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Chapter 1

Groups and Group Actions

1.1 Basic Concepts of Groups

Definition 1.1. A group is a set GG equipped with a bi-
nary operation -: G X G — G that associates an element
a-b € G to every pair of elements a,b € GG, and having
the following properties: - is associative, has an identity
element, e € (G, and every element in G is wnvertible
(w.r.t. -). More explicitly, this means that the following
equations hold for all a, b, c € G:

(Gl)a-(b-¢)=(a-b)-c (associativity);
(G2)a-e=e-a=a. (identity);

(G3) For every a € G, there is some a~! € G such that

a-al=ata=e (inverse).
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A group G is abelian (or commutative) if
a-b=>b-a
for all a,b € G.

Observe that a group is never empty, since e € G.

It is customary to denote the operation of an abelian
group G by +, in which case the inverse ¢! of an element
a € GG is denoted by —a.

Example 1.1.

. Theset Z={...,—n,...,—1,0,1,....,n,...} of
integers is a group under addition, with identity ele-
ment 0. However, Z* = Z — {0} is not a group under
multiplication.

2. The set Q of rational numbers (fractions p/q with
p,q € Z and q # 0) is a group under addition, with

identity element 0. The set Q* = Q — {0} is also a
group under multiplication, with identity element 1.
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3. Similarly, the sets R of real numbers and C of com-
plex numbers are groups under addition (with iden-
tity element 0), and R* = R — {0} and C* = C— {0}
are groups under multiplication (with identity element
1).

4. The sets R" and C" of n-tuples of real or complex
numbers are groups under componentwise addition:

(@1, @) F Wi Un) = (@1 Y1, T+ Un),

with identity element (0,...,0). All these groups are
abelian.

5. Given any nonempty set S, the set of bijections
f: S5 — S, also called permutations ot .S, is a group
under function composition (i.e., the multiplication
of f and g is the composition g o f), with identity
element the identity function idg. This group is not
abelian as soon as S has more than two elements.
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Example 1.2. When S is the finite set S = {1,2,...,n},
the group of permutations is denoted G&,,.

Consider the group &3 of permutations on the set {1, 2, 3}.

There are 3! = 6 permutations

T = <1,2,3>, T = <1,3, 2), T3 = <2, 1,3),
Ty = (2,3, 1), Ty = (3, 1,2), T — (3,2, 1)

The first permutation 7 = (1,2,3) is the identity; the
permutations

Ty = <17372)7 3 — (27 173>7 g = (3727 1)

are transpositions and thus have negative signature, and
the permutations

T =(2,3,1), w5 =(3,1,2)

are cyclic permutations and thus have positive signature.
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The multiplication table of the group Gs. is given by

(123456\
215634
341265
136512
562143

\654321)

where we denote m; simply by ¢ and where the (i, j) entry
represents m; o ;.

Example 1.3.

1. The set of n X n matrices with real (or complex) co-
efficients is a group under addition of matrices, with
identity element the null matrix. It is denoted by

M, (R) (or M, (C)).

2. The set R|X] of all polynomials in one variable with
real coefficients is a group under addition of polyno-
mials.
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3. The set of n x n invertible matrices with real (or
complex) coefficients is a group under matrix mul-
tiplication, with identity element the identity matrix

I,,. This group is called the general linear group and
is usually denoted by GL(n,R) (or GL(n, C)).

4. The set of n X n invertible matrices with real (or com-
plex) coefficients and determinant 41 is a group un-
der matrix multiplication, with identity element the
identity matrix [,,. This group is called the special

linear group and is usually denoted by SL(n,R) (or
SL(n,C)).
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5. The set of n X n invertible matrices with real coeffi-
cients

SO(n)={ReM,R)| RR"=R'R=1,,
det(R) =1}

is a group called the special orthogonal group (where
R' is the transpose of the matrix R, i.e., the rows
of R' are the columns of R). It corresponds to the
rotations in R".

For n = 2,

SO(2) = {(GOS@ —sin 9) (9 e R/Qw)} |

sinf) cos6
Geometrically, this is the unit circle
S'=U(1)={e"’| 0 cR/2r}.

It is abelian



10

CHAPTER 1. GROUPS AND GROUP ACTIONS

Geometrically these are rotations by 6 around the ori-
oin.

For n = 3, the group SO(3) is the group of rotations
in R?. It is not abelian. For practical reasons it is
important to find “good” parametrizations for the ro-
tations (Euler angles, quaternions, exponential map,
Cayley transform, etc.)

. The set of n x n invertible matrices with real coefhi-

clents
On)={ReM,R)|RR'"=R'"R=1,}

is a group called the orthogonal group. If R € O(n),
then det(R) + 1. The group O(n) contains the rota-
tions and the reflections.
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7. The group SE(2) of rigid motions of R* (the roto-
translations!),

cosf —sinf iy
SE(2) = sinf cosf ty | ,t1,ts € RO €R/2m
0 0 1

This group is not abelian.

We can view each g € SE(2) as a geometric transfor-
mation of R?, namely

AR cosf —sinf\ [z N tq
g y) \sinf cosf Y ty )’

If 0 # k27 (k € Z), then g has a unique fixed point
c € R?, and geometrically g is rotation around c.

Otherwise 1t i1s a translation.
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We can use the trick of embedding R? in the (affine)
plane z = 1 in R? by using the map

T
()
4 ]
so that

x cosf —sinf\ [z tq
g- (y) = (sin@ cos 6 ) (y) + (tg)
1 1
cosf) —sinf tq x

= [ sinf cosf i Y
0 0 1 1
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8. The group SE(n) of rigid motions of R,

SE(n) {(Cg f) HER"Qe SO(n)}.

Multiplication is given by
Q s\ (Rt [(QR Qt+s
0 1 01/ \ 0 1
and the inverse by
Q) _(Q -QTt
0 1 -\ 0 1 '
Again SE(n) acts on R" by
g-x=Qx+t, ¢ge&SE(Mn), xzeR"

or equivalently



14 CHAPTER 1. GROUPS AND GROUP ACTIONS

9. The special unitary group SU(2) consists of all 2 x 2
complex matrices

q = (_O% g) aa+BB8=1, a,BcC.

The inverse of ¢ is ¢* = (q) '

We can also write g as

([ a+w c+ud
1= —(c—id) a —ib
a,b,c,d € R.

),a2+b2+c2+d2:1,
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This shows that geometrically, SU(2) is the unit sphere
S3 in R*.

If you write out the multiplication g;q- if two elements
q1,q2 € SU(2), you discover that SU(2) is the “best”
definition of the unit quaternions.

The group SU(2) is intimately related to the group
SO(3), but they are different.

The group SU(2) is “bigger,” and topogically simpler
than the group SO(3), which is homeomorphic to the
projective space RP?, whereas SU(2) is homeomor-
phic to the sphere S°.

We will see later that there is a surjective homomor-
phism from SU(2) onto SO(3). This is why rotations
can be achieved using quaternions.
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Definition 1.2. Given a group, G, a subset, H, of G is
a subgroup of G ift

(1) The identity element, e, of G also belongs to H
(e € H);

(2) For all hy, hy € H, we have hihy € H;
(3) For all h € H, we have h™t € H.

It is easily checked that a subset, H C G, is a subgroup
of G ift H is nonempty and whenever hy, ho € H, then
hlhz_ L e H.

Example 1.4.
1. The group SL(n) is a subgroup of the group GL(n).
2. The group SO(n) is a subgroup of the group SL(n).
3. The group SO(n) is a subgroup of the group O(n).

4. The group {Is,.1, — 2,11} is a subgroup of the group
O(2n +1).
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5. If Jy, is the (2n) X (2n) (n > 1) matrix

—1 0
J2n B ( 0 [2n—1) 7

then the group {/ls,, Jo, } is a subgroup of O(2n).
Example 1.5. Recall the group
Q1 n
SE(n) = 0 1 ,teR", Q €SO(n) ;.

We define T (translations) and R (rotations) by

i)
R:{(%Q ?),Qesom)}.

and
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We check easily that both 7 and R are subgoups of
SE(n). The group T is the group of translations (of
R™).

It will be convenient to write

~ I, t
= (0 1)
~ Q 0
o-(54)

The subgroup 7 has the following important property:

and

gyg ' €T, forallg € SE(n)andalyeT. (N)



1.1. BASIC CONCEPTS OF GROUPS 19

Indeed for any

g9~ " = Qy.

In particular, for g = (), we have

QUQ)™ = Qy. (conj)
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Also observe that if

L= (‘g” f) cT
o (§1) e

— (I, t\ (O 0 0t
tQ:(o 1) (0 1):<o 1)29'

This shows that

and

then

TR = SE(n),

where T and R are subgroups of SE(n) with T satisfying
property (N) (7 is a normal subgroup).

Also note that
TNR=Ae}, e=1I,.
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This implies that every g € SE(n) has a unique fac-
torization as

g:tA@ with t € Tand@ER.

The above ingredients make SE(n) the semi-direct prod-
uct of T and R. We will come back to this notion later.

Example 1.6. Consider the group

SO(n) — {(Cg (D Q¢ SO(n)}.

We check easily that §6(n) is a subgroup of SO(n+1).

Example 1.7. Consider the group

O(n) = {(Cg O) QecOm) c— det(Q)} |

€

We check easily that O(n) is a subgroup of SO(n + 1).
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Given a group, G, for any two subsets R, S C G, we let
RS={r-s|reR, seS}.
In particular, for any g € G, if R = {g}, we write
gS={g-s|s€S}
and similarly, if S = {g}, we write
Rg=A{r-g|r e R}.

From now on, we will drop the multiplication sign and
write g1g9 for g1 - go.
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If H is a subgroup of G and g € G is any element, the
sets of the form gH are called left cosets of H in G and
the sets of the form Hg are called right cosets of H in
G.

The left cosets (resp. right cosets) of H induce an equiv-
alence relation, ~, defined as follows: For all g;, g5 € G,

g1~ g it g H=gH
(resp.
g1~ go it Hg = Hgo.)

Obviously, ~ is an equivalence relation.
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Now, it is easy to see that

g H =gHif g,'g € H,

so the equivalence class of an element g € G is the coset
gH (resp. Hg).

The set of left cosets of H in G (which, in general, is not
a group) is denoted G/ H.

The “points” of G/ H are obtained by “collapsing” all the
elements in a coset into a single element.

The map 7: G — G/ H from the group G to its set G/H
of left cosets is given by

The set of right cosets is denoted by H\G.
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Example 1.8. We can figure out what are the left cosets
gT ={gti | t1 € T},

for any ¢ in the group SE(n).

We showed in Example 1.5 that any ¢ € SE(n) can be
written uniquely as g = tQ for some t € T and some

@ € R. Then we have
gT = {tQh | t € T},

and since (Q\) 17710 € T because of property (N), for
t = (Q) 17710, we have

FQ)Q)F'Q=Q R,

so every coset (t @)T contains the special element (called
representative) @ €
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Therefore, there is a bijection bewteen the set SE(n)/T
of left cosets of T and R.

Example 1.9. We can also figure out what are the left
cosets

gR = {9Q1 | Q1 € R},
for any ¢ in the group SE(n).

Using the fact that ¢ € SE(n) has a unique factorization
g = t(), we have

gR = {1QQ: | Q: € R},

so if we pick @\1 = (@\1)T7 we have
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so every coset (tA@)R contains the special element (called
representative) ¢t € T .

Therefore, there is a bijection bewteen the set SE(n)/R
of left cosets of R and T .

Going back to the general case of a group G' and a sub-
ogroup H it is tempting to define a multiplication opera-
tion on left cosets (or right cosets) by setting

(91H)(92H) = (g192) H,

but this operation is not well defined in general, unless
the subgroup H possesses a special property.

This property is typical of the kernels of group homomor-
phisms.
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Definition 1.3. Given any two groups, G, G’, a function
v: G — G is a homomorphism iff

©0(g192) = p(g1)p(g2), forall g1, 90 € G.

Taking g1 = g = e (in G), we see that

ple) =€,
and taking g; = ¢ and gy = ¢!, we see that

plg™") =¢lg)".

If p: G - G and ¢: G — G" are group homomor-
phisms, then 1 o ¢: G — G" is also a homomorphism.
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If o: G — G’ is a homomorphism of groups and H C G
and H' C G’ are two subgroups, then it is easily checked
that

Im ¢ = p(H) ={p(g) | g€ H}
is a subgroup of G’ called the image of H by ¢, and
e N(H)={9€ G|yl e H}

is a subgroup of G. In particular, when H' = {¢'}, we
obtain the kernel, Ker ¢, of . Thus,

Ker o ={g € G| p(g) = €}.

It is immediately verified that ¢: G — G’ is injective iff
Ker o = {e}. (We also write Ker ¢ = (0).)
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We say that ¢ is an isomorphism if there is a homomor-
phism, ¢ : G’ — G, so that

Yop=Iidg and o1y =idg.
In this case, v is unique and it is denoted ¢!

When ¢ is an isomorphism we say the the groups G' and
G’ are isomorphic, which is abbreviated as G ~ G’

When G' = G, a group isomorphism is called an auto-
morphism.
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Example 1.10.

L. Observe that if 7" and R are the subgroups of SE(n)
defined in Example 1.5, the maps ¢ — ¢ and Q — Q
define isomorphisms between R" and 7 and between

SO(n) and R.

2. The map t — t defines an an_isomorphism between
SO(n) and the subgroup SO(n) of SO(n + 1) in
Example. 1.6

3. 1If 6(n) is the group of Example 1.7, the map

@ (%2 det(zQ))

is an isomorphism between O(n) and O(n).

In view of the above isomorphisms, we will write R" in-

stead of T, SO(n) instead of R and SO( ), and O(n)
instead of O(n).
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Example 1.11.
1. The map 1: SE(n) — SO(n) given by

Qt @ 0 ~
g01(0 1):<0 1):Q

is a group homomorphism (check this fact).

The kernel of ¢ is R" ~ T .
2. The map po: SE(n) — R" given by

Qt\ (Lt -
902(0 1)‘(0 1>_t

is not a group homomorphism (check this fact).
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We claim that H = Ker ¢ satisfies the following prop-
erty:
gH = Hg, forall g eG. €

First, note that (x) is equivalent to
gHg ' =H, forall g e G,
and the above is equivalent to

gHg ' C H, foralgea@. €5
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Definition 1.4. For any group, (G, a subgroup,
N C G, is a normal subgroup of G ift

gNg'=N, forall g eG.

This is denoted by N <1 G.

Example 1.12.

L.
2.

The group SO(n) is a normal subgroup of O(n).

The group SO(n) is not a normal subgroup of
SO(n+1). Finding out what SO(n+1)/SO(n) is a
bit tricky. It turns out to be a very interesting space.

. The group O(n) is not a normal subgroup of

SO(n + 1). Finding out what SO(n + 1)/0(n) is a
bit tricky. It also turns out to be a very interesting
space.

. The group {Ils,+1, —Ions1} is @ normal subgroup of
O(2n+1).
. The group {Ilsy, Jo,} is not a normal subgroup of

O(2n).
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If N is a normal subgroup of GG, the equivalence relation

g~g it gH=gH

induced by left cosets is the same as the equivalence

g ~gy it Hg = Hg

induced by right cosets.

The equivalence relation, ~ is a congruence, which means
that: For all g1, g9, g}, g5 € G,

(1) If 1N = giN and goN = g5 N, then g1g2N = g1 g5 N,
and

(2) If gt N = goN, then g, 'N = g, ' N.
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As a consequence, we can define a group structure on the
set G/ ~ of equivalence classes modulo ~, by setting

(91N )(92N) = (g192)N.

This group is denoted GG /N and called the quotient group
of G by N. The equivalence class, g/N, of an element
g € G is also denoted §. The map

m: G — G/N, given by

m(g) =G = gN,

is clearly a group homomorphism called the canonical
projection.

Given a homomorphism of groups, ¢: G — G', we easily
check that the groups G/Ker ¢ and Im ¢ = ¢(G) are
isomorphic.
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Example 1.13. The subgroup R" ~ 7T of SE(n) from
Example 1.5, with

I, t n
T—{(O 1>,teR },
is a normal subgroup by property (N).

In Example 1.8 we found that there is a bijection between

the set SE(n)/R" of left cosets of R" and SO(n).

Since R™ is a normal subgroup of SE(n), the quotient set
SE(n)/R" is a group isomorphic to SO(n). We write

SE(n)/R" ~ SO(n).

The map ¢1: SE(n) — SO(n) (from Example 1.11) is
a homomorphism with kernel R", which confirms the iso-
morphism SE(n)/R" ~ SO(n).
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However the subgroup SO(n) ~ R is not normal in

SE(n).
This is because

= (Q U\ (RO)(QT —Qt
945 _<o 1)(0 1)(0 1

_(QR t\ (Q" —Q't\ _(QRQ'" —QRQ't+1
- 0 1 0 1 N 0 1 ’

and even if Q = I,,, in general, Rt # t and so gf{g_l ¢
SO(n) ~R.

Thus we can’t conclude from the previous discussion that

the set SE(n)/SO(n) of left cosets of SO(n) is a group.
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In fact it is as Example 1.9 shows, since a unique special
representative in SO(n) can be chosen in every coset.
Thus we can write

SE(n)/SO(n) ~ R".

However, the map ¢o: SE(n) — R" (from Example 1.11)
is not a group homomorphism. It is simply a projection
map from one set to another.

This is a tormented way of obtaining R"!
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Finally, observe that if g; = ﬂ@\l and g, = t/;@ with
t1,t9 € R" and (1,2 € SO(TL), then

oA~ o~ /\/\—

g192 = (0Q1)(H:Q2) = (M[Q1Q1 N(Q1Qy), (mult)

and since t1, ty € R" and R" ~ 7T is a normal Subgroup of

/\/\_

E(n), @\1@@1 c T ~ R" and thus tl[Qlthl | €
T ~ R, and since Q1Qs € R ~ SO(n), we see that
(mult) yields the (unique) factorization of g1 g, in R"SO(n).

Therefore (mult) is the multiplication operation in SE(n)
where every element g € SE(n) is represented by a pair

(t,Q) € R" x SO(n) as g = 1Q.
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Definition 1.5. Let G be a group and let N and H be
two subgroups of G. We say that G is the semi-direct
product of N and H, written G = N x H , it the following
conditions hold:

(1) N is a normal subgroup of G.
(2) G = NH.
(3) NN H = {e}, where e is the identity element of G.

The every element g € G has a unique factorization
g=mnh, withne N and h € H.
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The multiplication operation in G is defined as follows.
If gy = nih; and g9 = nohy with ny, ng € N and
hi,hy € H, then

gi1go = <n1h1)<n2h2> = (nl[hlnghfl]Xhth). (multl)

The inverse of g = nh is given by
(nh) ' = (h'n th)h . (inv1)

Remark: Definition 1.5 is sometimes called the defini-
tion of an internal semi-direct product.

In the special of a semi-direct product G = N x H where

nh=hn foralln € N and all h € H,

we call G the direct product of N and H, denoted N x H.



1.1. BASIC CONCEPTS OF GROUPS 43

In this case,

hnh™! = nhh™! =n,

so the multiplication operation in G is given by

9192 = (nmiha)(nzhe) = (ning)(hihs) (mult2)
and the inverse of nh is given by
(nh) ' =n"'h!. (inv2)
Observe that both N and H are normal in N x H.

Remark: Technicaly, thisis an internal direct product.
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Example 1.14.

1. The group SE(n) is the semidirect product
R™ % SO(n).

To be precise SE(n) is the group T x R, and since
T ~ R" and R ~ SO(n), the group SE(n) is iso-
morphic to R” x SO(n).

2. The subgroup {I2,11, —Ion+1} is normal in O(2n+1)

and the group O(2n + 1) is isomorphic to the direct
product {Io, 11, —Ioni1} X SO(2n + 1) (check this).

3. The subgroup {Is,, Jon} (where Jy, is defined in Ex-
ample 1.4) is not a normal subgroup of O(2n) (check
this), and in general J5,Q # QJy, for Q@ € SO(2n).

However, O(2n) is isomorphic to the semi-direct prod-

uct SO(2n) x {Ia,, Jan } (check this).
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Sometimes it is more convenient to define the notion of
semi-direct product of two groups N and H not assumed
to be subgroups of a group G given ahead of time.

The key point is that in Definition 1.6, since /N is normal
in G, there is a homomorphism i: H — Aut(NV) of H in
the group Aut(NN) of automorphims of N given by

i(h)(n) =hnh™, hec H,ncN.

This leads to the definition below.
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Definition 1.6. Let N and H be two groups and let
7: H — Aut(N) be a homomorphism of H in the group
Aut(N) of automorphims of N. The semi-direct product
of N and H, written N x H, is the set N x H with the
multiplication operation

(nl, h1>(n2, hg) = (n1T<h1)<TL2>, h1h2> (multS)

for all ny,n9 € N and all Ay, hy € H. The identity
element is (ey, ey) and the inverse of (n,h) € N x H is
given by

(n,h)"' = (r(h" H(n Y, ). (inv3)

The group N x H defined in Definition 1.6 is sometimes
called an external semi-direct product.
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It can be shown that Definition 1.5 and Definition 1.6
are equivalent; see Gallier and Quaintance (Diffential Ge-
ometrt and Lie Groups, Vol I).

In practice we use the definition that is most convenient
for the task at hand.
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Example 1.15. Going back to SE(n), the group SO(n)
acts on R"” by the homomorphism 7: SO(n) — GL(R")
given by

7(Q)(x) = Qr, Q € S0O(n), x € R"
The multiplication on R™ x SO(n) is given by
(t1, @1)(t2, Q2) = (t1 + Qrta, Q1Q2),
and the inverse of (¢, Q) is

Q)= (-Q7',Q ) =(-Q't,Q").
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The reader should reconcile these definitions with the def-
initions given for SE(n) as the internal semi-direct prod-
uct 7 x R using the action of R ~ SO(n) on T ~ R”
given by Equation

—

Q(Q)" = Qy
from Example 1.5.

There is also a notion of external direct product cor-
resonding to the case where 7: H — Aut(V) is the trival
map given by 7(h)(n) = n.
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Definition 1.7. Let H and K be two groups The (ex-
ternal) direct product of H and K, written H x K is
the set H x K with the multiplication operation

(hl, ]ﬁ)(hg, kQ) = <h1h2, ]ﬁkg) (HNﬂtB)

for all A1, hy € H and all k1, ky € K. The identity
element is (ey, ex) and the inverse of (h, k) € H x K is
given by

(h,k) ™t = (R1 kY. (inv4)



1.2. GROUP ACTIONS: PART I, DEFINITIONS AND EXAMPLES 51

1.2 Group Actions: Part I, Definitions and Examples

If X is a set (usually, some kind of geometric space, for
example, the sphere in R?, the upper half-plane, etc.), the
“symmetries” of X are often captured by the action of a
group, G, on X.

In fact, if G is a Lie group and the action satisfies some
simple properties, the set X can be given a manifold
structure which makes it a projection (quotient) of G,
a so-called “homogeneous space.”
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Definition 1.8. Given a set, X, and a group, G, a left
action of G on X (for short, an action of G on X) is
a function, p: G x X — X, such that

(1) For all g,h € G and all x € X,
plg, plh, x)) = plgh, ),

(2) For all x € X,
p(l,x) =z,
where 1 € (G is the identity element of G.

To alleviate the notation, we usually write g - x or even
gz for p(g,x), in which case, the above axioms read:
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(1) For all g, h € G and all x € X,
g-(h-z)=gh-z,

(2) For all z € X,

The set X is called a (left) G-set.

The action p is faithful or effective iff for every g, if
g-x =z forall x € X, then g = 1;

the action p is transitive iff for any two elements z,y €
X, there is some g € G so that g -z = y.
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Given an action, p: G x X — X, for every g € GG, we
have a function, p,: X — X, defined by

plx) =g -2, foralzeX.

Observe that p, has p -1 as inverse.

Therefore, p, is a bijection of X, i.e., a permutation of
X.

Moreover, we check immediately that
Pg © Ph = Pghs

so, the map g — p, is a group homomorphism from G to
Sx, the group of permutations of X.
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With a slight abuse of notation, this group homomor-
phism G — Gx is also denoted p.

Conversely, it is easy to see that any group homomor-
phism, p: G — Gy, yields a group action
- G x X — X, by setting

g-z=p(g)(z).

Observe that an action, p, s faithful iff the group ho-
momorphism, p: G — Sy, 1S injective.

Also, we have g -z =y iff g7t -y = z.

If X =V is a vector space and if each bijection

py: V. — Visa linear map (necessarily invertible), then
we say that p: G X V. — V' is a linear representation
of Gin V.
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In this case the map p — p, is a homomorphism from
the group G to the vector space GL(V') of invertible lin-
ear maps on V', so with a slight abuse of notation and
language we say that a linear representation is a ho-
momorphism

p: G — GL(V).

For every g € GG, the map p,, is an invertible linear map in

GL(V), so for every vector u € V', p,(u) is alo a vector
in V.

If G is an infinite group or if V' is infinite-dimensional, we
need some continuity conditions. We should also specify
whether V' is a real or a complex vector space. Complex
vector spaces yield a nicer theory. For now we ignore
these issues.
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Definition 1.9. Given two G-sets, X and Y, a function
f: X — Y issaid to be equivariant, or a G-map iff for
all x € X and all g € GG, we have

flg-x)=g- f(z)

Equivalently, if the G-actions are denoted by
p:Gx X — X and 7: G XY — Y we have the
following commutative diagram for all g € G-

X1 .y

:

X

Tg

7 Y.
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Example 1.16. Equivariance of lifted correlations is a
good example.

Here G = R? x SO(2) = SE(2), we represent a rotation
Ry € SO(2) by the angle 8, an element of SE(2) either
by the pair (z, Ry) or simply (z,0) (with z € R?),

X =L*(R?),Y = L*SE(2)).

For a kernel k& € LY(R?) (with compact support), the
lifted correlation k% f is defined by

(WF D), 0) = | FORRgft = 2) b

The lifted correlation defines a linear map
®: L*(R?*) — L*(SE(2)) given by

O(f) =k%f, feLIR).
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We have the left-reqular representation RSO =L (R
of SO(2) on L*(R?) given by

RPN p) (1) = F(R- (1),
teR? feL*R?, R, € SO(2),

and the left-reqular representation RSO@)=LA(SE(2) of

SO(2) on L*(SE(2)) given by
RGP )0, 0) = g(R_ 2,6 — ),
(z,0) € SE(2),
g € L*(SE(2)), R, € SO(2).

Note: Erik Bekkers uses L instead of R.
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Equivariance means that the following diagram commutes

L2(R?) —2—~L%(SE(2))

R;s%c;@)%?(ﬂ%?) R]S%(;@HLQ(SE(?))
LQ(RQ) 3 LQ(SE(Q))

for all R, € SO(2), or equivalently that

P o R]S%(:(QHV(RQ) _ RZS(QHLQ(SE(Q)) o P

for all R, € SO(2).

This is indeed the case!
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We can also define a right action,
X X G — X, of agroup G on a set X, as a map
satisfying the conditions

(1) For all g,h € G and all x € X,
(x-g)-h=u-gh,

(2) For all x € X,
x-1=uw.

However, one change is necessary. For every g € G, the
map p,: X — X must be defined as

,09<£II>:£Ug ’

in order for the map g — p, from G to &x to be a
homomorphism (p, © pr, = pgn)-
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Conversely, given a homomorphism p: G — Gy, we get
a right action -: X x G — X by setting

v-g=plg )(@).

Every notion defined for left actions is also defined for
right actions, in the obvious way.

Here are some examples of (left) group actions.
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Example 1.17.

1. The rotation group SO(2) acts on the plane R? by
rotatating points, namely if By € SO(2) and z € R?,
then

Ry - x = Ryx.

This action 1s not transitive.

2. More generally, the orthogonal group SO(n) acts on
R™ namely if R € SO(n) and x € R", then

R -z = Rx.

This action i1s not transitive.
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3. The group SE(n) acts on R" namely if

g— (15” f) € SE(n), ReSO(n), t € R"

and x € R", then
g-x= Rx+t,
a rotation followed by a translation.

It is easy to check that it is indeed an action and that
1t 1S transitive.
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Example 1.18. The unit sphere S? (more generally,
Snh,

Recall that for any n > 1, the (real) unit sphere, S !,
is the set of points in R" given by

St ={(zy,...,2,) ER" | 2]+ - +2° =1}

In particular, S? is the usual sphere in R3.

Since the group SO(3) = SO(3,R) consists of (orienta-
tion preserving) linear isometries, i.e., linear maps that
are distance preserving (and of determinant +1), and ev-
ery linear map leaves the origin fixed, we see that any
rotation maps S? into itself.
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Beware that this would be false if we considered the
group of affine isometries, SE(3), of E3. For example,
a screw motion does not map S? into itself, even though
it is distance preserving, because the origin is translated.

Thus, we have an action, -: SO(3) x S? — S, given by

R -z = Rx.

The verification that the above is indeed an action is triv-
ial. This action is transitive; see Figure 1.1.

e

Figure 1.1: The rotation which maps x to y.
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Similarly, for any n > 1, we get an action,
- SO(n) x St gn=l

It is easy to show that this action is transitive.

67
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Example 1.19. The groups SU(2) and SO(3) are in-
timately related by the adjoint representation that we
define next.

Details can be found in Gallier and Quaintance [23] (Chap-
ter 15) and Gallier [22] (Chapter 9).

The group of unit quaternions SU(2) is the group of
2 X 2 complex matrices g of the form

(a+ib c+ d
9=\ _

(c —id) a— ib) ca,b,c,d € R, a*+b°++d* = 1.

If we get rid of the condition a® + b* + ¢ + d? = 1, the
set of all matrices X of the form

X ot ocridy o deR
—(c—1id) a —1b

is a real vector space which turns out to be closed under

multiplication and in which every nonzero element has a

multiplicative inverse.
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[t is the skew-field (noncommutative field) of quater-
nions, denoted H.

If we write &« = a + ib and 5 = ¢ + @d, then a matrix
q € SU(2) can be written as

q:(_(% é) with |al* + [8] = 1.

Since the matrices in SU(2) are unitary, the inverse of ¢
is ¢, given by

The group SU(2) is a Lie group whose Lie algebra su(2)
is defined as follows.
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Definition 1.10. The (real) vector space su(2) of 2 x 2
skew Hermaitian matrices with zero trace is given by

B 1w Yy +iz 3
5u(2)_{(—y+iz —ix) l (:E,y,z)ER}.

Observe that for every matrix A € su(2), we have
A* = — A, that is, A is skew Hermitian, and that
tr(A) = 0.

Also note that su(2) C H. The quaternions in su(2) are
also called pure quaternions (they have no “real part”

a).
We define a hermitian inner product on su(2) as follows:

(A, B) = tr(B*A), A, B € su(2).
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Definition 1.11. The adjoint representation of the
group SU(2) is the group homomorphism

Ad: SU(2) — GL(su(2))

defined such that for every ¢ € SU(2), with

q= (_(% g) € SU(2),

we have

Ady(A) = qAq*, A € su(2),
where ¢* is the inverse of q.

One needs to verify that the map Ad, is an invertible
linear map from su(2) to itself, and that Ad is a group
homomorphism, which is easy to do.

It can be shown, but this is a little harder to prove, that
Ad, € SO(su(2)). It preserves the hermitian inner prod-
uct on su(2) and it has determinant +1. It is a rotation
of the vector space su(2)!
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In order to associate a rotation p, (in SO(3)) to ¢, we
need to embed R? into su(2) C H as the pure quater-
nions, by

1T + 1z
su(w,y, 2) = (_yﬂ-z y_m, ) , (z,y,2) eR

Then q defines the rotation p, € SO(3) given by

po(,y, 2) = su” (gsu(z, y, 2)q").

Therefore, modulo the isomorphism su, the linear map p,
is the linear isomorphism Ad,.

Now the reason why this is interesting is summarized in
the following result proven in Gallier [22] (Chapter 9).
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Theorem 1.1. Let p: SU((2) — SO(3) be the map
given by

po(x,y,2) = su" (gsu(z,y, 2)¢"),q € SU(2), (z,y,2) € R”.

The map p: SU(2) — SO(3) is a surjective homo-
morphism whose kernel is {I,—1}.

If

_ (o et e d e R aP bR dE = 1
q = —<C—Zd) CL—Zb y @, 0, C, y ¢ S
let u= (b,c,d).

We have p, = I3 iff u= (b, c,d) =0 iff |a|] = 1.

If u # 0, then either a = 0 and p, is a rotation by 7
around the axis of rotation determined by the vector

u=(b,c,d), or
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0 < |a| <1 and p, is the rotation around the axis of
rotation determined by the vector u = (b, c,d) and the
angle of rotation 0 # m with 0 < 6 < 2w, 1s given by

tan(0/2) = HuH

a

Here we are assuming that a basis (wy,ws) has been
chosen in the plane orthogonal to u = (b,c,d) such
that (wy, wo, u) 1s positively oriented, that is,
det(wy, wo, u) > 0 (where wy, wsy, u are expressed over
the canonical basis (e1,eq, €3), which is chosen to de-
fine positive orientation).
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Remark: Under the orientation defined above, we have

cos(6/2) =a, 0<6<2m.

Note that the condition 0 < 6 < 27 implies that 6 is
uniquely determined by the above equation.

This is not the case if we choose 7 such that —7m < 6 < 7
since both 6 and —6@ satisty the equation, and this shows
why the condition 0 < 6 < 2 is preferable.
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Example 1.20. The upper half-plane.

The upper half-plane, H, is the open subset of R? con-
sisting of all points, (z,y) € R?, with y > 0.

[t is convenient to identify H with the set of complex
numbers, z € C, such that &z > 0. Then, we can define
an action,

.+ SL(2,R) x H — H,

as follows:
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For any z € H, for any A € SL(2,R),

_az+b

Ay —
© cz+d

where

with ad — be = 1.

7

It is easily verified that A - z is indeed always well defined
and in H when z € H. This action is transitive (check

this).
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Maps of the form

az +b

Z ,
cz +d

where z € C and ad — bc = 1, are called Mobius trans-
formations.

Here, a,b,c,d € R, but in general, we allow a, b, c,d €
C. Actually, these transformations are not necessarily
defined everywhere on C, for example, for z = —d/c if

c # 0.

To fix this problem, we add a “point at infinity”, oo, to
C and define Mobius transformations as functions

CU{o0} — CU {0}.

If ¢ = 0, the Mobius transformation sends oo to itself,
otherwise, —d/c +— 0o and 0o — a/c.
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The space C U {00} can be viewed as the plane, R
extended with a point at infinity.

Using a stereographic projection from the sphere S? to the
plane, (say from the north pole to the equatorial plane),
we see that there is a bijection between the sphere, S?,

and C U {oo}.

More precisely, the stereographic projection oy of the
sphere S? from the north pole, N = (0,0, 1), to the plane
z = 0 (extended with the point at infinity, co) is given
by

<x,y,z)es2—{<o,o,1>}ﬁ( oy )_x+iy

1—2'1—2) 1—2z’

with (0,0,1) — oo.
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The inverse stereographic projection is given by

(2.7 2 2y 2 +y* —1
x? => Y Y Y,
Y 2+t + U+ + U a2+ 2+ 1

with co +— (0,0, 1).

Intuitively, the inverse stereographic projection “wraps”
the equatorial plane around the sphere. The space
C U {00} is known as the Riemann sphere.

We will see shortly that CU{oc} = 5% is also the complex
projective line, CP".



1.2. GROUP ACTIONS: PART I, DEFINITIONS AND EXAMPLES 81

In summary, Mobius transformations are bijections of the
Riemann sphere. It is easy to check that these transfor-
mations form a group under composition for all a, b, ¢, d €

C, with ad — bc = 1.
This is the Mobius group, denoted Mob™.
The Mobius transformations corresponding to the case

a,b,c,d € R, with ad — bc = 1 form a subgroup of
Mob™ denoted M6b£.
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The map from SL(2, C) to Mob™ that sends A € SL(2, C)
to the corresponding Mobius transformation is a surjec-
tive group homomorphism and one checks easily that its
kernel is {—1, 1} (where [ is the 2 x 2 identity matrix).

Therefore, the Mobius group Mob™ is isomorphic to the
quotient group SL(2,C)/{—1, I}, denoted PSL(2, C).

This latter group turns out to be the group of projective
transformations of the projective space CP".

The same reasoning shows that the subgroup Moby, is
isomorphic to SL(2,R)/{—1, I}, denoted PSL(2,R).
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Example 1.21. The Riemann sphere C U {oo}.

The group SL(2, C) acts on CU{oc} = S? the same way
that SL(2, R) acts on H, namely: For any A € SL(2,C),
for any z € CU {00},

az+b
cz+d’

A-z=

where

A= (a b) with ad — be = 1.
c d

This action is clearly transitive.
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Example 1.22. The unit disk.

One may recall from complex analysis that the (complex)
Mobius transformation

Z—1
z -+

Z =

is a biholomorphic isomorphism between the upper half
plane, H, and the open unit disk,

D={reC||z| <1}

As a consequence, it is possible to define a transitive ac-
tion of SL(2,R) on D.

This can be done in a more direct fashion, using a group
isomorphic to SL(2,R), namely, SU(1,1) (a group of
complex matrices), but we don’t want to do this right
NOW.
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Example 1.23. The unit Riemann sphere revisited.

Another interesting action is the action of SU(2) on the
extended plane C U {o0}.

Recall that the group SU(2) consists of all complex ma-
trices of the form

A= (—&B g) a,B€C, aa+ff=1,

Let X = CU{o0} and G = SU(2). The action
- SU((2) x (CU{o0}) = CU {oo} is given by
aw + 3

A w=——  weCU{x}
—Bw + &

Let us denote this action by ®¢.
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The action ®¢ is transitive.
The proof relies on the fact that there is another action

Pgo: SU(2) x S* — 5% such that (Pg2)4 € SO(3) for
all A € SU(2), that

(@@)A = OpN O ((I)SQ>A o) O'K;l,

and the fact that the map p: SU(2) — SO(3) defined
by p(A) = (Pg2)4 is a surjective group homomorphism.

Then we use the transitivity of the action of SO(3) on
52,
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Using the stereographic projection oy from S? onto C U
{oo} and its inverse o', we define an action

Peo: SU(2) x S* — 5% of SU(2) on S* by

(Dg2)a(z,y,2) = oy (Pe)alon(@,y, 2),  (2,y,2) € S™.
By definition we have

(Pg2)a =0y o (Pe)acon,
and so

(Pc)a = on o (Pg2)a0 0y
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Although this is not immediately obvious, it turns out
that the map (®Pgq2)4 resulting from the action of SU(2)
on S? is the restriction of a linear map p(A) to S*, and
since this linear map preserves S2, it is an orthogonal
transformations.

Thus, we obtain a continuous (in fact, smooth) group
homomorphism

p: SU(2) — O(3),

where p(A) is the orthogonal transformation associated
with (CDSZ A-
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Since SU(2) is connected and p is continuous, the image
of SU(2) is contained in the connected component of [
in O(3), namely SO(3), so p is a homomorphism

p: SU(2) — SO(3).

This homomorphism is surjective and its kernel is { I, — I };
see Theorem 1.1. The upshot is that we have an isomor-
phism

SO(3) = SU(2)/{I,-1}.

The fact that the action ®¢ is transitive follows the sur-
jectivity of p: SU(2) — SO(3), the fact that
(Pc)a =anop(A) ooy,

and the transitivity of the action of SO(3) on S
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If we write a = a + b and 8 = ¢ + id, a rather tedious
computation yields

p(A) =
at—b—cc+d> —2ab—2cd —2ac + 2bd
2ab — 2cd > —b+cc—d° —2ad— 2bc
2ac + 2bd 2ad — 2bc a’ +b* = —d*

One can check that p(A) is indeed a rotation matrix which
represents the rotation whose axis is the line determined
by the vector (d, —c,b) and whose angle # € [0,27) is
determined by

COS — = Q.
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Remark: If we use the right action of SU(2) on C U

{oo} given by

aw — f

—)

AT o =
v Bw + &

w € CU{o0},

the effect is to change b to —b and then p(A) is the rota-
tion of axis (d, ¢, b) and same angle 6 € [0, 27) as before.
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Example 1.24. The set of n X n symmetric, positive,
definite matrices, SPD(n).

The group GL(n) = GL(n,R) acts on SPD(n) as fol-
lows: For all A € GL(n) and all S € SPD(n),

A-S=ASA".

It is easily checked that ASA' is in SPD(n) if S is in
SPD(n).

This action is transitive because every SPD matrix, S,
can be written as S = AA", for some invertible matrix,
A (prove this as an exercise).
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Example 1.25. The projective spaces RP" and CP".

The (real) projective space, RP", is the set of all lines
through the origin in R"*!, i.e., the set of one-dimensional
subspaces of R"™ (where n > 0).

Since a one-dimensional subspace L C R"™ is spanned
by any nonzero vector u € L, we can view RIP" as the set
of equivalence classes of vectors in R"™ — {0} modulo
the equivalence relation,

u~ov iff v=>A, forsome A #0€R.

In terms of this definition, there is a projection,
pr: R"™ — {0} — RP",

given by pr(u) = |u]~, the equivalence class of u modulo

Y,

Write |u] for the line defined by the nonzero vector w.
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Since every line, L, in R™*! intersects the sphere S” in
two antipodal points, we can view RP" as the quotient of
the sphere S™ by identification of antipodal points. See
Figures 1.2 and 1.3.

Figure 1.2: Three constructions for RP' = S'. Illustration (i.) applies the equivalence
relation. Since any line through the origin, excluding the z-axis, intersects the line y = 1,
its equivalence class is represented by its point of intersection on y = 1. Hence, RP' is the
disjoint union of the line ¥ = 1 and the point of infinity given by the x-axis. Illustration
(ii.) represents RP' as the quotient of the circle S* by identification of antipodal points.
[lustration (iii.) is a variation which glues the equatorial points of the upper semicircle.
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(ii.)

95

Figure 1.3: Three constructions for RP?. Illustration (i.) applies the equivalence relation.
Since any line through the origin which is not contained in the zy-plane intersects the plane
z = 1, its equivalence class is represented by its point of intersection on z = 1. Hence,
RP? is the disjoint union of the plane z = 1 and the copy of RP' provided by the zy-plane.
Ilustration (ii.) represents RP? as the quotient of the sphere S? by identification of antipodal
points. Illustration (iii.) is a variation which glues the antipodal points on boundary of the

unit disk, which is represented as as the upper hemisphere.
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We define an action of SO(n + 1) on RP" as follows: For
any line, L = [u], for any R € SO(n + 1),

R - L = |Ru.

Since R is linear, the line [Ru| is well defined, i.e., does
not depend on the choice of uw € L. It is clear that this
actlon 1s transitive.
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The (complex) projective space, CP", is defined analo-
gously as the set of all lines through the origin in C**,
i.e., the set of one-dimensional subspaces of C"™! (where
n > 0).

This time, we can view CP" as the set of equivalence

classes of vectors in C"** — {0} modulo the equivalence
relation,

u~v iff v=>Au, forsome XA #0e€C.

We have the projection,
pr: C"" — {0} — CP",

given by pr(u) = [u]~, the equivalence class of © modulo

Y,
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Again, write |u] for the line defined by the nonzero vector,
u.

We define an action of SU(n + 1) on CP" as follows: For
any line, L = [u], for any R € SU(n + 1),

R - L = |Rul.

Again, this action is well defined and it is transitive.
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Example 1.26. Affine spaces.

If E is any (real) vector space and X is any set, a transi-
tive and faithful action, -: ¥ x X — X, of the additive
eroup of £ on X makes X into an affine space.

The intuition is that the members of E are translations.

Those familiar with affine spaces as in Gallier [22] (Chap-
ter 2) or Berger [2] will point out that if X is an affine
space, then, not only is the action of £/ on X transitive,
but more is true:

For any two points, a,b € E, there is a unique vector,
u € F, such that v -a = 0.
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By the way, the action of £ on X is usually considered
to be a right action and is written additively, so u - a is
written a + u (the result of translating a by ).

Thus, it would seem that we have to require more of our
action.

However, this is not necessary because E (under addition)
is abelian.

Proposition 1.2. If G is an abelian group acting on
a set X and the action -: GX X — X 1is transitive and
faithful, then for any two elements x,y € X, there is
a unique g € G so that g -x =y (the action is simply
transitive ).

More examples will be considered later.
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1.3 Group Actions: Part II, Stabilizers and Homoge-
neous Spaces

The subset of group elements that leave some given ele-
ment x € X fixed plays an important role.

Definition 1.12. Given an action, -: G X X — X, of a
group G on a set X, for any x € X, the group G, (also
denoted Stabg(x)), called the stabilizer of x or isotropy
group at x is given by

G.={9€eG|g -x=ux}.

[t is easy to verify that G, is indeed a subgroup of G.

In general, G, is not a normal subgroup.
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Observe that
Gg-:c — ngg_la

for all g € G and all x € X.

Therefore, the stabilizers of x and g - x are conjugate of
each other.

When the action of G on X is transitive, for any fixed
r € G, the set X is a quotient (as a set, not as group) of
G by G,.
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Proposition 1.3. If -: G x X — X 1s a transitive
action of a group G on a set X, for every fixedx € X,
the surjection, m: G — X, given by

m(g) =g
induces a bijection
7 G/Gy — X,
where G, s the stabilizer of x. See Figure 1.4.

\__)/

>

G/

1

X

Figure 1.4: A schematic representation of G/G, = X, where G is the gray solid, X is its
purple circular base, and G, is the pink vertical strand. The dotted strands are the fibres
9G,.
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The map m: G — X (corresponding to a fixed z € X)
is sometimes called a projection of G onto X.

Proposition 1.3 shows that for every y € X, the subset
7 1(y), (called the fibre above y) is equal to some coset
gG, of GG, and thus is in bijection with the group G,
itself.

We can think of G as a moving family of fibres, G,
parametrized by X.

This point of view of viewing a space as a moving family
of simpler spaces is typical in (algebraic) geometry, and
underlies the notion of (principal) fibre bundle.



1.3. GROUP ACTIONS: PART II, STABILIZERS AND HOMOGENEOUS SPACES 105

Note that if the action -: G x X — X 1is transitive, then
the stabilizers G, and G, of any two elements z,y € X
are isomorphic, as they as conjugates.

Thus, in this case, it is enough to compute one of these
stabilizers for a “convenient” x.

Definition 1.13. A set, X, is said to be a homogeneous
space if there is a transitive action, -: G X X — X, of
some group, GG, on X.

We see that all the spaces of Example 1.18-1.26, are ho-
MOgeneous spaces.
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Another example that plays an important role when we
deal with Lie groups is the situation where we have a
group, G, a subgroup, H, of G (not necessarily normal)

and where X = G/ H, the set of left cosets of G modulo
H.
The group G acts on G/H by left multiplication:

a-(gH) = (ag)H,

where a, g € G. This action is clearly transitive and one
checks that the stabilizer of ¢H is gHg .

If G is a topological group and H is a closed subgroup of
G (see later for an explanation), it turns out that G/H
is Hausdorff .

If G is a Lie group, we obtain a manifold.
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& Even if G'and X are topological spaces and the action,
. G x X — X, is continuous, the space G/G, under

the quotient topology is, in general, not homeomorphic
to X.

We will give later sufficient conditions that insure that X
is indeed a topological space or even a manifold.

In particular, X will be a manifold when G is a Lie group.

In general, an action -: G x X — X is not transitive on
X, but for every x € X it is transitive on the set

Ox)=G-z={{g-z|ge€G}

Such a set is called the orbit of . The orbits are the
equivalence classes of the following equivalence relation:
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Definition 1.14. Given an action, -: G x X — X, of
some group, GG, on X, the equivalence relation, ~, on X
is defined so that, for all z,y € X,

x~y iff y=g¢g-x, forsomegeqG.

For every x € X, the equivalence class of x is the orbit
of x, denoted O(x) or G - x, with

Olx)=G-z={g-z|ge€G}

The set of orbits is denoted X/G.

We warn the reader that some authors use the notation
G\ X for the the set of orbits G - x, because these orbits
can be considered as right orbits, by analogy with right
cosets Hg of a subgroup H of G.
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Example 1.27. Consider the action of the rotation group
SO(2) on the plane R? given by

Ry-x = Rypr, x¢€ R2, Ry € SO(Q).

For z € R? fixed, if r = Vo Tz = ||z||,, the orbit O(z) is
obtained by rotating x by an angle 6. so it is the circle
of center (0,0) and radius .

This action is not transitive. The point x is rotated to
the point y only if x and y lie on the same circle (||z|, =

Iyll).

Example 1.28. Consider the action of the rotation group
SO(3) on R? given by

R-z=Rx, xcR’ RecSO(3).

For xz € R fixed, if r = Vo Tz = ||z||,, the orbit O(z) is
obtained by rotating x using the rotation R. so it is the
sphere of center (0,0,0) and radius r.
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This action is not transitive. The point x is rotated to the
point y only if # and y lie on the same sphere. (|||, =

1yll,).

But this action is transitive on the orbits. Given any
two distinct points  and y on the same sphere, there is
a rotation sending x to y (of axis orthogonal to a plane

through (0,0,0), z,y).
For any point x € R?, z # (0,0, 0), the stabilizer of ,

G, =1Q € 80(3) | Qz =z},

consists of all the rotations whose axis is the line spanned
by the vector x. This is a group isomorphic to SO(2).
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The orbit space, X/G, is obtained from X by an identi-
fication (or merging) process: For every orbit, all points
in that orbit are merged into a single point.

For example, if X = 5% and G is the group consisting of
the restrictions of the two linear maps I and —I of R? to

S? (where (—1I)(z) = —x), then

X/G = S?/{I,—I} =~ RP*

More generally, if S™ is the n-sphere in R"™! then we
have a bijection between the orbit space S™/{I,—1} and
RP":

S {1, —I} ~ RP".
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Many manifolds can be obtained in this fashion, including
the torus, the Klein bottle, the Mobius band, etc.

Since the action of G is transitive on O(x), by Proposition
1.3, we see that for every x € X, we have a bijection

O(z) = G/G,.

As a corollary, if both X and G are finite, for any set
A C X of representatives from every orbit, we have the
orbit formula:

X[ =) [G:Gd =) |G|/|G.].

acA acA
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Let us now determine some stabilizers for the actions of
Examples Examples 1.18-1.26 and for more examples of
homogeneous spaces.

(a) Consider the action
.- 80(n) x 8"t — gL

of SO(n) on the sphere S"~1 (n > 1) defined in Example
1.18. Since this action is transitive, we can determine the
stabilizer of any convenient element of S~ !, say

er = (1,0,...,0).
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In order for any R € SO(n) to leave ey fixed, the first
column of R must be e, so R is an orthogonal matrix of
the form

1 U .
R = (O S) ,  with det(5) = 1.

As the rows of R must be unit vector, we see that U = 0

and S € SO(n —1).
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Therefore, the stabilizer of e; is isomorphic to SO(n—1),
and we deduce the bijection

SO(n)/SO(n — 1) = 5" 1.

& Strictly speaking, SO(n — 1) is not a subgroup of
SO(n) and in all rigor, we should consider the sub-

—_——

group, SO(n — 1), of SO(n) consisting of all matrices of

the form
1 0 .
(O Q) , with  det(Q) =1

and write

SO(n)/SO(n — 1) = 5" 1,
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However, it is common practice to identify SO(n — 1)

with /S\(j(n —1).

When n = 2, as SO(1) = {1}, we find that SO(2) = S*,

a circle, a fact that we already knew.
When n = 3, we find that SO(3)/SO(2) = 52

This says that SO(3) is somehow the result of gluing
circles to the surface of a sphere (in R?), in such a way that
these circles do not intersect. This is hard to visualize!
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(b) We saw in Example 1.20 that the action
L SL(2,R) x H — H

of the group SL(2,R) on the upper half plane is transi-
tive. Let us find out what the stabilizer of z = 7 is.

We should have .
at + b

m+d:

2
that is, at +b = —c+ dz, i.e.,

(d—a)i=0b+c.

Since a, b, ¢, d are real, we must have d = a and b = —c.
Moreover, ad — bc = 1, so we get a® 4+ b*> = 1.
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We conclude that a matrix in SL(2,R) fixes ¢ iff it is of

the form
(Z’ _ab> with a2 4+ % = 1.

Clearly, these are the rotation matrices in SO(2) and so,
the stabilizer of 7 is SO(2). We conclude that

SL(2,R)/SO(2) & H.

This time, we can view SL(2,R) as the result of gluing
circles to the upper half plane. This is not so easy to
visualize.

There is a better way to visualize the topology of SL(2, R)
by making it act on the open disk, D. We will return to
this action in a little while.
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(¢) In Example 1.24, we considered the action
- GL(n) x SPD(n) — SPD(n)

of GL(n) on SPD(n), the set of symmetric positive def-
Inite matrices.

As this action is transitive, let us find the stabilizer of I.
For any A € GL(n), the matrix A stabilizes [ iff

ATA' = AA" =1
Therefore, the stabilizer of I is O(n) and we find that

GL(n)/O(n) = SPD(n).



120 CHAPTER 1. GROUPS AND GROUP ACTIONS

Observe that if GL™(n) denotes the subgroup of GL(n)
consisting of all matrices with a strictly positive determi-
nant, then we have an action

.- GL"(n) x SPD(n) — SPD(n).

This action is transitive and we find that the stabilizer of
I is SO(n); consequently, we get

GL"(n)/SO(n) = SPD(n).
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(d) In Example 1.25, we considered the action
.. SO(n + 1) x RP" — RP"

of SO(n+1) on the (real) projective space, RP". As this
action is transitive, let us find the stabilizer of the line,
L = |eq], where e; = (1,0, ...,0).

We find that the stabilizer of L = [e;] is isomorphic to
the group O(n) and so,

SO(n + 1)/0(n) = RP".
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& Strictly speaking, O(n) is not a subgroup of SO(n+1),
so the above equation does not make sense. We should
write

SO(n +1)/0(n) = RP",

where O(n) is the subgroup of SO(n + 1) consisting of
all matrices of the form

((5 5) with Q € O(n), o =%1, det(Q) = o

However, the common practice is to write O(n) instead

of O(n).
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We should mention that RP? and SO(3) are homeomor-
phic spaces. This is shown using the quaternions, for
example, see Gallier [22], Chapter 8.

A similar argument applies to the action

.+ SU(n + 1) x CP" — CP”

of SU(n + 1) on the (complex) projective space, CP".
We find that

SU(n + 1)/U(n) = CP".
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Again, the above is a bit sloppy as U(n) is not a subgroup
of SU(n+1). To be rigorous, we should use the subgroup,
U(n), consisting of all matrices of the form

((g 8) , with U eU(n), |aj=1, det(U)=a.

The common practice is to write U(n) instead of U(n).
In particular, when n = 1, we find that

SU(2)/U(1) = CP".
But, we know that SU(2) = S? and, clearly, U(1) = S*.

So, again, we find that S$?/S' = CP' (but we know,
more, namely, S/ = §? =~ CP')
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We now return to case (b) to give a better picture of
SL(2,R). Instead of having SL(2,R) act on the upper
half plane we define an action of SL(2,R) on the open
unit disk, D.

Technically, it is easier to consider the group, SU(1, 1),
which is isomorphic to SL(2,R), and to make SU(1,1)
act on D.

The group SU(1, 1) is the group of 2 x 2 complex matrices
of the form

E) . with aa —bb=1.
a

S Q
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The reader should check that if we let

(1 —i
g_l’l, 9

then the map from SL(2,R) to SU(1, 1) given by

A gAg!

is an isomorphism.

Observe that the Mobius transtormation associated with
gis .

z—1

241
which is the holomorphic isomorphism mapping H to D
mentionned earlier!

Z
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Now, we can define a bijection between SU(1,1) and
St % D given by

(% 2) s (a/|al,b/a).

We conclude that SL(2,R) = SU(1, 1) is topologically
an open solid torus (i.e., with the surface of the torus
removed).

[t is possible to further classify the elements of SL(2, R)
into three categories and to have geometric interpreta-
tions of these as certain regions of the torus.
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For details, the reader should consult Carter, Segal and
Macdonald [6] or Duistermatt and Kolk [17] (Chapter 1,

Section 1.2).

The group SU(1, 1) acts on D by interpreting any matrix
in SU(1,1) as a Mobius tranformation, i.e.,

<a b) ( az+b>
- = | 2= )
b a bz +a

The reader should check that these transformations pre-
serve D.




1.3. GROUP ACTIONS: PART II, STABILIZERS AND HOMOGENEOUS SPACES 129

Both the upper half-plane and the open disk are mod-
els of Lobachevsky’s non-Euclidean geometry (where the
parallel postulate fails).

They are also models of hyperbolic spaces (Riemannian
manifolds with constant negative curvature, see Gallot,

Hulin and Lafontaine [25], Chapter I11).

According to Dubrovin, Fomenko, and Novikov [16] (Chap-
ter 2, Section 13.2), the open disk model is due to Poincaré
and the upper half-plane model to Klein, although Poincaré
was the first to realize that the upper half-plane is a hy-
perbolic space.
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1.4 The Grassmann and Stiefel Manifolds

We now consider a generalization of projective spaces
(real and complex). First, consider the real case.

Definition 1.15. Given any n > 1, for any k& with
0 < k < n, the set G(k,n) of all linear k-dimensional
subspaces of R™ (also called k-planes) is called a Grass-
mannian (or Grassmann manifold).

Any k-dimensional subspace, U, of R is spanned by k&
linearly independent vectors, uq, ..., u;, in R™; write U =

span(ug, . .., Ug).
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We can define an action,
- O(n) x G(k,n) — G(k,n)

as follows: For any R € O(n), for any
U = span(uq, ..., ug), let

R -U = span(Ruy, . .., Rug).

We have to check that the above is well defined but this
1s not hard.

It is also easy to see that this action is transitive.
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Thus, it is enough to find the stabilizer of any k-plane.

We can show that the stabilizer of U is isomorphic to

O(k) x O(n — k) and we find that

O(n)/(O(k) x O(n — k) = G(k,n).

[t turns out that this makes G(k, n) into a smooth man-
ifold of dimension k(n — k) called a Grassmannian.

The restriction of the action of O(n) on G(k, n) to SO(n)
yields an action

- SO(n) x G(k,n) — G(k,n)
of SO(n) on G(k,n).
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Then, it is easy to see that the stabilizer of the subspace
U is isomorphic to the subgroup S(O(k) x O(n — k)) of
SO(n) consisting of the rotations of the form

S 0
=(07)
with S € O(k), T' € O(n — k) and det(S) det(T") = 1.
Thus, we also have

SO(n)/S(O(k) x O(n —k)) = G(k,n).

If we recall the projection pr: R"™ — {0} — RP", by
definition, a k-plane in RP" is the image under pr of any
(k + 1)-plane in R+,

So, for example, a line in RP" is the image of a 2-plane
in R"™ and a hyperplane in RP" is the image of a hy-
perplane in R"*1,
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The advantage of this point of view is that the k-planes
in RIP" are arbitrary, i.e., they do not have to go through
“the origin” (which does not make sense, anyway!).

Then, we see that we can interpret the Grassmannian
G(k + 1,n + 1) as a space of “parameters” for the k-
planes in RP". For example, G(2,n + 1) parametrizes
the lines in RP",

In this viewpoint, G(k 4+ 1,n + 1) is usually denoted
G(k,n).

[t can be proved (using some exterior algebra) that G(k, n)
can be embedded in RP()
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Much more is true. For example, G(k, n) is a projective
variety, which means that it can be defined as a subset of

RP(+) -1 equal to the zero locus of a set of homogeneous
equations.

There is even a set of quadratic equations, known as the
Pliicker equations, defining G(k,n).

In particular, when n = 4 and k = 2, we have G(2,4) C
RP°, and G(2,4) is defined by a single equation of degree
2.

The Grassmannian G(2,4) = G(1,3) is known as the
Klein quadric. This hypersurface in RP° parametrizes
the lines in RP?. It play an important role in computer
vision.
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Complex Grassmannians are defined in a similar way,
by replacing R by C throughout.

The complex Grassmannian, Ge(k, n), is a complex man-
ifold as well as a real manifold and we have

U(n)/(Uk) x U(n — k) = Ge(k, n).

As in the case of the real Grassmannians, the action of
U(n) on G¢(k, n) yields an action of SU(n) on Ge(k, n),
and we get

SU(n)/S(U(k) x U(n — k) = Gelk, n),

where S(U(k) x U(n — k)) is the subgroup of SU(n)
consisting of all matrices R € SU(n) of the form

S 0
w=(or)

with S € U(k), T € U(n — k) and det(S) det(T") = 1.
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Closely related to Grassmannians are the Stiefel mani-

folds.

We begin with the real case.

Definition 1.16. For any n > 1 and any k£ with 1 <
k <mn, the set S(k,n) of all orthonormal k-frames, that

is, of k-tuples of orthonormal vectors (uq, ..., u;) with
u; € R", is called a Stiefel manifold.

Obviously, S(1,n) = S" ! and S(n,n) = O(n), so as-
sume kK <n — 1.

There 1s a natural action
-2 S0(n) x S(k,n) — S(k,n)
of SO(n) on S(k,n) given by

R-(uy,...,ur) = (Ruy, ..., Ruy).

This action is transitive.
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Let us find the stabilizer of the orthonormal k-frame
(e1,...,er) consisting of the first canonical k-basis vec-
tors of R".

A matrix R € SO(n) stabilizes (e, . . ., eg) iff it is of the

form
(1 O
n=( )
where S € SO(n — k).
Therefore,

SO(n)/SO(n — k) = S(k,n).

This makes S(k,n) a smooth manifold of dimension

k(k + 1)
2

k(k — 1)

nk —
2

=k(n — k) +
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Complex Stiefel manifolds are defined in a similar way
by replacing R by C and O(n) by U(n).

For 1 < k < n—1, the complex Stiefel manifold Sc(k,n)
is isomorphic to the quotient

SU(n)/SU(n — k) = Sc(k,n).

If K =1, we have S¢(1,n) = S*" ! and if & = n, we
have Sc(n,n) = U(n).

The Grassmannians can also be viewed as quotient spaces
of the Stiefel manifolds.

Every k-frame (uq, ..., ux) can be represented by an
n X k matrix Y over the canonical basis of R", and such
a matrix Y satisfies the equation

Y'Y = 1.
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We have a right action

2 S(k,n) x O(k) — S(k,n)

given by
Y -R=YR,
for any R € O(k).
However, this action is not transitive (unless k = 1),

but the orbit space S(k,n)/O(k) is isomorphic to the
Grassmannian G(k,n), so we can write

G(k,n) = S(k,n)/O(k).

Similarly, the complex Grassmannian is isomorphic to the

orbit space Sc(k,n)/U(k):

Ge(k,n) = Sc(k,n)/U(k).



1.5. TOPOLOGICAL GROUPS 141

1.5 Topological Groups

Since Lie groups are topological groups (and manifolds),
it is useful to gather a few basic facts about topological
aroups.

Definition 1.17. A set, GG, is a topological group ift
(a) G is a Hausdorff topological space;
(b) G is a group (with identity 1);

(¢) Multiplication, -: G X G — G, and the inverse op-
eration, G — G: g — ¢!, are continuous, where
G x G has the product topology.

[t is easy to see that the two requirements of condition
(¢) are equivalent to

(¢/) The map G xG — G (g, h) — gh~!is continuous.
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Given a topological group G, for every a € G we de-
fine left translation as the map, L,: G — G, such that
L,(b) = ab, for all b € G, and right translation as the
map, R,: G — G, such that R,(b) = ba, for all b € G.

Observe that L, -1 is the inverse of L, and similarly, R, -1
is the inverse of R,. As multiplication is continuous, we
see that L, and R, are continuous.

Moreover, since they have a continuous inverse, they are
homeomorphisms.

As a consequence, if U is an open subset of GG, then so is
gU = L,(U) (resp. Ug = R,U), for all g € G.

Therefore, the topology of a topological group (i.e., its
family of open sets) is determined by the knowledge of
the open subsets containing the identity, 1.
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Given any subset, S C G, let S7! = {571 | s € S}; let
SV = {1} and 5" = S"S, for all n > 0.

Property (c) of Definition 1.17 has the following useful
consequences:

Proposition 1.4. If G is a topological group and U
1s any open subset containing 1, then there is some
open subset, V. C U, with 1 € V, so that V = V!
and V2 C U. Furthermore, V C U.

A subset, U, containing 1 such that U = U™, is called
symmetric.

Using Proposition 1.4, we can give a very convenient char-
acterization of the Hausdorff separation property in a
topological group.
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Proposition 1.5. If GG is a topological group, then the
following properties are equivalent:

(1) G is Hausdorff;
(2) The set {1} is closed;
(3) The set {g} is closed, for every g € G.

If H is a subgroup of G (not necessarily normal), we
can form the set of left cosets, G/H and we have the
projection, p: G — G/H, where p(g) = gH = 7.

If G is a topological group, then G/H can be given the
quotient topology, where a subset U C GG/ H is open iff
p~}(U) is open in G.

With this topology, p is continuous.

The trouble is that G/H is not necessarily Hausdorff.
However, we can neatly characterize when this happens.
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Proposition 1.6. If G is a topological group and H
15 a subgroup of G then the following properties hold:

(1) The map p: G — G/H is an open map, which
means that p(V') is open in G/H whenever V is
open in G.

(2) The space G/H is Hausdorff iff H is closed in G.

(3) If H is open, then H is closed and G/H has the
discrete topology (every subset is open).

(4) The subgroup H is open iff 1 € H (i.e., there is
some open subset, U, so that
leUCH).

Proposition 1.7. If G 1s a connected topological
group, then G 1s generated by any symmetric neigh-
borhood, V', of 1. In fact,

G:UV”.

n>1
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A subgroup, H, of a topological group G is discrete ift the
induced topology on H is discrete, i.e., for every h € H,
there is some open subset, U, of G so that UNH = {h}.

Proposition 1.8. If G s a topological group and H
15 discrete subgroup of G, then H is closed.

Proposition 1.9. If G is a topological group and H
15 any subgroup of G, then the closure, H, of H is a
subgroup of G.

Proposition 1.10. Let G be a topological group and
H be any subgroup of G. If H and G/H are con-
nected, then G is connected.
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Proposition 1.11. Let G be a topological group and
let V' be any connected symmetric open subset con-
taining 1. Then, if Gy is the connected component of
the identity, we have

Go=|JV"
n>1

and Go s a normal subgroup of G. Moreover, the
group G /Gy is discrete.

A topological space, X 1is locally compact iff for every
point p € X, there is a compact neighborhood, C' of p,
i.e., there is a compact, C', and an open, U, with

pelU CC.

For example, manifolds are locally compact.
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Proposition 1.12. Let G be a topological group and
assume that G is connected and locally compact. Then,
G is countable at infinity, which means that G is the
union of a countable family of compact subsets. In
fact, if V' 1is any symmetric compact neighborhood of

1, then
G=|Jv"

n>1

Definition 1.18. Let G be a topological group and let
X be a topological space. An action ¢p: G X X — X is
continuous (and G acts continuously on X) if the map
© 1s continuous.

If an action ¢p: G x X — X is continuous, then each
map ¢,: X — X is a homeomorphism of X (recall that
o) =g -z, forall x € X).
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Under some mild assumptions on GG and X, the quotient
space G /G, is homeomorphic to X. For example, this
happens if X is a Baire space.

Recall that a Baire space X is a topological space with
the property that if {F'};>; is any countable family of
closed sets F; such that each F; has empty interior, then
U,~; Fi also has empty interior.

By complementation, this is equivalent to the fact that
for every countable family of open sets U; such that each
Ui is dense in X (i.e., U; = X)), then (1,5, U; is also dense
in X.

Remark: A subset A C X is rare if its closure A has
empty interior. A subset Y C X is meager if it is a
countable union of rare sets.
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Then, it is immediately verified that a space X is a Baire
space iff every nonempty open subset of X is not meager.

The following theorem shows that there are plenty of
Baire spaces:

Theorem 1.13. (Baire) (1) Every locally compact
topological space 1s a Baire space.

(2) Every complete metric space is a Baire space.

Theorem 1.14. Let GG be a topological group which s
locally compact and countable at infinity, X a Haus-
dorff topological space which is a Baire space, and as-
sume that G acts transitively and continuously on X.
Then, for any x € X, the map ¢: G/G, — X is a
homeomorphism.
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By Theorem 1.13, we get the following important corol-
lary:

Theorem 1.15. Let GG be a topological group which s
locally compact and countable at infinity, X a locally
compact Hausdorff topological space and assume that
G acts transitively and continuously on X. Then, for
any x € X, the map ¢o: G/G, — X is a homeomor-
phism.

Remark: If a topological group acts continuously and
transitively on a Hausdorff topological space, then for ev-

ery x € X, the stabilizer, GG, is a closed subgroup of
G.

This is because, as the action is continuous, the projection

m: G — X: g+ g-xis continuous, and
G, =7 ({z}), with {z} closed.
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