Statistics of Shape via Principal Geodesic Analysis on Lie Groups

P. Thomas Fletcher, Conglin Lu and Sarang Joshi
Medical Image and Display Analysis Group,
University of North Carolina
fletcher@cs.unc.edu

Abstract

Principal component analysis has proven to be useful for
understanding geometric variability in populations of pa-
rameterized objects. The statistical framework is well un- it
derstood when the parameters of the objects are elements
of a Euclidean vector space. This is certainly the case when
the objects are described via landmarks or as a dense col-
lection of boundary points. We have been developing repre-
sentations of geometry based on the medial axis description
or m-rep. Although this description has proven to be effec-
tive, the medial parameters are not naturally elements of
a Euclidean space. In this paper we show that medial de-
scriptions are in fact elements of a Lie group. We develop
methodology based on Lie groups for the statistical analysis
of medially-defined anatomical objects.

Figure 1. Medial atom with a cross-section of
1. Introduction the boundary surface it implies (left). An m-
' rep model of a kidney and its boundary sur-

Shape analysis is emerging as an important area of image face (right).

processing and computer vision. Model-based approaches

[4, 3, 21, 13] are popular due to their ability to robustly rep-

resent objects found in images. Principal component analy-1.1. M-Rep Overview

sis (PCA) [10] is a prevalent technique for describing model

variability. However, PCA is only applicable when model The medial representation used is based on the medial

parameters are elements of a Euclidean vector space. axis of Blum [1]. In this framework, a geometric object is
The focus of our research has been the application ofrepresented as a set of connected continuous medial man-

shape analysis for medical image processing to improveifolds. For 3D objects these medial manifolds are formed

both the accuracy of medical diagnosis as well as the underby the centers of all spheres that are interior to the object

standing of processes behind growth and disease [5]. In ourand tangent to the object’'s boundary at two or more points.

previous work [11] we have developed methodology based The medial description is defined by the centers of the in-

on medial descriptions called m-reps to quantify shape vari- scribed spheres and by the associated scalar field of their

ability and explain it in intuitive terms such as local thick- radii. Each continuous segment of the medial manifold rep-

ness, bending and widening. resents a medial figure. In this paper we focus on 3D objects
In this paper we show that m-rep models are elementsthat can be represented by a single medial figure.

of a Lie group. We develop a framework that extends the = We sample the medial manifolé! over a spatially reg-

notion of PCA to Lie groups, and we apply it to the sta- ular lattice. Each sample point also includes first derivative

tistical analysis of shape using medial representations. Asinformation of the medial position and radius. The elements

the medial representation is fundamental to our analysis, weof this lattice are calledhedial atomsA medial atom (Fig.

describe it briefly. 1) is defined as a 4-tuplm = {x,r, F, 0}, consisting of:



x € RR3, the center of the inscribed spherec R, the geodesic distance between two poigté € G is given by

local width defined as the radius of the sphéfes SO(3) [ log(g=1h)||.

an orthonormal local frame parameterized (i b+, n), For real numbers: andy the exponential map satisfies
wheren is the normal to the medial manifold, is the di- the identityexp(z) exp(y) = exp(z+y). This identity does
rection in the tangent plane of the fastest narrowing of the not hold for noncommutative Lie groups, such$0(3).
implied boundary sections, artd € [0,7) the object an-  In general define thproduct in logarithmic coordinateas

gle determining the angulation of the implied sections of a mapping: : g x g — g such that
boundary relative td. The medial atom implies two op-
posing boundary pointsyg, y1, with respective boundary exp(X) exp(Y) = exp(u(X,Y)).
normalsng, ny, which are given by
A Taylor series expansion fqi about the point0,0) is
ng = cos(6)b — sin(f)n, n; = cos(6)b + sin(6)n, given by the Cambell-Baker-Hausdorff (CBH) formula:
Yo = X + rng, y1 =X+rnj. )
3

For three dimensional slab-like figures (Fig. 1) the lat- HEY) = X+ Y+ §[X’ Y]+ o(& . @)
tice of medial atoms is a quadrilateral mash;, (¢, j) €
[1,m] x [1,n]. The sampling density of medial atoms in 1.3. Discrete M-Rep as a Point on a Lie Group
a lattice is inversely proportional to the radius of the me-

g|al ddescnptlofn. leehn an g-:e[\)/\;ﬁgure, we fk;'ij_a_s_mooth In this section we show that the set of medial atoms is
oundary surface to the model. We use a subdivIsion sur- | o group. A medial atom’s position is an element of

face method [20] that interpolates the boundary positionsmg, which is a standard Lie group under vector addition.

and normals implied by each atom. The radius parameter is an element of the multiplicative
) Lie group of positive reals. The medial atom’s frame is a
1.2. Lie Groups 3D rotation, and the object angle is a 2D rotation. Both
SO(2) andSO(3) are Lie groups under the composition of
Here we present a brief overview of Lie groups. For a rotations. Thus, the set of all medial atoms forms a group
detailed treatment see [7]. A Lie grogpis a differentiable M = R3 x Rt x SO(3) x SO(2), which we call themedial
manifold that also forms an algebraic group, where the two group. SinceM is the direct product of four Lie groups, it

group operations, also is a Lie group. Strictly speaking, the grofp is a
transformation group thatctson medial atoms. However,
pi(z,y)—azy + GxG—G  Multplication, any medial atom may be represented\ihas the transfor-
L gt e INYe] Inverse, mation of a fixed identity atom, that is, the atom centered
at the origin, with standard coordinate frame, radius 1, and
are differentiable mappings. object angle 0.
A Lie algebrag is a vector space with a bilinear product Now consider the set of m-rep models that consist of a
[,] : g x g — g, called the Lie bracket, satisfying m x n grid of medial atoms. These models form the space
M™™_ Since this is simply the direct product ofn copies
[X,Y] = -[V, X] Antisymmetry, of M, it is a Lie group. Again, this is really a transforma-

[X,Y],Z] = [X,[Y,Z]] - [Y,[X, Z]] Jacobi ldentity, tion group acting on the identity model, that is, the model
consisting of ann x n lattice of identity atoms. Now, given
forall X,Y,Z € g. Lete denote the identity element of the medial descriptions of a population of objects, we may
a Lie groupG. The tangent space at 7.G, forms a Lie consider each geometric model as a point on the Lie group

algebra, which we will denote hy. M™™,

The exponential mapxp : g — G, provides a method In the definition ofAM above, one might think to replace
for mapping vectors in the tangent sp4¢ér into G. Given the direct producR? x R+ x SO(3) by the group of simi-
a vectorv € g, the pointexp(v) € G is obtained by flow-  larity transformation$im(3) = R* x SO(3) x R3, where

ing to time1 along the unique one-parameter subgroup em- x denotes a semidirect product. However, the semidi-
anating frome with initial velocity vectorv. When the Lie rect product space does not have a Riemannian structure
group is given a compatible Riemannian metric, this one- that is compatible with the algebraic structure, i.e., the Lie
parameter subgroup is the unique geodesie afith ve- group exponential map does not give geodesics [22]. Since
locity v. The exponential map is a diffeomorphism of a geodesic distance plays a key role in our work, we use the
neighborhood 06 in g with a neighborhood of in G. The direct product space, which does have a compatible Rie-
inverse of the exponential map is called the log map. The mannian metric.



1.4. Matrix Groups 1.5. The Exponential and Log Maps for M-reps

The most common examples of Lie groups, and those Now we are ready to define the exponential and log maps
which have the greatest application to computer vision, arefor the medial group\/. The Lie algebra of\/ is the prod-
the matrix groups [6]. These are all subgroups of the gen-uct spacen = R3 x R x s0(3) x s0(2). We define the norm
eral linear groupaL(n, R), the group of nonsingulat x n of a vectoru = (x,p, Ay, Ag) € mas
real matrices. The Lie algebra associated v@th(n, R) is
L(R™ R"), the set of allv x n real matrices. The exponen-
tial map of a matrixX € L(R™,R") is the standard matrix
exponent defined by the infinite series

1
1 1 2
= (Il + 62 + 3l1AVIP + 3l1A0l )

where the matrix norms are Frobenius norms.

< 1 L The exponential map foR? is the identity map, and
exp(X) = Z HX : ) the exponential map fdR is the familiar real exponential
k=0 function. Combined with the exponential maps for the rota-

It is well-known that the rotation groupSO(2) and tion groups given above, the exponential map for the medial

SO(3) are matrix subgroups d&L(2,R) and GL(3,R), groupMis
respectively. The group of 3D rigid motionSE(3), has
also been well studied [17]. Related work includes the sta-
tistical analysis of directional data [15] and the study of
shape spaces as complex projective spaces [14].

The 2D rotation groupSO(2), has corresponding Lie
algebraso(2), the set of2 x 2 skew-symmetric matrices.
Likewise, the Lie algebra for the 3D rotation gro§0(3),
is the set oB x 3 skew-symmetric matricesp(3). We will
use the notation

exp:m— M

where we have abused notation by reusing, but it is
clear which exponential map we mean by the context. The
corresponding log map is

log: M —m
t(x,7,F,Ry) — (x,log(r), log(F),log(Ry)).

0 0 0 —U1 V2
Ay = (9 0) ; Av=| un 0 —ug, 2. Means in Lie Groups
—V2 V3 0
In this section we formulate two different notions of
means on Lie groups. We then present a method for com-
puting the mean of a collection of m-rep models in the Lie
groupM™.

for elements ofso(2) andso(3), respectively, wheré €
[0,27), andv = (v1,vq,v3) € R3. Here,f represents the
angle of rotation in the plane. For 3D rotations the normal-
ized vectow = HVTH is an axis of rotation, and the angle of
rotation about that axis i$v||.

The exponential map forso(2) takes the form
exp(Agy) = Ry, whereRy is the matrix for a 2D rotation
by 6. The exponential map faio(3) is given by Rodrigues’
formula [16]

2.1. Intrinsic vs. Extrinsic Means

Given a set of pointg,...,z,, € R? the arithmetic
meanz = 1 3" | z; is the point that minimizes the sum-
of-squared Euclidean distances to the given points, i.e.,

IBa 020, n
= i _ = _ - 2
exp(Ay) sin 6 1 COSHAV27 0 e (0,n) T =arg mmZ;Ha: x| |°.

I + ) A, + g2 rCRd
®) : ,
1 Since a general Lie groug’ may not form a vector
wheref = 4 / §t1"(AvTAv) = [[v|[in [0, ). space, the notion of an additive mean is not necessarily
Also, the logarithm for a matriR € SO(3) is the ma-  Vvalid. However, like the Euclidean case, the mean of a set of

trix in so(3) given by points onG can be formulated as the point which minimizes
the sum-of-squared distances to the given points. This for-
0, 9 =0, mulation depends on the definition of distance. One way

log(R) = 9 . 4) to define distance o6’ is to embed it in a Euclidean space
2sin9(R -RY), [0[€(0,m), and use the induced Euclidean distance. This notion of dis-

tance is extrinsic td, that is, it depends on the ambient
wheref satisfiesr(R) = 2cos 6 + 1. space and the choice of embedding. Given an embedding



® : G — RY, define theextrinsic mear{9] of a collection Using the CBH formula (1) up to first-order terms, we

of pointsz;,...,z, € G as may approximate the Riemannian distance in (5) with the
. product in logarithmic coordinates as
po = argerginz @ (x) — ®(x:)]]*. d(M;, M) ~ ||log(M) — log(M,)]|. (6)

i=1

. . Now the sum-of-squared approximated distances is mini-
Given the above embedding Gf, we can also compute  mized by the arithmetic mean of the log of the points. The

the arithmetic (Euclidean) mean of the embedded points andirst-order approximation to the intrinsic mean is given by

then project this mean onto the manifa@ld This projected

mean is equivalent to the above definition of the extrinsic . 1 «
mean (see [18]). Define a projection mappingR¢ — G p=exp (ﬁ ; log(Mi))
as
7(x) = arg min ||®(s) — x\|2_ According to the CBH formulg; is a first-order approx-
s€G imation of the intrinsic mean. Also, the error in this approx-
Then the extrinsic mean is also given by imation is larger when the points are far from the identity.
Thus we left-multiply all points by:~! so thatg is moved
1 & to the identity. Now we compute the mean of these residual
He = W(ﬁ 21 @(xi)) points and combine this with to arrive at a new approxi-

mation to the mean. This process is repeated until the mean
A more natural choice of distance is the Riemannian dis- of the residuals is sufficiently near the identity. Summariz-
tance orGG. The Riemannian distance between two points is ing, we have
the length of the shortest geodesic curve between the points - .
. I : M Algorithm 1:
This definition of distance depends only on the intrinsic ge- Input: M,

) S ...,M,, € M", m-rep models
ometry of G. We now define théntrinsic meanof a collec- v P

Output: u € M™, the intrinsic mean

tion of pointszy, ..., z, € G as the minimizer irG of the M

: ) : . w=M,
sum-of-squared Riemannian distances to each point. Thus Do
the intrinsic mean is AM, = ~'M,

n , Ap =exp(: 3" log(AM;))
= arg IninZd(m,wi) , = puAp
v€C o1 While || log(Ap)]| > e.
whered(-, -) denotes Riemannian distance@n Following the argument in [2], this is in fact a gradi-
ent descent method, and the true intrinsic mean is a stable

2.2. M-rep Averages point of the algorithm. Notice that each of tRé, R+, and

SO(2) components inM{™ converge in a single iteration,
Intrinsic means il8O(3) have been well studied [2, 16].  since they are commutative groups. Figure 2 shows twelve
Here we extend these ideas to develop an algorithm form-rep models of human kidneys and the resulting intrinsic
computing the intrinsic mean of a collection of m-rep mod- mean of the models, computed by the above algorithm.
els, that is, an intrinsic mean of points on the Lie grdup.

The algorithm we present proceeds by iteratively computing 3. Principal Geodesic Curves
first-order approximations to the true mean. This algorithm

is similar in nature to the technique found in [2] for com- e begin by reviewing PCA in a linear space. In a vector

puting averages of spherical data. Our method is a generalspacel/, each unit vectow determines a one-dimensional

Ization to averages Ip™. ~ subspaces, = {tv : t € R}. Letvy,va,..., v, € V.
The Riemannian distance between two points without loss of generality, assume the mean vectdivo}

M, M, € M" is given by is 0. The first principal component can then be character-

B ized as the one-dimensional subspége, whereu") sat-
d(My, Mz) = || log(M; 11\/[2)”- (5) isfies
Thus the intrinsic mean of a collection of points ) & )
M, ..., My is ul) = aﬁg‘gn; [vi = (vi - V)V

= arg mini | Tog (VL1 M) [[2. In other words, ifd;(v) is the distance fronv; to Sy, then
MeM" ! the first principal direction is defined by the vectosuch
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Figure 2. Boundary surface display of the 12
original m-rep kidney models (left). The in-
trinsic mean of the kidney models (right).

that} " |
with the first component is simply given by

1 m
:72: a2
)\1 m (VZ u ),

i=1

wherev; - u) is the projection ofv; onto the linear sub-
spaceS,,«. Similarly, for k > 1, the k-th principal direc-
tion is defined recursively by the vector

2
vz uMu® — (v, ~V)VH .

Ivi=t =

In this section, we generalize these concepts to finite dimen-

sional Lie groups.

Let G be a Lie group. The corresponding Lie algepra
is a vector space. For an arbitrary unit vectoe g, we can
define a one-parameter subgrap of G as

Hy & {exp(tv) € G : t € R}, 7)

whereexp(+) is the exponential map. It is easy to see that

H, is a geodesic curve i whose tangent direction at the
identity is given byv. For anyg € G, the distance frong
to H, is defined as

d(g, Hy) £

mtin d(g, exp(tv))7 (8)

d?(v) is minimized. The eigenvalue associated

one parameter subgroud, ) of G, where

u™ = arg mandQ wtgs, Hy).

Ivi=1 =

©)

Let p; ;1 be the projection ofi~'g; on H,u), and define

gfl) =p; f,u’lgz Fork > 2, thek th principal geodesic
curve is defined by the vectar*) which is given recur-

sively by

u®) = arg mandQ( (k= 1),Hv),
Ivii=1 ;=

(k) -1 (k—1)
_pl kgz 9

(10)

wherep; i, is the projection ofyﬁ‘” onH,wm.

Notice that the firsk principal curves yield a decompo-
sition for {g; }:
Mook>1i=1,...,m.

9i = UPiaPi2 - -pi,kg§

Analogous to the eigenvalues in the linear case, we define
the energy associated with theth principal geodesic to be
1 m

tik,
i=1
wheret;  is the geodesic distance betwegy, and the
identity.

4. Approximating Principal Geodesic Curves

Given the ability to compute geodesic distancestgn
principal geodesic analysis (PGA) reduces to a nonlinear
optimization problem defined by (9) and (10). This opti-
mization can be impractical in high dimensions. For effi-
cient computation, we now show that the principal geodesic
curves can be approximated via a linear PCA in the tangent
space to the meatT,,G. Using the CBH formula and the
approximation (6), equation (9) can be approximated as fol-
lows

u —argmanmln d?(

Ivii=t =

g, exp(tv))

A2 arg mlnz mln | log(p™"g:) — tv |
Ivi=1 =

Noticing thatv; = log(u~tg;),i = 1,...,m, are vectors

where the distance on the right hand side is the geodesidn the tangent spacg, G, the above minimization problem

distance onz. Among all values ot such that (8) is min-

imized, lett* to be the one that has the smallest absolute

value. Theprojectionof g on H is defined to bexp(t*v).
Suppose thaty, g2, ..., 9 arem elements of a Lie
groupG, and that the intrinsic mean of themyis Thefirst

becomes the standard principal component analydis
The geodesic curves defined via the exponential map-
ping H,w = exp(tu®)) are the approximations of the
principal geodesic curves defined in the previous section.
More precisely, for m-rep models we compute the prin-

principal geodesic curvior these elements is defined as the cipal geodesic analysis by



Figure 3. The first three modes of de-

formation for kidney shapes. Each

row displays the models corresponding

o {=3vAi;, =1.5v/X;, 0, +1.5v/ i, +3v/Ai}

along the 4** principal geodesic. Figure 4. The same modes of deformation as
Fig. 3 shown from the side.

Algorithm 2:
Input: M-rep modelsM;, ..., M,, € M" which chooses the medial topology and sampling that is suf-
Output: Principal directionsy*) € T;,M™ ficient to represent the population of objects. Twelve mod-
Variances i, € R els were fit to hand segmentations of the kidneys in CT data.
p = intrinsic mean of M } (Algorithm 1) The sampling on each m-rep model véas5, and thus each
x; = log(n™'M) model was a point on the Lie groug'°.
S = 711 i XiX] A coarsely sampled boundary surface was obtained for
{u®, .} = eigenvectors/eigenvalues ®f each model by taking the boundary points implied by each

medial atom. The kidneys were aligned using a generalized
Procrustes analysis [8] on these boundary points. The mean
object (Fig. 2) was generated as the mean of the twelve
aligned m-rep models, using the intrinsic mean computation
on M described ir§2.2. A linear PCA was performed in
the tangent space to the intrinsic mean, as describéd, in
producing a PGA shape space. The first three modes are
shown in Figures 3 and 4.

Analogous to linear PCA models, we may choose a sub-
set of the principal directiona(®) that is sufficient to de-
scribe the variability of the m-rep shape space. New m-rep
models may be generated within this subspace of typical ob-
jects. Given a set of coefficienfa, ..., «; }, we generate
a new m-rep model by

M = pexp (iaku(k)),

k= . .
! 6. Discussion

whereay, is chosen to be withifi-3v/Ax, 3v/Ax].

We present a new approach to describing shape vari-
5. Results ability through principal geodesic analysis of medial rep-
resentations. While m-rep parameters are not linear vec-
In this section we present the results of applying our Lie tor spaces, we show that they are indeed Lie groups. We
group PGA method to a population of medial models of the develop methods for computing averages and principal
human kidney (Fig. 2). The kidney m-rep models were geodesic analyses of m-reps.
automatically generated by the method described in [19], We point out that there is a method called principal



curves [12], which has a similar name to principal geodesic [8] C. Goodall. Procrustes methods in the statistical analysis of

curves. However, the two methods are only loosely related.
Principal curves are smooth curves that are fit to data in Eu-
clidean space by minimizing the sum-of-squared Euclidean
distances to the data. Principal geodesic analysis on the
other hand concerns data that lie in a Lie group, rather than
Euclidean space. Principal geodesic curves are intrinsic to[10]
the underlying space, and they minimize sum-of-squared[11

geodesic distances in that space.

We expect that the methods presented in this paper will
have application beyond m-reps.
promising technique for describing the variability of data [12]
that is inherently nonlinear. Statistics on linear models may

Lie group PGA is a

benefit from the addition of nonlinear information. For in-

stance the point distribution model [4] might be augmented [13]
with surface normals, represented as orientations, and han-

dled under the Lie group framework.
We plan to extend our analysis to more complex m-rep

models. This includes objects consisting of several figures,
i.e., objects that have a branched medial axis. Also, we in-[15]

tend to handle scenes containing multiple objects.
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