) and
conv(f p; qg).
(2) The a�ne hull of the three points (� 1; 1); (0; 1); (1; 1) 2 R2 is
the line x2 = 1 which also equals the a�ne hull of the polytope
conv(f (� 1; 1); (0; 1); (1; 1)g).
(3) The a�ne hull of the cube C3 � R3 is R3.

De�nition 2.22. An a�ne space is any set of the form f x 2 Rd :
Ax = bg.

A non-empty a�ne spacef x 2 Rd : Ax = bg is a translate of the
vector spacef x 2 Rd : Ax = 0g. Further, every a�ne hull is an a�ne
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space. In (2) above, a�( f (� 1; 1); (0; 1); (1; 1)g) = f (x1; x2) : x2 = 1g
is the translation of the vector space f (x1; x2) : x2 = 0g. In (3)
above, a� (C3) is already the linear vector spaceR3.

De�nition 2.23. (1) The dimension of an a�ne spaceis the di-
mensionof the linear vector spacethat it is a translate of.
(2) The dimension of a polytope P is the dimensionof its a�ne hull.

Exercise 2.24. Calculate the dimension of the polytope

conv(f (1; 0; 0); (1; 1; 0); (1; 2; 1); (1; 1; 2); (1; 0; 1)g)

in R3. Basedon your answer, how many equations do you expect to
seein the H-representation of this polytope?

Let P be a d-dimensionalpolytope (d-polytope) in Rd containing
the origin in its interior. Let ei 2 Rd be the i th standard unit vector
in Rd. The three most basic constructions of polytopes with P as
their foundation are the pyramid, prism and bipyramid over P.

Pyramid : This is the convex hull of P and any point outside its a�ne
hull. To construct oneexample,embedP in Rd+1 asf (p; 0) : p 2 Pg.
Then pyr( P) := conv(P; ed+1 ). The much visited convex polytope,
the Egyptian pyramid, is an example of pyr( C2). The d-simplex � d

equalspyr(� d� 1) = pyr(pyr(� d� 2)) = � � � = pyrd(f 0g).

The pro duct of the polytopesP � Rd and P0 � Rd0
is:

P � P0 := f (p; p0) 2 Rd+ d0
: p 2 P; p0 2 P0g:

The new set P � P 0 is again a polytope.

Prism : The prism over P, denoted as prism(P), is the product of P
with a line segment such as the simplex � 1. What we usually call
a prism is the prism over a triangle. Just like a d-simplex can be
obtained by taking d successive pyramids over a point, a d-cube can
be constructed by taking d successive prisms over a point.

Bip yramid : This is the convex hull of P and any line segment that
piercesthe interior of P at preciselyonepoint. To obtain an example,
assumethat the origin in Rd is in the interior of P and embed P
in Rd+1 as for the pyramid. Let I := [� ed+1 ; ed+1 ] � Rd+1 . Then
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conv(P; I ) is an exampleof bipyr(P). Note that C �
d = bipyr(C �

d� 1) =
� � � = bipyrd(f 0g).

Exercise 2.25. Let P = conv(f v 1; : : : ; v t g). Argue that for each
of the above constructions it su�ces to consider just v 1; : : : ; v t . For
example,argue that pyr( P) = conv(f v 1; : : : ; v t ; ed+1 g).

Mink owski Sum : Supposed0 � d and that P 0 is a d0-dimensional
polytope in Rd. The Minkowski sum of P and P 0 is de�ned to be
P + P0 := f p + p0 : p 2 P; p0 2 P0g. This is again a polytope in Rd.

Exercise 2.26. Let L = [(0; 0); (1; 1)] � R2, C2 the square in R2

as before, and � 2 de�ned as convf (0; 0); (1; 0); (0; 1)g. Con�rm that
C2 = [(0; 0); (1; 0)] + [(0; 0); (0; 1)]. Draw C2 + � 2. Next draw the
Minkowski sums� 2 + L and C2 + L. You should get a 5-gon and 6-
gonhere. Argue that if n � 3 is odd, then an n-goncanbeconstructed
as the Minkowski sum of a triangle and a collection of lines. If n � 4
is even, show that an n-gon can be constructed asthe Minkowski sum
of a collection of lines.

Minkowski sums of �nitely many line segments are called zono-
topes. Note that unlike prisms, pyramids and bipyramids, Minkowski
sumsof polytopesdepend on the embedding of the summands.

There are many other basic constructions for building new poly-
topesfrom old. We will seesomeof them in the forthcoming chapters.
For others we refer the interested reader to [Gr •u03] and [Zie95 ].



Chapter3

Faces of Polytop es

In this chapter we continue with the basicsof polytope theory. These
facts can be found in books such as [Gr •u03] and [Zie95 ]. A short
summary of polytope basicscan be found in [HR GZ97 ].

Givenany vector c 2 Rd, weobtain a linear function � c : Rd ! R
such that x 7! c � x where c � x is the dot product of c and x. In
optimization, one is often interested in the max (or min) value of this
function over a speci�ed polytope P = f x 2 Rd : Ax � bg � Rd,
leading to the linear program:

max f c � x : x 2 Pg = max f c � x : Ax � b; x 2 Rdg:(3.1)

If c = 0, then the max value is simply 0. Else, we can solve the
above linear program geometrically as follows. Take the hyperplane
f x 2 Rd : c � x = � g for some value of � and then move it, in a
perpendicular direction so that the translated version is parallel to
the original, acrossP in the direction in which � increases. At a
given position of this moving hyperplane (say with right hand side
value � 0), all the points x 2 Rd that lie on the hyperplane have
� c (x) = c � x = � 0. Thus geometrically, the optimal (in this case,
max) value of c � x over P is achieved by all points in P hit by the
hyperplane immediately before the hyperplane goes past P. These
points are the optima of the above linear program. We would like
to understand this set.

15
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4 3

1 2

(0,1) (1,1)

(1,0)(0,0)

Figure 1. The unit square C2 .

Example 3.1. Take P = C2 with its corners labeled as in Figure 1.
Note that the linear functional � (2 ;1) (x1; x2) = 2x1 + x2 is maximized
at the corner (1; 1) of the squareand nowhere else. SeeFigure 2 (a).
How much can we swing c on either side of (2; 1) keeping its base
�xed and still have c1x1 + c2x2 be optimized at (1; 1)? Note that
we can go right as far as (1; 0) and left as far as (0; 1) and still have
(1; 1) be the optimum of the linear program (3.1). The functional
� (1 ;0) (x) = x1 is in fact maximized by the whole right side of C2 or
in other words by the edgelabeled23. When we swing c slightly past
(1; 0) to the right, we seethat the unique optimum now is the corner
(1; 0) labeled 2. Going all the way around with c, we seethat the
optima of (3.1) move around the boundary of C2 jumping from one
vertex to a neighboring oneat certain critical valuesof c that depend
on the shape of C2. In fact all of R2 breaks up as in Figure 2 (d)
depending on the optima of (3.1) over C2.

For c 2 Rd, let mc (P) 2 R be the max value of the linear func-
tional � c (x) over P. The number mc (P) is called the optimal value
of the linear program (3.1).

De�nition 3.2. For c 2 Rdnf 0g, the hyperplane H c (P) := f x 2
Rd : c � x = mc (P)g is called a supp orting hyp erplane of P, and
for each m � mc (P), the inequality c � x � m is said to be valid for
P sinceall x 2 P satisfy this inequality.

Example 3.3. The lines H (2 ;1) (C2) = f (x1; x2) : 2x1 + x2 = 3g and
H (1 ;0) (C2) = f (x1; x2) : x1 = 1g are supporting hyperplanesof C2.
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34

1 2

(1,0)

4 3

1 2

(2,1)

4 3

1 2

(1,0)(a) (b)

(c) (d)

Figure 2. Maximizing linear functionals over C2 .

SeeFigures 2 (a) and (b). The inequality x1 � 2 is valid for C2 but
doesnot provide a supporting hyperplane for C2.

De�nition 3.4. The intersection of a polytope P � Rd with a sup-
porting hyperplaneof P is called a face of P. More precisely, the face
of P in direction c 6= 0 is the intersection facec (P) := H c (P) \ P.
Theseare the non-trivial facesof P.

When c = 0, H0 (P) = f x 2 Rd : 0x1 + � � � + 0xd = 0g = Rd and
face0 (P) = P \ H0 (P) = P. Note that H0 (P) is not a hyperplane
in Rd. The empty set is always consideredto be a face of P as well.
The facesP and ; are the trivial facesof P.

Writing P in its H-representation P = f x 2 Rd : Ax � bg, we
seethat

facec (P) = f x 2 Rd : Ax � b; c � x = mc (P)g
= f x 2 Rd : Ax � b; c � x � mc (P); � c � x � � mc (P)g

is again a polytope.
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De�nition 3.5. (1) The dimension of a face of P is the di-
mensionof the faceas a polytope. The k-dimensional faces
of P are called its k-faces. The 0-facesare called vertices ,
the 1-facesare called edges and the (dim(P) � 1)-facesare
called facets . The empty face of P is de�ned to have di-
mension� 1.

(2) The number of k-facesof P is denotedasf k (P) and is known
as the k-th face num ber (k-th f -number) of P.

(3) The face vector (f -vector) of P is the vector

f (P) := (f 0(P); f 1(P); : : : ; f dim (P ) (P)) :

Example 3.6. The vertices of C2 are (0; 0); (1; 0); (1; 1) and (0; 1).
The polytope conv(f (0; 0); (1; 0)g) is an edgeof C2. This edgeis also
a facet of C2. The unique 2-faceof C2 is C2 itself. The facevector of
C2 is f (C2) = (4; 4; 1).

Note that the points in facec (P) are precisely the optimal solu-
tions to the linear program (3.1). Hencewe call facec (P) the optimal
face of P in direction c.

Recall that the H-representation of facec (P) showed that it is a
polytope. By the main theorem of polytopes, we then know that it
alsohasa V-representation. In fact, facec (P) is the convex hull of the
verticesof P contained in it. Check this for C2. This meansthat if we
label the vertices of P by 1; 2; : : : then each face of P can be labeled
by the set of indicesof the verticesof P whoseconvex hull is this face.
For example, in Figure 1, the face(1 ;0) (C2) can be labeled by the set
f 2; 3g or more compactly as 23. Since every face of a polytope P is
the convex hull of a subset of the vertices of P, P has only �nitely
many facesin each dimension and hencef k (P) is a �nite number for
each 0 � k � dim(P). Let us denoteby F (P) the set of all facesof P.
We can now partially order F (P) by the usual containment relation,
� , on sets,creating a partial ly ordered set (poset) (F (P); � ).

De�nition 3.7. The partially ordered set (F (P); � ) is called the
face lattice of P.

Note that ; is the unique minimal element of (F (P); � ) while P
is the unique maximal element. Lattices are posetswith the property
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f 1; 2g f 2; 3g f 3; 4g f 1; 4g

f 4gf 3gf 2gf 1g

;

f 1; 2; 3; 4g

Figure 3. Face lattice of C2 .

that every pair of elements has a unique greatest lower bound and a
unique lowest upper bound in the partial order. In particular, lattices
have a unique minimal element and a unique maximal element. The
faceposetof a polytope is always a lattice. In Chapter 4 (seeFigure 4)
we will seeposetsthat are not lattices.

Example 3.8. The face lattice of C2 is shown in Figure 3. Such
pictures of partially ordered setsare called Hassediagrams.

By the combinatorics of a polytope one usually meansthe infor-
mation about the polytope that is carried by its face lattice without
concerningoneselfwith the actual geometric embedding of the poly-
tope. For instancenote that C2 hasthe samefacelattice asany square
in R2 or for that matter any square in Rd. In fact, it has the same
facelattice asany (planar) quadrilateral in Rd. Thus combinatorially
all quadrilaterals are equivalent to C2 although they may vary wildly
in actual embedding into some Rd. The face lattice is an abstrac-
tion of the polytope and by its nature forgets a lot of information
about the polytope it came from. However, it does retain essential
\combinatorial" information such as how many vertices the polytope
had, which vertices de�ne which face and which facesare contained
in which other faces. This is called the face incidence information.
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De�nition 3.9. Two polytopesP and Q are combinatorially iso-
morphic or combinatorially equiv alen t if F (P) and F (Q) are
isomorphic as partially ordered sets.

We haven't de�ned what it meansto be isomorphic as partially
ordered sets. We can just take that to mean that both F (P) and
F (Q) have the sameHassediagram up to relabeling of the vertices.

Exercise 3.10. Draw the face lattices of the 3-cube C3 and the oc-
tahedron C �

3 . Do you seea relationship betweenthe two?

Exercise 3.11. Let t 2 N. Recall that the power set of [t] =
f 1; 2; : : : ; tg, denotedas2[t ] , is the set of all subsetsof [t]. This power
set is partially ordered by � .
(1) Is there a polytope whoseface lattice is (2[t ] ; � )?
(2) Doesevery partially ordered subsetof (2[t ] ; � ) appear as the face
lattice of a polytope? If not, do you seeconditions that are necessary
for a subsetof 2[t ] to be the face lattice of a polytope?

De�nition 3.12. A d-dimensional polytope P is simple if every
vertex of P is incident to d edgesof P or equivalently , if every vertex
of P lies on precisely d facets of P.

De�nition 3.13. A d-dimensional polytope P is simplicial if for
0 � k � dim(P) � 1, each k-face of P is combinatorially isomorphic
to a k-simplex.

Note that a simplicial polytopedoesnot haveto bea simplex since
the condition on k-facesis only required to hold for k � dim(P) � 1.

Example 3.14. The cubesCd are simple polytopeswhile the cross-
polytopesC �

d are simplicial polytopes.

Exercise 3.15. Can you tell from the face lattice of a polytope
whether the polytope is simple or simplicial?

Exercise 3.16. (1) Show that a polygon (a 2-polytope) is both simple
and simplicial.
(2) Construct a polytope that is neither simple nor simplicial.

De�nition 3.17. If P � Rd is a d-polytope with the origin in its
interior, then the polar of P is the d-polytope

P � := f y 2 Rd : y � x � 1 for all x 2 Pg:
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Check that cubes are polar to cross polytopes. If you use the
de�nition of C �

d that was given in the last chapter, what exactly is
the H-representation of the cube that is polar to C �

d ?

There are many nice relationships betweena polytope P and its
polar P � . We list someof them below.

(1) If P = conv(f v1; : : : ; v t g) � Rd, then P � = f x 2 Rd :
v i � x � 1; for all i = 1; : : : ; tg.

(2) (P � ) � = P.

(3) The polars of simple polytopesare simplicial and the polars
of simplicial polytopesare simple.

(4) The facelattices F (P) and F (P � ) areanti-isomorphic. This
means that there is a bijection between the k-faces of P
and the (d � k � 1)-faces of P � , where we assumethat
dim(P) = dim(P � ) = d, that also \in verts" the inclusions.
Informally , the Hassediagram of (F (P); � ) canbegotten by
rotating the Hassediagram of (F (P � ); � ) by 180 degrees.

In the rest of this chapter, we focuson a special classof polytopes
called cyclic polytopes. The cyclic polytope Cd(n) is a simplicial d-
polytope with n vertices. The most well known property of the cyclic
polytope is that it provides an upper bound on facenumbers of sim-
plicial polytopeswith the samedimension and number of vertices.

Theorem 3.18. (The Upper Bound Theorem)
Let P be any d-dimensional simplicial polytope with n vertices. Then
f i (P) � f i (Cd(n)) for every 0 � i � d � 1.

The construction of Cd(n) is possibleusing techniquesfrom linear
algebra and its most satisfying combinatorial property is a simple
description of its facets. We follow the treatment in [Zie95 ].

The moment curve in Rd is de�ned by the function � : R ! Rd; t 7!
(t; t2; : : : ; td): If we �x d, n and t1 < t2 < : : : < tn 2 R we can de�ne
the d-dimensional cyclic polytop e with n vertices as

Cd(n) := conv(f � (t1); � (t2); : : : ; � (tn )g):

We say the cyclic polytope sinceany such choice of t i 's will yield the
sameface lattice. We will show that:
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(1) Cd(n) is a simplicial polytope.

(2) The facets of Cd(n) satisfy Gale's evennesscondition: S =
f i 1; i 2; : : : ; i dg � [n] indexesa facet of Cd(n) if and only if
for all i; j =2 S and i < j ,

2 divides jf k : k 2 S; i < k < j gj:

(3) Every I � [n] with jI j � bd
2 c indexesa faceof Cd(n). More

commonly, Cd(n) is said to be bd
2 c-neighborly.

De�nition 3.19. A polytope P is k-neigh borly if any set of k or
lessvertices of P is the vertex set of a faceof P.

Example 3.20. Using PORTA[CL ] we can compute the facetsof the
cyclic polytope C4(7) in dimension four with seven vertices. The
input �le consistsof the seven vertices listed under CONVSECTION, as
shown below.

DIM = 4

CONV_SECTION
1 1 1 1
2 4 8 16
3 9 27 81
4 16 64 256
5 25 125 625
6 36 216 1296
7 49 343 2401
END

The output �le has two parts. The facet inequalities of C4(7) are
listed at the top under INEQUALITIESSECTION. After that, we get
the strong validity table of C4(7) which is a table whose columns
index the seven vertices and whose rows index the facets of C4(7).
The stars in a row indicate which vertices of C4(7) lie on the facet
indexing that row.

DIM = 4

VALID
7 49 343 2401
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INEQUALITIES_SECTION
( 1) -317x1+125x2-19x3+x4 <= -210
( 2) -223x1+ 99x2-17x3+x4 <= -140
( 3) -145x1+ 75x2-15x3+x4 <= -84
( 4) - 83x1+ 53x2-13x3+x4 <= -42
( 5) + 50x1- 35x2+10x3-x4 <= 24
( 6) + 78x1- 49x2+12x3-x4 <= 40
( 7) +112x1- 65x2+14x3-x4 <= 60
( 8) +152x1- 83x2+16x3-x4 <= 84
( 9) +154x1- 71x2+14x3-x4 <= 120
( 10) +216x1- 91x2+16x3-x4 <= 180
( 11) +288x1-113x2+18x3-x4 <= 252
( 12) +342x1-119x2+18x3-x4 <= 360
( 13) +450x1-145x2+20x3-x4 <= 504
( 14) +638x1-179x2+22x3-x4 <= 840
END

strong validity table :
\ P | |
\ O | |

I \ I | |
N \ N | 1 6 | #
E \ T | |
Q \ S | |
S \ | |

\ | |
------------------------
1 | *...* ** : 4
2 | *..** .* : 4
3 | *.**. .* : 4
4 | ***.. .* : 4
5 | ****. .. : 4
6 | **.** .. : 4
7 | **..* *. : 4
8 | **... ** : 4
9 | .**** .. : 4
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10 | .**.* *. : 4
11 | .**.. ** : 4
12 | ..*** *. : 4
13 | ..**. ** : 4
14 | ...** ** : 4

..............
# | 88888 88

There are 14 facets in all, the �rst of which contains the vertices
1; 5; 6; 7. Verify that properties (1), (2) and (3) are satis�ed.

Exercise 3.21. Let r 0; r 1; � � � ; r d 2 R.

a. Prove Vandermonde'sidentit y:

det
�

1 1 � � � 1
� (r 0) � (r 1) � � � � (r d)

�
=

Y

0� i<j � d

(r j � r i ):

b. Deducethat no d+ 1 points on the moment curvearea�nely
dependent.

c. Conclude that Cd(n) must be a simplicial polytope.

Exercise 3.22. Let S = f i 1; i 2; : : : ; i dg � [n].

a. Write down the equation H S (x) = m that de�nes the hy-
perplane spannedby � (t i 1 ); � (t i 2 ); : : : ; � (t i d ).

b. SupposeS indexesa facet of Cd(n). What relationship can
you �nd between the hyperplane H S (x) = m and f � (t j ) :
j =2 Sg?

c. If S indexes a facet, draw a picture of how H S (x) = m
intersectsthe moment curve � (t). Begin by drawing this for
d = 2.

Exercise 3.23. Deduce that Cd(n) is bd
2 c-neighborly. Hin t : Pick

any I � [n] with jI j = bd
2 c. Using Gale's evennesscondition can you

�nd a facet that contains I ?
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Schlegel Diagrams

We usually draw a polytope on paper by drawing its vertices and
edges. For instance, the square C2 was drawn this way in the last
chapter. This is called the 1-skeleton of the polytope (all faces of
dimension at most one). For the combinatorics of the polytope it is
enough to think of this 1-skeleton as an abstract graph G = (V; E)
where V is the vertex set of the graph G and E is the edgeset of G.
Even though a graph may have many di�eren t drawings, its combi-
natorics is �xed and thus it carries important information.

De�nition 4.1. The graph of a polytop e P is the abstract graph
G(P) = (V (P); E (P)), where V (P) = f v1; : : : ; vt g is a set of labels
for the verticesof P: vi is a label for the vertex v i of P. The elements
of E(P) are the sets f vi ; vj g where conv(f v i ; v j g) is an edgeof P.

Example 4.2. Figure 1 shows two di�eren t drawings of the graph of
a 3-cube.

7

1 2

34

5 6

8

5 6

4 3

1 2

8 7

Figure 1. Tw o drawings of the graph of a 3-cube.

25
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De�nition 4.3. A graph G = (V; E) is said to be planar if it can
be drawn in the plane in such a way that no two edgesmeet except
possibly at their end points.

Clearly, the graph of every two-dimensional polytope is planar.
Figure 1 shows that the graph of a 3-cube is planar. How about
other three-dimensional polytopes? The following famous theorem
from about 100 yearsago answers this question.

Theorem 4.4. Steinitz Theorem. G is the graph of a three-
dimensionalpolytope if and only if it is simple, planar and 3-connected.

De�nition 4.5. (1) A graph G is simple if it has no loops
and no multiple edges.A lo op is an edgeof the form f v; vg,
where v is the label of a vertex of the graph.

(2) A simple graph G is k-connected if it remains connected
after the removal of any k� 1 or fewer vertices. (All the edges
incident to these vertices are also removed). Equivalently ,
a graph G is k-connectedif there are k edgedisjoint paths
betweenany two vertices of G.

Exercise 4.6. Draw a planar embedding of the graph of an octahe-
dron. How about an icosahedronor a dodecahedron?

Wenext state three well known facts and conjecturesabout graphs
of polytopesthat the reader might �nd interesting.

Theorem 4.7. (Balinski) If P is a d-dimensional polytope then G(P)
is d-connected.

The following is a weaker result.

Exercise 4.8. Let P be a d-dimensionalpolytope. Argue that every
vertex in G(P) has degreeat least d. Give an example to show that
this is not strong enoughto show d-connectednessof G(P).

Theorem 4.9. (Blind and Mani) If P and Q are simple polytopes
with their graphsG(P) and G(Q) being (combinatorial ly) isomorphic
then P and Q are combinatorial ly isomorphic as polytopes.

Conjecture 4.10. Hirsc h conjecture . Let P be a d-dimensional
polytope with n facets. If u and v are any two vertices in G(P) then
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there exists a path in G(P) going from u to v that contains at most
n � d edges.

Exercise 4.11. Verify the Hirsch conjecture for the 3-cube, 4-cube
and any other polytope that takesyour fancy.

The Steinitz theorem is a very satisfactory understanding of the
graphs of three-dimensional polytopes. In fact, for every planar 3-
connectedsimple graph G there is only one3-polytope P (up to com-
binatorial isomorphism) with G(P) = G. Moreover, this P can be
embeddedin R3 with integer coordinates. This may seemsomewhat
trivial right now but in Chapter 6 we will seethat it is not always pos-
sible to �nd integer coordinates for the vertices of a polytope whose
combinatorics (face lattice) has beenspeci�ed.

Can we extend our graph technique to visualize four-dimensional
polytopes? To do this, let's rethink how we drew the planar graph
of the 3-cube in Figure 1. What we did can be expressedroughly as
follows. Imagine you are an ant looking into a hollow 3-cube through
a tiny pinhole in the center of onesquarefacet of the cube. This facet
is your 3600 horizon and we draw it �rst. In the �gure, this is the
facet labeled 1234. As you look into the cube, you seethe opposite
squarefacet to 1234as a small squarein the distance. Drawing what
we see,we put this small facet 5678in the center of the square1234.
Now you seethe edgesthat connectthe front facet to the back facet as
the four segments 45,36,18and 27. Theseedgesare actually parallel
but due to their large lengths relative to you, you seethem as parts
of four lines that will eventually meet at a point at in�nit y. The
resulting �gure is a drawing of the graph of the polytope through a
facet of the polytope. Yet another way of thinking about this is that
you can imagine that the 3-cube is made of rubber. Puncture one
facet in the middle and then stretching this hole wide open, 
atten
the cube onto your paper. The edgesof this 
attened polytope will
provide the graph drawing.

Can we do this for 4-polytopes as well? We want to �rst draw
onefacet (which is now a three-dimensionalpolytope) and then draw
the rest of the polytope inside this facet. Let's try it on the following
4-simplex.
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Example 4.12. Consider the 4-simplex

P = conv(f (0; 0; 0; 0); (1; 0; 0; 0); (0; 1; 0; 0); (0; 0; 1; 0); (0; 0; 0; 1)g):

Its H-representation is

P =

8
>>>><

>>>>:

(x1; x2; x3; x4) 2 R4 :

x1 � 0
x2 � 0
x3 � 0
x4 � 0
x1 + x2 + x3 + x4 � 1

9
>>>>=

>>>>;

:

The �v e inequalities given above all de�ne facets of P. By plugging
in the verticesof P into the �v e inequalities we can seewhich vertices
lie on which facets. This givesthe following facet-v ertex incidence
table for P. This computation was done using PORTA although we
could have also done it by hand.

strong validity table :
\ P | |
\ O | |

I \ I | |
N \ N | 1 | #
E \ T | |
Q \ S | |
S \ | |

\ | |
---------------------
1 | *.*** : 4
2 | **.** : 4
3 | ***.* : 4
4 | ****. : 4
5 | .**** : 4

...........
# | 44444

We seeimmediately that each facet is a 3-simplex (since it is the
convex hull of four points all of which are vertices). This implies
that any two vertices form an edgeof P since every pair of vertices
appear as vertices of somefacet which is a simplex, and also every
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three vertices of P form a triangular 2-faceof P as well. Can you see
all this in the above table?

Let's start by �rst drawing the facet 2345 (in solid lines) and
then the rest of the polytope inside this facet (with dashedlines). The
vertex 1 is placedinside the tetrahedron 2345and then wedraw all the
tetrahedral facets of the simplex involving 1 with dashedlines. This
givesFigure 2. Check that there are four three-dimensionalsimplices
inside the outer tetrahedron which are the perspective drawings of
the four facets of the 4-simplex that we can seethrough the facet
2345.

4

1

5

3

2

Figure 2. A 4-simplex.

Exercise 4.13. (1) Can the graph of a 4-polytope be planar?
(2) Can you draw the 4-cube like we drew the 4-simplex?

Diagrams such as the above are known as Schlegel diagrams and
are extremely useful for visualizing 4-polytopes. We de�ne them for-
mally now. See[Zie95 , Lecture 5] for many pictures and much of the
material below.

De�nition 4.14. A polyhedral complex C is a �nite collection of
polyhedra in Rd such that

(1) the empty polyhedron is in C,
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(2) if P 2 C then all facesof P are also in C,

(3) if P and Q are in C then P \ Q is a faceof both P and Q.

Example 4.15. In Figure 3, the �rst is a polyhedral complex and
the secondis not. Why?

Figure 3. A polyhedral complex : example and non-example.

The dimensionof a polyhedral complexCis the maximum dimen-
sion of a polyhedron in C. The supp ort of C is the set jCj =

S
f P :

P 2 Cg. Just like we drew face lattices of polytopes, a polyhedral
complex C has a face poset which is the set of all the polyhedra in
C orderedby � . The faceposetof the polyhedral complex on the left
in Figure 3 is shown in Figure 4. Note that this poset is not a lattice.

Figure 4. Face poset of the polyhedral complex in Figure 3.

Exercise 4.16. Can you assignfacelabelsto the poset in Figure 4 to
verify that it is the faceposet of the polyhedral complex in Figure 3?
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We are interested in polyhedral complexessince a polytope P
gives rise to some natural polyhedral complexeswhich play an im-
portant role in the study of polytopes.

De�nition 4.17. Let P be a polytope.

(1) The complex C(P) of the polytop e P is the polyhedral
complex of all facesof P. The faceposet of C(P) is the face
lattice of P.

(2) The boundary complex @(C(P)) is the polyhedral com-
plex of all the proper facesof P along with the empty face.

(3) A polytopal sub division of P is a polyhedral complex C
with support P in which all the polyhedra are polytopes. If
all the maximal polytopes in the subdivision are simplices,
the subdivision is called a triangulation of P.

For instance Figure 5 shows two polytopal subdivisions of a pen-
tagon. The secondsubdivision is a triangulation. Notice that new
vertices might be intro duced when we subdivide a polytope.

Figure 5. Polytopal subdivisions of a pentagon.

SupposeF is a facet of the full dimensional polytope P = f x 2
Rd : Ax � bg and a�( F ) := f x 2 Rd : a � x = bg is the a�ne hull
of F . Note that a�( F ) is a hyperplane in Rd. Assumethat for each
facet G of P, P is contained in the halfspacea�( G) � . We say that a
point y is beyond the facet F if y 2 a�( F )+ , y 62P but y is in the
interior of the halfspacea�( G) � for all other facets G of P.

De�nition 4.18. [Zie95 , De�nition 5.5] Let P be a d-polytope in
Rd and let F be a facet of P de�ned by the inequality a � x � b.
Then a�( F ) = f x 2 Rd : a � x = bg is the hyperplane spannedby F .
Choosea point yF beyond F . For x 2 P de�ne the function p(x) as
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follows (seeFigure 6):

p(x) := yF +
b� ayF

ax � ayF
(x � yF ):

The Schlegel diagram of P basedat the facet F , denotedasC(P; F ),
is the image under p of all proper facesof P other than F .

P

a�( F )

x

y F

p(x )

Figure 6. De�nition of p(x ).

Prop osition 4.19. [Zie95 , Proposition 5.6] The Schlegel diagram of
P based at the facet F is a polytopal subdivision of F that is combi-
natorial ly equivalent to the complex C(@(P)nf F g) of all proper faces
of P other than F .

Pro of. For a faceG of P di�eren t from F , the set

CG := f yF + � (x � yF ) : x 2 G; � � 0g

is a conewith vertex yF . SeeFigure 7. If G is a proper faceof P, then
it is contained in the hyperplane a� (G) = f x 2 Rd : a0 � x = b0g that
doesnot contain yF . Thus the face lattice of G is isomorphic to the
face lattice of CG . The intersection of CG with a�( F ) also has face
lattice isomorphic to CG and henceto G. However this intersection
is p(G). Thus the face lattice of G is isomorphic to the face lattice of
p(G). �

Example 4.20. Figure 1 (b) is a Schlegel diagram of a 3-cube while
Figure 2 is the Schlegel diagram of a 4-simplex.

If the Schlegel diagram of a polytope P basedat the facet F is
given as a polytopal complex D, then the face lattice of P is the face
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P

a�( F )

y F

G

Figure 7. De�nition of CG .

posetof D along with the facesF and P added in. How doesF sit in
this poset? For a faceG in D, G � F if and only if G is a faceof F .
The Schlegel diagram thus completely encodes the combinatorics of
an d-dimensional polytope into a (d � 1)-dimensional complex. This
is especially useful for d � 4.

Exercise 4.21. What polytope has the Schlegel diagram shown in
Figure 8? Draw the face lattice of this polytope. Does this polytope
have a di�eren t Schlegeldiagram if you look through a di�eren t facet?

Figure 8. Figure for Exercise 4.21.

Now comesan unexpectedsubtlety. The polytopal complexshown
in Figure 9 is not the Schlegeldiagram of any 3-polytope! If you look
at the diagram closely, you might convince yourself that asa graph, it
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Figure 9. A non-Schlegel diagram.

is the graph of an octahedron. It even looks like the Schlegeldiagram
of the octahedron seenthrough a triangular facet.

However this �gure lacks an important property of Schlegel dia-
grams that we now describe.

De�nition 4.22. [Zie95 , De�nition 5.3] A subdivision C of a poly-
tope Q � Rd is regular if it arisesfrom a polytope P � Rd+1 in the
following way:

(1) The polytope Q is the image � (P) = Q of the polytope P
via the projection

� : Rd+1 ! Rd;
�

x
xd+1

�
7! x ;

which deletesthe last coordinate.

(2) The complex C is the projection under � of all the lower
faces of P. We call F a lower face of P if for every x 2 F
and a � > 0, x � � ed+1 62P. Informally , they are the faces
that you can seefrom Q if you \lo ok up" at P from Q. See
Figure 10.

Prop osition 4.23. [Zie95 , Prop. 5.9] If D is a Schlegel diagram
then D is a regular subdivision of jD j, the support of D.

Exercise 4.24. Can you seewhy the polytopal complex shown in
Figure 9 is not a regular subdivision? You have to argue that the
picture you seecannot be the projection of the lower faces of any
3-polytope.
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Q

P

Figure 10. Lower faces of P (whic h are thic kened) induce a
subdivision of Q.

Exercise 4.25. Is every regular subdivision of a polytope, the Schlegel
diagram of somepolytope?

Thus we seethat we have to be a bit careful when dealing with
Schlegel diagrams. Not everything that looks like a Schlegel diagram
is indeed a Schlegel diagram.

Exercise 4.26. Draw the Schlegel diagrams of the cyclic polytopes
C4(6) and C4(7).





Chapter5

Gale Diagrams

In the last chapter we saw techniquesfor visualizing four-dimensional
polytopes via their Schlegel diagrams. In this chapter, we will see
that we can actually visualize even higher dimensional polytopes as
long as they do not have too many vertices. We do this via a tool
called the Gale diagram of the polytope.

Consider n points v1; : : : ; vn in Rd� 1 whose a�ne hull has di-
mensiond � 1, and the matrix

A :=
�

1 1 � � � 1
v1 v2 � � � vn

�
2 Rd� n :

A basic fact of a�ne linear algebra is that the vectors v 1; : : : ; vn are
a�nely independent (seebelow) if and only if the vectors

(1; v1); : : : ; (1; vn )

are linearly independent. If the dimension of a�( v 1; : : : ; vn ) is d � 1,
then there are d a�nely independent vectors in this collection, which
in turn implies that the rank of A is d. Hencethe dimension of the
kernel of A is n � d. Recall that the kernel of A is the linear subspace

kerR(A) := f x 2 Rn : Ax = 0g:

Note that x 2 kerR(A) if and only if (1)
P n

i =1 v i x i = 0 and (2)P n
i =1 x i = 0.

37
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De�nition 5.1. (1) Any vector x with properties (1) and (2)
is called an a�ne dep endence relation on v 1; : : : ; vn .

(2) If x satis�es only (1) then it would bea linear dep endence
relation on v1; : : : ; vn .

(3) If x = 0 is the only solution to (1) and (2), then v 1; : : : ; vn

are said to be a�nely indep enden t .

Let B1; : : : ; Bn � d 2 Rn be a basis for the vector spacekerR(A).
If we organizethesevectors as the columns of an n � (n � d) matrix

B :=
�

B1 B2 � � � Bn � d
�

;

we seethat AB = 0.

De�nition 5.2. Let B = f b1; : : : ; bn g � Rn � d be the n ordered
rows of B . Then B is called a Gale transform of f v 1; : : : ; vn g. The
associated Gale diagram of f v 1; : : : ; vn g is the vector con�gur ation
B drawn in Rn � d.

Later, we'll seea more generalde�nition of Gale diagrams. Since
the columnsof B canbe any basisof kerR(A), Gale transforms are not
unique. However all choicesof B di�er by multiplication by a non-
singular matrix and we will be happy to chooseone basisof kerR(A)
and call the resulting B, the Gale transform of f v 1; : : : ; vn g.

Example 5.3. Let f v i g be the verticesof the triangular prism shown
in Figure 1. Then

A =

0

B
B
@

1 1 1 1 1 1
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 1 1

1

C
C
A :

Computing a basis for the kernel of A, we get

B t =
�

0 1 � 1 0 � 1 1
1 0 � 1 � 1 0 1

�

where B t is the transposeof B . The Gale transform B is the vector
con�guration consisting of the columns of B t (or the rows of B ). In
our example, B = f b1 = (0; 1); b2 = (1; 0); b3 = (� 1; � 1); b4 =
(0; � 1); b5 = (� 1; 0); b6 = (1; 1)g: The Gale diagram is shown in
Figure 2.
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(0; 0; 0)

(1; 0; 0)

(0; 1; 0)

(1; 0; 1)

(0; 1; 1)

(0; 0; 1)

1

4

5

2

3

6

Figure 1. Triangular prism.

b 2

b 6

b 4

b 1

b 5

b 3

Figure 2. Gale diagram of the vertices of the triangular prism
in Figure 1.

The labeling is very important in the construction of a Gale trans-
form. We label column i of B t as b i .

The main goal of this chapter will be to understand how to read
o� the face lattice of the (d � 1)-polytope P = conv(f v 1; : : : ; vn g)
from the Gale diagram of f v 1; : : : ; vn g. If f v j : j 2 J g are all the
vertices on a face of P for someJ � [n], it is convenient to simply
label this face by J . Here is a very important characterization of
faces.

Lemma 5.4. Let P = conv(f v 1; : : : ; vn g). Then J � [n] is a face of
P if and only if

conv(f v j : j 2 [n]nJ g) \ a� (f v j : j 2 J g) = ; :
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Let us illustrate this condition on an example �rst. In Figure 3
(a), note that 15 is a faceof the pentagon and that conv(f v 2; v3; v4g)
does not intersect the a�ne hull of the face 15. On the other hand,
14 is not a face of the pentagon and indeed conv(f v 2; v3; v5g) does
intersect the a�ne hull of the non-face 14. SeeFigure 3 (b).

3

2

1

5

4

1

2

34

5

(a) (b)

Figure 3. Condition in Lemma 5.4.

Pro of. We may assumethat P is a full dimensional polytope. If J
is a face of P then by de�nition of a face, both J and a�( J ) lie on a
supporting hyperplane H of P. Choosea supporting hyperplane H
that contains J but doesnot contain any higher dimensionalfaceof P.
One way to do this would be to let the normal vector of H be the sum
of the normal vectorsof the a�ne spansof the facetscontaining J . We
may assumewithout lossof generality that P lies in the half spaceH � .
Sinceno v j , j 62J lieson the faceconv(f v j : j 2 J g) of P, conv(f v j :
j 2 [n]nJ g) lies in the interior of H � which provesonedirection of the
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lemma. Conversely, if conv(f v j : j 2 [n]nJ g) \ a� (f v j : j 2 J g) = ; ,
then P lies in onehalfspacede�ned by the hyperplaneH obtained by
extending a�( f v j : j 2 J g) which is thus a supporting hyperplane of
P. This shows that J is a faceof P. �

You might wonderwhy the lemmawasnot stated in the seemingly
stronger form: J � [n] is a face of P if and only if conv(f v j : j 2
[n]nJ g) \ conv(f v j : j 2 J g) = ; : The above form of the lemma is
what is neededto prove the main theorem below.

De�nition 5.5. Call [n]nJ a co-face of P if J is a faceof P.

Note that a co-faceis not the sameasa non-face. In the triangular
prism in Figure 1, 123 is both a face and a co-face. (The labeling of
the vertices of the prism was �xed by how we ordered them to create
the matrix A.)

In order to understand our main theorem, we needto de�ne for-
mally what we mean by the interior and relative interior of a poly-
tope. The in terior of a polytope in Rd is the set of all points in
the polytope such that we can �t a d-dimensional ball centered at
this point, of in�nitesimal (as small as you wish but positive) radius,
entirely inside the polytope. A polytope has an interior if and only if
it is full dimensional. For instance the interior of C2 is the set

int (C2) = f (x1; x2) 2 R2 : 0 < x1 < 1; 0 < x2 < 1g:

The line segment conv(f (1; 0); (0; 1)g) � R2 doesnot have an interior
sincethere is no point on this segment such that a 2-dimensionalball
centered at this point will be contained in the line segment. However,
this line segment doeshave an interior if we think of it as a polytope
in its a�ne hull, where it is a full dimensional polytope. This is
known as the relativ e in terior of the line segment. In our example,
relint (conv(f (1; 0); (0; 1)g)) = f (x1; x2) 2 R2 : x1 + x2 = 1;
x1 > 0; x2 > 0g:

We now cometo the main theorem of this chapter. The proof of
this theorem is taken from [Gr •u03, pp. 88].

Theorem 5.6. Let P = conv(f v 1; : : : ; vn g), v i 2 Rd� 1, and B be the
Gale transform of f v1; : : : ; vn g. Then J is a face of P if and only if
either J = [n] or 0 2 relint (conv(f bk : k 62J g)) .
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Pro of. Note that J = [n] if and only if J is the whole polytope P
which is an improper face of P. So we have to show that J ( [n]
is a face of P if and only if 0 2 relint (conv(f bk : k 62J g)). Let
dim(P) = d � 1.

If J ( [n] is not a faceof P then by Lemma 5.4,

a�( f v k : k 2 J g) \ conv(f v k : k 62J g) 6= ; :

Let z be in this intersection. Then z =
P

k2 J pk v k =
P

k62J qk v k

with X

k2 J

pk = 1;
X

k62J

qk = 1; and qk � 0 for all k 62J

or equivalently ,
X

k2 [n ]

r k v k = 0;
X

k2 [n ]

r k = 0 and
X

k62J

r k = 1; r k � 0 for all k 62J

by taking r k = qk when k 62J and r k = � pk when k 2 J .

The �rst two conditions imply that r = (r 1; : : : ; r n ) lies in kerR(A)
where

A :=
�

1 1 � � � 1
v1 v2 � � � vn

�
:

Let B be the matrix from which the Gale transform B wastaken.
Sincethe columnsof B form a basisfor kerR(A), there exists t 2 Rn � d

such that

r = B t ; or equivalently ; r k = bk � t for all k = 1; : : : ; n:

Since r k � 0 for all k 62J , we get that r k = bk � t � 0 for all k 62J
which meansthat all the bk 's with k 62J lie in the halfspacede�ned
by t � x � 0 in Rn � d. Also since

P
k62J r k = 1, it cannot be that

r k = bk � t = 0 for all k 62J , or in other words, not all the bk 's with
k 62J lie in the hyperplane de�ned by t � x = 0. Thus 0 is not in the
relative interior of conv(f bk : k 62J g). Reversing all the arguments
you get the other direction of the theorem. �

Example 5.7. Let's use Theorem 5.6 to read o� the face lattice
of the triangular prism from the Gale diagram in Figure 1. First,
note that for each i = 1; : : : ; 6, 0 2 relint (conv(bk : k 6= i )). This
implies that all the singletons 1; 2; 3; 4; 5; 6 are facesof P, as indeed
they are. Now let's �nd the edgesof P. These will be all pairs
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ij such that 0 2 relint (conv(f bk : k 6= i; j g)). For instance 14 is
an edge of P since 0 2 relint (conv(f b2; b3; b5; b6g)). However, 16
is not an edge of P since 0 62relint (conv(f b2; b3; b4; b5g)). Can
you �nd all the other edges? The face 123 is witnessedby the fact
that 0 2 relint (conv(f b4; b5; b6g)), but 245 is not a face since 0 62
relint (conv(f b1; b3; b6g)).

Exercise 5.8. Compute the face lattice of the cyclic polytope in R4

with 7 vertices. The Gale transform consistsof the columns of the
matrix �

� 1 5 � 10 10 � 5 1 0
� 5 24 � 45 40 � 15 0 1

�
:

(Hin t : For a simplicial polytope, it su�ces to know the facets to
write down the whole face lattice.)

Theorem 5.6 can be usedto read o� the face lattice of any poly-
tope. But it is most useful when the Gale diagram is in a low dimen-
sional spacesuch as R or R2. Three-dimensional Gale diagrams are
already quite challenging. However, there is a nice tric k to reduce
the dimension of the Gale diagram by one. TheseGale diagrams are
known as a�ne Gale diagrams. See[Zie95 ] for a formal de�nition.
We give the idea below.

Wecanthink of a Galediagram in Rn � d asn vectorsthat pokeout
through a (n� d� 1)-sphere. If we look at this spherefrom outside, we
only seeone hemispherewhich we will call the northern hemisphere.
We can mark all the vectors that poke out through this hemisphere
with a dot and label them asbefore. The rest of the vectorspoke out
through the southern hemisphereand we will mark their antip odal
vectors on the northern hemispherewith an open circle and change
labels to the old labels with bars on top. You should always choose
the equator so that no vector pokes out through the equator. This
can always be done since there are only �nitely many vectors in the
Gale diagram. Let's �rst try this on the Gale diagram from Figure 1.

We �rst put a circle (1-sphere)around the Gale diagram with the
dotted line chosento be the equator. SeeFigure 4. Let's declarethe
right hemisphereto be the northern hemisphere. The Gale vectors
1; 6; 2 intersect this hemisphere. We mark those points with black
dots. The antip odals of the other vectors also intersect the northern
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affine Gale diagram 

equator

1

6

2
b 2

b 6

b 4

b 1

b 5

b 3

�4

�3

�5

Figure 4. The a�ne Gale diagram of the triangular prism.

hemisphereat the same points. We mark those intersections with
open circles and label them �4; �3; �5. On the right we seethe a�ne
Gale diagram, which livesin R. Can we read o� the face lattice from
this a�ne Gale diagram? To do this we needto say what condition on
a collection of black and white dots is equivalent to the origin being
in the relative interior of the Gale vectors with the sameindices. For
instance to check whether 1346 is a face of P, we remove the dots
with labels 1, �3, �4 and 6. This leaves the black dot 2 and the white
dot �5 which are at the sameposition. This meansthat b2 and b5 are
opposite to each other and 0 is in the relative interior of their convex
hull. Thus 1346is a face.

Exercise 5.9. What conditions on a collection of black and white
dots in the a�ne Gale diagram guarantees that the origin is in the
relative interior of the corresponding Gale vectors?

Exercise 5.10. Compute the facelattice of the cyclic polytope in R3

with 7 vertices.

In this case,

A =

0

B
B
@

1 1 1 1 1 1 1
1 2 3 4 5 6 7
1 4 9 16 25 36 49
1 8 27 64 125 216 343

1

C
C
A :
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Using a computer package that does linear algebra, we compute a
basis for kerR(A) to get

B t =

0

B
B
@

1 � 4 6 � 4 1 0 0

4 � 15 20 � 10 0 1 0

10 � 36 45 � 20 0 0 1

1

C
C
A :

Let's try to draw the a�ne Gale diagram for this example. We
can start by positioning the last three vectors at the corners of an
equilateral triangle that will be in the center of the hemispherewe
can see. In our casethen, we are looking at the sphere along the
vector (1; 1; 1) toward the origin. Can you �nish and write down
the face lattice? (Hin t : Read the rest of this page for a methodical
procedure.)

As the above exerciseshows, it's hard to draw a�ne Gale dia-
grams precisely, with the description we have of it so far. We needa
more methodical procedurefor drawing them, which we now describe.

Let B � Rn � d be the Gale transform. Choosea vector y 2 Rn � d

such that y �b 6= 0 for any b 2 B. We now compute b0 := b
b �y for each

b 2 B. Then the points b0 lie on the hyperplane H := f x 2 Rn � d :
y � x = 1g. If b i � y > 0 then label b0 with i and mark it with a black
dot. If b � y < 0 then label b0 with �i and mark it with a white dot.
SinceH is isomorphic to Rn � d� 1, we simply have to �nd an explicit
isomorphism that will help us draw our new points on H � Rn � d in
Rn � d� 1. Projection of the points onto the �rst n � d � 1 coordinates
turns out to be such an isomorphism in the examplesyou will seein
thesechapters.

Exercise 5.11. Compute the face lattice of the four-dimensional
cross-polytope C � (4) by drawing its a�ne Gale diagram.

Exercise 5.12. Now replacethe vertex e1 2 R4 in C � (4) with � � e1.
For di�eren t values of � 2 R how will this new convex polytope
change?How is this changere
ected in the a�ne Gale diagram?





Chapter6

Bizarre Polytop es

In this chapter we will seethat Gale diagrams are powerful tools for
studying polytopesbeyond their abilit y to encode the facesof a poly-
tope. Let us �rst investigate someproperties of Gale diagrams. The
most fundamental question you can ask is if any vector con�gura-
tion can be the Gale diagram of somepolytope. The material in this
chapter is taken from [Zie95 , Chapter 6].

As in Chapter 5, let V := f v 1; : : : ; vn g � Rd� 1 and

A =
�

1 � � � 1
v1 � � � vn

�
2 Rd� n :

Assumethat rank(A) = d, and choosea matrix B 2 Rn � (n � d) whose
columns form a basis of kerR(A). Recall that the Gale transform
B = f b1; : : : ; bn g � Rn � d consistsof the rows of B .

De�nition 6.1. (1) A vector con�guration f w 1; : : : ; wpg � Rq

is said to be acyclic if there existsa vector � 2 Rq such that
� �w i > 0 for all i = 1; : : : ; p. Geometrically this meansthat
all the vectors w i lie in the interior of a halfspacede�ned
by a hyperplane in Rq containing the origin.

(2) A vector con�guration f w 1; : : : ; wpg � Rq is said to be to-
tally cyclic if there exists a vector � > 0 in Rp such that
� 1w1 + : : : + � pwp = 0. Geometrically this meansthat the
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w i are arranged all the way around the origin and are not
entirely on one side of any hyperplane through the origin.

Lemma 6.2. The columns of A form an acyclic con�gur ation in Rd

since they all lie in the open halfspace f x 2 Rd : x1 > 0g, while
the Gale transform B is a total ly cyclic con�gur ation in Rn � d since
b1 + : : : + bn = 0. (Note that the �rst row of A, which is a row of
ones, dots to zero with the rows of B .)

Supposewe start with a totally cyclic vector con�guration B =
f b1; : : : ; bn g � Rn � d and a vector � > 0 such that

P
� i b i = 0. By

rescaling the elements of B, we may assumethat � = (1; 1; : : : ; 1). If
B 2 Rn � (n � d) is the matrix whoserows are the elements of B then we
can also assumethat rank(B ) = n � d. This meansthat kerR(B t ) =
f x 2 Rn : B t x = 0g is a linear subspaceof rank n � (n � d) = d. Let
A 2 Rd� n be a matrix whose rows form a basis for kerR(B t ). The
columns of A form the vector con�guration A = f a1; : : : ; an g � Rd.
Then A is said to be a Gale dual of B and B a Gale dual of A .
By our assumption that � = (1; : : : ; 1), we may assumethat the �rst

row of A is a row of all ones,or in other words, ai =
�

1
v i

�
for all

i = 1; : : : ; n. Now the question is, what conditions on B will ensure
that f v1; : : : ; vn g is the vertex set of a (d� 1)-polytope? To state our
answer formally, we intro duce the notion of circuits and co-circuits of
vector con�gurations.

De�nition 6.3. (1) The sign of a vector u 2 Rn is the vector
sign(u) 2 f + ; 0; �g n de�ned as:

sign(u) i :=

8
<

:

+ if ui > 0
� if ui < 0
0 if ui = 0

(2) The supp ort of a vector u 2 Rn is the set

supp(u) := f i : ui 6= 0g � [n]:

Note that the supports of a collection of vectors can be partially
ordered by set inclusion.

De�nition 6.4. Let W = f w 1; : : : ; wpg � Rq be a vector con�gura-
tion.
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(1) A circuit of W is any non-zero vector u 2 Rp of minimal
support such that w1u1+ : : :+ wpup = 0. The vector sign(u)
is called a signed circuit of W.

(2) A co-circuit of W is any non-zerovector of minimal support
of the form (v �w1; : : : ; v �wn ) wherev 2 Rq. The signvector
of a co-circuit is called a signed co-circuit .

Example 6.5. Consider the vector con�guration shown in Figure 1
that is the Gale transform of the triangular prism from Chapter 5.
If we take v = (1; 0) in De�nition 6.4 (2), then we get the co-circuit
(0; 1; � 1; 0; � 1; 1) and the signedco-circuit (0; + ; � ; 0; � ; +). On the
other hand, the vector (1; 0; 0; 1; 0; 0) is a circuit of the con�guration,
and hence(+ ; 0; 0; + ; 0; 0) is a signedcircuit of the con�guration.

b 2

b 6

b 4

b 1

b 5

b 3

Figure 1. Gale diagram of the vertices of the triangular prism
from Chapter 5.

The signedcircuits (or equivalently signedco-circuits) of a vector
con�guration completely determine the combinatorics of the con�gu-
ration. In fact there is a very rich theory of circuits and co-circuits
that we will not get into here. It is also a fact that if A and B are
Gale duals then the circuits of A are exactly the co-circuits of B and
vice-versa. For instance, in our triangular prism example, A can be
taken to be the columns of the matrix:

A =

0

B
B
@

1 1 1 1 1 1
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 1 1

1

C
C
A :
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The co-circuit (0; 1; � 1; 0; � 1; 1) of B doesindeedform a circuit of A :
Check �rst that this vector lies in the kernel of A. To seethat it's a
circuit, i.e., a dependencyon the columns of A of minimal support,
you have to check that all subsets of columns 2; 3; 5; 6 are in fact
linearly independent.

Circuits and co-circuits comein symmetric pairs: the negative of
a circuit is again a circuit and similarly for co-circuits. It su�ces to
record one member of each pair.

Theorem 6.6. [Zie95 , Theorem 6.19] Let B = f b1; : : : ; bn g � Rn � d

be a total ly cyclic vector con�gur ation with
P

b i = 0 and the matrix
B having rank n � d as before. Then B is a Gale transform of a
(d� 1)-polytope with n vertices if and only if every co-circuit of B has
at least two positive coordinates.

Pro of. Recall the matrix A constructed from B as before. We have
to show that f v1; : : : ; vn g is the vertex set of the (d � 1)-polytope
P = conv(f v1; : : : ; vn g) if and only if every co-circuit of B has at
least two positive coordinates. Since B is totally cyclic, every co-
circuit of B has at least one positive entry and one negative entry .
Someco-circuit of B has exactly onepositive entry | say in position
j | if and only if 0 62relint (conv(b i : i 6= j )) which, by Theorem 5.6,
is if and only if v j is not a vertex of P. This provesthe theorem. �

Remark 6.7. If every v i is a vertex of conv(f v1; : : : ; vn g), then we
say that the v i are in convex position . Theorem 6.6 is providing
conditions on a vector con�guration B with the stated assumptions
that precisely guarantee when B is the Gale dual of a con�guration
A whosecolumns are all in convex position.

We can also characterize a�ne Gale diagrams by reinterpreting
Theorem 6.6.

Corollary 6.8. [Zie95 , Corollary 6.20] A point con�gur ation C =
f c1; : : : ; cn g � Rn � d� 1, each of them declared to be either black or
white, that a�nely spans Rn � d� 1, is the a�ne Gale diagram of a
(d � 1)-polytope with n vertices if and only if the following condition
is satis�ed: for every oriented hyperplane H in Rn � d� 1 spanned by
somepoints of C, the number of black dots on the positive side of H
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plus the number of white dots on the negative side of H is at least
two.

Exercise 6.9. Check that Corollary 6.8 is a straight translation of
Theorem 6.6 to a�ne Gale diagrams.

Exercise 6.10. Check that the condition of Corollary 6.8 is true for
the a�ne Gale diagram of the triangular prism from Chapter 5.

We are now ready to get to the fun. We could try to use Gale
diagrams to classify (d � 1)-polytopes with n vertices. Any (d � 1)-
polytope with d vertices is a simplex. The Gale diagram in this case
is in zero-dimensionalspaceR0 and all the b i = 0 2 R0. If P is
a (d � 1)-polytope with d + 1 vertices, then its Gale diagram is a
totally cyclic vector con�guration in R and its a�ne Gale diagram
is a cloud of black and white points in R0. It is known that there
are b(d � 1)2=4c combinatorial typesof (d � 1)-polytopeswith d + 1
vertices. Of these,b(d� 1)=2c are simplicial polytopesand the others
are multiple pyramids over simplicial polytopesof this type. This is
a non-obvious but classical result. Further results are known. See
[Gr •u03, Chapter 6] for details. Our goal in the rest of the chapter
will be to show that Galediagramsexhibit the existenceof somereally
bizarre polytopes.

Theorem 6.11. [Gr •u03, pp 94] There existsa non-rational 8-polytope
with 12 vertices.

Pro of. Using Corollary 6.8, check that the point con�guration shown
in Figure 2 is the a�ne Gale diagram of an 8-polytope P with 12 ver-
tices. It turns out that this point con�guration cannot be realizedby
rational coordinates without violating the prescribed combinatorics.
By \prescrib ed combinatorics" we mean that the samepoints should
be collinear, or on a plane etc, as in Figure 2. First note that �xing
the combinatorics implies that there will always be a pentagon in the
middle of the con�guration. It's harder to seethat this pentagon has
to be regular (do you seeit?). Further, a regular pentagon cannot be
embedded in the plane with rational coordinates as its coordinates
will involve

p
5 which is not rational.
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Let Q be any polytope that is combinatorially equivalent to P.
Then the a�ne Gale diagram of Q also has the samecombinatorics,
i.e., samecollinearities, circuits, coincidencesetc. Thus Q cannot be
realizedwith rational coordinates either. In particular, neither P nor
any polytope combinatorially equivalent to it can be realized with
rational coordinates.

�11

1 5 6 �9 2

7

3 4

8

�10

�12

Figure 2. A�ne Gale diagram for Theorem 6.11.

�

The above example is due to Perles. No non-rational polytope
with lessthan 12verticesis known. However, Richter-Gebert hascon-
structed 4-polytopes(with about 30 vertices) which are non-rational.
This stands in contrast to the fact that all polytopes of dimension
at most three can be realized with rational coordinates. Also, all
(d � 1)-polytopes with at most d + 2 vertices can be realized with
rational coordinates. Can you seehow to construct in�nitely many
polytopesof dimension d � 8 and at least d + 4 vertices that do not
have rational realizations beginning with the above example?
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We now turn to a di�eren t feature of polytopes that can be un-
covered via their Gale diagrams. It is known that for all polytopesof
dimension d � 3 or with at most d+ 3 vertices, onecan prescribe the
the shape of a facet. This meansthat if a particular facet is known
to be an octahedron say, then we can start with any embedding of an
octahedron as this facet and then complete the construction of the
polytope according to the combinatorics prescribed. This contrasts
the following theorem whoseproof is from [Zie95 , Theorem 6.22].

Theorem 6.12. [Stu88 ] There is a 4-polytope P with 7 facets for
which the shape of a facet cannot be prescribed.

Pro of. Let P � be the bi-pyramid over a squarepyramid. Let the A
matrix for this be:

A =

0

B
B
B
B
@

1 1 1 1 1 1 1
1 0 � 1 0 0 0 0
0 1 0 � 1 0 0 0
0 0 0 0 1 1 0
0 0 0 0 0 1 � 1

1

C
C
C
C
A

:

To seethat the convex hull of the columns of A is a bi-pyramid over
a square pyramid, �rst note that the convex hull of the �rst four
columnsof A is a square,and the convex hull of the �rst �v e columns
of A is a square pyramid. Next note that the average of the last
two columns of A is (1; 0; 0; 1=2; 0) which is the midpoint of the line
segment perpendicular to the baseof the pyramid, dropped from the
apex of the pyramid. The columns of

 
1 0 1 0 2 � 2 � 2

0 1 0 1 2 � 2 � 2

!

form the Gale transform B of P � . The Gale diagram is shown in
Figure 3.

Now we examinean operation on polytopesthat we haven't seen
so far. The vertex �gure of a polytope Q at a vertex v is the
intersection of Q with a hyperplane H that \chops o� " vertex v very
near vertex v | i.e., v lies on one side of H and all other vertices of
Q lie on the other side of H . The resulting polytope is denoted as
Q=v.
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1,3

2,4

6,7

5

5

2,4

�6

�7

1,3

Figure 3. Gale and a�ne Gale diagram for Theorem 6.12.

Let's considerthe vertex �gure of our bi-pyramid P � at the vertex
5. The Gale diagram of P � =5 is obtained from the Gale diagram of
P � by deleting the point 5 from the diagram. (This is Exercise6.13.)
The resulting Gale diagram is that of a regular octahedron, for in-
stancethe one with

A0 =

0

B
B
@

1 1 1 1 1 1
1 � 1 0 0 0 0
0 0 1 � 1 0 0
0 0 0 0 1 � 1

1

C
C
A :

Check that for P � , 5�6 and 5�7 are co-facets. However, this requires
that the points �6 and �7 coincide in the a�ne Gale diagram of P � =5
or equivalently that the Gale vectors 6 and 7 are in the in the linear
spanof the Gale vector 5 in the opposite direction from 5. Therefore,
if we start with a non-regular octahedron such as the following one
with:

A0 =

0

B
B
@

1 1 1 1 1 1
1 � 1 0 0 0 0

1=6 0 1 � 1 0 0
0 0 0 0 1 � 1

1

C
C
A

which has the a�ne Gale diagram shown in Figure 4, then it is not
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2,4

�6
�7

1,3

Figure 4. A�ne Gale diagram of a non-regular octahedron.

the vertex �gure of a 4-polytope that is combinatorially isomorphic
to P � .

Recall that the face lattices of P and P � are anti-isomorphic
which means that the vertex 5 of P � corresponds to a facet of P.
This facet has the same combinatorics as the vertex �gure P � =5.
Thus by showing that a vertex �gure of P � cannot be prescribed, we
have shown that a facet of P cannot be prescribed. �

Exercise 6.13. Argue that the Gale diagram of the vertex �gure
P � =5 is obtained from the Gale diagram of P � by deleting the point
5 from the diagram. This result is true in general.





Chapter7

Triangulations of Poin t
Con�gurations

In this chapter we will consider subdivisions and triangulations of
graded point con�gurations. Seethe forthcoming book [DRS ] for a
comprehensive account of triangulations in the sensewe will study
them.

Let V = f v1; : : : ; vn g � Zd� 1 be a point con�guration whose
convex hull is a (d � 1)-dimensional polytope P � Rd� 1. We do not
insist that the points be distinct or that they all be verticesof P. We
embed V in Rd by placing all its points on the hyperplane x1 = 1 in
Rd and consider the point con�guration

A =
� �

1
v1

�
; : : : ;

�
1

vn

��
:

The con�guration A is said to be graded sinceit liveson the hyper-
plane x1 = 1. If A is graded then the vector (1; 1; : : : ; 1) lives in the
row spaceof A. Let A be the corresponding d � n matrix. We have
that rank(A) = d. Note that conv(A) is a (d � 1)-polytope living in
Rd. We will study subdivisions of A .

Once we �x A , we can simply refer to its i th element ai by its
index i 2 [n]. We identify � � [n] with A � := f ai : i 2 � g. A subset
A � of a point con�guration A is called a face of A if the elements of
A � are preciselythose that lie on a faceof the polytope conv(A). We

57
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refer to this faceas � . The dimension dim(� ) is the dimension of the
polytope conv(A � ). We say that � is a k-simplex if dim( � ) = k and
j� j = k + 1. This is all a bit tric ky as we will seein the examplesin
Figure 1.

De�nition 7.1. A sub division , � = f � 1; : : : ; � t g, of the point con-
�guration A is a collection of subsets� i � [n], i = 1; : : : ; t such that

(1) dim( � i ) = d � 1 for all i = 1; : : : ; t,

(2)
S

� i 2 � conv(A � i ) = conv(A),

(3) for i 6= j , conv(A � i ) \ conv(A � j ) = conv(A � ) where � =
� i \ � j is a common faceof both � i and � j .

� If further, all the � i are (d � 1)-simplices, then � is a tri-
angulation of A .

� The sets f � i : i = 1; : : : ; tg are called the facets ((d � 1)-
faces)of �, and the indices that appear in the facets of �
are called the vertices (0-faces)of �. Facesof � i are called
faces of �.

� A triangulation in which every i 2 [n] is a vertex is called a
�ne triangulation of A .

� A subdivision � = f � 1; : : : ; � t g re�nes a subdivision � 0 =
f � 1; : : : ; � sg if for every � i 2 � 0 there exist � i 1 ; : : : ; � i k 2 �
such that f � i 1 ; : : : ; � i k g is a subdivision of � i .

Example 7.2. Consider the 8-point con�guration A shown in Fig-
ure 1. Figure 1 (a) is not a subdivision of A as the union of the facets
(which are shadedin this picture) is not all of P. In the rest of the
�gures, facets will not be shaded. Figure 1 (b) is not a subdivision
of A becausethe facets f 1; 2; 3g and f 1; 2; 4g do not intersect in a
common face. How about Figure 1 (c)? The bottom triangle could
mean that either f 5; 6; 7; 8g is a facet or that f 6; 7; 8g is a facet. If
f 5; 6; 7; 8g is a facet, then it has the facef 5; 6; 8g but not f 5; 8g which
meansthat f 1; 5; 8g and f 5; 6; 7; 8g do not intersect in a commonface.
If f 6; 7; 8g is a facet then again f 1; 5; 8g and f 6; 7; 8g do not intersect
in a commonfaceeither. Thus Figure 1 (c) is not a subdivision. This
example also shows that it isn't always clear from the picture what
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the facets are. Subdivisions are accurately speci�e d by listing their
facets as subsetsof [n].

(c)(b)(a)

1

2

3

4

5 6

7

8

(d) (e) (f ) (g)

1 1

1 1 1 1

2 2

2 2 2 2

3 3

3 3 3 3

8 8 8 8

88

4
4

4 4
4 4

5
5

5
5 5 5

6 6

6 6 6 6

7 7

7 7 7 7

Figure 1. Subdivisions and non-subdivisions.

In Figure 1 (d), let us assumethat the facets are

f 1; 2; 3g; f 1; 3; 4; 6g and f 1; 4; 6; 7; 8g:

This is indeed a subdivision of A . Somenon-facesof this subdivision
are f 5g and f 1; 4g. Figure 1 (f ) is a re�nement of Figure 1 (d) and
is a triangulation. However, Figure 1 (e) is not a re�nement of Fig-
ure 1 (d). In fact it is not a subdivision as the facets f 1; 3; 4; 6g and
f 1; 4; 8g do not intersect in a common face. How about Figure 1 (g)?
Hopefully, you can seethat it's a triangulation, but is it a re�nement
of the triangulation in Figure 1 (f )? The answer is no since it has
simplices that use the vertex 5 which is not present in any face of
Figure 1 (f ).

Pleasepauseand considerthe di�erences betweensubdivisions of
point con�gurations as de�ned above and subdivisions of polytopes
that we saw in Chapter 4. For subdivisions of point con�gurations,
all vertices have to come from the con�guration. Also, the convex
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hull of a facemay not specify the faceas in Figure 1 (d) in which the
convex hull of f 1; 3; 4; 6g equalsthe convex hull of f 1; 3; 6g.

Among all subdivisions, there are somespecial onescalled regular
subdivisions, a concept we saw before for subdivisions of polytopes.
Let's rede�ne it more generally for point con�gurations now.

De�nition 7.3. Let ! = (! 1; : : : ; ! n ) 2 Rn be a weight vector and A
be a gradedpoint con�guration in Rd asbefore. Consider the \lifted"
point con�guration

A ! =
� �

a1

! 1

�
; : : : ;

�
an

! n

��
� Rd+1

and its convex hull P ! � Rd+1 . The \lo wer faces"of P ! form a poly-
hedral complex. Projecting this \lo wer hull" back onto A induces a
subdivision of A , denoted as � ! and known as the regular sub di-
vision of A with respect to ! . Subdivisions of A that arise via this
construction are preciselythe regular subdivisions of A . For a generic
! , � ! is a triangulation of A . (In fact we de�ne ! to be generic(with
respect to A) whenever � ! is a triangulation of A .)

Recall that F is a lower face of P ! if for each x 2 F and � > 0,
x � � ed+1 62P ! . Figure 2 shows all the regular triangulations of a
gradedpoint con�guration in R2 whoseconvex hull is a line segment.

direction of lifting

ff 1 ; 4gg

1 2 3 4

ff 1 ; 2g ; f 2 ; 3g ; f 3 ; 4ggff 1 ; 2g ; f 2 ; 4gg ff 1 ; 3g ; f 3 ; 4gg

Figure 2. Regular triangulations.

Informally speaking, a subdivision � of A is regular if we can
fold it along the creasesof the subdivision to be the lower hull of a
polytope in one higher dimensional space. For instance the subdi-
vision in Figure 1 (d) is regular as it can be induced by the weight
vector ! = (0; 5; 1; 0; 100; 0; 0; 0). We can test this using PORTA by
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computing P ! and computing its lower facets. We will seeseveral
alternate tests for regularity in the rest of this chapter. Can you see
why the triangulation in Figure 3 is non-regular by trying to induce
it using a weight vector ! ?

Figure 3. A non-regular triangulation.

The above de�nition of � ! can be stated mathematically as fol-
lows.

De�nition 7.4. A subset� � [n] is a faceof the regular subdivision
� ! of A if and only if there exists a vector y 2 Rd such that

aj � y = ! j for all j 2 �

aj � y < ! j for all j 62� :

What is the above test doing geometrically? It says that � is a
face if and only if the vector (y ; � 1) � (aj ; ! j )t = 0 for all j 2 � and
(y ; � 1) � (aj ; ! j )t < 0 for all j 62� . This meansthat (y ; � 1) is normal
to the a�ne hull of the \lifted" � and all other lifted points lie above
this a�ne hull.

While De�nition 7.4 is useful for testing whether � = � ! , given
! , perhaps we might �rst ask for a more general test of regularity.
Given a subdivision � of A , is it regular? In other words, does
� = � ! for some! ? To proceedwe need to be able to work with
coneswhich are special casesof polyhedra.

De�nition 7.5. A cone K � Rd is any subsetof Rd such that

(1) for x; y 2 K , x + y 2 K , and
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(2) for x 2 K and � � 0, � x 2 K .

The most commonexampleof a coneis the ice-creamconein R3,
an exampleof which is the set

K = f (x; y; z) 2 R3 : x2 + y2 � z2; z � 0g:

We will be interested in polyhedral coneswhich are coneswith �nitely
many 
at sides.

De�nition 7.6. A polyhedral cone K � Rd is a polyhedron of the
form

K = f x 2 Rd : M x � 0g

where M is a real matrix, or equivalently (by the main theorem of
cones)any set of the form

K = f N y : y � 0g

where N is a real matrix.

The secondexpressionsays that K is the set of all non-negative
combinations of columns of N . The columns N of N are called the
generators of the cone K . This can be expressedby writing K as
K = cone(N ). A column n of N generatesan extreme ray of K
if cone(N ) ) cone(N nn). The inequalities in M x � 0 are called the
constraints of K . By the main theorem of coneswhich is analogous
to the main theorem for polytopes,every �nitely constrained coneis
a �nitely generatedconeand vice-versa. A cone complex is a poly-
hedral complex in which all the polyhedra are cones.Conecomplexes
are more typically called polyhedral fans. If the support of the fan
is the entire spaceit lives in, we call it a complete fan .

De�nition 7.7. Let P � Rd be a polyhedron and F be a faceof P.
Then the outer normal cone of P at F is the cone

NP (F ) = f c 2 Rd : F = facec (P)g:

The collection of outer normal conesof P is called the outer normal
fan of P. It is denoted as N (P). Similarly the inner normal cone
of P at F is the cone

NP (F ) = f c 2 Rd : F = face� c (P)g
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and the inner normal fan of P is the fan formed by the collection
of inner normal conesof P. We usethe samenotation for both as we
will not needboth simultaneously anywhere in this book.

P

P

(a)

(b)

Figure 4. A complete and incomplete fan.

Figure 4 gives two examplesof outer normal fans of polyhedra.
The top fan is complete while the bottom fan is not complete.

Notice that the outer normal coneof P at a faceF is the negative
of the inner normal coneof P at F . Also, if a face F is contained in
a face G of P then NP (F ) contains NP (G). The map that sendsa
face F of P to its normal cone NP (F ) is an anti-isomorphism. For
instance, if P is a full dimensional polyhedron in Rd then the normal
coneat a k-faceof P is a (d � k)-face of N (P).

Exercise 7.8. Prove that both the inner and outer normal fans of
a polyhedron are cone complexes. (You will need to show that the
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intersection of two conesin a fan is a common face of each and that
every faceof every conein a fan is again a conein the fan.)

De�nition 7.9. A polyhedral fan is polytopal if it is the outer/inner
normal fan of a polyhedron.

A very surprising fact is that not all polyhedral fans are outer
normal fansof polyhedra! To seesuch an example,take the fan whose
conesare the conesover the simplicesin the non-regular triangulation
in Figure 3. Argue that this fan is not polytopal.

Recall that in Chapter 5 we de�ned the Gale transform of a con-
�guration V by �rst grading it to form the matrix A and then taking
the kernel of A. If V is already graded (we are given A) we don't
need to grade it again to compute the Gale transform. In this case,
we say that B is a Gale transform of A (= V).

We now return to the question of how we can check whether a
given subdivision � of a point con�guration A is regular. For a set
� � [n], let �� := [n]n� .

Theorem 7.10. [Lee91] Let � = f � 1; : : : ; � t g be a subdivision of A
and B be a Gale transform of A . Then � is regular if and only if

t\

i =1

relint (cone(B�� i )) 6= ; :

The proof of this theorem will be the main job remaining. Before
we do that, let's understand the result geometrically. First, note that
the test involves�guring out whether the relative interiors of the cones
f cone(B�� i )g have a common intersection. Since each � i 2 � has at
least d elements, B�� i has at most n � d elements and cone(B�� i ) �
Rn � d. Let's �rst apply this theorem to check the regularity of the
triangulations in Figure 2.

Example 7.11. Suppose the con�guration A shown in Figure 2 is
the grading of f 0; 1; 2; 3g. Then

A =
�

1 1 1 1
0 1 2 3

�
; and B t =

�
1 � 2 1 0
2 � 3 0 1

�
:

The Gale diagram is shown in Figure 5 (a).
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3

4

2

1

3

4

2

1

(a) (b)

Figure 5. Gale diagram of the con�guration in Figure 2.

(1) � 1 = ff 1; 4gg is regular sincerelint (cone(f b2; b3g)) is non-
empty.

(2) � 2 = ff 1; 2g; f 2; 4gg is regular sincerelint (cone(f b3; b4g)) \
relint (cone(f b1; b3g)) is relint (cone(f b1; b3g)) which is not
empty.

(3) � 3 = ff 1; 2g; f 2; 3g; f 3; 4gg is regular since
relint (cone(f b3; b4g)) \ relint (cone(f b1; b4g)) \
relint (cone(f b1; b2g)) is relint (cone(f b1; b4g)) which is not
empty.

(4) � 4 = ff 1; 3g; f 3; 4gg is regular sincerelint (cone(f b2; b4g)) \
relint (cone(f b1; b2g)) is relint (cone(f b2; b4g)) which is not
empty.

In Figure 5 (b) we have placed the four regular triangulations in
the corresponding

T t
i =1 relint (cone(B�� i )).

Example 7.12. Considerthe gradedpoint con�guration A consisting
of the columns of the following matrix:

0

@
4 0 0 2 1 1
0 4 0 1 2 1
0 0 4 1 1 2

1

A ;

and the subdivisions of A shown in Figure 6.
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(0,4,0)

(1,2,1)

(1,1,2)

(0,0,4)

(a) (b) (c)

(4,0,0)

(2,1,1)

Figure 6.

The Gale transform of A consistsof the columns of the following
matrix:

0

@
1 0 0 � 3 1 1
0 1 0 1 � 3 1
0 0 1 1 1 � 3

1

A

and the a�ne Gale diagram is shown in Figure 7. (We used the
construction described at the end of Chapter 5 with y = (1; 1; 1).)

1

2

3

�5

�6
(3 ; � 1)

(1 ; 0)

(0 ; 1)

( � 1 ; � 1) �4

( � 1 ; 3)

(0 ; 0)

Figure 7. A�ne Gale diagram of the con�guration in Exam-
ple 7.12.
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The subdivision in Figure 6 (c) is � 3 = f � 1 = f 4; 5; 6g; � 2 =
f 1; 2; 4; 5g; � 3 = f 2; 3; 5; 6g; � 4 = f 1; 3; 4; 6gg. Figure 8 shows the
conesf cone(B�� i )g. Note that their relative interiors intersect at the
point z which shows that � 3 is regular.

1

2

3

�5

�6
�4

z

Figure 8. Intersection of f cone(B �� i ) : � i 2 � 3g.

Exercise 7.13. Check that Figure 6 (b) is a regular triangulation
while Figure 6 (a) is non-regular.

If B is a Gale transform of a point con�guration A , then the scaled
vector con�guration ~B := f � 1b1; : : : ; � n bn g where � i > 0 is called a
scaled Gale transform of A . ScaledGale transforms carry the same
combinatorial information as Gale transforms | for any � ( [n],
0 2 relint (conv(B�� )) if and only if 0 2 relint (conv( ~B�� )). Let's prove
one direction: 0 2 relint (conv(B�� )) if and only if 0 =

P
i 2 �� � i b i

where 0 < � i < 1,
P

i 2 �� � i = 1. Suppose
P

i 2 ��
� i
� i

= t. Then clearly

t > 0 since � i ; � i > 0. Then 0 =
P

i 2 ��
� i
t� i

(� i b i ) where 0 < � i
t� i

< 1

and
P

i 2 ��
� i
t� i

= 1 which shows that 0 2 relint (conv( ~B�� )). Can you
prove the other direction? The upshot is that wecan reado� the faces
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of P = conv(A) from ~B. In many books, all scaledGale transforms
are called Gale diagrams.

Now we begin to prove Theorem 7.10 via a seriesof lemmas. We
have to show that � = f � 1; : : : ; � t g is a regular subdivision of A if
and only if

t\

i =1

relint (cone(B�� i )) 6= ; :

The strategy will be to show that elements in
T t

i =1 relint (cone(B�� i ))
are precisely the seeds for lifting vectors ! 2 Rn such that � = � ! .
This proof is an elaboration of the one in [Lee91].

Lemma 7.14. Let ! = (! 1; : : : ; ! n ) 2 Rn such that 0 < ! i < 1 and
consider the polytopes:

P ! = conv
���

a1

! 1

�
; : : : ;

�
an

! n

���
; and

P1� ! = conv
� � �

a1

(1 � ! 1)

�
; : : : ;

�
an

(1 � ! n )

�� �
:

Then the facets in the lower hull of P ! are precisely the facets in the
upper hull of P 1� ! .

Exercise 7.15. Prove the above lemma. Figure 9 shows a small
example that might make the lemma believable. The con�guration
A is on the xd+1 = 0 plane. The polytope P ! has unshadedvertices
while P 1� ! has shadedvertices.

�

��

�

�

��

�

�

��

�

�

��

�

�

�	

	

x d +1 = 1

x d +1 = 0

Figure 9. Figure for Lemma 7.14.



7. Triangulations of Poin t Con�gurations 69

Lemma 7.16. Let B � Rn � d be a Gale transform of the graded point
con�gur ation A = f a1; : : : ; an g � Rd. Let z be a vector in the interior
of the convex hull of B and 0 < ! 1; : : : ; ! n < 1,

P n
i =1 ! i = 1 such

that z =
P n

i =1 ! i b i . Then B0 := B [ f� zg is a scaled Gale transform
of the vector con�gur ation

A 0 =
�

1
! 1

�
a1

(1 � ! 1)

�
; : : : ;

1
! n

�
an

(1 � ! n )

�
;
�

0
� 1

��
:

Pro of. To prove this we have to show that B0 is obtained by posi-
tiv ely scaling someGale transform of A 0. Using the de�nition of z
and Gale transforms, check that the matrix product

�
1

! 1

�
a1

(1 � ! 1)

�
� � � 1

! n

�
an

(1 � ! n )

� �
0

� 1

� �

0

B
B
B
@

! 1b1
...

! n bn

� z

1

C
C
C
A

givesthe zeromatrix. This provesthat the columnsof secondmatrix
lie in the kernel of A0. SinceB consistsof n � d linearly independent
vectors, the rank of the secondmatrix is n � d which is the dimension
of the kernel of A0. This proves that the rows of the secondmatrix
form a Gale transform of A 0. Clearly B0 is a positive scaling of this
Gale transform. �

Proof of Theorem 7.10. To �nish the proof, we work out two equiv-
alent descriptions of the facets of conv(A 0) that do not contain the
point (0; � 1). Consider the projective transformation

f : Rd+1 ! Rd+1 such that
�

x
xd+1

�
7!

1
1 + xd+1

�
x

xd+1

�
:

Under this map,

1
! i

�
ai

(1 � ! i )

�
7!

�
ai

(1 � ! i )

�

and (0; � 1)t gets sent to the plane at in�nit y. This implies that
conv(A 0) getssent to P 1� ! + [0; �1 ] and the facetsof conv(A 0) that
do not contain (0; � 1) are precisely the bounded facets of P 1� ! +
[0; �1 ] which in turn are the facets in the upper hull of P 1� ! .
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On the other hand, we can use B0 to work out the facets of
conv(A 0) that do not contain the point (0; � 1). Recall that � is
such a facet if it is maximal with the property that

0 2 relint (conv(B�� [ f� zg)) :

Now notice that we can rephrase this last sentence as \ � is such a
facet if it is maximal with the property that z 2 relint (cone(B �� ))".

Thus we have proved that the facets in the upper hull of P 1� !

(lower hull of P ! ) are precisely the maximal sets � � [n] with

t\

i =1

relint (cone(B�� i )) 6= ; :

2

Remark 7.17. The proof of Theorem 7.10 also shows us how to
produce weight vectors ! that induce a regular triangulation �. By
the theorem,

\

� 2 �

relint (cone(B�� )) 6= ; :

Pick a non-zero z in this intersection small enough such that z 2
relint (conv(B)). Then there exists ! = (! 1; : : : ; ! n ) 2 Rn such that
z =

P n
i =1 ! i b i ; 0 < ! i < 1;

P n
i =1 ! i = 1, and � = � ! .

Note that once we have ! , any positive multiple of it will also
induce the same subdivision. Thus we could have picked any z 2T

� 2 � relint (cone(B�� )) and solved for z = ! B to get ! such that
� = � ! .

Exercise 7.18. Find weight vectors to induce the four regular tri-
angulations in Figure 5. How about the subdivision � 3 in Figure 6
(c)?

Exercise 7.19. Calculate all the regular subdivisions of the 4-point
con�guration from Figure 2 and draw them in the picture of the
Gale diagram in Figure 5 (a). Note that in Figure 5 (b) we have
found all the regular triangulations. They correspond to the four full
dimensionalconesthat you seein the natural fan induced by the Gale
diagram.
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De�nition 7.20. If a subdivision � 0 re�nes a subdivision � of a
point con�guration A , then write � 0 � �. The operation � partially
orders the set S of all subdivisions of A . This poset) (S; � ) is called
the re�nemen t poset of the subdivisions of A .

Exercise 7.21. Describe the re�nement poset of the 4-point con�g-
uration in Figure 2.

Exercise 7.22. Let A be the point con�guration with 6 points in
R3 given in Example 7.12. Carefully describe its re�nement poset.
Indicate which subdivisions � are regular by giving a weight vector
! that induceseach regular subdivision.





Chapter8

The Secondary Polytop e

Theorem 7.10 from the last chapter tests for the regularity of a sub-
division � of a graded point con�guration A � Zd with the stated
assumptions. This theorem suggestsan algorithm for constructing all
regular triangulations of A . Take the Gale diagram B � Rn � d of A
and a vector z 2 Rn � d. Then the subdivision

� = f � � [n] : z 2 relint (cone(B�� ))g

is a regular subdivision of A . Conversely, if � is regular then

t\

i =1

relint (cone(B�� i )) 6= ;

and we can choosea z in this intersection.

In the last chapter, we also saw that if z =
P n

i =1 ! i b i then in
fact, � = � ! . Is this ! unique? Recall that the elements of B are the
rows of a n� (n� d) matrix B whosecolumnsform a basisfor kerR(A).
Then z =

P n
i =1 ! i b i = ! B . Let y 2 row space(A). Then yB = 0.

This implies that z = ! B + yB = (! + y )B . Thus we can add any
vector in row space(A) to a solution ! to the linear system z = ! B
to get ! 0 such that � ! = � ! 0. In particular, since A is assumedto
be graded, (1; 1; : : : ; 1) 2 row space(A), and there is always a positive
weight vector ! such that z = ! B . Any ! such that z = ! B is said
to be \lifted" from z.

73
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De�nition 8.1. (1) The secondary cell of a regular subdivi-
sion � of A is the open cone

f ! : there exists z = ! B ; z 2
t\

i =1

relint (cone(B�� i ))g � Rn :

(2) The closure of the secondarycell in Rn is the secondary
cone of �, denoted as C� .

(3) The opencone
T t

i =1 relint (cone(B�� i )) � Rn � d is the poin ted
secondary cell of �, and

(4) the closure of
T t

i =1 relint (cone(B�� i )) is called the poin ted
secondary cone of �, which we denote as C0

� .

Note that the pointed secondarycell and cone lie in Rn � d and
hencedo not consist of height/w eight vectors that induce triangula-
tions. To get weight vectors ! we have to solve the system z = ! B
for z in these pointed cones. In other words, we can think of B as
de�ning a linear transformation from Rn ! Rn � d where ! 7! ! B .
The full dimensional conesare the preimagesunder this map of the
corresponding pointed cones.The pointed conesallow us to mod out
the lineality space, row space(A), from the set of height functions and
henceare more convenient to study. The linealit y space of a cone
is the largest subspacein the cone.

The discussionbefore De�nition 8.1 proves that every vector in
the secondarycell of � is a weight vector that induces � as a reg-
ular subdivision. Conversely, if ! 2 Rn such that � = � ! , then
we can write ! as ! = ! 0 + ! 00 where ! 0 2 kerR(A) and ! 00 2
row space(A). The proof of Theorem 7.10 shows that z = ! B = ! 0B
lies in

T t
i =1 relint (cone(B�� i )). This provesthe following theorem.

Theorem 8.2. The secondary cell of a regular subdivision � is pre-
cisely the set of all weight vectors ! 2 Rn such that � = � ! .
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Example 8.3. Consider the vector con�guration A consisting of the
vertices of the pentagon shown in Figure 1. Here

A =

0

B
B
@

1 1 1 1 1

0 1 2 1 0

0 0 1 2 1

1

C
C
A and B =

0

B
B
B
B
@

� 2 � 2
3 2

� 2 � 1
1 0
0 1

1

C
C
C
C
A

:

2

3

4

5

1

2

5

1

4

3

Figure 1. The regular subdivisions of a pentagon.

Figure 1 shows all the regular subdivisions of A placed against
their pointed secondarycones. The origin is the pointed secondary
coneof the coarsestsubdivision � 0 = ff 1; 2; 3; 4; 5ggshown at the top
of the �gure. Its secondaryconeis the subspacerow space(A) in R5.
The �v e regular triangulations of A have full dimensional secondary



76 8. The Secondary Polytop e

cones.For instance, the triangulation

� = ff 1; 2; 3g; f 3; 4; 5g; f 1; 3; 5gg

has the pointed secondarycone, cone(f b2; b4g), which gives a �v e-
dimensional secondary cone. The remaining �v e regular subdivi-
sionshave one-dimensionalpointed secondaryconeswhich give four-
dimensional secondaryconesin R5.

Example 8.3 might make you suspect that there is much more
structure to the regular subdivisions of a point con�guration than
what we have so far. For instance,

(1) the secondaryconesof the regular subdivisions seemto form
a polyhedral fan with the full dimensional conesin the fan
indexed by regular triangulations.

(2) The facelattice of this fan seemsto correspond to the poset
of regular subdivisions of A orderedby re�nement. SeeFig-
ure 2.

Figure 2. The re�nemen t poset of the subdivisions of the
pentagon.

(3) There seemsto be a relationship between a regular subdi-
vision and its neighbors in this re�nement poset. In partic-
ular, the two triangulations neighboring a subdivision seem
to be the two possibleregular triangulations that re�ne this
subdivision.

(4) Lastly, in this example at least, it seemsthat the fan of
secondaryconesis polytopal. There is a pentagon whose
normal fan is this fan.
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All theseobservations are in fact theorems! We focus on (1) and
(4) and seeexamplesand construction methods.

Consider the Gale transform B asa vector con�guration in Rn � d.
We call � = f � 1; : : : ; � n � dg � [n] a basis if cone(B� ) is a basis of
Rn � d.

De�nition 8.4. [BFS90 ] The poin ted secondary fan of A , de-
noted asF 0(A ), is the conecomplexobtained asthe multi-in tersection
of all the conesf cone(B� )g as � rangesover all basesof B.

The multi-in tersection of a collection of conesis the new cone
complex consisting of all intersectionsof the original conesinvolved.
Do not confuseit with the common intersection of all the conesin-
volved which may be just the origin.

Each cell (open cone) in the complex is of the form

\

� 2 �

relint (cone(B�� ))

where � consistsof all the sets � � [n] that are maximal with the
property that the cell lies in relint (cone(B�� )). Then � is the regular
subdivision indexed by this cell. In particular, the full dimensional
cells in F 0(A ) index the regular triangulations of A since if a cell
is full dimensional, then the maximal � 's such that the cell lies in
relint (cone(B�� )) all have d elements.

Example 8.5. Let us verify all this in Example 8.3. Looking at
Figure 1 we seethat the multi-in tersection of cone(B� ) as � ranges
over all basesof B is preciselythe fan obtained by simply drawing the
two-dimensionalGale transform in the plane. Therefore, the pointed
secondaryfan F 0(A) is the two-dimensional fan shown in Figure 1.
Check that the maximal � 's such that the interior of cone(b5) lies in
the relative interior of cone(B�� ) are f 1; 2; 3; 4g and f 1; 4; 5g which are
the facets of the subdivision labeling this pointed secondarycell.

Example 8.6. The secondaryfan becomesmore complicated when
n � d > 2. Let us try to construct the pointed secondaryfan of the
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con�guration A consisting of the columns of
0

@
4 0 0 2 1 1
0 4 0 1 2 1
0 0 4 1 1 2

1

A

whoseGale transform B consistsof the columns of
0

@
1 0 0 � 3 1 1
0 1 0 1 � 3 1
0 0 1 1 1 � 3

1

A :

We saw the Gale diagram in the previous chapter. To construct the
pointed secondaryfan, we have to �nd all basesof B and then inter-
sect the conesthey span. How do we do this? Let B � be the square
(n � d) � (n � d) submatrix of B whosecolumns are the elements of
B� . Then � is a basis if and only if B � is non-singular. In Figure 3
we have drawn the fan in the northern hemispherewhich is the hemi-
sphere in which we had previously drawn the a�ne Gale diagram.
You see15 full dimensional conesin this picture. In the southern
hemispherethere is one more which is the conespannedby Bf 4;5;6g.
Thus there are 16 full dimensional cells in this pointed secondaryfan
which implies that this con�guration has 16 regular triangulations.

Let's construct the regular triangulation that goes with the cell
marked with an x. This cell lies in the relative interior of cone(B �� )
for the following �� 's:

f 1; 3; 4g; f 2; 3; 6g; f 2; 3; 5g; f 1; 2; 3g; f 3; 4; 6g; f 2; 4; 5g; f 1; 4; 5g

which implies that it corresponds to the regular triangulation

� = ff 2; 5; 6g; f 1; 4; 5g; f 1; 4; 6g; f 4; 5; 6g; f 1; 2; 5g; f 1; 3; 6g; f 2; 3; 6gg

shown in Figure 4.

Exercise 8.7. Find all the regular triangulations of the above con-
�guration and draw them in their pointed secondarycones.

Remark 8.8. The software package TOPCOM [Ram ] can be used
to �nd all regular triangulations of a point con�guration.

Theorem 8.9. The face poset of the secondary fan of A and the
re�nement poset of A have isomorphic Hassediagrams.
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x

13

2

�4�6

�5

Figure 3. The pointed secondary fan in the northern hemi-
sphere.

1 2

3

4 5

6

Figure 4. The regular triangulation for the cell marked x.

We will not elaborate on the above theorem except to say that
we hope it's somewhatbelievable basedon the examples.

Exercise 8.10. Isolate the part of the pointed secondaryfan in Fig-
ure 3 contained in the conespannedby Bf 1;2;3g. Draw the part of the
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re�nement poset of A indexed by the cells (of all dimensions) that
appear in this pieceof the pointed secondaryfan.

We concludethis chapter by showing that the secondaryfan of A
is polytopal. In fact, it is enoughto show that the pointed secondary
fan is polytopal aswe can then embed this polytope in kerR(A) � Rn

and get its normal fan in Rn to be the pointed secondary fan plus
the row spaceof A. Recall that we have assumedthat A is a graded
point con�guration in Zd.

De�nition 8.11. Let � be a simplex in a triangulation of A . The
the normalized volume of the simplex � , denoted as vol(� ), is
the absolute value of the determinant of A � divided by the greatest
common divisor (g.c.d.) of the maximal minors of A.

Example 8.12. In the A of Example 8.6, the g.c.d. of the maximal
minors of A is four. Thus the normalized volume of the simplex
f 4; 5; 6g is onewhile the normalized volume of the simplex f 1; 2; 5g is
four.

De�nition 8.13. The GKZ vector of a triangulation � of A is the
vector

� � :=
nX

i =1

� X
f vol(� ) : � 2 � and i 2 � g

�
� ei 2 Rn :

GKZ stands for Gelfand, Kapranov and Zelevinsky who discov-
ered and initiated much of this work [GKZ94 ].

De�nition 8.14. A secondary polytop e of A is any polytope
whoseinner normal fan equalsthe secondaryfan F (A).

Theorem 8.15. [GKZ94 ] The polytope

�( A ) := conv(f � � : � a triangulation of Ag)

is a secondary polytope of A . The vertices of �( A ) are the GKZ
vectors of the regular triangulations of A .

Pro of. [BFS90 , x2] In order to show that �( A ) is a secondarypoly-
tope of A , we have to show that N (�( A )), the inner normal fan of
�( A ), equalsF (A), the secondaryfan of A . We will prove that for



8. The Secondary Polytop e 81

each regular triangulation � of A , the secondary cone C� is con-
tained in N �( A ) (� � ). Recall that N �( A ) (� � ) is the inner normal
cone of �( A ) at the vertex � � . This will prove the theorem since
both N (�( A )) and F (A) are complete polyhedral fans in Rn .

Given a triangulation � of A and a vector ! 2 Rn , we obtain
a unique function g! ;� with domain P = conv(A) as follows: set
g! ;� (ai ) = ! i for the vertices ai of � and require that g! ;� is an
a�ne function on each simplex of �. This is an example of a piece-
wise linear function on �. When � = � ! , the graph of g! ;� is the
lower hull of P ! = conv(A ! ) where A ! is the lifting of A by ! .

Let � be a regular triangulation of A , and let ! 2 C� . For any
point aj 2 A, the point (aj ; ! j ) lies on or above the graph of g! ;� .
So if we take a di�eren t triangulation � 0 and considerg! ;� 0 then its
graph is contained on or above the graph of g! ;� . In other words,
g! ;� (x) � g! ;� 0(x) for all x 2 P. This implies that

Z

x 2 P
g! ;� (x)dx �

Z

x 2 P
g! ;� 0(x)dx

for all triangulations � 0 of A . Now observe that

Z

x 2 P
g! ;� (x)dx =

X

� 2 � ; facet

Z

x 2 �
g! ;� (x)dx

=
X

� 2 � ; facet

vol(� ) � ( barycentric value ofg! ;� on� )

=
X

� 2 � ; facet

vol(� ) �
1
d

X

i 2 �

g! ;� (ai )

=
1
d

nX

i =1

! i

X

� 2 � : i 2 �

vol(� )

=
1
d

(! � � � ):

Since the same formula holds for � 0, we get that (! � � � ) � (! �
� � 0) for all triangulations � 0 of A . But this implies that � � lies in
face� ! (�( A )) or equivalently , ! is contained in the inner normal cone
N �( A ) (� � ). �



82 8. The Secondary Polytop e

Remark 8.16. The above proof also shows that the collection of
full dimensional secondaryconesform a polyhedral fan | the inner
normal fan of �( A ).

Example 8.17. Let us construct the secondarypolytope of the con-
�guration in Example 8.3.

regular triangulation GKZ vector
� 1 = ff 1; 2; 3g; f 1; 3; 4g; f 1; 4; 5gg (5; 1; 4; 4; 1)
� 2 = ff 1; 2; 4g; f 2; 3; 4g; f 1; 4; 5gg (3; 4; 2; 5; 1)
� 3 = f 1; 2; 5g; f 2; 3; 4g; f 2; 4; 5gg (1; 5; 2; 4; 3)
� 4 = ff 1; 2; 5g; f 2; 3; 5g; f 3; 4; 5gg (1; 3; 4; 2; 5)
� 5 = ff 1; 2; 3g; f 1; 3; 5g; f 3; 4; 5gg (3; 1; 5; 2; 4)

This can be read o� from the determinants of the simplices of
this con�guration that are computed below:

simplex � vol(� )
f 1; 2; 3g 1
f 1; 2; 4g 2
f 1; 2; 5g 1
f 1; 3; 4g 3
f 1; 3; 5g 2
f 1; 4; 5g 1
f 2; 3; 4g 2
f 2; 3; 5g 2
f 2; 4; 5g 2
f 3; 4; 5g 2

Computing the convex hull of the �v e GKZ vectors in PORTA
we get the following description of the secondarypolytope which is
two-dimensional.

INEQUALITIES_SECTION
( 1) + x2+ x3- x4-x5 == 0
( 2) +13x1+11x2-4x3-15x4 == 0
( 3) + x3+ 2x4+x5 == 13

( 1) -3x4-2x5 <= -14
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( 2) - x4 <= -2
( 3) - x5 <= -1
( 4) + x4+ x5 <= 7
( 5) +2x4+ x5 <= 11

END

strong validity table :
\ P | |
\ O | |

I \ I | |
N \ N | 1 | #
E \ T | |

----------------------
1 | *...* : 2
2 | ...** : 2
3 | **... : 2
4 | ..**. : 2
5 | .**.. : 2

...........
# | 22222

This shows that the secondarypolytope is a pentagon as we ex-
pect and that the fan shown in Figure 1 is its inner normal fan. Verify
this.

Exercise 8.18. (1) Compute the GKZ coordinates of the six
regular triangulations in Exercise 8.10 and the GKZ vec-
tor of the non-regular triangulation in this family that we
have beenseeing.Where doesthe vector of the non-regular
triangulation lie in the secondarypolytope?

(2) Further, deducethat the vertices of �( A ) corresponding to
these regular triangulations lie on a common facet of the
secondarypolytope. (It seemsthat we must �nd the nor-
malized volumesof many triangulations, but really we only
have to �nd it for two of them!)





Chapter9

The Perm utahedron

In this chapter we investigate the secondarypolytope of a prism over
a simplex. This material is taken entirely from [DRS , x5.2].

Recall that � n = conv(f e1; : : : ; en +1 g) is the unit n-simplex and
I = � 1 is a line segment. We wish to study the prism over an n-
simplex, any example of which is combinatorially equivalent to the
product � n � I . Thus we will use � n � I to denote a prism over an
n-simplex. The prism � n � I is an (n + 1)-dimensionalpolytope with
2(n + 1) vertices. It has two simplicial facets which are both copies
of � n which we call the top and bottom facetsof � n � I . In addition
it has n + 1 vertical facets of the form � n � 1 � I .

For conveniencewe will denote the verticesof the bottom simpli-
cial facet by p1; : : : ; pn +1 and the verticesof the top simplicial facet by
q1; : : : ; qn +1 such that pi is directly under qi . Note that any four ver-
tices of the form pi ; qi ; pj ; qj form a quadrilateral 2-faceof the prism.
This is key to proving the following fact about maximal simplices in
a triangulation of � n � I .

Lemma 9.1. A set of n + 2 vertices of � n � I form the vertices of
an (n + 1)-simplex if and only if two of them form a pair pi ; qi and
the remaining n of them are taken one from each of the remaining n
pairs f pj ; qj g, i 6= j .

Exercise 9.2. Prove Lemma 9.1.

85



86 9. The Perm utahedron

Lemma 9.1 says that if � is a maximal simplex in a triangulation
of � n � I , then � hasn vertical facetscontained in the vertical facets
of � n � I that are not incident to any other maximal simplex of the
triangulation. There are two other facets | one opposite the vertex
pi and the other opposite the vertex qi . We call these the top and
bottom facetsof � respectively. This implies that every triangulation
of � n � I has a linearly ordered sequenceof simplices,starting with
a simplex incident to the top facet of the prism and ending with
a simplex incident to the bottom facet of the prism such that the
bottom facet of one simplex is incident to the top facet of the next
simplex. For an example, seeFigure 1.

p2

p3

q2

q3

p1

q1

p2

p3

q2

q3

p1

q1

Figure 1. A triangulation of � n � I .

Theorem 9.3. There is a bijection between the triangulations of
� n � I and the permutations of [n + 1] which are the elements of
the symmetric group Sn +1 .

(1) Let � = i 1 � � � i n +1 be a permutation of [n + 1]. Then the
following n + 1 simplices form a triangulation of � n � I :

T� :=
�

f pi 1 ; : : : ; pi k ; qi k ; : : : ; qi n +1 g : k = 1; : : : ; n + 1
	

:

(2) All triangulations of � n � I have this form. In particular,
they are all equivalent to each other.

(3) Two regular triangulations of � n � I are adjacent vertices
of the secondary polytope of � n � I if and only if the cor-
responding permutations di�er by the exchangeof a pair of
consecutive elements.
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In particular, � n � I has exactly (n + 1)! triangulations and each
triangulation has exactly n + 1 simplices.

We will not prove (3) as we haven't developed the notion of ad-
jacency of triangulations. Two regular triangulations are adjacent if
they index adjacent verticesof the secondarypolytope. However, this
is a special caseof a more generalnotion of adjacencybetweenpairs
of triangulations that extends to even the non-regular triangulations
and createsa graph in which the triangulations are the vertices and
the edgesare de�ned by this notion of adjacencythat we are referring
to. The edgegraph of the secondarypolytope is a (n � d)-connected
subgraph of this graph of all triangulations.

Pro of. [DRS ] Let's prove (2). The proof of (1) is similar. Let T be
a triangulation of � n � I and � 1 its unique maximal simplex incident
to the top facet of the prism. Let pi 1 2 � 1 be the vertex opposite
to the top facet of � 1. The only facet of � 1 that is interior to the
prism is the bottom facet | opposite to the vertex qi 1 . This facet is
the top facet of the next maximal simplex � 2 in T which is obtained
by deleting qi 1 from � 1 and inserting a second vertex pi 2 . Again
the bottom facet of � 2 (the one opposite qi 2 ) is the top facet of the
next maximal simplex � 3 containing a third bottom vertex pi 3 and so
on. The vertex set of the k-th simplex we get in this processwill be
f pi 1 ; : : : ; pi k ; qi k ; : : : ; qi n +1 g. �

Example 9.4. (1) n = 1: In this case� 1 � I is a square(iden-
ti�ed with C2). It has precisely two triangulations shown
in Figure 2 which are in bijection with the permutations of
f 1; 2g. The triangulations are:
(a) T12 := ff p1; q1; q2g; f p1; p2; q2gg
(b) T21 := ff p2; q2; q1g; f p2; p1; q1gg

(2) n = 2: In this case� 2 � I is a triangular prism. It has
3! = 6 triangulations which are shown according to their
adjacenciesin Figure 2. The secondary polytope is two-
dimensional. All six triangulations are regular and thus
the secondarypolytope is a hexagon. You can check The-
orem 9.3 (3) on this example. The permutation indexing a
triangulation is written on top of the triangulation. Notice
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that thesepermutations are adjacent | i.e., they are related
by the exchangeof two consecutive letters in each.

q2

p1 p2

q1 q2

q1

p2p1

1
2

3
1

2

3

1
2

3

1
2

3
1

2

3

1
2

3

123 132

231 321

312213

12

21

Figure 2. Triangulations of � 1 � I and � 2 � I .

Exercise 9.5. In the triangulation T� show that the diagonal in the
squarewith vertices pi ; qi ; pj ; qj will go from pi to qj if and only if i
comesbeforej in the permutation � . Check this on the triangulations
in Figure 2. Can you prove this in general? This gives an easyway
to draw T� given � .

Looking carefully at the two secondarypolytopes we implicitly
have in Figure 2, weseethat its verticesare labeledby all the elements
of a symmetric group and that two vertices are adjacent when the
permutations are adjacent in the sensewe have described. Since the
symmetric group is a classicalobject and adjacent permutations have
great signi�cance in the study of symmetric groups, then following
polytope should comeas no surprise.

De�nition 9.6. [Zie95 , Chapter 0] Let � = i 1 � � � i n 2 Sn and v � :=
(i 1; : : : ; i n ) 2 Rn . The perm utahedron � n is the convex hull of the
vectors f v � : � 2 Sn g.
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The permutahedron � n is an (n � 1)-dimensional polytope in
Rn . (Note that all the vectors v � lie on the hyperplane

P
x i =

n (n +1)
2 .) Each v � is a vertex of � n and two vertices v � and v � 0 are

adjacent if and only if the permutations � and � 0 are adjacent (i.e.,
di�er by the exchange of two consecutive elements). The faces of
a permutahedron are products of lower dimensional permutahedra.
Verify this in Figure 3 which shows a Schlegel diagram of � 4.

1432
1423

1234

1342

3142

2314
2413

2134
2143

2431 2341
3241

3421

3124
3412

1324

3214

4321

4312

4132
4123

4231

4213

1243

Figure 3. The permutahedron � 4 .

Wewill now provethat the secondarypolytopeof � n � I is a�nely
isomorphic to the permutahedron � n +1 . The secondarypolytope will
have dimension2(n+ 1)� (n+ 1)� 1 = n and will have (n+ 1)! vertices
which agreeswith the dimension and number of vertices of � n +1 .

De�nition 9.7. A triangulation of A is said to be unimo dular if
all its simplicesare unimodular (i.e., have unit normalized volume).

Exercise 9.8. Check that all triangulations of the two prisms in
Figure 2 are unimodular.

Lemma 9.9. All ful l dimensional simplices of � n � I havethe same
volume. In particular, all triangulations of � n � I are unimodular.
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Pro of. Weprove this by induction on n. You cancheck from Figure 2
that the statement is true for n = 1. Let F be a vertical facet of
� n � I . Then F is a�nely isomorphic to � n � 1 � I and by induction,
all maximal simplices contained in F have the same volume. The
pair of vertices pi ; qi opposite to F are at the samedistance from the
a�ne spanof F . Henceany two (n + 1)-simpliceshaving a facet in F
must have its unique other vertex be either pi or qi and hencehave
the samevolume. However, every pair of (n + 1)-simplicesof � n � I
have facets in a common vertical facet of � n � I which proves the
lemma. �

Theorem 9.10. The secondary polytope of � n � I is a�nely isomor-
phic to � n +1 .

Pro of. Let T� be a triangulation of � n � I where � = i 1 � � � i n +1 2
Sn +1 . Let � T � be the GKZ vector of T� and � T � (pi j ) be its coordinate
corresponding to pi j . Recall that

T� =
�

f pi 1 ; : : : ; pi k ; qi k ; : : : ; qi n +1 g : k = 1; : : : ; n + 1
	

:

This implies that if qi j is in k simplicesthen pi j is in n + 1 � k + 1 =
n + 2 � k simplices. Thus, by Lemma 9.9,

� T � (pi j ) = n + 2 � � T � (qi j ) for all j = 1; : : : ; n + 1:

Thus if we know the pi j -coordinates of the GKZ vector of T� , we can
reconstruct the qi j -coordinates. This also meansthat we can project
all the GKZ vectors to the (n + 1)-vectors corresponding to their
q-coordinates and get a polytope that is a�nely isomorphic to the
secondarypolytope of � n � I . We already saw that the vertex qi k

lies in exactly k simplicesof T� which meansthat the projected GKZ
vector of T� is precisely v � � 1 where � � 1 is the permutation inverse
to � in the symmetric group Sn +1 . Putting all this together we have
that the secondarypolytope of � n � I is a�nely isomorphic to the
permutahedron � n +1 . �

Corollary 9.11. All triangulations of � n � I are regular.

To end this chapter, we brie
y investigatethe secondarypolytope
of an n-gon which is commonly known as an associahedron. This
material is also taken from [DRS ], but most of it will be developed
through exercises.
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Exercise 9.12. Prove that all triangulations of the n-gonare regular.
Hin t: Note that all triangulations of the 4-gonand 5-gonhaveat least
two faceswith vertices f i; i + 1; i + 2g. Show that this is true for any
n-gon.

Exercise 9.13. Show that the number of triangulations of the n-gon
is 1

n � 1

� 2n � 4
n � 2

�
:

Hin ts: The sequence( 1
n +1

� 2n
n

�
) is known as the Catalan sequence

and its terms, the Catalan numbers. For Exercise9.13 let Tn denote
the set of all triangulations of the n-gon and tn := jTn j. Let c1 be the
surjective map c1 : Tn +1 � ! Tn that contracts the edgef 1; n + 1g in
each triangulation of the (n + 1)-gon. Proceedas follows:

(1) Given some�xed triangulation � 2 Tn how many triangu-
lations in Tn +1 will be mapped to � under c1? Experiment
with n = 4.

(2) Let deg(1; �) be the number of edgesin � that contain the
vertex 1. Argue that

tn +1 =
X

� 2T n

deg(1; �) :

(3) There wasnothing special about contracting along the edge
f 1; n + 1g. Argue that

nt n +1 =
nX

i =1

X

� 2T n

deg(i; �) :

(4) Argue that for any � 2 Tn ,

nX

i =1

deg(i; �) = 2(2n � 3):

(5) Now give a (multiplicativ e) recurrencefor tn +1 . Rinse and
repeat.

The Catalan numbers count many other well studied and impor-
tant combinatorial objects, and we will explore two of theseand see
how they relate to triangulations of the n-gon. For this we take the
5-gon as our working example.
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De�nition 9.14. A binary tree is a tree where every node has at
most two descendants, one labeled L (left) and the other R(right).

Let � bea triangulation of the (n+ 2)-gonwith facetsf � i g. Place
a vertex ui in the interior of every � i and form the dual graphdual (�)
with vertices ui and edgesf ui ; uj g whenever � i \ � j intersect at an
edgeof �. Then dual(�) is a binary tree with n nodes and n � 1
vertices. Do the following exercisesfor the 5-gon and then convince
yourself that theseresults are true in general.

Exercise 9.15. Show that there is a bijection betweenthe set Tn +2

and the set of binary trees on n vertices.

A parenthesizationof n + 1 objects is any bracketing of the n + 1
objects that speci�es an order in which to carry out multiplication.
For example (a(bc)) is a parenthesization of the three objects a;b;c
that says to �rst compute bcand then multiply by a.

Given a binary tree with n nodesconsider the following rule for
parenthesizing n + 1 objects: For the root place one pair of brackets
around the n + 1 objects and recursively perform the following: if
the right/left child of a given parent has k � 1 � 0 descendants then
enclosethe k + 1 rightmost/leftmost factors within the onesenclosed
in the parent parentheses.

Exercise 9.16. Show that there is a bijection between the set of
binary trees on n vertices and the set of parenthesizations of n + 1
objects.

Exercise 9.17. From Figure 1 of Chapter 8, con�rm that two vertices
of the secondarypolytope of the 5-gon form an edgeof the secondary
polytope if their corresponding parenthesesdi�er only by one useof
the associative law a(bc) = (ab)c. (This is true in general: the edges
of the secondarypolytope of an n-gon are de�ned by those vertices
that di�er by only one use of the associative law. This explains the
name associahedron for the secondarypolytopesof n-gons.)
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Abstract Algebra:
Polynomial Rings

In this chapter we will study polynomial rings and ideals which will
eventually get us to more polytopes. See[CLO92 ] for more details on
this material. Recall that N denotesthe set of non-negative integers.

De�nition 10.1. (1) A monomial in the n variablesx1; : : : ; xn

is a product of the form xa1
1 xa2

2 � � � xan
n wherea1; a2; : : : ; an 2

N. In short form, we write the monomial xa1
1 xa2

2 � � � xan
n as

xa where x = (x1; : : : ; xn ) and a = (a1; : : : ; an ) 2 Nn .

(2) A polynomial in the n variables x1; : : : ; xn over a ring R
is a �nite linear combination of monomials x a with coe�-
cients in R. It has the general form f (x1; : : : ; xn ) = f (x) =P

caxa where ca 2 R. If the set of variables is clear then
we typically denote f (x) as just f .

(3) The simplest polynomials are of the form caxa . They are
called terms .

(4) The supp ort of a polynomial f =
P

caxa is the �nite set
supp(f ) := f a 2 Nn : ca 6= 0g.

Let R[x1; : : : ; xn ] = R[x] denote the set of all polynomials in
x1; : : : ; xn over R. We can de�ne a natural addition and multipli-
cation in R[x] as follows. Given two polynomials f =

P
cf

a xa and

93
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g =
P

cg
b xb in R[x], let

f + g :=
X

m 2 supp ( f ) [ supp (g)

(cf
m + cg

m )xm :

In the above sum, if m 2 supp(f )nsupp(g), then set cg
m = 0 and

similarly, if m 2 supp(g)nsupp(f ), then set cf
m = 0. The product of

two monomialsxa and xb is the new monomial xa+ b . Extending this
to polynomials we de�ne the product of the polynomials f and g as

f � g :=
X

f (a;b ) : a2 supp ( f ) ;b 2 supp (g)g

cf
a cg

b xa+ b :

Exercise 10.2. Let f = x3
1x6

2 � 1
2 x5

3 + 16 and g =
p

2x5
2 + 13 be

polynomials in R[x1; x2; x3]. Find f + g and g2.

De�nition 10.3. The set R[x] of all polynomials in x1; : : : ; xn over
R, along with the operations of addition and multiplication de�ned
above, is called the polynomial ring in x1; : : : ; xn over R. The ring
R is called the coe�cien t ring of R[x].

Exercise 10.4. Check that R[x] is a ring under the operations of
addition and multiplication on polynomials de�ned above.

Every polynomial in R[x] has a natural geometric object asso-
ciated to it called its zero-set or variet y . This is the collection
of all points f (r 1; : : : ; r n ) 2 Rn : f (r 1; : : : ; r n ) = 0g denoted as
VR (f ). An element of VR (f ) is called a zero or ro ot of f . For
example, if x2 � 1 2 Z[x], then VZ(x2 � 1) = f 1; � 1g. In fact,
VZ(x2 � 1) = VR(x2 � 1) = VC(x2 � 1). However, for the polyno-
mial x2 + 1, VZ(x2 + 1) = VR(x2 + 1) = ; while VC(x2 + 1) = f i; � i g.
Thus the variety of a polynomial in R[x] depends on the coe�cien t
ring R.

If f is a non-zero constant | i.e., a non-zero element of R |
then VR (f ) = ; . This is true no matter what R is. What conditions
on R do we need to ensure that all polynomials in R[x] other than
the constant polynomials have non-empty varieties? To investigate
an example, let us start with R = Z and consider the univ ariate
polynomial ring Z[x]. Then we seethat VZ(x2 � 2) = ; since

p
2 2 R

but not in Z. Sowe enlargeour coe�cien t ring from Z to R. However,
VR(x2 + 1) = ; while VC(x2 + 1) = f i; � i g. This shows that we need
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to enlarge R to C. In fact C is good enough. The fundamen tal
theorem of algebra states that every non-constant polynomial in
C[x] of degreed has exactly d zeroscounting multiplicities.

De�nition 10.5. A �eld F is algebraically closed if every poly-
nomial in the univariate polynomial ring F [x] has a root in F .

It requireswork to show that algebraically closed�elds exist and
that every �eld is contained in an algebraically closed�eld called its
algebraic closure . For instance, the algebraic closure of R and Q
is C. From now on we will mostly be interested in polynomial rings
over algebraically closed�elds. In fact, we mostly consider the poly-
nomial ring C[x1; : : : ; xn ] although occasionally we will also consider
polynomial rings over Z; Q and R.

Exercise 10.6. Check that VR(x2 + y2 � 1) is the unit circle in R2

centered at the origin. What do you expect VC(x2 + y2 � 1) to look
like? What is VZ(x2 + y2 � 1)?

An algebraic set in Rn is any subsetof Rn that consistsof the
zeros of a system of polynomials | not necessarily�nite. Clearly,
VR (f ) is an algebraicset for all f 2 R[x]. A variety cut out by a single
non-zero polynomial is called a hyp ersurface . We now examine
varieties cut out by more than one polynomial. It is most e�cien t
to do this via polynomial ideals. From now on we always consider
polynomial rings over algebraically closed�elds k.

De�nition 10.7. A subset I � k [x ] is an ideal if (1) (I ; +) is an
abelian subgroup of k[x ], and (2) for all h 2 k[x] and g 2 I , hg 2 I .

Note that by property (2), I = k[x] if any non-zeroelement c of
k is in I . This is becauseif c 2 I , then c� 1c = 1 2 I by property (2)
where we take c� 1 2 k � k[x ] and c 2 I . This in turn implies that
for any f 2 k[x], f � 1 = f 2 I again by property (2).

De�nition 10.8. Given a set of polynomials P � k[x ], the ideal
generated by P is the set

hPi := f
X

hpp : hp 2 k[x]; p 2 Pg:

We say that P is a basis of the ideal hPi .
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In the 1890'sHilb ert proved that every polynomial ideal in k[x]
has a �nite basis. This theorem is known as Hilbert's Basis Theorem
and is a cornerstoneof commutativ e algebra and algebraic geometry.
We will seea proof of this theorem in Chapter 12. Let's take a look
at someexamplesof ideals.

Example 10.9. (1) A principal ideal is generatedby a single
polynomial f 2 k[x]. By de�nition, hf i = f hf : h 2 k[x]g.
All elements of hf i are divisible by the generator f .

(2) Every matrix A with entries in k de�nes an ideal as follows.
If a = (a1; : : : ; an ) is a row of A then de�ne f a := a1x1 +
a2x2 + � � � + an xn 2 k[x1; : : : ; xn ]. The ideal generatedby
the linear polynomials f a as a runs over the rows of A is
called the linear ideal of the matrix A. Note that this
ideal contains non-linear polynomials such as f 2

a .

(3) If all the generatorsof an ideal are monomials, we have a
monomial ideal . Note that there aremany non-monomials
in a monomial ideal. However, if a polynomial f =

P
caxa

is in a monomial ideal, then every x a is alsoin the monomial
ideal. This implies that x a is divisible by a (monomial) gen-
erator of the ideal. This observation allows one to \dra w"
monomial ideals as follows. Identify a monomial x a in the
monomial ideal M with its exponent vector a 2 Nn . Draw
M asthe collection f a : xa 2 M g. This collection of lattice
points in Nn is in bijection with the monomials in M .

Exercise 10.10. (1) Draw the monomial ideal hx3; x2y2; xy4i .

(2) If M = hxm 1 ; � � � ; xm t i , then check that the picture of M is
precisely

t[

i =1

(m i + Nn ):

(3) Let M = hx � : � 2 I i . Then show that x � 2 M if and only
if x � is divisible by x � for some� 2 I .

(4) Two monomial idealsare the sameif and only if they contain
the samemonomials.
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Exercise 10.11. Prove Hilb ert's basistheorem for monomial ideals.
(You need to show that if an ideal is generated by a collection of
monomials (possibly in�nite), then the ideal is in fact generatedby a
�nite subsetof the above basis.)
Hin ts : (from [CLO92 ]): Let M = hx � : � 2 I i � k [x ] be a
monomial ideal where I is some, possibly in�nite, index set. We
want to show that there exists � (1); : : : ; � (s) 2 I such that M =
hx � (1) ; : : : ; x � (s) i .

(1) Approach this problem by induction on the number of vari-
ables in k[x1; : : : ; xn ].

(2) Write each monomial in k[x1; : : : ; xn ] as x � xm
n where � 2

Nn � 1. Let J be the ideal in k[x1; : : : ; xn � 1] de�ned by hx � :
x � xm

n 2 M i . With (1) in mind, what can you say about J ?

(3) So J can be generatedby �nitely many elements say

f x � (1) ; : : : ; x � ( t ) g

with x � ( i ) xm i
n 2 M for each 1 � i � t. Let

m := maxf m1; : : : ; mt g

and for every k, 0 � k � m � 1 consider the ideal Jk �
k [x1; : : : ; xn � 1] generatedby monomialsx � such that x � xk

n 2
M . Each Jk hasa �nite generatingset f x � k (1) ; : : : ; x � k ( t k ) g.

(4) Now de�ne S = f x � (1) xm
n ; : : : ; x � ( t ) xm

n g and
Sk = f x � k (1) xk

n ; : : : ; x � k ( t k ) xk
n g for every 0 � k � m � 1.

Show that S [ S0 [ � � � Sm � 1 is a generating set for M .

De�nition 10.12. The variet y of a collection of polynomials P �
k[x ] is the set

Vk (P) := f (r 1; : : : ; r n ) 2 kn : p(r 1; : : : ; r n ) = 0 for all p 2 Pg:

Exercise 10.13. (1) Show that

Vk (f f 1; : : : ; f t g) = Vk (hf 1; : : : ; f t i ):

Then, by Hilb ert's basis theorem, the variety of any poly-
nomial ideal is also the zero-setof a �nite number of poly-
nomials.
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(2) Compute VR(x2 + y2 � 1; x � 1=2). Using (1), �nd a di�eren t
set of polynomials that cut out the samevariety.

(3) Compute VR(hx3; x2y2; xy4i ) and compareit to VR(hxi ) where
hxi � R[x; y].

(4) What is the generalform of the variety (over R) of a mono-
mial ideal M = hxm 1 ; � � � ; xm t i ? Does it matter what the
�eld k is?

De�nition 10.14. The radical of an ideal I � k [x ] is the idealp
I := f f 2 k[x] : f r 2 I for somepower r 2 Ng.

Check that
p

I is an ideal and that it contains I . We say that
I is a radical ideal if I =

p
I . For a monomial xm 2 k[x] de�ne

its support to be supp(xm ) := f i : m i > 0g. Be careful not to be
confusedby the useof \supp ort" in two di�eren t ways. The support of
a polynomial is a collection of vectors. In this sense,the support of a
monomial should be the set containing its exponent vector. However,
what one usually meansby the support of a monomial x m is the set
of indices f i : m i > 0g which coincideswith, supp(m), the support
of the vector m.

Exercise 10.15. (1) Show that
p

hx3; x2y2; xy4i = hxi .

(2) In general, if M = hxm 1 ; � � � ; xm t i is a monomial ideal then
show that

p
M = h

Y

j 2 supp (x m i )

x j ; i = 1: : : ; t i :

(3) Further, show that both M and
p

M have the samevariety
over any �eld k. Similarly, I and

p
I have the samevariety

over any �eld k.

This brings us to a secondfamous theorem of Hilb ert from the
1890's.

Theorem 10.16. Hilb ert's Nullstellensatz :
W eak form: Let k be an algebraically closed �eld and I � k [x ] be
an ideal. Then Vk (I ) = ; if and only if I = k[x].
Strong form: Let k be an algebraically closed �eld. If I � k [x ] is an
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ideal, then the set of all polynomials that vanish on Vk (I ) are precisely
the polynomials in

p
I .

The weak Nullstellensatz says that a system of polynomials in
k[x] has at least one solution if and only if the ideal generated by
the polynomials is not all of k [x ]. The strong Nullstellensatz shows
that many di�eren t ideals in k[x] can cut out the same variety in
kn . A simple example to keep in mind are the ideals hx l i in k[x] for
all l = 1; 2; : : : which cut out the same variety f 0g � k. However,
there is a one-to-one correspondencebetween radical ideals in k[x]
and varieties in kn . This createsan algebra-geometrydictionary that
allows us to passfrom geometricobjects such asvarieties to algebraic
objects such as ideals which are easierto manipulate. SeeChapter 4
in [CLO92 ] for more details.





Chapter11

Gr•obner bases I

This chapter and the next aim to givea brief intro duction to the basics
of Gr•obner basis theory. By now, there are many excellent books
on Gr•obner basesand their applications such as [AL94 ], [CLO92 ],
[CLO98 ], [GP02 ] and [KR00 ]. Our account here will be brief.

From now on, let S := k[x1; : : : ; xn ] = k[x] be the polynomial
ring in n variables over an algebraically closed�eld k. Let I be an
ideal of S. By Hilb ert's basis theorem I has a �nite generating set.
Gr•obner basesof I are special �nite generating sets of I . We �rst
motivate thesebasesand then de�ne and construct them.

Given an ideal I � S and a polynomial f 2 S, a fundamental
problem is to decide whether f belongsto I . This is known as the
ideal membership problem. Wewill seeshortly that Gr•obnerbasescan
be usedto solve this problem. We begin by examining algorithms for
ideal membership in two familiar families of ideals.

(i) Univ ariate Ideals : (See[CLO92 , Chapter 1.5].) Consider the
univariate polynomial ring k[x]. If deg(f ) denotes the degreeof a
polynomial f 2 S, then f has the form

f = kpxp + kp� 1xp� 1 + � � � + k0

where p = deg(f ), kp 6= 0, and all ki 2 k. We say that f is monic
if its leading coe�cien t kp equals one. Given two polynomials f

101
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and g in S with deg(f ) � deg(g), we can divide f by g to get unique
polynomials h and r 2 k[x] such that f = hg + r where r is the
remainder and deg(r ) < deg(g). This is the usual long division of f
by g that you may remember from high school.

Exercise 11.1. (1) Divide x4 + 2x + 3 by 5x2 + 2.
(2) Write a pseudo-code for the division algorithm in k[x].

Theorem 11.2. Every ideal of k[x] is principal. A non-zero ideal I
in k[x] is generated by any non-zero polynomial in it of lowestdegree.

Exercise 11.3. Let us outline a proof of Theorem 11.2. Let f be a
non-zeropolynomial in I of lowest degree. Then clearly hf i � I . So
the work is to show that if g 2 I then g 2 hf i , or equivalently , that
f divides g. Since deg(g) � deg(f ) we can divide g by f to get the
unique polynomials q and r such that g = qf + r with deg(r ) < deg(f ).
If r = 0 then g 2 hf i . If r 6= 0, can you derive a contradiction, and
thus concludethat r = 0 as we want?

De�nition 11.4. The g.c.d of two polynomials f and g in k[x] is a
polynomial h such that (1) h divides both f and g, and (2) if p is a
polynomial that divides f and g then p divides h.

Given two polynomials f and g in k[x], we can compute their
g.c.d. by the Euclidean algorithm which works as follows. See
[CLO92 , Chapter 1.5] for a proof of its correctness.We userem(h; s)
to denote the remainder of h on division by s.

Input: f ; g
Initialize: h := f ; s := g
While s 6= 0 do

r := rem(h; s), h := s, s := r
Output: h = g.c.d.(f ; g)

Theorem 11.5. [CLO92 , Proposition 6, x1.5]

(1) If f ; g 2 k[x], then g.c.d.(f ; g) exists and is unique up to
multiplication by a non-zero constant.

(2) The ideal hf ; gi is generated by g.c.d.(f ; g).

Exercise 11.6. Prove part (2) of Theorem 11.5.
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G.c.d.s can be computed for more than two polynomials in k[x].

De�nition 11.7. The g.c.d. of polynomials f 1; : : : ; f s 2 k[x] is a
polynomial h such that (1) h divides f 1; : : : ; f s, and (2) if p is a
polynomial that divides f 1; : : : ; f s then p divides h.

Theorem 11.8. [CLO92 , Proposition 8, x1.5]

(1) The g.c.d. of f 1; : : : ; f s exists and is unique up to multipli-
cation by a non-zero constant.

(2) The ideal hf 1; : : : ; f s i is generated by g.c.d.(f 1; : : : ; f s).

(3) If s � 3 then g.c.d.(f 1; : : : ; f s) = g.c.d.(f 1; g.c.d.(f 2; : : : ; f s)) .

Exercise 11.9. Show that the variety of the ideal hx2 + 1; x3 � 2x + 1i
in C[x] is empty.

We now have algorithms for solving the following three funda-
mental problems for a univariate polynomial ideal I � k [x].

� Finding a basis for I : If I = hf 1; : : : ; f t i � k [x], then I is
generatedby g = g.c.d.(f 1; : : : ; f t ) which can be computed
by the Euclidean Algorithm.

� Ideal mem bership : If f 2 k[x] then, f 2 I = hgi if and
only if the remainder obtained by dividing f by g is zero.
Thus ideal membership can be determined by the division
algorithm.

� Solving f f 1 = f 2 = � � � = f t = 0g; f i 2 k[x]: The variety
Vk (f 1; : : : ; f t ) = Vk (g) where g = g.c.d.(f 1; : : : ; f t ). The
roots of g can be found via radicals when its degreeis small
and by numerical methods otherwise.

(ii) Linear ideals : [Stu96 , Chapter 1] Let A 2 Zd� n be a matrix of
rank d. Recall that the linear ideal of A is:

I =

*
nX

j =1

aij x j : i = 1; : : : ; d

+

� R[x]:

The variety VR(I ) is the (n � d)-dimensional vector space

kerR(A) = f p 2 Rn : Ap = 0g:
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A non-zero linear form f in I is a circuit of I if f has minimal
support (with respect to inclusion) among all polynomials in I . The
coe�cien t vector of a circuit of I is therefore, a vector in the row span
of A of minimal support. Let B be any (n � d) � n integer matrix
whoserows form a basisof kerR(A). Then the vectors in the row span
of A are precisely the linear dependencieson the columns of B . The
coe�cien t vectors of the circuits of I are therefore, the dependencies
on the columns of B of minimal support.

For J � [n] with jJ j = d, let det(AJ ) be the determinant of AJ ,
the submatrix of A with column indices J . The following algorithm
computesthe circuits of I .

Algorithm 11.10. [Stu02 , Chapter 8.3] For any (n � d + 1)-subset
� = f � 1; : : : ; � n � d+1 g � [n], form the vector

C� :=
n � d+1X

i =1

(� 1)i � det(B � nf � i g) � e� i

whereej is the j th unit vector of Rn . If C� is non-zero,then compute
the primitiv e vector obtained by dividing through with the g.c.d. of
its components. The resulting vector is a circuit and all circuits are
obtained this way.

Example 11.11. Let A =
�

1 2 3 4 5
6 7 8 9 10

�
. Then

I = hx1 + 2x2 + 3x3 + 4x4 + 5x5; 6x1 + 7x2 + 8x3 + 9x4 + 10x5i :

The rows of

B =

0

@
3 � 4 0 0 1
2 � 3 0 1 0
1 � 2 1 0 0

1

A

form a basis for kerR(A). Let us compute one of the circuits of A.
For � = f 1; 2; 3; 4g,

C� = � det

0

@
� 4 0 0
� 3 0 1
� 2 1 0

1

A e1 + det

0

@
3 0 0
2 0 1
1 1 0

1

A e2

� det

0

@
3 � 4 0
2 � 3 1
1 � 2 0

1

A e3 + det

0

@
3 � 4 0
2 � 3 0
1 � 2 1

1

A e4
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which equals (� 4; � 3; � 2; � 1; 0). Hence 4x1 + 3x2 + 2x3 + x4 is a
circuit of I .

Exercise 11.12. Compute all circuits of the linear ideal of the matrix
A in the above example. What is a natural upper bound for the
number of circuits of the linear ideal of a d � n matrix A?

Prop osition 11.13. Let C = (cij ) 2 Rd� n be the Gauss-Jordan form
(reduced row-echelon form) of A and gi =

P n
j =1 cij x j be the linear

forms corresponding to the rows of C. Let I be the linear ideal of A.
Then:
(1) f g1; : : : ; gdg is a minimal generating set for I , and
(2) the linear forms g1; : : : ; gd are circuits of I .

Pro of. (1) Sinceevery row of C is a linear combination of rows
of A and vice-versa, every gi is a linear combination of the
f i 's and every f i a linear combination of the gi 's. Thus
I = hf 1; : : : ; f d i = hg1; : : : ; gd i . Since C is in reduced row-
echelon form, we may assumethat C = [I j E ] where I is
the d� d identit y matrix. Therefore, gi = x i +

P n
j = d+1 eij x j

for each i = 1; : : : ; d. This implies that no gi is a linear
combination of f gj ; j 6= ig and thus f g1; : : : ; gdg is a minimal
generating set for I .

(2) Again assumewithout loss of generality that gi = x i +P n
j = d+1 eij x j for each i = 1; : : : ; d. Suppose g1 is not a

circuit. Then there exists a linear polynomial g 2 I such
that supp(g) ( supp(g1). However, g = t1g1 + : : : + tdgd for
scalarst1; : : : ; td 2 R. Sincesupp(g) � supp(g1), t2 = t3 =
� � � = td = 0. This implies that g = t1g, t1 6= 0 and hence
supp(g) = supp(g1), a contradiction. The sameargument
can be repeated for g2; : : : ; gd.

�

Prop osition 11.14. Assume the notation as in Proposition 11.13
and its proof.

(1) A polynomial f 2 S lies in I if and only if successively
replacing every occurrence of x i , i = 1; : : : ; d, in f , with
�

P n
j = d+1 eij x j results in the zero polynomial.
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(2) To solve the linear system Ax = 0, we back solve the \tri-
angularized" systemg1 = g2 = � � � = gd = 0.

Pro of. (1) Let f 0 be obtained from f by successively replacing
every x i ; i = 1; : : : ; d, in f , with �

P n
j = d+1 eij x j . Then

f 0 2 R[xd+1 ; : : : ; xn ]. This implies that f =
P d

i =1 hi gi + f 0

where hi 2 R[x]. If f 0 = 0 then clearly f 2 I . Conversely, if
f 2 I , then f 0 = f �

P d
i =1 hi gi 2 I \ R[xd+1 ; : : : ; xn ] = f 0g.

The last equality follows from the fact that no polynomial
combination of g1; : : : ; gd can lie in R[xd+1 ; : : : ; xn ] because
of the special structure of the gi 's.

(2) This is the familiar method from linear algebra of solving
linear systemsby Gaussianelimination.

�

Proposition 11.14(1) suggestsa division algorithm for linear poly-
nomials in many variables that succeedsin determining ideal mem-
bership for linear ideals. Note that when we perform Gauss-Jordan
elimination on A to obtain C = [I j E ], we are implicitly ordering the
variables in S such that x1 > x2 > � � � > xn . The division algorithm
suggestedin Proposition 11.14 (1) replacesevery occurrence of the
\leading term" x i in gi with x i � gi , which is the sum of the \trailing
terms" in gi .

Thus the questionswe started with have well known algorithms
and answers when I is either a univariate principal ideal or a multi-
variate linear ideal. We now seeka common generalization of these
methods to multiv ariate polynomials of arbitrary degreesand their
ideals. This will lead us to Gr•obner basesof polynomial ideals.

In order to mimic the procedureswe saw thus far, we �rst needto
imposean ordering on the monomialsin S = k[x] sothat the terms in
a polynomial are always ordered. This is important if the generalized
division algorithm is to replace the leading term of a divisor by the
sum of its trailing terms. A total order on a set T is an ordering
of the elements of T in which any two elements are comparable. For
example, the usual \ � " ordering of the integersis a total order on Z.
A partial order on T is an ordering where not all pairs of elements
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may be comparable. For example, the vectors (2; 3; 0) and (1; 4; 0)
are incomparable if we order Z3 by the usual \ � " order which makes
(a1; a2; a3) � (b1; b2; b3) if and only if a1 � b1; a2 � b2 and a3 � b3.

De�nition 11.15. A term order � on S is a total order on the
monomials of S such that

(1) xa � xb implies that xax c � xb x c for all c 2 Nn , and

(2) xa � x0 = 1 for all a 2 Nn .

Example 11.16. The most commonexamplesof term ordersare the
lexicographic and the reverselexicographic orders on S with respect
to a �xed ordering of the variables. Supposex1 � x2 � � � � � xn .

In the lexicographic order , x a � xb if and only if the left-most
non-zeroterm in a � b is positive. For example, if x � y � z, then

x3 � x2y � y100 � y99z10000 � y99:

In the (graded) rev erse lexicographic order , x a � xb if and
only if either deg(xa ) > deg(xb ), or deg(xa ) = deg(xb ) and the right-
most non-zero term in a � b is negative. The degreeof a monomial
is its usual total degree.Again if x � y � z, then

x3 � x2y � xy2 � y3 � x2z � xyz � y2z � xz2 � yz2 � z3:

The reverselexicographic order de�ned here is degree-compatible
which means that it �rst compares two monomials by degree and
then breaks ties using the rule described. Note that there are n! lex
(lexicographic) and revlex (graded reverselexicographic) orders in S.

Exercise 11.17. Consider the following term orders on k[x; y]:
(i) lex ordering with x � y, and
(ii) graded reverselex ordering with x � y.
Recall that we can identify the monomials in k[x; y] by the elements
of N2. Draw two copiesof N2 and seehow its elements get ordered
by (i) and (ii).

Exercise 11.18. Show that the revlex order is not a term order if
we do not require it to be degreecompatible | i.e., if we de�ne it
as xa � xb if and only if the right-most non-zero term in a � b is
negative.
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Exercise 11.19. How many distinct term orders doesk[x] have?

There are many other examplesof term orders. In fact, every
vector in Rn

� 0 can be used to de�ne a term order as follows. Given
! 2 Rn

� 0, pick a �xed term order � on S such as a revlex order, and
de�ne the total order � ! as follows:

xa � ! xb if either ! � a > ! � b or ! � a = ! � b and x a � xb :

All term orders can be mimicked by weight vectors when the
polynomials we are dealing with have boundeddegrees.For instance,
the lex order on k[x; y] with x � y can be mimicked by the weight
vector ! = (100; 1) as long as the degreesof all monomialswe will see
are lessthan 100. In general,we can usethe weight vector (100; 100� ),
where � can be made as small as we want depending on the largest
degreeof a monomial that we will encounter. In S we could mimic
the lex order with x1 � � � � � xn using

! = (100; 100�; 100� 2; : : : ; 100� n � 1):

Exercise 11.20. What weight vector can be usedto mimic a revlex
order?

We now �x a term order � on S which immediately orders the
terms in a polynomial. The unique term in a polynomial f that
contains the highest monomial with respect to � is called the leading
term or initial term of f . We denotethis term by LT � (f ) and write
f = LT � (f ) + f 0. Using this, we can attempt to write down a division
algorithm for multiv ariate polynomials. The following algorithm is
copied verbatim from [CLO92 , x2.3, Theorem 3].
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Algorithm 11.21. Division algorithm for multiv ariate poly-
nomials [CLO92 , Theorem 3]
INPUT: A dividend f 2 S and an ordered set of divisors
F = [f 1; : : : ; f s] where each f i lies in S.
OUTPUT: Polynomials a1; : : : ; as; r 2 S such that f =

P s
i =1 ai f i + r

whereeither r = 0 or no term in r is divisible by LT � (f 1); : : : ; LT � (f s).

INITIALIZE: a1 := 0; : : : ; as := 0; r := 0; p := f
WHILE p 6= 0 DO

i := 1
divisionoccurred := false
WHILE i � s AND divisionoccurred = false DO

IF LT � (f i ) divides LT � (p) THEN
ai := ai + LT � (p)=LT � (f i )
p := p � (LT � (p)=LT � (f i )) f i

divisionoccurred := true
ELSE
i := i + 1

IF divisionoccurred = false THEN
r := r + LT � (p)
p := p � LT � (p)

Exercise 11.22. ([CLO92 , Chapter 2.3, Examples 2 & 4])
Fix the lex order on k[x; y] such that x � y.
(1) Divide f = x2y + xy2 + y2 by the ordered list of polynomials
[f 1 = xy � 1; f 2 = y2 � 1] and record the remainder.
(2) Now repeat the division with the list of divisors reordered as
[f 2 = y2 � 1; f 1 = xy � 1]. Record the remainder.
Note that the remainders are di�eren t. This example shows that
the above division algorithm for multiv ariate polynomials hasseveral
drawbacks oneof which is that it doesnot produceunique remainders.
This makes it impossible to check ideal membership of f in hf 1; f 2i
by dividing f with the generatorsf 1; f 2.

The above exampleshows that arbitrary generatingsetsof ideals
and a naive extensionof the usual division algorithm cannot be used
for ideal membership. We will seethat this di�cult y disappearswhen
the basisof the ideal is a Gr•obner basis.
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Given a term order � on S = k[x] and a polynomial f =
P

maxa ,
recall that the leading term or initial term of f is the term maxa in f
such that xa � xa0

for all a0 2 supp(f ) di�eren t from a. It is denoted
as LT � (f ). The leading monomial or initial monomial of f is
the monomial xa in LT � (f ). It is denoted as in � (f ).

Example 12.1. Let f = 3x1x2
3 +

p
2x2

3 � x1x2
2 2 C[x1; x2; x3] and �

be the reverselexicographic order with x1 � x2 � x3. Then in � (f ) =
x1x2

2 is the initial monomial of f and � x1x2
2 is the initial term of f .

The initial ideal of an ideal I � S with respect to � is the
monomial ideal:

in � (I ) := hin � (f ) : f 2 I i � S:

The monomials of S that do not lie in a monomial ideal M are
called the standard monomials of M . Recall that M can be de-
picted by its stair-case diagram in Nn which is the collection of all
exponent vectors of monomials in M . Clearly, this set of \dots" is
closedunder the addition of Nn to any of the dots. Equivalently , its
complement in Nn is a down-set or order ideal in Nn . This means
that if xu 62M then x v 62M for all v � u, where � is the usual
component-wise partial order on Nn .

111
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Example 12.2. Let I = hx2 � y; x3 � xi � k [x; y] and � be the
lexicographicorder with x � y. The polynomial x(x2 � y) � (x3 � x) =
� xy + x 2 I which shows that in � (I ) � hx2; x3; xyi = hx2; xyi . We
will seelater how to compute all of in � (I ).

By the Hilb ert basistheorem for monomial ideals (Exercise10.11
in Chapter 10), all monomial ideals of S have a minimal �nite gen-
erating set consisting of monomials. It can also be seenquite easily
that this minimal generating set is unique. Supposef x m 1 ; : : : ; xm s g
is the unique minimal �nite generatingset of in � (I ). Then by de�ni-
tion, there exists g1; : : : ; gs 2 I such that in � (gi ) = xm i , i = 1; : : : ; s.
We also have that in � (I ) = hin � (g1); : : : ; in � (gs)i . We call G� (I ) :=
f g1; : : : ; gsg a Gr•obner basis of I with respect to � .

De�nition 12.3. (1) A �nite set of polynomials f g1; : : : ; gsg �
I is a Gr•obner basis of I with respect to � if in � (I ) =
hin � (g1); : : : ; in � (gs)i . We assumethat each in � (gi ) is a
monomial (with coe�cien t one).

(2) Further, if f in � (g1); : : : ; in � (gs)g is the unique minimal gen-
erating setof in � (I ), wesay that G� (I ) is a minimal Gr•obner
basisof I with respect to � .

(3) A minimal Gr•obner basis is reduced if no non-initial term
of any gi is divisible by any of in � (g1); : : : ; in � (gs).

Example 12.4. Let I = hx2 � y; x3 � xi . Then with respect to the
lex order with x � y, the reducedGr•obner basisof I is

f y2 � y; xy � x; x2 � yg:

We will seelater how to compute this. In particular, this implies that
in � (I ) = hx2; xy; y2i . The set f y2 � y; xy � x + y2 � y; x2 � yg is a
minimal Gr•obner basisof I with respect to the above lex order while
f y2 � y; xy � x + y2 � y; x2 � y; x3 � xg is a non-minimal Gr•obner
basisof I with respect to the sameorder.

As you can seein the above example,Gr•obner basesof idealsare
not unique. However, the reducedGr•obnerbasisof I with respect to a
�xed term order � is unique provided weassumethat the polynomials
in the reducedGr•obner basisare monic.



12. Gr•obner bases I I 113

Lemma 12.5. A Gr•obner basis G� (I ) of I is a basis of I .

Pro of. By de�nition, hG� (I )i � I . So we needto show that if f 2 I
then f 2 hG� (I )i . Supposenot. Then we can assumewithout loss
of generality that f is monic and that among all polynomials of I
that are not in hG� (I )i , f has the smallest in � (f ) with respect to � .
(Such an f is called a minimal criminal ). However, f 2 I implies
that in � (f ) 2 in � (I ) which implies that there exists someg 2 G� (I )
such that in � (g) divides in � (f ). Supposein � (g) � xm = in � (f ). Then
h = f � xm � g is a polynomial in I with smaller initial term than
in � (f ). By our assumption, h 2 hG� (I )i which implies that f 2
hG� (I )i which is a contradiction. Thus I � hG� (I )i . �

Theorem 12.6. Hilb ert's Basis Theorem . Every ideal I in S has
a �nite generating set.

Pro of. By Lemma 12.5,a reducedGr•obner basisof I with respect to
any term order � is a basisof I . This reducedGr•obner basisis �nite
as it contains asmany polynomials as the unique �nite generatingset
of the monomial ideal in � (I ). In a previous exercise,we proved that
all monomial ideals have a unique �nite generating set. �

Lemma 12.7. If G� (I ) is a Gr•obner basis of I with respect to the
term order � , then the remainder of any polynomial after division by
G� (I ) is unique.

Pro of. Suppose G� (I ) = f g1; : : : ; gsg and we divide a polynomial
f 2 S by G� (I ) with the elements of G� (I ) ordered in two di�eren t
ways and obtain two remainders r 1; r 2 2 S. Then we have the two
expressions:

f =
X

ai gi + r 1 =
X

a0
i gi + r 2

which implies that r 1 � r 2 2 I and that no term of r 1 � r 2 is divisible
in � (gi ) for any gi 2 G� (I ). However this implies that r 1 � r 2 = 0
since otherwise, the non-zero term in � (r 1 � r 2) 2 in � (I ) and some
in � (gi ) would divide it. �

Corollary 12.8. Gr•obner basessolvethe ideal membership problem:
A polynomial f is in I if and only if its remainder after division by
a Gr•obner basis G� (I ) is zero.
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Pro of. If f 2 S and its remainder after division by G� (I ) is zero,
then f =

P
gi 2G � ( I ) hi gi which lies in I , and hence,f 2 I .

Conversely, suppose f 2 I . Then since G� (I ) is a basis of
I , there exists hi 2 S such that f =

P
gi 2G � ( I ) hi gi . Then 0 =

f �
P

gi 2G � ( I ) hi gi which implies that 0 is one, and thus the unique,
remainder of f on division by G� (I ). �

In [Buc65 ], Buchberger developed an algorithm to compute a
reducedGr•obner basisof an ideal I = hf 1; : : : ; f t i with respect to any
prescribed term order � on S. The algorithm needsas a subroutine
the calculation of the S-pair of two polynomials f and g, denoted as
S-pair(f ; g). Let x 
 be the least common multiple of LT � (f ) and
LT � (g). Then

S-pair(f ; g) =
x 


LT � (f )
� f �

x 


LT � (g)
� g:

We also let remG (h) denote the remainder obtained by dividing the
polynomial h by an ordered list of polynomials G.

Buchberger's algorithm hinges on the important fact that a set
of polynomials G form a Gr•obner basiswith respect to � if and only
if for each pair f ; f 0 2 G, remG (S-pair(f ; f 0)) = 0. The proof can be
found in any of the books mentioned at the start of Chapter 11. We
reproduce the algorithm from [CLO92 , x2.7, Theorem 2].

Algorithm 12.9. Buc hberger's algorithm

INPUT: F = f f 1; : : : ; f t g a basisof the ideal I � S and a term order
� on S.
OUTPUT: The reducedGr•obner basisG� (I ) of I with respect to � .
G := F
REPEAT

G0 := G
For each pair f p;qg; p 6= q in G0 do

S := remG0(S-pair(p;q))
If S 6= 0 then G := G [ f Sg

UNTIL G = G0.
(G is a Gr•obner basis of I with respect to � at this point. )
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Producing a minimal Gr•obner basis.
Make every element of G monic by dividing through by its leading
coe�cien t. Let U := f in � (g) : g 2 Gg. For each minimal element
of U with respect to divisibilit y, pick one polynomial from G whose
initial monomial is this minimal element. Call this set G again.

Producing the reduced Gr•obner basis.
Let G be a minimal Gr•obner basisof I with respect to � .
Set G0 := G and G� (I ) := ;
For each g 2 G do

g0 = remG0nf gg(g); G� (I ) = G� (I ) [ f g0g; G0 = G0nf gg [ f g0g.

Example 12.10. For the ideal I = hf 1 := x2 � y; f 2 := x3 � xi with
the lex order x � y, we begin by setting G = f f 1; f 2g. The �rst step
of the Buchberger algorithm computesS-pair(f 1; f 2) = f 2 � x(f 1) =
xy � x. Note that remG (xy � x) = xy � x. Thus we de�ne f 3 :=
xy � x and update G to G = f f 1; f 2; f 3g. Continue the Buchberger
algorithm until all S-pairs reduceto zero at which stagewe will have
G = f f 1; f 2; f 3g. The reduced Gr•obner basis of I with respect to �
is thus f x2 � y; xy � xg.

De�nition 12.11. A �nite set U � I is a univ ersal Gr•obner basis
of I if it is a Gr•obner basisof I with respect to every term order.

Prop osition 12.12. Linear ideals revisited (cf. Chapter 11).

(1) The set of linear forms g1; : : : ; gd computed from the Gauss-
Jordan form C of the matrix A is the reduced Gr•obner basis
of the linear ideal I of A with respect to any term order such
that x1 � � � � � xn .

(2) The set of all circuits of I is a minimal universal Gr•obner
basis of I . ([Stu96 , Proposition 1.6]).

Pro of. (1) We follow the notation in Proposition 11.13. Note
that the terms of each gi = x i +

P n
j = d+1 eij x j are already

ordered in decreasingorder with respect to the above term
order and that G = f g1; : : : ; gdg is reduced in the sense
that no term of any gi other than x i lies in the initial ideal
in � (I ) = hx1; : : : ; xd i . To show that G is a Gr•obner basis
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it su�ces to show that the remainder obtained by dividing
S-pair(gi ; gj ) with respect to G is zero for all i 6= j 2 [d].
This follows from the following generalfact: If f = in � (f ) +
f 0 and g = in � (g) + g0 are two monic polynomials such that
in � (f ) and in � (g) are relatively prime, then

S-pair(f ; g) = in � (g) � f � in � (f ) � g

which reducesto zero modulo f f ; gg. This is an important
criterion for avoiding S-pairs that will eventually reduce to
zero, known as Buchberger's �rst criterion .

(2) (proof from [Stu96 ]) The argument in (1) shows that every
reducedGr•obnerbasisof I arisesfrom a Gauss-Jordanform.
Proposition 11.13 (2) proved that all the elements of these
Gr•obner basesare circuits of I . Thus the circuits of I form
a universal Gr•obner basisof I .

To prove minimalit y, we needto argue that each circuit
l appears in somereduced Gr•obner basis of I . Let � be a
term order such that f x i : i 62supp(l)g � f x i : i 2 supp(l)g
and G := G� (I ). Such term orders are known as elim-
ination orders. Suppose l does not appear in G. Then
there exists l0 2 G such that in � (l ) = in � (l0). By the
elimination property of � , supp(l0) � supp(l) and hence
supp(l � l0) ( supp(l). However this contradicts that l is a
circuit of I as l � l0 is a non-zero linear form with strictly
smaller support.

�

Exercise 12.13. Fixing a term order, useBuchberger'salgorithm to
con�rm that x3 � y2 2 hx � y; x2 � yi .

Exercise 12.14. Let M = hxm 1 ; xm 2 ; : : : ; xm s i and �x a term order
� . What is a Gr•obner basis for M with respect to � ? What would
you expect its reduced Gr•obner basis to be? Should your choice of
term order matter?



Chapter13

Initial Complexes of
Toric Ideals

In this chapter we will set the stage for another polytope, called the
state polytope of a point con�guration. The state polytope is �ner
than the secondarypolytope in a precisesense.For this we �rst pass
to a polynomial ideal called the toric ideal of the con�guration and
then to its Gr•obner bases.

Let A � Zd be a graded vector con�guration and A the d � n
matrix whosecolumnsare the elements of A . We will assumeasusual
that rank(A) = d and that (1; 1; : : : ; 1) lies in the row spaceof A. Let

kerZ(A) = f u 2 Zn : Au = 0g:

Notice that kerZ(A) is an abelian subgroup of Zn . We can write a
vector u 2 Zn uniquely as u = u+ � u � where u+ ; u � 2 Nn and

(u+ ) j =
�

uj if uj � 0
0 otherwise

(u � ) j =
�

� uj if uj � 0
0 otherwise.

Example 13.1. If u = (� 5; 16; 0; 0; � 17; 2) then u+ = (0; 16; 0; 0; 0; 2)
and u � = (5; 0; 0; 0; 17; 0).

117
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De�nition 13.2. The toric ideal of A is the polynomial ideal

I A := hxu +
� xu �

: u 2 kerZ(A)i � k [x1; : : : ; xn ] =: S:

De�nition 13.2 de�nes I A via an in�nite generating set consist-
ing of binomials . Binomials are polynomials with two terms, just
as monomials are polynomials with one term. However, by Hilb ert's
basis theorem, we know that there is a �nite subsetof the above in-
�nite generating set that also generatesI A . There are algorithms for
�nding such a �nite generatingset, although it becomesa highly non-
trivial calculation as the size of A increases. See[Stu96 , Chapters
4 and 12.A] if you are interested in these algorithms. The following
Macaulay 2 session(from [SST02 ]) implements one of these algo-
rithms and computesthe toric ideal of the con�guration A consisting
of the columns of

0

@
4 0 0 2 1 1
0 4 0 1 2 1
0 0 4 1 1 2

1

A :

We will use it as a black box to generatetoric ideals.

Example 13.3. [thomas@penguin thomas]$ M2
Macaulay 2, version 0.9.2
i1 : load "LLL.m2"

i2 : toBinomial = (b,R) -> (
top := 1_R; bottom := 1_R;
scan(#b, i -> if b_i > 0 then top = top * R_i^(b_i)
else if b_i < 0 then bottom = bottom * R_i^(-b_i));
top - bottom);

i3 : toricIdeal = (A) -> (
n := #(A_0);
R = QQ[vars(0..n-1),MonomialSize=>16];
B := transpose matrix LLL syz matrix A;
J := ideal apply(entries B, b -> toBinomial(b,R));
scan(gens ring J, f -> (J = saturate(J,f);));
J
);
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i4 : A = {{4,0,0,2,1,1},{0,4,0,1,2,1},{0,0,4,1,1,2}};

i5 : I = toricIdeal A
3 3 3

o5 = ideal (e - b*d*f, c*d*e - f , d - a*e*f, ...

o5 : Ideal of R
i6 : toString oo
o6 = ideal(e^3-b*d*f,c*d*e-f^3,d^3-a*e*f,a*b*c-d*e*f,
d^2*e^2-a*b*f^2,a*c*e^2-d^2*f^2,b*c*d^2-e^2*f^2)

The output on line o6 is the �nite generating set of I A .

A grading of S by an abelian group G is a map called degree
de�ned as deg : S ! G such that x i 7! gi for each i = 1; : : : ; n. This
map is extendedto a monomial x a 2 S asdeg(xa ) =

P
ai gi . A poly-

nomial f 2 S is homogeneous under this grading if all monomials
in f have the samedegree. An ideal I � S is homogeneousif every
polynomial in I is a sum of homogeneouspolynomials or equivalently ,
if I is generatedby homogeneouspolynomials under the given grad-
ing. The most commongrading on S is by Z wheredeg(x i ) = 1. This
is called the total degree grading and unlessstated otherwise, we
will mean this grading when we talk about homogeneousideals.

Every homogeneouspolynomial ideal has a state polytope which
is a polytope whoseverticesare in bijection with the distinct reduced
Gr•obner bases(equivalently , initial ideals) of the ideal. In the next
chapter we will examine the state polytopes of toric ideals and see
how they are related to secondarypolytopes. For such a relationship
to exist we needa relationship between the initial ideals of the toric
ideal of A and the regular triangulations of A . We establish this
connection in the rest of this chapter.

De�nition 13.4. A simplicial complex � on [n] is a collection of
subsetsof [n] such that if F 2 � and G � F then G 2 � as well. In
particular, the empty set is in �.

(1) The elements of � are called the faces of �.
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(2) The dimension of a faceF 2 � is jF j � 1. The dimension of
� is the maximum dimension of a face in �.

(3) The maximal dimensional facesof � are called facets.

(4) � is pure if all its facets have the samedimension.

(5) The faceposet of � is the set of facesof � partially ordered
by inclusion.

(6) A non-face of � is any set H � [n] such that H is not a
face of �. A minimal non-face of � is a non-faceH of �
such that all its proper subsetsare facesof �.

Example 13.5. A triangulation of A gives a simplicial complex on
[n]. For instance our favorite non-regular triangulation in Figure 1
gives the pure simplicial complex on [6] = f 1; 2; 3; 4; 5; 6g whoseface
lattice can also be seenin Figure 1.

4

21

3

5

6

125 145 134 256 236 346 456

12 13 14 15 23 25 26 34 36 45 46 56

1 2 3 4 5 6

;

Figure 1. Our favorite non-regular triangulation as a simpli-
cial complex.

The set f 1; 2; 6g is a non-minimal non-faceof this simplicial com-
plex while f 1; 2; 3g is a minimal non-face.
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Note that a subdivision of A that is not a triangulation does
not yield a simplicial complex, as only somesubsetsof a face of the
subdivision may be facesof the subdivision. We will identify a trian-
gulation with its associated simplicial complex. Note also that it is
enoughto specify the facetsof a simplicial complex as the remaining
facesare simply all subsetsof the facets. Thus from now on we specify
simplicial complexesby only listing their facets.

Given an ideal I � S and a term order � , we cancompute the ini-
tial ideal in � (I ) which is a monomial ideal in S. We saw earlier that
the radical

p
in � (I ) is alsoa monomial ideal in S and is generatedby

squarefreemonomials obtained by erasing the powers on the mono-
mial generators of in � (I ). There is a bijection between squarefree
monomial ideals in S and simplicial complexeson [n].

De�nition 13.6. The Stanley-Reisner ideal of a simplicial com-
plex � on [n] is the squarefreemonomial ideal

I � := hx i 1 x i 2 � � � x i k : f i 1; i 2; : : : ; i k g is a minimal non-faceof � i :

Conversely, a squarefreemonomial ideal I is the Stanley-Reisnerideal
of the unique simplicial complex �( I ) whoseset of minimal non-faces
is

ff i 1; i 2; : : : ; i k g � [n] : x i 1 x i 2 � � � x i k is a minimal generator of I g:

Example 13.7. The minimal non-facesof the non-regular triangu-
lation in Figure 1 are 16; 35; 24; 123 which implies that its Stanley-
Reisner ideal is haf ; ce;bd;abci where we take S = k[a;b;c;d;e;f ].

Exercise 13.8. (1) Prove that if f i 1; : : : ; i k g is any non-face of �
then x i 1 x i 2 � � � x i k 2 I � .
(2) Finding all minimal non-facesof a simplicial complex is not so
easy. It's easierto compute I � via the following formula:

I � =
\

� facet of �

hx i : i 62� i :

Check this formula for the Stanley-Reisnerideal constructed in Ex-
ample 13.7 and then prove it in general.

If we have a non-squarefreemonomial ideal I � S, then the sim-
plicial complex we want to associate with it is �(

p
I ). However, since
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many idealscan have the sameradical, the map from monomial ideals
to simplicial complexesis not a bijection. We will study simplicial
complexesthat comefrom initial ideals of a polynomial ideal.

De�nition 13.9. The initial complex � � (I ) of a polynomial ideal
I � S with respect to the term order � is the simplicial complex
�(

p
in � (I )).

Example 13.10. Consider the vector con�guration

A =
��

1
0

�
;
�

1
1

�
;
�

1
2

�
;
�

1
3

��

from Example 7.11. Its toric ideal is

I A = hac � b2; bd� c2; ad � bci � k [a;b;c;d]:

This ideal has eight distinct monomial initial ideals that are listed
below along with weight vectors ! 2 R4 that induce them, their
radicals, and initial complexes.On the extreme right we also list the
regular triangulations � ! of the con�guration.

! in! (I )
p

in! (I ) � ! (I ) � !

(0; 1; 1; 0) hc2; bc;b2i hb;ci f 14g f 14g
(0; 5; 1; 0) hb2; bc;c3; bdi 00 00 00

(0; 1; 5; 0) hb3; ac;bc;c2i 00 00 00

(0; 3; 0; 1) hb2; bc;bd;ad2i hb;adi f 13; 34g f 13; 34g
(0; 1; 0; 3) hb2; ad;bdi 00 00 00

(1; 0; 0; 1) hac;ad;bdi hac;ad;bdi f 12; 23; 34g f 12; 23; 34g
(1; 0; 3; 0) hac;bc;c2; a2di hc;adi f 12; 24g f 12; 24g
(3; 0; 1; 0) hac;c2; adi 00 00 00

From this example, you might suspect that the initial complex
� ! (I A ) is precisely the regular triangulation � ! . This is the main
result of this section which we prove in Theorem 13.12.

Lemma 13.11. Let � ! be a regular triangulation of A , � = f i 1; : : : ; i k g
a face of � ! and � = f j 1; : : : ; j l g a non-face of � ! such that the rel-
ative interiors of their convex hulls intersect. Pick positive rational
numbers � 1; : : : ; � k and � 1; : : : ; � l such that

� 1ai 1 + : : : + � k ai k = � 1aj 1 + : : : + � l aj l

and
P

� i =
P

� i = 1. Then
P n

i =1 ! i � i <
P n

i =1 ! i � i .
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Pro of. Recall that the facets of � w are precisely the lower facets of
the lifted polytope P ! . Therefore, � lifts to a lower faceof P ! where
for each j 2 � , aj has been lifted to height ! j . This implies that
the convex combination � 1ai 1 + : : : + � k ai k has beenlifted to heightP

i 2 � � i ! i since the lifted points indexed by � span an a�ne plane.
On the other hand, the convex hull of the points indexed by � do not
form a lower faceof � ! and hence,

P
i 2 � ! i � i >

P
i 2 � ! i � i . �

Theorem 13.12. [Stu91 , Theorem 3.1] Let I A be the toric ideal of
A and ! be a term order on S. Then the initial complex � ! (I A ) is
the regular triangulation � ! of A or equivalently,

p
in! (I A ) is the

Stanley-Reisner ideal I � ! of the regular triangulation � ! of A .

Pro of. We reproduce the proof in [Stu91 ]. Suppose� ! is a regular
triangulation of A . We will �rst argue that the Stanley-Reisnerideal
I � ! is contained in

p
in! (I A ). Let � = f j 1; : : : ; j l g be a non-face

of � ! or equivalently , x j 1 x j 2 � � � x j l 2 I � ! . Then there exists a face
� = f i 1; : : : ; i k g of � ! such that

relint (conv(ai 1 ; : : : ; ai k )) \ relint (conv(aj 1 ; : : : ; aj l )) 6= ; :

Pick positive rational numbers � 0
1; : : : ; � 0

k and � 0
1; : : : ; � 0

l with
P

� 0
i =P

� 0
i = 1 such that

� 0
1ai 1 + : : : + � 0

k ai k = � 0
1aj 1 + : : : + � 0

l aj l :

Clearing denominators, we get vectors �; � 2 Nn such that

A� = � i 1 ai 1 + : : : + � i k ai k = � j 1 aj 1 + : : : + � j l aj l = A�:

Then the vector � (� � � ) 2 kerZ(A) which meansthat � (x � � x � )
lies in the toric ideal I A . Since � is a face of � ! while � is a non-
face, by Lemma 13.11,we have that ! � � < ! � � which implies that
in! (x � � x � ) = x � . This meansthat x � 2 in! (I A ) and subsequently ,
x j 1 � � � x j l 2

p
in! (I A ). This provesthat I � ! �

p
in! (I A ).

Conversely, suppose
p

in! (I A ) is not contained in I � ! . This im-
plies that there is a monomial x � in in! (I A ) whose support is a
face of � ! . It is not too hard to prove that the ideal I A is gen-
erated as a k-vector spaceby binomials of the form x u +

� xu �
where

u 2 kerZ(A) which then meansthat there is a binomial x � � x � 2 I A

with in! (x � � x � ) = x � such that supp(x � ) is a faceof � ! . We have
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! � � > ! � � . Also, A� = A� which means that supp(x � ) has to
be a non-face of � ! since otherwise we have two faces intersecting
in their relative interiors. This contradicts Lemma 13.11,and hence,p

in! (I A ) � I � ! . �

Corollary 13.13. A monomial x m is standard for the initial ideal
in! (I A ) if and only if supp(xm ) does not contain a non-face of � ! .

The toric ideal of the six point con�guration underlying our fa-
vorite non-regular triangulation has 112 initial ideals which is a bit
too large for us to analyze by hand. Instead, let's look at all the
initial ideals of the pentagonal con�guration from Example 8.3.

Exercise 13.14. Considerthe the pentagonal con�guration A whose
elements are the columns of:

0

@
1 1 1 1 1
0 1 2 1 0
0 0 1 2 1

1

A :

The toric ideal I A = hbd� ce;a2d� be2; a2c� b2ei � k [a;b;c;d;e].

Listed below are the eight distinct monomial initial ideals of I A :

(1) hbd;a2d;a2ci

(2) hce;a2d;a2ci

(3) hce;be2; a2ci

(4) hce;be2; b2e;a2c2i

(5) hbd;b2e;a2di

(6) hbe2; bd;b2e;a2d2i

(7) hce3; be2; bd;b2ei

(8) hce;be2; b2e;b3di

This calculation was done using the software packageCATS [Jena ].
Group these initial ideals by their radicals and compute the corre-
sponding initial complexes. Check that they coincide with the �v e
regular triangulations of this con�guration that we saw earlier. Can
you �nd weight vectors that induce each of the initial ideals?

Theorem 13.12 says that regular triangulations support initial
ideals in the sensethat their Stanley-Reisner ideals are radicals of



13. Initial Complexes of Toric Ideals 125

initial ideals of I A . Equivalently , the set of regular triangulations of
A is precisely the set of simplicial complexescoming from radicals
of initial ideals of I A . Thus a non-regular triangulation cannot sup-
port an initial ideal of I A . Let's prove this for our favorite regular
triangulation.

Theorem 13.15. There is no weight vector ! such that the initial
complexof I A with respect to ! is our favorite non-regular triangula-
tion.

Pro of. Look at the three quadrilaterals f 1; 2; 4; 5g; f 1; 3; 4; 6g and
f 2; 3; 5; 6g in the non-regular triangulation. Thesequadrilaterals sup-
port the dependencerelations

(� 1; 1; 0; 4; � 4; 0); (1; 0; � 1; � 4; 0; 4) and (0; � 1; 1; 0; 4; � 4)

on the columns of

A =

0

@
4 0 0 2 1 1
0 4 0 1 2 1
0 0 4 1 1 2

1

A :

These elements in kerZ(A) give the following three binomials in the
toric ideal I A :

bd4 � ae4; af 4 � cd4; ce4 � bf 4:

In each case,the positivemonomial is the leading term with respect to
any ! that inducesthis triangulation. This is becausethe support of
the positive term is a non-faceof the triangulation while the support
of the other monomial is a faceof the triangulation. This implies the
following three inequalities:

! 2 + 4! 4 > ! 1 + 4! 5

! 1 + 4! 6 > ! 3 + 4! 4

! 3 + 4! 5 > ! 2 + 4! 6

However, if you add the three inequalities we get 0 > 0 which implies
that no such ! exists. �





Chapter14

State Polytop es of Toric
Ideals

In this chapter we will de�ne and construct the state polytope of a
toric ideal I A and then relate it to the secondarypolytope of A via
the relationship betweeninitial idealsof I A and regular triangulations
of A developed in Chapter 13. We follow the sameapproach as with
secondarypolytopes| we will �rst de�ne a polyhedral fan called the
Gr•obner fan of I A which will then be shown to be polytopal. This
polytope will be called the state polytope of I A . State polytopesand
Gr•obner fans exist for all homogeneousideals [BM98 , MR88 ] and
[Stu96 , Chapter 2]. For non-homogeneousideals, one can de�ne the
Gr•obner fan, but these fans may not be polytopal. An example of
such an ideal can be found in [Jenb].

Beforewediscussthe generalsituation, let us takea homogeneous
principal ideal and work out its state polytope. The vertices of this
polytope must index the distinct reducedGr•obner basesof the ideal.
If I = hf i where f is homogeneous,then all reduced Gr•obner bases
of I consist of the single element f with di�eren t terms marked as
leading monomial. Which monomials in the support of f can become
leading terms? For a given weight vector ! , these are precisely the
monomialsx � in the support of f for which � � ! is maximized. Thus
the exponents of the possibleinitial monomials of f are in bijection

127
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with the vertices of the Newton polytop e of f which is the convex
hull of all the exponent vectorsof monomialsin f . The state polytope
of I = hf i is the Newton polytope of f .

Example 14.1. Let I = hf = 3x3 + 1
2 x2y +

p
2xy2 + y3i . Then the

Newton polytope of f is the line segment

conv(f (3; 0); (2; 1); (1; 2); (0; 3)g);

and the two verticesof this line segment correspond to the two distinct
reducedGr•obner basesof I which are G1 = f x3 + 1

6 x2y+
p

2
3 xy2 + 1

3 y3g
and G2 = f 3x3 + 1

2 x2y +
p

2xy2 + y3g. The underlined term is the
leading term in each case.

We will only be concernedwith toric ideals. We assumethe same
set up as always: A is a graded point con�guration in Zd whose
columns form the d � n integer matrix A of rank d. We assumethat
the vector (1; 1; : : : ; 1) lies in the row spaceof A. Then the toric ideal
of A is the homogeneousbinomial ideal

I A = hxu +
� xu �

: u 2 kerZ(A)i :

Check that I A is homogeneous.

Exercise 14.2. Argue that every reduced Gr•obner basis G! of the
toric ideal I A consistsof a �nite set of binomials of the form x � � x �

such that � � � 2 kerZ(A).
(Hin t : We showed earlier that I A has a �nite generating set of this
form. If we use this as the input to Buchberger's algorithm, what
sorts of polynomials will we generateduring, and at the end of the
algorithm?)

Example 14.3. The eight reducedGr•obner basesof I A for

A =
��

1
0

�
;
�

1
1

�
;
�

1
2

�
;
�

1
3

��

are listed below. We saw theseeight initial ideals in Example 13.10.

(1) f b2 � ac;bc� ad;c2 � bdg

(2) f b2 � ac;bc� ad;bd� c2; c3 � ad2g

(3) f ac � b2; b3 � a2d;bc� ad;c2 � bdg

(4) f ad2 � c3; b2 � ac;bc� ad;bd� c2g
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(5) f ad � bc;b2 � ac;bd� c2g

(6) f ac � b2; ad � bc;bd� c2g

(7) f a2d � b3; ac � b2; bc� ad;c2 � bdg

(8) f ac � b2; ad � bc;c2 � bdg

De�nition 14.4. Let G! = f x � i � x � i : i = 1; : : : ; tg be a reduced
Gr•obner basis of I A . The Gr•obner cone of G! is the polyhedral
cone

K ! = f v 2 Rn : � i � v � � i � v for all i = 1; : : : ; tg:

The Gr•obner cone K ! is full dimensional (n-dimensional) since
the weight vector ! satis�es the t inequalities with a strict inequality.
Further, the entire row spaceof A lies in K ! since(� i � � i ) 2 kerZ(A)
which implies that every vector in the row spaceof A will satisfy the
t inequalities with equality. Is there a larger vector spacein K ! ? If
there is, then for every v in this vector space,� v is also in the vector
spaceand we must have � i � v � � i � v and � i � � v � � i � � v which
together imply that (� i � � i ) � v = 0. Now it turns out that the
span of f � i � � i : i = 1; : : : ; tg is exactly kerR(A) which implies that
the row spaceof A is the biggest vector spacein K ! . Thus we can
write K ! as the sum of the row spaceof A and the part that lies in
the kernel of A. The latter is the interesting part | it is a pointed
polyhedral cone of dimension n � d, which we will call the poin ted
Gr•obner cone of G! , denoted as K0

! . We will now �gure out how
to draw K0

! in kerR(A) which is a vector spaceisomorphic to Rn � d.
From K0

! we can reconstruct K ! by adding on the row spaceof A.

Let B be the Gale transform of A . Since (1; 1; : : : ; 1) is already
in the row spaceof A, the Gale transform B � Rn � d. Let B t be the
matrix whosecolumns give B. Since A is an integer matrix, we can
chooseB t 2 Z(n � d) � n such that its rows generatekerZ(A) which in
particular meansthat they also generatekerR(A). Further, the row
spaceof B t is isomorphic to the column spaceof B t which implies that
the span of B is isomorphic to kerR(A) which in turn is isomorphic
to Rn � d. Thus we can draw K 0

! in Rn � d, the spacespannedby the
Gale transform B. Given � � � 2 kerR(A), solve yB t = � � � to �nd
its representativ e y 2 Rn � d. Let's usethis method to draw the eight
Gr•obner conesof Example 14.3 in R2.
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Example 14.5. For this example,we choose

B t =
�

1 � 2 1 0
2 � 3 0 1

�
:

Let G! = f b2 � ac;bc � ad;c2 � bdg. Its Gr•obner coneis

K ! = f v 2 R4 : 2v2 � v1 + v3; v2 + v3 � v1 + v4; 2v3 � v2 + v4g:

We �nd the pre-images of the vectors (� 1; 2; � 1; 0), (� 1; 1; 1; � 1)
and (0; � 1; 2; � 1) under the map from R2 ! R4 where y 7! yB t .
Under this map, (� 1; 2; � 1; 0) 7! (� 1; 0), (� 1; 1; 1; � 1) 7! (1; � 1)
and (0; � 1; 2; � 1) 7! (2; � 1). This implies that

K0
! = f (y1; y2) 2 R2 : � y1 � 0; y1 � y2 � 0; 2y1 � y2 � 0g:

This coneis the shadedconeshown in Figure 1.
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Figure 1. Pointed Gr•obner cone.

We label the hyperplanes that bound the halfspaceswith the
monomials of the original binomial that gave rise to this hyperplane
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so that the monomial pointing into a half spaceis more expensive for
a weight vector lifted from that region than the other monomial.

Using this technique let us draw all eight Gr•obner cones. The
resulting picture is shown in Figure 3. To make our life easier, we
�rst note that there are only �v e di�eren t binomials in the eight
reduced Gr•obner bases,up to sign. Thus we draw the hyperplanes
corresponding to them �rst and mark the halfspaceswith monomials
as before. Then it's easy to pick o� the Gr•obner cones. Figure 2
shows the �v e hyperplaneswith labeled halfspaces.

acb2

c 2

bd

bc

ad

b3

a 2 d

ad 2

c 3

Figure 2. Hyp erplanes given by binomials in the Gr•obner
bases.

Notice that the Gr•obner cones�t together to form a polyhedral
fan in the above example (see Figure 3). We will prove that this
is always the case. In the mean time, let's denote by GF (A) the
collection of all Gr•obner conesof I A . We will call it the Gr•obner
fan of I A although we haven't yet proved that it is a fan.

Lemma 14.6. Let ! be a term order for I A and G! the reduced
Gr•obner basis of I A with respect to ! . Then G! 0 = G! if and only if
! 0 lies in the interior of the Gr•obner cone K ! .
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3

7

8
6

5

4

2

1

acb2

c2

bd

bc

ad

ad2

c3

b3

a2 d

Figure 3. Pointed Gr•obner fan.

Pro of. Suppose G! = f x � i � x � i : i = 1; : : : ; tg = G! 0. Then
� i � ! 0 > � i � ! 0 for all i = 1; : : : ; t which implies that ! 0 lies in the
interior of K ! .

Conversely, suppose! 0 lies in the interior of K ! . Then � i � ! 0 >
� i � ! 0 for all binomials x � i � x � i in G! . This implies that the initial
ideal in! (I A ) � in! 0(I A ). Therefore, the two initial ideals are equal
since the standard monomials of both initial ideals form a k-vector
spacebasisfor S=IA and if oneinitial ideal is properly inside another,
then we would have one basis of this vector spaceproperly inside
another which is a contradiction. SinceG! and G! 0 are reduced,they
are equal asevery initial ideal givesrise to a unique reducedGr•obner
basisof I A . �

Corollary 14.7. Two distinct Gr•obner conesof I A do not intersect
in their interiors.
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We now construct a polytope whoseinner normal fan is GF (A)
proving that GF (A) is a polyhedral fan and that it is polytopal.

De�nition 14.8. Take the universalGr•obner basisof I A , denotedas
UGB (I A ), to be the set of all binomials (up to sign) that appear in
the reducedGr•obner basesof I A .

Example 14.9. In our running example,UGB (I A ) = f b2 � ac;c2 �
bd;ad � bc;a2d � b3; ad2 � c3g.

It is a fact that every polynomial ideal has a �nite universal
Gr•obner basis. This follows from the more important fact that ev-
ery polynomial ideal only has �nitely many distinct reducedGr•obner
bases[Stu96 , Chapter 1] and that each reducedGr•obner basis is �-
nite. The union of thesereducedGr•obner basesis always a universal
Gr•obner basisof the ideal.

We now de�ne a grading of S = k[x1; : : : ; xn ] as follows. De�ne
deg(x i ) = ai 2 A for i = 1; : : : ; n. Then deg(x u ) = Au 2 Zd.
We sometimesabusenotation and also refer to Au as the degreeof
u 2 Nn . Notice that the two monomialsin a binomial x u +

� xu �
2 I A

have the samedegreeunder this A-grading. For u 2 Nn , let

deg� 1(Au) := f v 2 Nn : deg(u) = deg(v )g

be called the �b er of u or x u .

De�nition 14.10. A vector b 2 Zd is a Gr•obner degree of I A if
there is someelement x � � x � 2 UGB (I A ) such that b = deg(� ) =
deg(� ). The �b ers of Gr•obner degreesare called Gr•obner �b ers.

Example 14.11. The Gr•obner degreesof our running exampleare:

f (2; 2)t ; (2; 4)t ; (2; 3)t ; (3; 3)t ; (3; 6)t g:

The Gr•obner �b ers are:

(1) deg� 1((2; 2)t ) = f (1; 0; 1; 0); (0; 2; 0; 0)g

(2) deg� 1((2; 4)t ) = f (0; 1; 0; 1); (0; 0; 2; 0)g

(3) deg� 1((2; 3)t ) = f (1; 0; 0; 1); (0; 1; 1; 0)g

(4) deg� 1((3; 3)t ) = f (2; 0; 0; 1); (1; 1; 1; 0); (0; 3; 0; 0)g

(5) deg� 1((3; 6)t ) = f (1; 0; 0; 2); (0; 1; 1; 1); (0; 0; 3; 0)g
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We can compute all monomials of a given degreeusing the following
Macaulay 2 commands:

Macaulay 2, version 0.9.2

i1 : A = {{1,1,1,1},{0,1,2,3}};
i2 : R = QQ[a..d, Degrees => transpose A];
i3 : basis({2,2},R)
o3 = | ac b2 |

1 2
o2 : Matrix R <--- R

De�nition 14.12. The state polytop e of I A is the Minkowski sum

St(I A ) :=
X

b Gr•obner degree

conv(deg� 1(b))

Example 14.13. In our example,sincethe left-most 2� 2 submatrix
of A is non-singular, the projection of any v 2 R4 of a given degree
to (v3; v4) 2 R2 can be uniquely lifted back to v . Thus, we can draw
the projections of all Gr•obner �b ers into the x3; x4-plane and then
compute the state polytope. The summandsand the Minkowski sum
are shown in Figure 4.

21 3
4 5

1+2+3

1+2

1+2+3+4

Gr•obner Fib ers

State polytop e

1+2+3+4+5

Figure 4. The state polytop e of our example pro jected into
R2 .
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In Figure 5 we seethat the inner normal fan of the state polytope
coincideswith the Gr•obner fan we saw in Figure 3.

Figure 5. The state polytop e and Gr•obner fan.

Theorem 14.14. The Gr•obner fan GF (A) of I A is the inner normal
fan of St(I A ).

Pro of. Let ! be a term order for I A and G! = f x � i � x � i : i =
1; : : : ; tg be the reduced Gr•obner basis of I A with respect to ! . Let
K ! be the Gr•obner cone of G! , N (St(I A )) be the inner normal
fan of St(I A ), and N (face� ! (St(I A ))) be the inner normal cone of
St(I A ) at the face that minimizes ! . We need to show that K ! =
N (face� ! (St(I A ))). The proof is going to need the three facts that
we list below without proof. For details, see[Stu96 ].

(1) Fact (1): The inner normal coneof a Minkowski sum poly-
tope containing a vector ! 0 is the intersection of all the inner
normal conesof the summands containing ! 0. In particu-
lar, the inner normal fan of the Minkowski sum polytope
is the common re�nement of the inner normal fans of the
summands.

(2) Fact (2): If x � � x � is an element of the reducedGr•obner
basisG! of I A , then ! � 
 > ! � � for all 
 2 deg� 1(A� ). In
particular, � is a vertex of conv(deg� 1(A� )) and the inner
normal cone of conv(deg� 1(A� )) containing ! is the inner
normal coneat the vertex � .
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(3) Fact (3): For each degreeb and a reduced Gr•obner basis
G! , there is a unique element m b 2 deg� 1(b) such that xm b

is the normal form with respect to G! , of any monomial xm

such that m 2 deg� 1(b). In particular, if x � � x � 2 G! ,
then x � is this unique normal form with respect to G! of all
monomials of the samedegree.

We �rst prove that

N (face� ! (St(I A ))) � K ! :

Pick ! 0 2 N (face� ! (St(I A ))). Then by Fact (1) below,

! 0 2 N (face� ! (conv(deg� 1(b))))

for each Gr•obner degreeb of I A . Consider the Gr•obner �b er
conv(deg� 1(b = A� )) of x � � x � 2 G! . By Fact (2) below,
N (face� ! (conv(deg� 1(b)))) is the inner normal coneof
conv(deg� 1(b)) at the vertex � . Since ! 0 lies in this inner normal
cone, we have that � � ! 0 > � � ! 0. Since this is true for all elements
of G! , we get that ! 0 2 K ! .

Now let's prove the opposite containment:

K ! � N (face� ! (St(I A ))) :

Pick ! 0 in the interior of K ! . Then we know that G! = G! 0. By
Fact (3), both ! and ! 0 are optimized at the same lattice point in
conv(deg� 1(b)) for every b of the form Av, v 2 Nn . Therefore, ! and
! 0 lie in the sameinner normal conein the convex hull of all Gr•obner
�b ers. Then Fact (1) implies that both vectors lie in the sameinner
normal cone of St(I A ) which proves that ! 0 2 N (face� ! (St(I A ))).

�

Exercise 14.15. Work out the state polytope and Gr•obner fan of
the con�guration consisting of the columns of

0

@
1 1 1 1 1
0 1 2 1 0
0 0 1 2 1

1

A :

De�nition 14.16. A polyhedral fan F is said to re�ne another fan
F 0 if F re�nes F 0 as conecomplexes.The fan F 0 is a coarsening of
F . Recall that the common re�nement of a collection of polyhedral
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fans is the new fan obtained as the multi-in tersection of all cones
involved.

Notice that the Gr•obner fan of our running example is a re�ne-
ment of the secondaryfan of the samecon�guration.

Theorem 14.17. The Gr•obner fan of I A is a re�nement of the sec-
ondary fan of A .

Pro of. This is a direct consequenceof the fact that the radical of
the initial ideal in ! (I A ) is the Stanley-Reisner ideal of the regular
triangulation � ! . �

Exercise 14.18. Verify Theorem 14.17in Exercise14.15.
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facet, 58
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linear program, 15
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monomial, 93
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optimal value, 16
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partial order, 106
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Steinitz Theorem, 26
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table
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