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7.3 Feature Fields

We begin with the definition of feature fields involving a
semi-direct product group G = RY x H.

This definition will be generalized later to a GG-bundle on
a homogenous space X (see Section 6.13).

To help intuition, suppose that G = R?* x SO(2).

A scalar-valued function f: R*> — R (more generally
f:R?* — C) can be viewed as a gray-scale image, or
temperature field, or pressure field.
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The group G = R? x SO(2) acts on such an image by
moving each pixel at ¢ to the new position Rt 4 x, since

f — R(:L’,R)fa with (R(x,R)f>(t) — f((ZC,R>_1 ) t) —
f(RY(t — ), where g = (z, R) € R? x SO(2), so

R mf)(BE+ )= f(RT(Bt +a —x)) = f(t);
see Figure 7.1.

9 %

original image Rotate 45 degrees Shift by (1,0)

9

Figure 7.1: The image of f(t) is the gray-scaled smiley face. The action of G = R?xSO(2) on
this image moves each pixel to Rt + x, where R is a rotation by 45 degrees counter-clockwise
and x is a translation by [1 0]7.

On the other hand, a function f: R? — R? defines a
vector field, such as a velocity field, an optical flow, or a
gradient image.
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This time such a vector field transforms under the action
of G = R? x SO(2) as follows: the vector v = f(1)
originally located at ¢ is moved to the location Rt + z,
and then rotated by R, so that the overall action results

in the vector

Rv in location Rt + x.
See Figure 7.2.
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original image Then each vector is rotated 45 degrees

Move underlying triangle (tails of the vectors) to Rt +x

Figure 7.2: The image of f(t) is the vectorized triangular smiley face. The action of G =
R? x SO(2) on this image moves each pixel to Rt + z, (where R is a rotation by 45 degrees
counter-clockwise and z is a translation by [1 0]7), and then rotates the vector by 45 degrees
counter-clockwise.
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Given a more general vector field f: R® — E, where
FE is some finite-dimensional hermitian vector space, it is
useful to generalize the action on a vector v = f(t) so that
it is specified by a representation o: SO(2) — U(FE) as

o(R)(v) in location Rt + .

The preceding discussion suggests the following definition.
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Definition 7.3. Let G = R?x H be a semi-direct prod-
uct with H a compact group and let o: H — GL(H)
be a representation, where H is any complex vector space
(possibly infinite dimensional). If H is finite dimensional
or a separable Hilbert space we assume that

o: H — U(H) is a unitary representation.
A feature field is any function f: RY — H.

The space of such feature fields is denoted by
FF(RY, H,0: H— GL(H)).

The representation o is called the type of the feature field.

The group G acts on feature fields via the induced rep-
resentation Ind% o, namely

[(Ind§; o) @ f1() = o (B)(f (- (t — x))),
(z,h) € R H, t € RY. (t)
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Note that (t2) is the immediate generalization of the for-
mula obtained in Example 6.1. for the induced represen-

tation [(Ind% 0) o)) (f) = Hwo)(f).

Most authors use p instead of . This clashes with our
notation used for indexing the irreducible representations
of the group H so we use o instead.

A scalar field, namely a function f: RY — C in L2(R%),
is the special case corresponding to H = C and represen-
tation o: H — U(1) given by o(h) = id¢ for all h € H.

RG—>L2(Rd)

In this case, Indg o= . the left regular repre-

sentation of (.
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A vector field f: R? — C? corrresponds to the case where
H is a closed subgroup of GL(d,C) and the representa-
tion 0: H — GL(d,C) is the standard representation
given by o(h) = h, namely o(h)(z) = hz for any 2 € C,
where h is a matrix in H.

Example 7.7. Let us show how G-feature maps
f:RYx H — Cin L2(R? % H) can be viewed as feature
fields f#: RY — L2(H) (with G = RY x H).

RG—LA(RIxH)

The left regular representation acts on G-

feature maps via

2(Rdwy B B
RO )@ hy) = F(R (21— ), b ),

T, T ERd, h,hi € H
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A G-feature map can be converted into a feature field as
follows.

Given f: R x H — Cin L2(RY x H), let
R — L2%(H), where

(FA(@)(h) = fla,h), z€R heH.

From an intuitive point of view, for h € H fixed, the map
x +— f(x,h) can be viewed as a sort of image based on
R? where the value f(z,h) is the color at the location
r € RY. see Figure 7.3.

f(x,h) for h fixed
' f(x,h) for h fixed

‘ f(x,h) for h fixed

T w

Figure 7.3: A schematic illustration of f(z) = f(z,h), where H = SO(2). For each fixed
h € H, the image of f(x,h) is the horizontal colored layer.
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These images can be thought of as parallel layers, and
for x fixed, as h varies the color f(x,h) moves along a
sort of fibre that passes through each of the layers “above
:C.??

For d = 2 and H = SO(2), it is possible to visualize
these fibres.

They are circles, but it is simpler to view them as line
segments of height 2 with both endpoints identified. See
Figure 7.4.

identify endpoints

fibre SO(2)

- ]
/ R
x fixed ~

Figure 7.4: Two illustrations of the fibre SO(2) above a fixed z € R
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The left regular representation R¥ 72 acts on L*(H)
in the usual way, namely

RV gy () = g(h~'hy), geCH, b hy € H.

RH—>L2(H) (

Then the induced representation Ind% here

o = RH-LH )) acts on the feature fields
R — L2(H) by

(Ind§ RAZEED) ) £ (1)
=R (2 - @),
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By definition of R —LAH) e get

RV (PR (2y — 2))))(ha)
= (FH - (2 — 2)) () d
= f(h™" (@1 —2), b hy) = (RO ) (0, ).

Therefore,

(Indfl RH—>L2(H)> o) fH _ Rg:Z)LQ(RdNH) |

which shows that G-feature maps f: RY x H — C can

be viewed as feature fields f#: RY — L?(H), using the

)

left regular representations R —L%(

In this case, H = L*(H) and o = RA—L(H),
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Definition 7.4. Let 0: H — GL(F) be a represen-
tation with F' finite-dimensional. Define the function
Hom(o,id) by

Hom(o,id)pf = foo,-1, f € Hom(F,F), h € H.

Actually, the representation Hom(o,id) is a special case
of the Hom representation in Definition 4.18 with

o1: H — GL(F) the representation o1 = o and oy the
trivial representation given by o9(h) = idp for all h € H.

If FF=C", then Hom(C", C") is isomorphic to the space
M,,(C) of n x n matrices, and if H is a closed subgroup
of GL(n,C), then Hom(o,id) acts on M,,(C) by multi-
plication on the right by the matrix O'}Zl, namely

Hom(o,id),(A) = Ao, ', A € M,(C). (22)
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This is the situation that occurs in practice.

If C" is equipped with its standard hermitian inner prod-
uct and if o: H — U(n) is a unitary representation, so
that oy, is a unitary matrix, if we give M,,(C) the hermi-
tian inner product (A, B) = tr(B*A), then the represen-
tation Hom(o,1id) is unitary because using the fact that
tr(XY) = tr(Y X) we have

(Ao, ', Bo; ') = (Ao}, Boy)
= tr((Boy,)*(Agy,))
= tr(ahB*AaZ)
= tr(o,0,B*A) = tr(B*A) = (A, B).

In the next section we show how to construct a Fourier
transform on a semi-direct product G = R% x H where
H is compact in terms of the Fourier transtorm F on H.
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7.4 Promoting the Fourier Transform from H to RYx H

If we view a function defined on G = R? x H as a func-
tion f: RY x H — C, the new twist is that the Fourier
coefficients of f are now tuples (f,),er(m) of functions

fo: R4 =M, (C).

This causes new problems to reconstruct a function from
its Fourier coeflicients because even if the functions f,
belong to L*(R?, M,, (C)), there is no guarantee that the
function obtained from the inverse Fourier transform
belongs to L*(G).

Some additional condition is required on the functions f/’\p.
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We provide a solution to this problem below by con-
structing a Hilbert space L?(R?, f]) such that the new
Fourier transform F7: L2(G) — LR H) and the
Fourier cotransform F7: L?(R%, ﬁ[) — L*(G) are mu-
tual 1nverses.

We found the key idea in a paper by Mensah and Awussi
33] who investigate the situation of a semi-direct product
H x R? where R acts on H by automorphisms.

The first crucial observation is that for any function

f € L2(R? x H), by Fubini, for any fixed z € R? we
have fH(x) € L2(H), where f is the function defined
in Example 7.7.

Since H is a compact group, the Fourier transform F(f# (x))
is well-defined.
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For every p € R(H) and every fized x € RY, recall that
F(f"(z))(p) is the n, x n, matrix given by

F(f*(@)(p) / (f* (@) (h) M, (h)* dA(h)

/th aA(h),

where M, is an irreducible representation of H in C".

To reduce the amount of superscripts we also denote

fH<x> as f(l’, _>'
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Technically F: L*(H) — LQ(ﬁ ) is defined for functions
with domain H, with

i = {Fe ] €)1 1Pl <oo),

pER(H

and

1l = ( Z no | F(p ||Hs)

pER(H

( 3 nptr<F Flp )))1/2;

pER(H

see Definition 4.22 and Definition 4.23.
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The vector space L2(]TI ) is a Hilbert space under the inner
product

(Fi, ). Z no{Fi(p), Falp))ns

pER(H

_ Z n, tr(Fg(,O) Fi(p));

pER(H)

see Theorem 4.19.

We would like to define a notion of Fourier transform on
functions in L>(R? x H) that makes use of the Fourier
transform F defined on H, so to avoid confusion we will
denote this new Fourier transform by F7.

The motivation is that 7: H — GL(n) is the action of
H on RY, with 7(h)(x) = hah™!.
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Definition 7.5. For any fized x € R? and any G-feature
map f € L2(R? x H), we define

F(f(x, =) = (F(f(x, =) perm € L2(H),

also denoted f(:z:), by

AN

(f(z))
with p € R(H).

Then if we let x vary in R?, for any fized p we obtain a
function fp R? — M, ,(C) given by

AN

fola) = fla), /f:vh dA\(h), x € R
(£5)



7.4. PROMOTING THE FOURIER TRANSFORM FROM H TO R¢ x H 727

By Fubini, since f € L2(R? x H), we have
f, € LR M, ,(C)). This step requires a justification
that we postpone for now.

The function jA’p is called a Fourier coefficients feature
field of type p or steerable feature field of type p.

The R(H )-indexed family (]?p) per(i) 1s denoted by ]?and
is called the family of Fourier coefficients feature fields
of f or family of steerable feature fields of f.

Observe that

N AN P

f(@) = (fo(®))peremy € L (H)  for every z € R,

AN AN

and consequently (f,),cr(m) belongs to the space €"(H)
defined next.
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AN

Definition 7.6. The vector space €7 (H) is defined by

¢T(H) = {Fe I] v ® 2\, (C)
peR(H)

AN

(o)) yenan € LAT), 2 € Rd}. (@ (i)

AN

Note the analogy with the space &(H) of Definition 4.23.
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Definition 7.7. We define the map F” from L?(R?x H)

P

to E"(H) by setting

F(D) = FyDpera. f €12, with

Fo (M) x) = folz) = F(f(z,—)),
= / flz, h)M,(h)*dA\(h), z € R’ pec R(H).
(F7)

AN

Observe that by Line (f(z)), for every fixed z € RY, we
have

FH ) = (Fy(F)@) perir) = F(f (@, -)).
(F7(f)(x))
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We will see shortly that steerable feature fields of type p
transform under the representation Hom(M,, id).

For this reason the space of steerable feature fields of type
p is denoted by FF(R?, H, Hom(M,,id)).

These are matriz-valued functions fp: R? — M, (C)
that belong to L*(R% M, (C)).
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Actually, we will see below (see Definition 7.8) that there
is some extra condition on the family (f,),cr(m) that en-
sures that Fourier inversion yields a function in L*(G).

For every fired x € R? the function f¥(x) € L*(H)
can be recovered by Fourier inversion using the Fourier
cotransform F from L?(H) to L?(H) from the family of
Fourier coefficients feature fields

f = (fp)pQRH c ¢ (H) evaluated at x, namely the
R(H)-indexed family f(z) = (fp( ) e € L*(H),

using the formula

(f (@) (h) = [F(f(2)](R)
)t

F(f(
Z ( p<h)), he H.
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Thus the G-feature map f: RY x H — C can also be
recovered pointwise, via

Fl,h) = [F( - > nptr(fp M,(h)).

peR(H

—_—

(F(f(2)))

The definition of a map F7 from €™(H) to LA(R? x H)
is more delicate.

The space €7(H) is actually too big to ensure that the
resulting functions belong to L2(R? x H).

Inspired by Mensah and Awussi [33] we define the follow-
Ing space.
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Definition 7.8. Define the vector space L2(R, H ) by

LR, H) = {F & €| 1FO) oy < LY |
L2(RY 1)

where || F (—)HLQ( 77y 1s the function defined such that if
I = (Fp>p€R(H)7 then

1/2
1P o, = ( 3y np||Fp<x>||§IS) |
pER(H)
F )l

Note that [[F'(=)|l;27) € L%(RY) implies that

9
/Rd HF(:U)HLQ(ﬁ) dr < oo.
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The vector space L?(IR?, H ) is equipped with the norm
['ll1.2(ga 77y glven by

2 o 2) ~
IFlisges = | IP@Iy g do

— (PN oy I agma )

Note the analogy with the definition of the space L%(H)
in Definition 4.23.

We also define an inner product on L?(R?, H ) as follows.
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Definition 7.9. For any two sequences of functions
Fy, F, € LA(RY H), let (F, Fg)LQ(Rd 77y be given by

Observe that
9
HF”LZ(Rdﬁ) — <F7 F>L2(Rdﬁ)a

but we still need to prove that the integral in ((—, —)) is
well defined.

We will use the Cauchy-Schwarz inequality both in L2(H)
and L2(RY),
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We have
|<F1> F2>L2(Rd ﬁ])|

y/ 3 m ). (e

Ejv% (F1)p(), (Fo) p(x))us

/|F1 L)

dx (2)

S/HE$MAW%M9AW (4)
1/2

(/’wa acs cm) (/‘we Meas ) 5

‘FlHL2 Rd}[ HF2HL2 Rd}[ <6>

where (1) holds by definition, (2) by a standard property
of the integral, (3) by definition of the inner product in
L2(H), (4) by the Cauchy-Schwarz inequality in L2(H),
(5) by the Cauchy-Schwarz inequality in L2(R?), and (6)
by definition (see (|| F HLQ(Rd’ il ).
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We will also need the projection L2(R?, H) , of L?(RY, H)
on the p-th factor, that is,

LR, H), = {F, | (F)penan € LR, H)}.
(AR, H),)

We have the following important version of Plancherel
theorem for our Fourier transform F7: L?(G) — L*(RY, H).
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Theorem 7.2. (Generalized Plancherel) The map
FLAG) — LARL H) (with G = R x H) is an
1sometric 1somorphism of Hilbert spaces. That 1s, it
s bijective and

<f7<f>7fT<g)>L2(Rd,f[) — <f7 g>L2(G)7 f)g < LQ(RdNH>'

In particular, it is continuous.
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Proof. First we prove that the map F7 is an isometry.

Since L2(@G) is a Hilbert space, this proves that L2(RY, H)
is also a Hilbert space.

Since the norm on L2(R?, H) is induced by the inner prod-
uct on L2(R? H), it suffices to prove that the norm is
preserved.

This is a standard result of linear algebra; for example,
see Gallier and Quaintance [24] (Chapter 13, Proposition
13.1).
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For any f € L2(R? x H), we have

| FT(f )HLszH /HFT ()||L2 gy d= by definition

/ IF (@ =) do by (F7(f)(a))

However, for fixed x, F(f(x, —)) is the Fourier transform
of the function f(z, —) € L*(H).

By Plancherel Theorem (Theorem 4.23), we have

| F(F @, =2 = 1 =)z
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Since f € L2(R? x H), by Fubini

112 = /G f(z, W2 dAc(z, h)
_ / / |z, 2 dA(h) dz < oo,
RdJ H

but

/Rd/H|f(ai,h>|2d)\H(h)da::/RdHf(x,—)Hiz(H) dz.

which shows that the function @ — || F(f(z, =)l 2z 18
in L2(RY).
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Consequently, we have

|f7 HL2 Rd H)
= [ 17
/ | f( ||L2 dx by Plancherel

:/ / | f(x, h) IZdAH(h) dz by definition of the LQ(H)—nox‘m
RAJ H
= HfH?ﬂ@) - by Fubini

Since F7 is an isometry, it is injective. It remains to prove
that it is surjective.
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For any I = (F},) jer(m) € L3R4, ]/—.7) and for every fixed
r € R? we have

F(z) = (Fy(2))penqm € L*(H).

By Plancherel applied to the Fourier transtorm F be-
tween L?(H) and L*(H), there is a unique function
fr € L2(H) such that

F(f)=F@) and | folliog = 1F@) - ()

Define the function f: RY x H — C by

f(x,h) = f.(h) z€R' heH (%94)
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Observe that

flz,—) = fu, (*25)

SO we get

| Fllizey
- /R/H [, h)]*dAg(h)dz by definition of || f[|72

_ /R d /H (B2 dAg(h) da by (24)

— / foHiQ dx by definition of foHig(m
- [ IF@I by ()
= ||F|I, i) < 00 by definition of ||F]|32(Rd’ )

and the last step because F € L%(RY, H).
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Therefore f € L*(G). Then by (F7(f)(x)), (%95) and

(%93), we have
F (@) = F(f(x,=)) = F(fs) = Flz), =R’

which means that F7(f) = F, and thus F7 is indeed
surjective. []

Since we already know that functions in L*(G) can be
recovered pointwise using the Fourier transform on H,
we can exhibit the inverse F7 of the Fourier transform

Fr.
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Definition 7.10. Define the map
Fr,o LARY H), — L2(G)
for every p € R(H) by
Ty, h) = nptr (@) M)
reR heH, f,elX R H), (F7,)

and the map F7: L3(RY, ﬁ) — L*(G) by

—_—

F((Fo)peram) @, h) = > Fo(f) (@, h),

peR(H)
z€R heH, (fo)perm) € L2<R2’H>' (F7)
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Then F7: L2(G) — L3(RY, ﬁ) and
F: LA(RY, H) — L*(G) are mutual inverses.

We claim that the map ]?p c L2(R, H ), 1s indeed a fea-
ture field, with H = M,, (C) and o = Hom(M,,id).

For this we need to see how the function ]?p changes
when G = R? x H acts on f via the left regular ac-

tion RE=L(G) given by

ROD(f) w1, ba) = F(h - (21— ), h ).
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Proposition 7.3. For every p € R(H), let
o, H— UM, (C)) be the representation

o, = Hom(M,,id)

associated with the representation M,: H — U(C™)

as 1 Definition 7.4. For every function ]/C; - LQ(R‘Z, ﬁ)p,
we have

FIRE PO ())(21) = [(1ndF (0, ey Fl()

foh ™t (21 — as))Mpm)(*. )
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Proof. Using the fact that the Haar measure A is left (and
right) invariant and the fact that M, is a representation,

we have

FIRE <G><f>J<x1>
/ RG%2 O (F)(wr, ) My(hy)* ()

/f (W' (z1 — ),k hy) M ,(hy)* dX(hy)

(21 — ), ha) M, (hho)* dA(hs) hi = hhs

/ Fh
( F(h (), h2>Mp(h2)*d>\<h2)> M, (h)"
folh™"

(w1 — ) My(h)'"
The above computation shows that

ri G—L (G - «
FIIRC D) = f(h™" (1 — ) M, ()",

as claimed.
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Equation (#96) shows that the group G = RY x H acts
on the feature fields of type p via

AN

(I0d$ (o)) Frl(x1) = Fo(h 7L (21 — ) Mp<h>*<z )

for all (z,h) € RY x H and all z; € R? and (xg) is
equivalent to the commutativity of the following diagram

(@) LARY H),
Rgfhﬁm (Ind% o) (4.
L2(G)——~LAR% H),

P

for all (z,h) € G =R* x H.
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We also package the representations
nd% o,: G — U(L*(RY, H),) in the map

AN

md§ o: G x L3(RY, H) — LY(RY, H)

AN

defined such that for any f: (fo) pe ()

AN

(1045 &) flo(21) = [(IndF o) o fo) (1),
. €RY pe R(H). (o)

The following result should not be too surprising.
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Proposition 7.4. The following diagram commutes

LA(RY, H),——"—~L*(G)
(Ind o) s h)[ R(C;Z)Lz(a)

LR, ), LG

for all (x,h) € G =R x H.
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Proof. For any ]?p € L2(R?, H) , we have

FTo((Ind§ o) 0y f) (1, )

= 1 (05 0, ey F) ) M)} by (F7,)
— n,tr (f;(h_l (2 — az))Mp(h)*Mp(hl)) by (2)
= nptr( F (7" (= ) My(h ) ).

We also have

R(a:,h) (fpg)p))(xla hy)
= F7,(f) (k" (21 — ), h" ' hy) by definition of Ry, )

=t (B (= 2) My ha))- by (F7,)
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Consequently

—_—

Fp((lndf] Up)(x,h)f/;)(flfh hi) = R (F7p(fo)) (21, 1),

as claimed. ]

Remark: We also have the representation Hom(id, M)
which acts on M,, (C) by multiplication on the left by
M,(h) for every h € H.

The induced representation Hom(id, M,) of R x H on
the feature fields of type p is then given by

[(Indf; Hom(id, Mp)) fol()
= Hom(id, M) (R)(fo(h™" - (21 — 2)))
= M,(h) f,(h™" - (1 — 2)),

for all (x,h) € R x H and all z; € R? It is a bit more
natural than the representation induced by Hom(M,), id).!

"'Which representation arises naturally depends on the definition of the Fourier transform. The literature
is not consistent on this matter. For exampe, Bekkers uses M, instead of M.
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Example 7.8. Let H = SO(2) so that
G =R? x SO(2) = SE(2).

In this case, R(SO(2)) = Z and n, = 1. We will denote
p as L.

For any f € L?(SE(2)), for every z € R?, the Fourier
transform F7(f) of f is the Z-indexed sequence (fy)sez
of functions given by

filx) = F7(f(x, =)
= / e f(x,0)d), xeR* (€.
Sl

The functions ]‘/’2 are the feature fields associated with £.
Observe that this is an example of (f,).
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AN

= (fm)mez of function Fon € LA(R2, Z),,
(fon(2))mez € £2(Z) for all z € R? and

AN

such that f(x)

( 3 en e me),

m=—aoo

Given a family f

the Fourier cotransform F7(f)(z, §) is given by

@)

Fr)w,0) = D Jnlw)e™.

m=—aoo
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It is instrlictive to see in this more concrete case how the
function f; changes when SE(2) = R? x SO(2) acts on

f wvia the left regular action RSE(2)-L*(SE(2)) given by

R?fe(f)%z(sm))(f)(% 01) = f(R-p(x1 —x),00 — 0).

Using the fact that the Haar measure on SO(2) is left
(and right) invariant, we have

)—>L (SE(2 ))(f)(

Jf L1y, — )]g

/ REEVSBR) )0, )11 dp,
B / f(R_g(x1 —x),0, — B)e™"" b,
SO(2)
SO(2)

= e_iw/ F(R_g(x1 — ), 05)e " db,
SO(2)

= ¢ " Ju(R_g(x1 — z)),
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Thus we have

—_—

R(:c,@)(f)g(ml) — 6_2[9}2(}{—9(551 o x))?

so the representation that needs to be associated with the
feature fields corresponding to ¢ is e, and not e

Since multiplication in C is commutative, given a char-
acter y¢(6) = €’ the representation Hom(yy,id) is just
multiplication by e’ and the representation Hom(id, x)

is just multiplication by e



