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7.5 Correlation on the Space of Feature Fields L?(R?, H )

A typical CNN consists of layers, starting with a lifting
layer followed by group correlation layers (often called
group convolution layers).

The last layer is typically a projection layer involving
some pooling process.

This is a simpler process that we will not discuss here.
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The lifting layer takes as input a function f, € L*(RY)
and produces an output function fo,; € L2(R?x H) given
by a lifted correlation, with

fout<x7 h) — (k;fm)(xv h)?

where

(k% fun)(z, h) = g fnE(h - (t—2)) dt, (z,h) € RIx H.
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Computing (k* fi,)(z, h) requires discretizing the group
H . which is not possible in practice if d > 2.

[f the kernel k can be expressed in terms of an H-steerable
family Y of L functions in L*(RY) and a representation
>>: H — U(L), then fou(x,h) can be computed a lot
cheaply in terms of a feature field fou: R — M .(C)
defined from fi, and Y as

Foudl@, h) = (E fin)(z, h) = tr (fout@) 2<h)T) |

where fout() is a matrix of Fourier coefficients.
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A group correlation layer takes as input a function
Jin € L2(Rd x H) and produces as output a function
four € L2(R? x H) using a group correlation

fout k*fln S
/fm (s71t)d a(t), s€G=R*x H.

We saw in the previous section that a G-feature map
f e LQ(Rd x H) yields a family f ( fp) per(m) of fea-

ture fields fp e L3R, H) , and that f can be recovered

pointwise by Fourier inversion, namely

Z nptr (fp M,(h ))

pER(H

We know how to transform G-feature maps using group
correlation.
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This defines a transform ® on L2(G) (where G = RYx H)
given by fout — CD(fm) = k% fin-

We can summarize the situation by the following diagram:

LA(G)———L%G)

FT| |7 FT||FT

AN

L2RY H) _ -L2(RY, ﬁ)

Since it is too expensive to compute P(fin) = k * fin,
it would be nice if we could define the missing map, a
notion of correlation

AN AN AN

®: L*(RY H) — L*(RY, H)

on feature fields, and then we would recover k x fi, by
Fourier inversion.
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In theory this is possible; we simply define d as

®=F odoFT,
using F7 and FT.
We can push this approach further using the fact that
the Fourier transform J 7 is continuous and that ® is a

continuous linear map.

The following proposition is needed.
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Proposition 7.5. If E and F' are two normed vector
spaces and if ®: E — F' 1s a continuous linear map,
then the following properties hold:

(1) For any convergent series Y >~ u, (with u, € F),
the series > - P(uy,) converges in F' and

() - S0

n=1

(2) For any countable index set A, for any summable
series Y yep U (withuy € E), the series ) o) ©(uy)
15 summable in F' and

O (Z W) = D(uy).

‘e ‘e

See Vol I, Definition @Q@Q@D.6, for the definition
of a summable series.
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Then for any family (flgl) per(m) of feature fields in L3R, H ),

we have

(D((fm)pleR(H))
— fT( Z M?m(ﬁm))) by Proposition 7.5 for g
p1€ER(H)
( ( Z cp FT o f 1 )) by definition of F7
P ER(H pER(H)
Z ]:Tpl fm)))) by Proposition 7.5 for J
p2€R(H)

p1ER(H
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Define <I>p1 and CIDpQ,pl as

ap/z\,m(ll:?ﬁ — F;Z(q)(?m(]?pim (&\)p/z\,m)
q)m(fm) — Z (I)PQapl(fpl)? ((Dm)
p1ER(H)
so that
S((fo)merin) = (®n(Fo)) perany (@)

It is an interesting and useful fact that the transforms

P, ,, are equivariant with respect to the representions

Ind% o, and Ind% Ty
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Consider the diagram

~ T FT ~
LR, H), " 212(G) -2 12(G) 2 L(RY, H),,

Rz.pn) (Ind% o p2) (2,h)

(Ind$; Opl)(x,h)l Rz

LR, H), = 1A(G) 5 1H(G) = LA(RY, H),,

=
P1 }—

Since the three squares commute, the outer square also
commutes, so we have the following commutative diagram

~

LR, H), 20 1 2(RY, ),

(Ind% 0’p2 ) (x,h)

(Ind% 0P1>(:E,h)|

AN

L2 (Rda H)Pl

L2 (Rd H>p2 )

Py 1

which shows that <I>p2 o, 18 equivariant with respect to the
representations Ind% o, and Ind% Ty
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Suppose the group correlation ®: L*(G) — L*(G) is
given by a kernel £ as

D(f)(. 1) = / B(h - (- ), b )

RixH

f(ili‘l, h1> d)\H(hl) dllﬁ'l.

Since
Fr o (Fo)) (@1, ) = mytr (ﬁ)1<x1>MP1<h1>>v

we have

OF, (Fo)) . h) = / B (21— 2), 5 )

Rdx H
T b1 (J?m(flfl)Mm(hlﬁ dAy(hy) das,

and then using Fubini we have
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O(F7py(f))] ()

// h_ 561—33) h™ 1h1)
RixH

e ( Fon(21)M,, <m>) AN (hy) dvy My, (h)* dAg(h)

[

This suggests defining

Ppy oyt RY % My, (€) = M, (C) by
/)2 1 £C1
-1 —1
/ / nmtr () JR(h " (21 = ), ")
d)\H(h) dM\p(hy), (@ ps.1)

where A € M,,, (C), so that
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(D 0 (Fo)](@) = FL[OF,, (Fo)(2)

— /Rd (Dm,m(xl — L, fm(xl)) dxy.
T bis

In order to go further we need to express the kernel
D, o (2, A) in terms of H-steerable functions on

L2(RY % H).

Next we show how to proceed with H = SO(d).
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By (f?) and (strl7) in Example 7.6, the Hilbert space
L2(SE(d)) has a Hilbert basis consisting of functions of
the form

(p) 1
(i), (1) o 5,0, (P f>)1§kp e rensoray (5120

with hy € SO(d) and x € R¢ where Wp k0, 18 the sum
of a series in the functions

]2

e 2 Hp/(x1)--- Hg,(xq). (str21)

Thus the kernel k(x1, hy) can be expressed as the sum of
a series

k(z1, hy) = > my’) (1) W, e, (hy '21).
1<k,.l,<n,, peR(SO(d))
(k(z1, M)
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The result to be presented next makes use of the n,, xn,,
matrix W, (z1) whose (kp,, £,,) entry is wp, r, ¢, (T1).

We need to find an expession for k(h~!(xy — ), h 1hy).

After some computations(!) we get

/)2 P1 371

> / / o (AN, () (L) ) (1)

1<kp,l, jp<np
peR(SO(d

wp,kp,ep<h;1<x1 —2))mY). (h) Myy(h)" dAg(h) dAp(ha).
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(p2)

Since the functions m” Bf and m; = are orthogonal for
Jpkp Jp2Rp2

p # po by Theorem 4.4(1), only the terms for which
p = po survive, so we get,

®P2,P1<x1 — &, A) —
D / My b1 (AMm(hl)> m() (h)
Jo Jp2tpo

1<kpyLpaipa=mipy

wp2akp2>£p2 (hl_l (:Ul o x))

[ () mf2 (0) M) ) (),
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Now the (k,,), j,,)-entry in the matrix M,,(h)" is
mﬁp 2) (h), and since by Theorem 4.4(1,3) the functions

/k./

P2"P2

m\ 2,)6, and m"” 2,)6 are orthogonal unless k), = k,, and
Jpapy Jpakpo P2

YRR - (p2) (h2) \ _ -

Jpy = Jpp, in Which case (m Sk 1T kp2> = n,,, the inner

integral evaluates to

Jpakipg

/ (1/n) ) (h) M, (R)* dAg(h) = By,

the matrix with 1 in the (k,,, j,,) entry and 0 otherwise,
so (after some computation!) we get
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CI),02>P1<331 — &, A) - /anl tr (AMm(hl))
Wy (hi (w1 — )My, (hn) dAg(ha),

ST

and

(@, 00 (Fol(@) = FLIO(F 0 (Fo))]()
— /Rd ®p27p1<x1 — &€, ]/[;1(331)) dxy,

<*EI\)P27/)1 >

where W,,(x1) is the n,, X n,, matrix whose (k,,,?,,)
entry is wy, k,, 1, (1) introduced just after (k(x1, h)).
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It is not hard to show that the above results can be gen-
eralized to the situation where H is a compact matrix
group acting on R? by multiplication.

In the special case where d = 2 and H = SO(2) (har-
monic nets) we can use polar coordinates and view the

functions in L?(SE(2)) as functions f((||z],«),0). In
this case, by (strl4) from Example 7.4, a Hilbert basis
consists of the functions of the form

e, (|l2), ok € Z.
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In this special case £, = p € Z, there is no index k,

since np — 17 hl — 62'8’7 m}({pp)gp(hl) — e—iP9’7 Mp<9/> —

e m = py, and by (str20) and (str21) the matrix
Woo(|le1 — ||, apy— — 0") consists of the series

©9)

—ik(0' —opy—2)

€ wﬂzJﬁ(Hxl —xl]).

k=00

[t follows that we need to evaluate the integral (g, , );

o
Z LO(Z) eiplﬁle_ik(el_cm’l—x)wp%k(||x1 _ CUH)GZ_ZP?@/ d@’
k=00

0
= ety —al) [ e g
=00 SO(2)

- e_i(m_pl)%l_xwpz,pl—pz<Hxl —z|).
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In conclusion we obtain the kernel
pypr (w1 — 1, A) = Ae™ 2P0y, ([l — ).

Since this is a scalar kernel that simply multiplies by A,
we can express 1t as

q)m,m(xl o :E> — 6_i(p2_p1)aml_mw/}2,m—p2(”xl — :CH)

We derive this formula in full detail in the next section
on harmonic nets.

The second index p; — po is different from what we get
in the next section because the computation makes use
of polar coordinates early on.

If we index wp,  as Wy, g+m We find the same term

Woy (|1 = ]).
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7.6 Equivariant Correlation GG-Kernels When
G=RIxH

In Section 7.5 we solved the problem of finding a notion
of equivariant group correlation for feature fields

fp € L2(RY, H), which are functions fp R? — M, (C)
that transform under the representation

o, H— UM, (C)), with o, = Hom(M,,id) (see Propo-
sition 7.3).

For this we used the Fourier transform F7 and the Fourier
cotransform F7 defined in Section 7.4.

Recall that given a correlation kernel k on L?(G) we have
the group correlation ® on L%(G) (where G = R? x H)

given by fout — q)(fm) =k * fin-
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The correlation ® on feature fields in L3R4, H ) is the
map that makes the following diagram commute:

LA(G)———L%G)

Fr| | F Fr|\F

AN

LX(R?, H)——LA(RY, H).

In Section 7.5 we showed how to construct ® by express-
ing the kernel £k in terms of a basis of steerable functions

in L*(G).
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Because the group correlation ® is equivariant with re-
spect to the left regular representation R (on L*(G)), the
components EI\Dle of O are equivariant with respect to
the representations Ind% o, and Ind% 0,,, Namely the
following diagram commutes.

L2<Rd7 ﬁ)m ML%RCZ? ]/_\[),02

(Ind% 0p2 ) (x,h)

(Ind% ‘7,01)(9:,h)|

L2<Rd= H)Pl £ L2<Rd7 H)PQ‘

(I)anpl

Practice shows that it is desirable to design more general
group correlations that are equivariant with respect to
other representations besides the left regular representa-
tion and to consider feature fields that transform under
representations other than the representations Hom(M,, id).
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A first generalization is to have two feature fields spaces
FF(RY, H,0y,: H— U(H;,)) and

FF(RY, H, 04y : H — U(Hou)) associated with an in-
put representation oj, and an output representation oy,
where H;, and H,y are two finite-dimensional vector
spaces equipped with a hermitian inner product, and
what we are seeking is a linear G-equivariant map ¢ be-
tween these spaces.

We assume that feature fields f: RY — H;, are functions
in L2(R?, H;,), and similarly for feature fields
f:RY— How (see Definition 6.20).
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To say that d is G-equivariant means that the following
diagrams commute

FF(Rda Ha O-in) @ FF(Rd7 H7 UOUt)

(Ind%; oin) (4, ) (Indf; oout) (4.n)

FF(R’,H,01)——~FFR’, H, 0ou)
for all (z,h) € G =R? % H, with

[(Indfl Uin)(x,h)fin] (t) = Uin<h)(fin(h_1 - (t—x))),
t € Rd, fin: Rd — Hin
[(Indfl Uout)(a:,h)fouth) = Uout<h><fout<h_1 - (t—1))),
t e Rd, fout: Rd — Hout:

as in (f2).
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A complete solution to this problem was given in a se-
quence of remarkable papers by Weiler, Geiger, Weilling,
Boomsma and Cohen [41] (for SE(3)), Weiler and Cesa
[40] (for E(2)), Lang and Weiler [31] (for a homogeneous
space X induced by a transitive action of a compact
group H), Cesa, Lang and Weiler [7] (for E(3)), and Co-
hen, Geiger and Weiler [8] (feature fields on homogeneous
spaces).
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It is shown by Weiler, Geiger, Weilling, Boomsma and
Cohen [41] that in the case where H = SO(d), such a
map is given by a kernel

K: R — Hom(Hin, Hout)
V104

W) = | Kly=0(f)dy, f:R' = Hut R
) (K1)

and the kernel K satisfies the equivariance constraint

K(h-t) = oou(h) o K(t)oow(h)™!, h € SO(d), t € RY.
(ECy)
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Functions K : R — Hom(Hy, Hout) satisfying the equiv-
ariance constraint (ECy) are called equivariant convolu-
tion kernels or G-steerable kernels.

The above result is often referred to by the slogan
“correlation 1s all you need.”

It is instructive to give the proof since it is prototypical
of this kind of argument.
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Proof. The first step is to make use of a result of func-
tional analysis that says that any continuous linear map
(actually, a Hilbert—Schmidt operator)

O L2(RY, Hiy) — LAHRY, Hoye) can be expressed in terms
of a so-called kernel K: R? x R? — Hom(Hiy, Hout ), as

//Cty ) dy,

f e L’ (RY, Hi), t,y € RY, (%)

where K is Ll-integrable.
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The next step is to find the conditions for a linear con-
tinuous map ® as above to be equivariant, which means
that

P AN

(Ind% Oout>(x,h) od=>o (Indg Uin)(x,h)a

for all g = (z,h) € R x H (with H = SO(d)).

Since H = SO(d) and SO(d) acts on R by multiplica-
tion we simply write hy for h - y, where h € SO(d) and
y € R?

The action of G = R? x SO(d) on R? is given by
g-y = hy +x, where g = (z,h) € R? x SO(d) and
y € RY.



790 CHAPTER 7. EQUIVARIANT CONVOLUTIONAL NEURAL NETWORKS

Using (*i,) we have

IndG O-m (x,h) f]<t>
/ K(t, ) oM (R — 2)))) dy,

and since g7! = (z,h)™! = (=h 7w, k1), if we make
the change of variable y — hy + x = ¢ - y, since the
determinant of the Jacobian matrix of this affine map is
+1, by the change of variable formula, we get

K(t,y)(om(m)(f(h(y — ) dy

Rd

B /]Rd K(t,g-y)on(h)(f(y) dy.
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Since ooy (h) is linear, by Vol I, Proposition @QQ@5.24(7),

we also have
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Consequently, we must have

Kt,g-y)oom(h) = oo(h) o Klg™ - t,y)

forall g € G = R x H and all t,y € R? which by
replacing t by g - t is equivalent to

K(g-t,g-y) = oou(h) o K(t,y)oowm(h)™,
geG, heH t,yeR:L (K
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In particular, for g = —t and h = e, we get
K0,y —1) = K(t,y), (KY)
so we define K such that
K{(y) = K(0,y),
and since K(t,y) = K(0,y—t) = K(y—t), (*x,) becomes

O(f)(t)= | K(y—t)(f(y))dy,

Rd

as claimed.
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By setting t = 0 in (K1), we see that K satisfies the
condition

K(Q ) y) — Uout<h> © K(Z/) © Uin<h>_1a
geG, he H, yeRe

Since the expression given by (K1) is already translation
invariant, it suffices to require the above condition for

g € H =S0(d), which is (ECy). ]

Observe that a crucial point of the proof is that we are
using the Lebesgue measure on R? and that the deter-
minant of the Jacobian of the change of variable is +1,
because we are considering transformations in the affine
group of rigid motions SE(d).
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Earlier, Bekkers [1] considered a situation which is less
general in a way, because no representations are in-
volved, but more general in another way, because he
is dealing with two homogeneous spaces Xy, = G/ Hy,
and X, = G/ Huy, where G is a locally compact group
which is not necessarily a semi-direct product.

In this case, we would like to know when a continuous
lincar map & from L*(Xj,) to L*(X,y) is equivariant

with respect to the regular representations RO L (Xin)

and RE=*(Xou) induced by G on L*(Xj,) and L?(Xou).

A new difficulty that now comes up is that Xj;, may not
have a G-invariant measure.
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Although Bekkers [1] does not make use of quasi-invariant
measures, he proves a result in terms of Radon-Nikodym
derivatives of measures which can be translated as follows
usmg o-functions. Let 25" be a chosen point in

Xout = G/ Hoyy, s0 that Hout is the stabilizer of zJ".

Suppose that o defines a quasi-invariant measure p on

X = G/Hyy,.

First we have the fact that every equivariant continuous
linear map ® from L*(Xj,) to L*(Xyy) is given by

/ K(z,y)f(z)du(z),
Y E Xout; f € L2(Xin)7 (*/Cg)

for some kernel I € L( X, X Xow).
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To say that @ is G-equivariant means that the following
diagrams commute

RV (i) RO~ (Xour)
L2 (Xin) o L2(X0ut)

for all g € G. For any f € L*(Xj,) and any y € X, we
have

(@ 0 RGP CH) / Kz, y)f(g~" - @) dulz)
and
(RG-om) & @)(f / K(e.g™" - y)f(2) dulx)
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The equation
(& o Ry (£)](y) = [(REZVowd 0 0)(f)](y)

asserting the commutativity of the above diagram implies
that KC satisfies the equation

IC('CE)y) — Q(g_l,x)/C(g_l ) xag_l ) y):
ge G, re Xy, ye Xou. (1Co)
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[f we define K': X;, — C by
K(x) = K(z, 25"),

out

then for any g, € G such that y = g, - g™,

K(z,y) = K(z,g,-25") = olg, ', 2)K(g," - z,9," - )

= o(g, ", x)K(g, " - =, 25")

= Q(gy_l, x)K(gy_1 L I).
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Consequently, every equivariant continuous linear map ®
from L2(X;,) to L*(Xou) is given by

V)= | oloy 2K ()" ) ) duta)
J € Xow, | € LA(X), (K2)

where g, € G is any element such that y = g, - "

out

Since h - xd™ = "™ for all h € Hgy, by setting
g=h € Hyy and y = 0™ in (Ky), we deduce that the
map K : X, — C satisfies the condition

K(z)=oh ', 2)K(h' - 2), h& Huyy, € Xin.
(KCs)
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The factor involving o disappears or is replaced by a more
tractable term in many practical cases.

This is the case when G is unimodular. If X;, = R? and
G = R x Hyy with Hyy a closed subgroup of GL(d),
then if g = (z,h) € G, the condition on K becomes

1

B = 13am)

K(h_l'flf), h € Hout; T € Xina (ICZL)

where det(h) is the determinant of the matrix represent-
ing h. For more details, see Bekkers [1].
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7.7 Equivariant Correlation GG-Kernels; General Case

Until now we have been assuming that we are dealing
with feature fields defined on X = R? and that the group
G is a semi-direct product G = R H with H = SO(d),

and more generally a compact group.

It is possible to deal with the more general situation
where X is a homogeneous space of the foom X = G/H
with G locally compact and unimodular and H compact
equipped with a unitary representation o: H — U(H,).

The main problem is to define the “right” notion of fea-
ture field.
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Cohen, Geiger and Weiler |8] propose to use the G-bundle
E =G xygH, introduced in Section 6.13; see Definition
0.12.

But then we might as well use the hermitian G-bundles
of finite rank of Definition 6.18 (see Section 6.13) and
the natural choice for the space of feature fields is the
subspace L?(X; E) of the space of sections of the her-
mitian G-bundle p: F — X, with X = G/H (see Def-
inition 6.20).

Recall that the restriction of the action of G to H on the
fibre Ey is a unitary representation o: H — U(FE)), and
that for every fibre E,, there is a representation

o.: H — U(FE,) equivalent to the representation

o: H— U(E)).



804 CHAPTER 7. EQUIVARIANT CONVOLUTIONAL NEURAL NETWORKS

For the time being we will assume that there exists a sec-
tion r: X — G such that the maps

L:1*X;FE) — L7 and §: L7 — L*(X; E) define iso-
morphisms between L*(X: E) and L°.

Recall from Equation (t4) of Definition 6.19 that L is the
set consisting of all functions f € L*(G; Ey) such that

flgh) = a(h™)(f(g)) = h™"- f(g),
for all g € G and all h € H.

We will assume that the representations o: H — U(E))
are irreducible.
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Then the feature fields with values in the fibre E, trans-
form according to the induced representation
Ind%; o, = II; see Equation (f7) in Section 6.13.

In view of the isomorphism between L*(X; E) and L

given by the map £: L*(X;E) — L° (see Definition
6.17, Equation (Ls3)), with

L(s)g)=g ' s(g-x9), s€LXE), g€aq,

the induced representation Ind% o, = II is equivalent to
the left regular representation of G in L°.

We also assume that the section r: X — G makes the
representation II continuous.
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Inspired by Cohen, Geiger and Weiler [8] we consider the
more general situation in which we have two hermitian
G-bundles of finite rank p;,: Fiy, — X, and

Pout: Fout — Xout, where Xy, = G/ Hy, and

Xouw = G/ Hyy for the same group G, input and output
representations oy, and oq,, and determine what are the
linear maps ®: L% — [u that are equivariant with
respect to the representations Ind%m oin and Indflout Tout s
which means that the following diagram commutes

Lain P Laout

(Ind§, o3,)(9) (IndG,  out)(9)

n

Lain Laout

for all g € GG, where
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[(Indf,, o) (9))(fin)(91) = fiulg ™ 9n),
9,01 € G: fin c Ln

[(IndIG{OHt Uout)(Q)](fout)(Ql) — fout(.g_lgl)a
9,91 € G: fout c Lo,

To reduce the amount of subscripts we will denote the
fibre (Eiy,)o above i = Hy, by EI* and the fibre (Eyyu )
above 0" = Hgy by EJ™.

Then our representations o;, and o,y are

Ow: Hy — U(EM) and ooy Howe — U(EJ™).

The following proposition generalizes results proven in
Cohen, Geiger and Weiler [8] (see Theorem 3.1 and The-
orem 3.2).

In the sequel we assume that all hermitian G-bundles
have finite rank.
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Proposition 7.6. Let pi,: Ey — X, and

Pout: Fout — Xout be two hermitian G-bundles where
= G/Hy and Xow = G/Hoy for the same lo-

cally compact and unimodular group G. If the space

of equivariant G-kernels is defined as

Homp,, m,, (G, Hom(Ey', Eg™))

= {K: G — Hom(E™ EJ™) |
K{(haght) = oou(ha) © K(g) 0 oin(h1),  (ECy)
g € G, hy € Hy, hy € Hou},

then every equwamant linear map
¢ € Hompy, g, (IndH Oin, IndH Oout) 15 of the form

(@(fu))( / K (g7 (fn(t) da(t) = (K * fu)(g),
fn€ L ge G (D)

for a unique K € Hompy, g (G, Hom(E", E§™)).
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Observe that if G is not unimodular, in which case the
Haar measure A\g is only left-invariant, the modular term
A(h1) needs to be added, namely we have the equation

K(ghi) = A(h1)K(g) © ow(h1),
g < G, hi € Hy,. (Ké)

Observe that ®(fi,) is a generalization of group correla-
tion as defined in Definition 77 to vector valued-functions.

Since we are dealing with finite-dimensional vector spaces,
we don’t need the notion of weak integral and in (&) we
use component-wise mtegration.
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Recall that Indf]m om: G — U(Lm) and

Indflout Oout: G — U(L%u) and that L is a space of
functions from G to Ey" and that L7 is a space of func-
tions from G to E™.

The equivariance Condition (ECs) is a bit awkward since
it involves the two-sided term hoghq, with h; € H;, and
ho € H .

Lang and Weiler [31] showed that by considering the
group H = Hyy X Hiy, Condition (ECy) can be reduced
to the familiar condition

K(h-g) = 0oou(h)o K(g)oow(h)™', heH, geaq.
(EC)
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The key observation is that as subgroups of GG, H;, and
H..: act on G, but we can consider the more general
situation where a compact group H acts on G and seek
kernels K: G — Hom(ER, E3") satisfying the condition
(EC).

Indeed if we let H = H, X H;, and define the left action
of H = Hyy X Hiy, on G by

<h27 hl) g = h29h1_17 hl S Hina h2 S Hout

and the representations ol : H — U(E!") and
oll - H — U(EJ™) by

out

H<h27 hl) — 01n<h1)
0ut<h27 hl) — Oout(h2>
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then the condition (EC), namely

K(h-g) = og(h) o K(g) o (o3(h)) ",

out n

h=(hyh)€eH geG
is equivalent to

K(hQth_1> — Oout(h2> O K(Q) © Uin<h1>_17
hi € Hi,, ho € Howt, g € H,

which is equivalent to

K<h29h1> — Uout(hQ) o K(g) O Uin<h1)7
hi € Hi, ho € Hoyt, g € H (ECs)

since in the quantification over h; € H;, we can replace

hit by by,
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Unlike the previous cases, the kernels K are defined on
the group G and the formula (®) expressing K « fi, as
an integral requires integration over G.

This is more expensive that the previous cases that only
required integration over R or more generally over Xjy,.

The technical reason is that the definition of the induced
representations Ind%ﬂ1 o, and Indfjout Oout 18 a lot simpler
when they are acting on the spaces L% and L% since
they are simply the regular representations.

The representations i, and o, are hidden in the defini-
tion of the spaces L% and L%out.
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To define these representations on functions defined on
Xin or Xou 1s more complicated because this requires
picking some sets of coset representatives (') ,eq /g, and
(ro")vec/m,,, but then, there is no guarantee that the
corresponding sections are continuous.

We will assume in the sequel that the maps £;, and S,
are continuous, and similarly for the maps Loy and Syut
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7.8 Equivariant Correlation X;,-Kernels

Cohen, Geiger and Weiler [8] give other characterizations
of the space Hompy, Hout(Indf[m Tin. Indflout Oout); ONE in
terms of kernels defined on X;, = G/Hj,, and the other
in terms of kernels on the space Hou\G/Hiy, of double
cosets.

We discuss the solution in terms of kernels on

Xin = G/ Hy, and refer the reader to Cohen, Geiger and
Weiler [8] for the third solution (see Theorem 3.4).

The key is to pick a set of coset representatives (i) e/, -

Here zy' = Hiy, and as usual 7'}, = e.
0
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As we said earlier we assume that maps £;, and &, are
continuous.

Then recall from Definition 6.4 that for every coset
r € X;, = G/Hy, and every g € G we set

u(g, z) = (ry,) " gry' € Hi, ()

and that by Equation (s), if z = gH;, = ¢ - 2, we have

in_.in

g =rru(g, zy).
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Then for any g € G, if x = gHy, = g - 2!, by setting
ho = e in (ECsy), we have K(g1h1) = K(g1) o oin(hq) for
all g1 € G and all h; € H;,, so we can write

K(g) = K(ry'u"(g, 20") = K(ry') 0 ow(u"(g, 2y)).

This suggests defining x: Xi, — Hom(ER®, E§") by

k(z) = K™, z¢€X,=G/Hy. (K)

X

The following proposition which generalizes a result orig-
inally proven in Cohen, Geiger and Weiler [8] (Theorem
3.3) is obtained.
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Proposition 7.7. Let py,: E(i)” — X, and

Pout: BS™ — Xow be two hermitian G-bundles where
Xin = G/Hy and Xoww = G/Hyy for the same lo-
cally compact and unimodular group G. If the space
of equivariant G-kernels is defined as

HomHm,Hout(G? H0m<E(i)n7 E(?Ut»

= {K: G — Hom(E}, EJ") |
K(hagh1) = oout(h2) o K(g) o oi(h1),
g c G, hi € Hi,, ho € Hout}

and the space of equivariant Xi,-kernels s defined as

Homp  (Xi, Hom(Ey", ES™))
= {k: X — Hom(E™, EJ™) |
k(hy - ) = oout(h2) 0 k() o om(u™(hy, )71,
r € Xin, ho € How}, (ECj3)
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then the map that assigns to every Xi,-kernel k the
G-kernel K defined such that for every g € G, if
x = gH;, then

K(g) = k(x) o ow(u™(g, 27)),

18 a bijection.

The dependency on x of the term oy, (u™(he, z)™1) is a
problem.

It would be nice if H;, had the property that we could find
a section (a set of coset representatives) r™: G/ Hy, — G
satisfying the property

it =horhyt, @ € Xy = G/Hy, hy € Hoy. (13)
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Indeed, in this case, from (u) rewritten as
ri o™ (he, ) = horll,
we get
hor™hy 'u™ (hg, ) = hor'™,
that is,

u™(hg, ) = hs. (ta)
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[t follows that

01n(um<h2; $>_1) = Uin<h2)_1a

and (EC3) is then the more friendly condition

K(ho -+ 1) = oout(h2) o k() © O'in<h2>_1,
hQ ~ Houta T € Xin- (EC4)

[t is not hard to show that Equation (t3) holds in the case
where H = H;, = H., and GG is a semi-direct product.
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In general there does not appear to be a simple way to
find conditions for which the term o™ (u™(hg, z)™1) goes
away.

Cohen, Geiger and Weiler [8] (Theorem 3.4) show that
by considering kernels defined on the double coset space
Hout\G / Hyy, Condition (EC3) almost becomes Condition
(ECs5), but the analog of the representation oy, depends
on x, so this is not a reduction to (ECjs).



7.9. PASSING FROM L% AND L TO L2(Xu, Ew) AND L*(Xout, Eout) 823

7.9 Passing from L% and L% to L?(X,,, F;,) and
L2(Xout7 Eout)

The G-equivariant maps in
Hompg, m. . (Imdgin Tin, Ino’l%Out Oout) are functions from L%mn
to Lt and still require integration over G to be com-

puted using equivariant kernels in the space
HomHinaHout<G7 HOm(Eén, (?Ut>>'

[t would be nice if we could transform the integration over
(G to a more practically computable integration over Xj,.

This can be achieved by using the maps

Sout: L7 — L2(Xout, Eout) and

Liy: L*( Xy, ) — L given by (S8%) and (L£5) of Sec-
tion 6.13.
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When these maps are well-defined, which is our assump-
tion, they can be used to define maps from L*(X, Ej,) to
L2(X, Eyy) from functions from L% to Lt

Recall that (L) is given by

L(s)(g) = o(ulg,xo) " )(r;" - s(x)),
r=gH =g 19, g€ G, scL¥X,E),

and (S%) is given by

S()(gH) =S8(f)g-x0) =9 f(g),
ge G, fel’.



7.9. PASSING FROM L% AND L TO L2(Xu, Ew) AND L*(Xout, Eout) 825

Pick a set of coset representatives (r"),eq/m,, for

Xin = G/ Hi, and a set of coset representatives (79™) e/,

for Xou = G/ Hout.

Then for every section s € LQ(Xm, Ey), for every

x € Xout, observe that for every equivariant kernel

K € Homy, g (G, Hom(E", E§™)), the function ® given
by

~

P(s) = Sout (K * (Lin(s))

maps L3(Xi,, Ey) to L2(Xou, Eout), because
Lin(s) € Lo, K x (Liy(s)) € Lo and
Sout(K * (Lin(5))) € L*(Xouts Eout), as illustrated in the

following diagram.

[, %in P=Kx— ] Pout
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We now work out several explicit formulae for
Sout (K * (Lin(s)), the most general ones being (fs) and

(To)-

For any s € L?(X,, Ey,) we obtain

Soul K x (£afs))(@)
S
G

o (™ (™) "L y))(r)) ™ s(y))] dAa(t),
(T7)

with y = ¢ - ZUiOn, t€ G, and x = ro" - 20" € Xy
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By Vol I, Proposition @QQ@Q8.43, since G is a locally com-
pact group and Hj, is a compact subgroup of GG, the space
Xin = G/Hy, admits a G-invariant o-Radon measure ~y
so that for any s € L?(X,,, Fi,) and any

__ .out out
x =1y " € Xout,

Soul K x (Lafs))(@)
= ()
(1) L)) ) )
()

This 1s the main formula of this section.

It uses a cheaper integration over Xj, and the simpler
kernel k.
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This formula holds in the general framework of hermitian
G-bundles of finite rank.

A similar formula is given in Cohen, Geiger and Weiler
8] (Formula (14)), but with the term w™((ro") =it 2

| v ) Ty
instead of the term u™((r

out)=L ). In fact these terms
are equal.

T

This is because by (xy,),

uin(@ﬁut)—170?1;17 ijn) _ uin((rgut)—17 r?iJn ] m%)n>uin<7n;n7 xan)

— uin((rgut)—17 y)?
since u™(r}", ") = e, which follows from Equation (u)
since

uin(,,jn xan) _ (,rin _ )—1Tiynriwriln _ (Tiyn)—l,riyne — e
0

We finish this section by considering two special cases of
the main formula.
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Example 7.9. If the hermitian G-bundles Ei, and Eyyt
arise from the Borel construction (see Section 6.12) from
the representations oy, : Hy, — U(H;,) and

Oout: Hout — U(Hout), then the fibres £, (with

ry € Xin) consists of equivalence classes

{{(r Juin)] | wiw € Hin}, and the fibres E,  (with
Tout € Xout) consists of equivalence classes

{[(ngltlta uout)] | Uout € Hout}-

The fibre Eé above :1:0 = H;, consists of equivalence

classes of the form [(e, uy,)], and the fibre E" above

" = Hyy consists of equivalence classes of the form
(€5 Uout)]-

The fibre E* is isomorphic to H;y,, and the fibre EJ" is
isomorphic to Hyyi; see the discussion just after Deﬁmtlon
6.16.
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We also explained in Section 6.13 that the definition of
the action of G on these hermitian G-bundles implies that

and

T:(ZEL [ (e, Uout)]

[(ngst y uout)] )

so the above maps provide isomorphisms from £, to En
and from E"™ to E,

out”’
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Since the sections in I'( Ey,) are of the form

Sin(@in) = [(r)» in))

and the sections in I'(Eyy) are of the form
Sout<xout> — [(ngltlta uout)]a

and since x(zi,) maps the fibre Ei* to the the fibre EJ",
we see that if we identify all the fibres F,. with EJ* and
all the fibres E,_ . with E§™, then we can view sections in
I'(Ey,) as functions from X, to E" ~ H;, and sections in
['(Eoy) as functions from Xy to EY™ & Hoyt, SO we can

drop the terms 7" and (r}*)~" and we get the formula



832 CHAPTER 7. EQUIVARIANT CONVOLUTIONAL NEURAL NETWORKS
[Sout (K * (Lin(s))](z)
= [ R e () ) )] dr o),
m (to)

for all s € L*(X,,, Eiy), with y € Xj, and z € Xy

The second special case deals with semi-direct products.
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Example 7.10.If H = H;, = H, and G is a semi-
direct product G = N x H, then X = G/H =~ N.

By (f6), 7ny = nry, when n € N, and from
TN, y) = nry,
we get nryu(n,y) = nry, that is

u(n,y) = e (T10)
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Consequently, by setting n = (r,)~! € N we have
u(r; ', y) = e, and since r, = z and r, = y, by (f19) and
(Ts) we obtain

S (L(s))(x) = 2 / w(e )y - s(y)) dy(y),

N
L, Y S N7 <T11>

for all s € L*(X, E).



7.9. PASSING FROM L% AND L TO L2(Xu, Ew) AND L*(Xout, Eout) 835

[f the hermitian G-bundles are constructed from repre-
sentations oy,: H — U(Hy,) and ogye: H — U(Howt),
the above formula becomes

SUK % (L(s))](x) = /N oz )(s(y) dy(y), 2,y € N,
(1)

for all s € L*(X, E). Note the analogy of ({12) and (®)
from Proposition 7.6.

The issue of finding G-equivariant kernels still remains .
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