Chapter 7

Vector Norms and Matrix Norms

7.1 Normed Vector Spaces

In order to define how close two vectors or two matrices
are, and in order to define the convergence of sequences
of vectors or matrices, we can use the notion of a norm.

Recall that Ry = {x € R | z > 0}.
Also recall that if 2z = a + ib € C is a complex number,

with a,b € R, then Z = a — ib and |z| = Va? + b?

(|z] is the modulus of z).
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Definition 7.1. Let E/ be a vector space over a field K,
where K is either the field R of reals, or the field C of com-
plex numbers. A norm on E is a function || ||: £ — R,
assigning a nonnegative real number ||u|| to any vector
u € FE, and satistying the following conditions for all
x,y € k-

(N1) ||x]| > 0, and ||z|| = 0 iff z = 0. (positivity)
(N2) || Az|| = |A| [|z]|- (homogeneity (or scaling))
)

(N3) [z + vl < |l=|l + yll- (triangle inequality

A vector space E together with a norm || || is called a
normed vector space.

From (N2) we get
|=]| = [l
and from (N3), we get

[zl =yl < ll= =yl
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Example 7.1.
1. Let £ =R, and ||z|| = |z|, the absolute value of x.
2. Let E = C, and ||z|| = |z|, the modulus of z.
3. Let E =R" (or E = C"). There are three standard

Nnorims.

For every (z1,...,x,) € E, we have the 1-norm
|z||1, defined such that,

|zl = J] 4 A ],
we have the Fuclidean norm ||z||2, defined such that,
s = (janf? + -+ +laf)?
and the sup-norm ||z||, defined such that,
|2]loo = max{[z;| [ 1 <7 < n}.
More generally, we define the /’-norm (for p > 1) by
lzlly = (21?4 - )17

There are other norms besides the fP-norms; we urge the
reader to find such norms.
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Some work is required to show the triangle inequality for
the ¢P-norm.

Proposition 7.1. If E is a finite-dimensional vector
space over R or C, for every real number p > 1, the
P-norm is indeed a norm.

The proof uses the following facts:

If ¢ > 11is given by

then

(1) For all o, 8 € R, if a, B > 0, then

ol q
af < —+ —. €
p q

(2) For any two vectors u,v € E, we have

n

> lwwi] < ], Il ()

1=1
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For p > 1 and 1/p+ 1/q = 1, the inequality

is known as Holder’s inequality.

For p = 2, it is the Cauchy—Schwarz inequality.

Actually, if we define the Hermitian inner product (—, —)
on C" by
n
<u7 U> — Z ui@ip
i=1
where u = (uq,...,u,) and v = (vq,...,v,), then

n n
u,0)| < udi| = Jugwil,
1=1 1=1

so Holder’s inequality implies the inequality
[{u, )] < [Jull, [|v]],

also called Holder’s inequality, which, for p = 2 is the
standard Cauchy—Schwarz inequality.
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The triangle inequality for the £P-norm,
n 1/p n 1/p n 1/p
(Sturolr) < (Shur) +(Xwl)
i=1 i=1 i=1

is known as Minkowski’s inequality.

When we restrict the Hermitian inner product to real
vectors, u, v € R", we get the Euclidean inner product

n
<’LL, U> — Z U;v;.
1=1

[t is very useful to observe that if we represent (as usual)
u = (U1, ...,u,) and v = (vy,...,v,) (in R") by column
vectors, then their Euclidean inner product is given by

(u,v) =u'v="10'"u,

and when u,v € C", their Hermitian inner product is
given by

(u,v) = v*'u = u*v.
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In particular, when u = v, in the complex case we get
2 *
HU’HQ = uu,

and in the real case, this becomes

2
Jully = u'u.

As convenient as these notations are, we still recommend
that you do not abuse them; the notation (u,v) is more
intrinsic and still “works” when our vector space is infinite
dimensional.

Proposition 7.2. The following inequalities hold for
all z € R" (orxz € C"):

][0 < flzlly < nflz ||,

zllse < llzll2 < Vrll2

lzll2 < flzlls < Vnllzlo.
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Proposition 7.2 is actually a special case of a very impor-
tant result: in a finite-dimensional vector space, any two
norms are equivalent.

Definition 7.2. Given any (real or complex) vector space
E, two norms || ||, and || ||, are equivalent iff there exists
some positive reals C7, Cy > 0, such that

lull, < Cyllull, and lull, < Cylul,, for all u € E.

Given any norm || || on a vector space of dimension n, for
any basis (eq,...,e,) of E, observe that for any vector
xr =1x1€ + -+ x,e, we have

lzll = Nlzrer + - -+ nen|| < Clzll,
with C = maxij<i<n ||€z|| and

lzlly = llzier 4+ @aen| = |za] + - 4[],

The above implies that
[l = {[o]l | < flu=o| < Cllu=wvl];,

which means that the map u — ||ul| is continuous with
respect to the norm || ||;.
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Let S{l_l be the unit sphere with respect to the norm
|1 namely

St ={zeB||z], =1}

Now, S7'! is a closed and bounded subset of a finite-
dimensional vector space, so by Heine-Borel (or equiva-
lently, by Bolzano—Weiertrass), Sf“_l is compact.

On the other hand, it is a well known result of analysis
that any continuous real-valued function on a nonempty
compact set has a minimum and a maximum, and that
they are achieved.

Using these facts, we can prove the following important
theorem:

Theorem 7.3. If E is any real or complex vector
space of finite dimension, then any two norms on E
are equivalent.

Next, we will consider norms on matrices.
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7.2 Matrix Norms

For simplicity of exposition, we will consider the vector
spaces M, (R) and M,,(C) of square n X n matrices.

Most results also hold for the spaces M, ,,(R) and M, ,,(C)
of rectangular m X n matrices.

Since n X n matrices can be multiplied, the idea behind
matrix norms is that they should behave “well” with re-
spect to matrix multiplication.

Definition 7.3. A matriz norm || || on the space of
square n X n matrices in M, (K), with K = Ror K = C,
is a norm on the vector space M,,(K'), with the additional
property called submultiplicativity that

IAB]| < [|A][[|B]],

for all A, B € M, (K). A norm on matrices satisfying the
above property is often called a submultiplicative matrix
NOrm.

Since I = I, from ||I]| = || I?|| < 11))°, we get [|T]| > 1,
for every matrix norm.
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Before giving examples of matrix norms, we need to re-
view some basic definitions about matrices.

Given any matrix A = (a;;) € M;,,(C), the conjugate
A of A is the matrix such that
Aj=a; 1<i<m,1<j<n.
The transpose of A is the n x m matrix A' such that
A;j:aji, 1<i:<m, 1< <n.
The adjoint of A is the n X m matrix A* such that

A*=(AT) = (A)".
When A is a real matrix, A* = A",

A matrix A € M,,(C) is Hermitian if
AT = A.

If Ais a real matrix (A € M,(R)), we say that A is
symmetric if

Al = A,
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A matrix A € M,,(C) is normal if
AA* = A A,
and if A is a real matrix, it is normal if
AAT = AT A.
A matrix U € M,,(C) is unitary if
UU*=U"U = 1.
A real matrix @ € M, (R) is orthogonal if
QR'=Q'Q=1

Given any matrix A = (a;;) € M,,(C), the trace tr(A) of
A is the sum of its diagonal elements

tI’(A) = Q11+ + Qpp-
[t is easy to show that the trace is a linear map, so that
tr(AA) = Atr(A)

and
tr(A+ B) = tr(A) + tr(B).
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Moreover, if A is an m X n matrix and B is an n X m
matrix, it is not hard to show that

tr(AB) = tr(BA).

We also review eigenvalues and eigenvectors. We con-
tent ourselves with definition involving matrices. A more
general treatment will be given later on (see Chapter 13).

Definition 7.4. Given any square matrix A € M,,(C),
a complex number A € C is an eigenvalue of A if there
is some nonzero vector u € C", such that

Au = \u.

If X\ is an eigenvalue of A, then the nonzero vectors u €
C" such that Au = Au are called eigenvectors of A
associated with A; together with the zero vector, these
eigenvectors form a subspace of C" denoted by FE\(A),
and called the eigenspace associated with .

Remark: Note that Definition 7.4 requires an eigen-
vector to be nonzero.
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A somewhat unfortunate consequence of this requirement
is that the set of eigenvectors is not a subspace, since the
zero vector is missing!

On the positive side, whenever eigenvectors are involved,
there is no need to say that they are nonzero.

If A is a square real matrix A € M,(R), then we re-
strict Definition 7.4 to real eigenvalues A € R and real
elgenvectors.

However, it should be noted that although every complex

matrix always has at least some complex eigenvalue, a real
matrix may not have any real eigenvalues. For example,

the matrix
0 —1
=19

has the complex eigenvalues ¢ and —i, but no real eigen-
values.

Thus, typically, even for real matrices, we consider com-
plex eigenvalues.
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Observe that A € C is an eigenvalue of A

iff Au = A\u for some nonzero vector u € C"

iff (A — A)u =0

iff the matrix Al — A defines a linear map which has a
nonzero kernel, that is,

ifft A\I — A not invertible.

However, from Proposition 5.11, Al — A is not invertible
iff
det(Al — A) = 0.

Now, det(A — A) is a polynomial of degree n in the
indeterminate A, in fact, of the form

AN —tr(AAN 4 (=1)" det(A).

Thus, we see that the eigenvalues of A are the zeros (also
called roots) of the above polynomial.

Since every complex polynomial of degree n has exactly
n roots, counted with their multiplicity, we have the fol-
lowing definition:
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Definition 7.5. Given any square n X n matrix
A € M, (C), the polynomial

det( A — A) = X" —tr( AN oo 4 (=1)" det(A)

is called the characteristic polynomial of A. The n (not
necessarily distinct) roots Ay, ..., A, of the characteristic
polynomial are all the eigenvalues of A and constitute
the spectrum of A.

We let

p(A) = max |\

1<i<n

be the largest modulus of the eigenvalues of A, called the
spectral radius of A.
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Proposition 7.4. For any matriz norm || || on M,,(C)
and for any square n X n matrix A, we have
p(A) < [|A]l.

Remark: Proposition 7.4 still holds for real matrices
A € M, (R), but a different proof is needed since in the
above proof the eigenvector u may be complex.

We use Theorem 7.3 and a trick based on the fact that
p(A") = (p(A)" forall k> 1.

Now, it turns out that if A is a real n X n symmetric
matrix, then the eigenvalues of A are all real and there
is some orthogonal matrix () such that

A = Qdiag(\i, ..., \)QT,

where diag(Aq,...,A,) denotes the matrix whose only
nonzero entries (if any) are its diagonal entries, which are
the (real) eigenvalues of A.
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Similarly, if A is a complex n X n Hermaitian matrix,
then the eigenvalues of A are all real and there is some
unitary matrix U such that

A = Udiag(\y, ..., \)U™,

where diag(Aq, ..., A,) denotes the matrix whose only
nonzero entries (if any) are its diagonal entries, which are
the (real) eigenvalues of A.

We now return to matrix norms. We begin with the so-

called Frobenius norm, which is just the norm || ||, on

2 . . .
C™, where the n X n matrix A is viewed as the vec-

tor obtained by concatenating together the rows (or the
columns) of A.

The reader should check that for any n x n complex ma-
trix A = <CLZ']'>,

(S 10f) " = Vo) = Viam

1,)=1
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Definition 7.6. The Frobenius norm || || » is defined so
that for every square n x n matrix A € M,,(C),

n 1/2
Al = (Z |az-j\2) _ (AL = /A7),

1,7=1

The following proposition show that the Frobenius norm
is a matrix norm satistying other nice properties.

Proposition 7.5. The Frobenius norm || || . on M,(C)
satisfies the following properties:

(1) It is a matriz norm; that is, ||AB|| » < || Az || Bl
for all A, B € M,,(C).

(2) It is unitarily invariant, which means that for all
unitary matrices U,V , we have

1Allp = 1UAllp = [[AV][p = IUAV ][ .

(3) M\/P<(CA>*A> < [[Allp < vny/p(A*A), for all A €
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Remark: The Frobenius norm is also known as the
Hilbert-Schmidt norm or the Schur norm. So many
famous names associated with such a simple thing!

We now give another method for obtaining matrix norms
using subordinate norms.

First, we need a proposition that shows that in a finite-
dimensional space, the linear map induced by a matrix is
bounded, and thus continuous.

Proposition 7.6. For every norm || || on C" (or R"),
for every matriv A € M,,(C) (or A € M, (R)), there is
a real constant Cy > 0, such that

lAull < Caflull,

for every vector uw € C" (oru € R" if A is real).

Proposition 7.6 says that every linear map on a finite-
dimensional space is bounded.
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This implies that every linear map on a finite-dimensional
space 1s continuous.

Actually, it is not hard to show that a linear map on a
normed vector space E is bounded iff it is continuous,
regardless of the dimension of E.

Proposition 7.6 implies that for every matrix A € M, (C)
(or A € M,(R)),

A
sup A=l _
reC" HxH
x#0
Now, since [|[Au|| = |A] [|u|], it is easy to show that
A
sup 1220 — gy
vecn ||| reC
v #0 l=[l=
Similarly
A
aup 1270 up | 4a
ver? |2l pern
r0 fzll=
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Definition 7.7.If || || is any norm on C”, we define the
function | ||, on M,(C) by

All = sup sup ||Ax
| HOp vecn ||| zeCn Azl
70 |z||=

The function A — [|A],, is called the subordinate ma-
triz norm or operator norm induced by the norm || ||.

[t is easy to check that the function A — [|A||, is indeed
a norm, and by definition, it satisfies the property

[Az[] < [|Af|,, |z, for all z € C".

A norm | [[,, on M,(C) satisfying the above property is
said to be subordinate to the vector norm || || on C™.
This implies that

4B, < 1Al |1Bll, for all A, B € M,(©)

showing that A — [|A[|,, is a matrix norm (it is submul-
tiplicative).
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Observe that the operator norm is also defined by
[All,, = nf{A € R | [|[Az|| < Al|z]|, for allz € C"}.

Because the function x — ||z|| is continuous and the

sphere {x € C" | ||z]| = 1} is compact, we have
[Allop = sup JlAz] = max | Az]}
z]|=1 [l ]|=1

The definition also implies that ||I][,; = 1. This shows
that the Frobenius norm is not a subordinate matrix norm
if n > 2 (why?).

To simplify notation and if no confusion arises we write

| Al| instead of [|A[|,,.

The notion of subordinate norm can be slightly general-
ized.

Definition 7.8.If K = R or K = C, for any norm || ||
on M, »(K), and for any two norms || ||, on K" and || ||,
on K™, we say that the norm || || is subordinate to the
norms || ||, and || ||, if

| Az, < ||A|| |||, for all A € M,,,(K) and all z € K™.
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Remark: For any norm || || on C”, we can define the
function || ||z on M,(R) by

Ax
|Al|lg = sup | Az] = sup ||Az|.
rer || Z]| z€R"
z#0 lll=

The function A — ||A||g is a matrix norm on M, (R),
and

1Al < [IAll
for all real matrices A € M,,(R).

However, it is possible to construct vector norms || || on
C" and real matrices A such that

1Al < [[All-

In order to avoid this kind of difficulties, we define sub-
ordinate matrix norms over M, (C).

Luckily, it turns out that ||A|lr = ||A|| for the vector
norms, || [|, [ I, and [| ||

Proposition 7.4 also holds for real matrix norms.
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Proposition 7.7. For any matriz norm || || on M,,(R)
and for any square n X n matriz A € M,(R), we have
p(A) < [|A]-

Proposition 7.8. For every square matrix
A = (ai;) € M,,(C), we have

n
[All, = sup | Azl me\xzmﬂ

xeCh

Il =1
[4lloc = sup Azl = maxz Jaij
Hﬂflloo—l
[4llz = sup flAzll; = Vip(A*4) = Vp(AA).
H5’7||2_1
Furthermore, || A*||y = ||Ally, the norm || ||y s unitar-
Wly invariant, which means that

1]l = lUAV]]

for all unitary matrices U,V , and if A is a normal
matriz, then ||A|l, = p(A).
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The norm || A||, is often called the spectral norm.

Observe that property (3) of proposition 7.5 says that
1A, < [[Allp < V|4,

which shows that the Frobenius norm is an upper bound
on the spectral norm. The Frobenius norm is much easier
to compute than the spectal norm.

The reader will check that the above proof still holds if the
matrix A is real, confirming the fact that ||A||r = ||A4]]
for the vector norms || ||;, || ||5, and || || .

[t is also easy to verify that the proof goes through for
rectangular matrices, with the same formulae.

Similarly, the Frobenius norm is also a norm on rectan-
gular matrices. For these norms, whenever AB makes
sense, we have

IAB]| < [[A[l|BI] -



7.2. MATRIX NORMS 399

The following proposition will be needed when we deal
with the condition number of a matrix.

Proposition 7.9. Let || || be any matriz norm and let
B be a matriz such that || Bl < 1.

(1) If || || is a subordinate matriz norm, then the ma-
trix [ + B 1s invertible and
1
(I+B)1| < .
10570 = T

(2) If a matrix of the form I + B is singular, then
|B|| > 1 for every matriz norm (not necessarily
subordinate).
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The following result is needed to deal with the conver-
gence of sequences of powers of matrices.

Proposition 7.10. For every matrix A € M,,(C) and
for every € > 0, there is some subordinate matrix
norm || || such that

IAll < p(A) + €.

The proof uses Theorem 13.4, which says that there ex-
ists some invertible matrix U and some upper triangular
matrix 71" such that

A=UTU !

Note that equality is generally not possible; consider the

matrix
01
1= (50);

for which p(A) =0 < ||A||, since A # 0.
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7.3 Condition Numbers of Matrices

Unfortunately, there exist linear systems Ax = b whose
solutions are not stable under small perturbations of
either b or A.

For example, consider the system

107 8 7 x1 32
75 6 5 T9 o 23
8 6 10 9 rs | |33
75 9 10 T4 31

The reader should check that it has the solution
r = (1,1,1,1). If we perturb slightly the right-hand side,
obtaining the new system

107 8 7\ [z +Ax 32.1
756 5| |@wt+Azy|  [229
8610 9 | |az+Axs|  [331]
759 10/ \ay+ Az 30.9

the new solutions turns out to be
r=(9.2-12.6,4.5,—1.1).
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In other words, a relative error of the order 1/200 in the
data (here, b) produces a relative error of the order 10/1
in the solution, which represents an amplification of the
relative error of the order 2000,

Now, let us perturb the matrix slightly, obtaining the new
system

10 7 81 7.2\ [x+ Az 32
708504 6 5 | [xa+Azy| |23
8 598998 9 | |x3+Azs] |33
6.99 499 9 9.98) \z,+ Az, 31

This time, the solution is x = (—81, 137, —34, 22).

Again, a small change in the data alters the result rather
drastically.

Yet, the original system is symmetric, has determinant 1,
and has integer entries.



7.3. CONDITION NUMBERS OF MATRICES 403

The problem is that the matrix of the system is badly
conditioned, a concept that we will now explain.

Given an invertible matrix A, first, assume that we per-
turb b to b + Ab, and let us analyze the change between
the two exact solutions x and x + Az of the two systems

Ax =b
Az + Az) = b+ Ab.

We also assume that we have some norm || || and we use
the subordinate matrix norm on matrices. From
Axr =b

Ax + AAxz = b+ Ab,

we get
Ax = A_lAb,
and we conclude that
[Az]| < [JA7H] [|Ab]
[o]] < [|A[ ||| -
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Consequently, the relative error in the result ||Az|| /||x]]
is bounded in terms of the relative error |[[Ab|| /bl in
the data as follows:

1ol

Now let us assume that A is perturbed to A + AA, and
let us analyze the change between the exact solutions of
the two systems

Arx =10
(A+ AA)(z + Ax) =b.

After some calculations, we get

|Az||
|z + Az|| —

1AA]
1Al

< (A D 57

Observe that the above reasoning is valid even if the ma-
trix A + AA is singular, as long as x + Az is a solution
of the second system.

Furthermore, if || AA|| is small enough, it is not unreason-
able to expect that the ratio ||Az|| / ||z + Azx]| is close to
1Az][ /][]
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This will be made more precise later.

In summary, for each of the two perturbations, we see that
the relative error in the result is bounded by the relative
error in the data, multiplied the number ||A| ||A7Y|.

In fact, this factor turns out to be optimal and this sug-
gests the following definition:

Definition 7.9. For any subordinate matrix norm || ||,
for any invertible matrix A, the number

cond(A) = || A|| HA_lH
is called the condition number of A relative to || |[|.

The condition number cond(A) measures the sensitivity
of the linear system Ax = b to variations in the data
b and A; a feature referred to as the condition of the
system.

Thus, when we says that a linear system is ill-conditioned,
we mean that the condition number of its matrix is large.
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We can sharpen the preceding analysis as follows:

Proposition 7.11. Let A be an invertible matriz and
let x and x+ Az be the solutions of the linear systems

Axr =b
A(x + Ax) = b+ Ab.

If b # 0, then the inequality
|A|]
(E4]

holds and 1s the best possible. This means that for a

given matrix A, there exist some vectors b # 0 and
Ab #£ 0 for which equality holds.

< cond(A)——
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Proposition 7.12. Let A be an invertible matriz and
let x and x + Az be the solutions of the two systems

Ax =b
(A+ AA)(x+ Ax) = 0.

If b £ 0, then the inequality

|Az]]

|AA|
< d(A
e+ Azl = 0 (A)

1A]
holds and 1s the best possible. This means that given
a matrix A, there exist a vector b # 0 and a matriz
AA # 0 for which equality holds. Furthermore, if
|AA|| is small enough (for instance, if

IAA] < 1/ [|A7Y]), we have
|Ax|| |AA]
< cond(A)——(1+ O(||AA|]));
]| | Al

wn fact, we have

|Az]] 1AA] < L )
< cond(A) :
] 1A[ T = [[AH[|AA]
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Remark: If A and b are perturbed simultaneously, so
that we get the “perturbed” system

(A+ AA)(z + Az) = b+ Ab,

it can be shown that if [|AA| < 1/||A7!|| (and b # 0),
then

|Az]] _ cond(4) <HAAH N HN?II).
Izl = L= AT [AA (1Al o]

We now list some properties of condition numbers and
figure out what cond(A) is in the case of the spectral
norm (the matrix norm induced by || ||,).
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First, we need to introduce a very important factorization
of matrices, the singular value decomposition, for short,

SVD.

[t can be shown that given any n x n matrix A € M,,(C),
there exist two unitary matrices U and V', and a real

diagonal matrix > = diag(oy, ..., 0,), with
o1 > 09> -+ >0, >0, such that
A=VXU".
The nonnegative numbers o1, ..., g, are called the

singular values of A.

If A is areal matrix, the matrices U and V' are orthogonal
matrices.
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The factorization A = VU™ implies that
A*A =UX*U* and AA* = VXV*,

which shows that o%,..., 0?2 are the eigenvalues of both

A*A and AA*, that the columns of U are correspond-
ing eivenvectors for A*A, and that the columns of V' are
corresponding eivenvectors for AA*.

In the case of a normal matrix if Ay, ..., A, are the (com-
plex) eigenvalues of A, then
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Proposition 7.13. For every invertible matrix
A € M,,(C), the following properties hold:

(1)

cond(A) > 1,
cond(A) = cond(A™)
cond(aA) = cond(A) for all a € C — {0}.

(2) If condy(A) denotes the condition number of A with
respect to the spectral norm, then

condy(A) = 2,
On
where oy > - -+ > o, are the singular values of A.
(3) If the matriz A is normal, then
A
condy(A) = :
[Anl
where A1, ..., \, are the eigenvalues of A sorted so

that | \| > -+ > |\l
(4) If A is a unitary or an orthogonal matriz, then

conds(A) = 1.
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(5) The condition number condy(A) is invariant under
unitary transformations, which means that

conds(A) = condy(UA) = condy(AV),

for all unitary matrices U and V.

Proposition 7.13 (4) shows that unitary and orthogonal
transformations are very well-conditioned, and part (5)
shows that unitary transformations preserve the condition
number.

In order to compute condy(A), we need to compute the
top and bottom singular values of A, which may be hard.
The inequality

1Al < [JAllp < V|l Al

may be useful in getting an approximation of

condg(A) = || 4], HA_1H2> if A=! can be determined.

Remark: There is an interesting geometric characteri-
zation of condy(A).
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If 6(A) denotes the least angle between the vectors Au
and Av as u and v range over all pairs of orthonormal
vectors, then it can be shown that

condy(A) = cot(0(A)/2)).

Thus, if A is nearly singular, then there will be some
orthonormal pair u, v such that Au and Av are nearly

parallel; the angle 6( A) will the be small and cot(6(A)/2))
will be large.

[t should also be noted that in general (if A is not a
normal matrix) a matrix could have a very large condition

number even if all its eigenvalues are identical!

For example, if we consider the n X n matrix

(1200 - 0 0
012 0 ...00
001 2 ...00
A= 0 0 0]
00...0 120
00...0 0 12
\0O ... 0 001

it turns out that condy(A) > 271



414 CHAPTER 7. VECTOR NORMS AND MATRIX NORMS

A classical example of matrix with a very large condition
number is the Hilbert matriz H™, the n x n matrix

with
H™ — ! .
Y i+7—1

For example, when n = 5,

—~——
—_ =
el N o
— Wl
— |
— U=
/

~
O =
= Ot
= S| Ot
O|—= J|—= D
NeJ

N

It can be shown that

condy(H®)) ~ 4.77 x 10°.
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Hilbert introduced these matrices in 1894 while studying
a problem in approximation theory.

The Hilbert matrix H™ is symmetric positive definite.

A closed-form formula can be given for its determinant (it
is a special form of the so-called Cauchy determinant).

The inverse of H™ can also be computed explicitly!

It can be shown that

condo(H™) = O((1 + V2)'" /\/n).
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Going back to our matrix

107 8 7
75 6 5
A= 8 610 9 |’
75 9 10

which is a symmetric, positive, definite, matrix, it can be
shown that its eigenvalues, which in this case are also its
singular values because A is SPD. are

A = 30.2887 > Ay & 3.858 >
A3 & 0.8431 > A\, ~ 0.01015,

so that

A
condy(A) = )\—1 A~ 2984.
4

The reader should check that for the perturbation of the
right-hand side b used earlier, the relative errors || Az || /|| x|
and |[Ax|| /||z|| satisfy the inequality

|AD]]

|az] _
o]

cond(A)

]

and comes close to equality:.
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7.4 An Application of Norms: Solving Inconsistent
Linear Systems

The problem of solving an inconsistent linear system
Ax = b often arises in practice.

This is a system where b does not belong to the column
space of A, usually with more equations than variables.

Thus, such a system has no solution. Yet, we would still
like to “solve” such a system, at least approximately.

Such systems often arise when trying to fit some data.
For example, we may have a set of 3D data points

{pla R 7pn}7

and we have reason to believe that these points are nearly
coplanar.

We would like to find a plane that best fits our data
points.



418 CHAPTER 7. VECTOR NORMS AND MATRIX NORMS

Recall that the equation of a plane is

ar + By +yz+0 =0,

with (a, 8,7) # (0,0,0).

Thus, every plane is either not parallel to the z-axis (v #
0) or not parallel to the y-axis (8 # 0) or not parallel to
the z-axis (7 # 0).

Say we have reasons to believe that the plane we are
looking for is not parallel to the z-axis. If v £ 0, then we
may assume that our plane is given by an equation of the
form

2z =ax + by +d.
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We would like this equation to be satisfied for all the p;’s,
which leads to a system of n equations in 3 unknowns
a,b,d, with p; = (z;, yi, 2;);

ax1 +by1 +d =2
ax, + by, +d = z,.

However, if n is larger than 3, such a system generally
has no solution.

Since the above system can’t be solved exactly, we can
try to find a solution (a, b, d) that minimizes the least-
squares error

n

Z(CLZL’Z' +by; +d— )

1=1

This is what Legendre and Gauss figured out in the early
1800’s!
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In general, given a linear system

Ax = b,

we solve the least squares problem: minimize || Az — b||;.

Fortunately, every n X m-matrix A can be written as
A=VvVDU'

where U and V" are orthogonal and D is a rectangular di-
agonal matrix with non-negative entries (singular value
decomposition, or SVD); see Chapter 16.

The SVD can be used to solve an inconsistent system.
It is shown in Chapter 17 that there is a vector x of

smallest norm minimizing ||Axz — bl|,. It is given by the
(Penrose) pseudo-inverse of A (itself given by the SVD).
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It has been observed that solving in the least-squares
sense may give too much weight to “outliers,” that is,
points clearly outside the best-fit plane.

In this case, it is preferable to minimize (the £*-norm)

n

Z laz; + by; + d — z].

1=1

This does not appear to be a linear problem, but we can
use a trick to convert this minimization problem into a
linear program (which means a problem involving linear
constraints).



422 CHAPTER 7. VECTOR NORMS AND MATRIX NORMS

Note that |x| = max{x,—x}. So, by introducing new
variables eq, ..., e,, our minimization problem is equiva-
lent to the linear program (LP):

minimize er1+---tey
subject to ax; + by, +d — z; < ¢
—(ax; + by; +d — z) < e
1 <1< n.

Observe that the constraints are equivalent to
e; > |ax; + by, +d — 2z, 1<i<n.

For an optimal solution, we must have equality, since oth-
erwise we could decrease some e; and get an even better
solution.

Of course, we are no longer dealing with “pure” linear
algebra, since our constraints are inequalities.
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7.5 Limits of Sequences and Series

Ifz € Roraz e Candif |x] < 1, it is well known that
the sums > ) a" = 14z + 2%+ -+ + 2" converge to
the limit 1/(1 — x) when n goes to infinity, and we write

> 1
E__
;:p =

For example,

Similarly, the sums

converge to e” when n goes to infinity, for every = (in R

or C).
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What if we replace x by a real or complex n X n matrix

A?

The partial sums > A¥ and >77_ A];—f still make sense,
but we have to define what is the limit of a sequence of
matrices.

This can be done in any normed vector space.

Definition 7.10. Let (E, ||||) be a normed vector space.
A sequence (Up)pen in E is any function u: N — FE.

For any v € E, the sequence (u,) converges to v (and
v 1s the limit of the sequence (u,)) if for every € > 0,
there is some integer N > 0 such that

|lu, —v|| <€ foralln > N.

Often we assume that a sequence is indexed by N — {0},
that is, its first term is w; rather than wy.
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If the sequence (u,) converges to v, then since by the
triangle inequality

lum = unll < um = vl + flv =,

we see that for every e > 0, we can find N > 0 such that
|wm —v|| < €/2 and ||u, — v|| < €/2 for all m,n > N,
and so

|t — uy|| <€ forall m,n> N.

The above property is necessary for a convergent se-
quence, but not necessarily sufficient.

For example, if £ = Q, there are sequences of rationals
satisfying the above condition, but whose limit is not a
rational number.
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For example, the sequence
1

2%

k=1

converges to e, and the sequence

—~ (="
25511

k=0

converges to /4, but e and 7 /4 are not rational (in fact,
they are transcendental).

However, R is constructed from QQ to guarantee that se-
quences with the above property converge, and so is C.

Definition 7.11. Given a normed vector space (£, || ||),
a sequence (uy) is a Cauchy sequence if for every e > 0,
there is some N > 0 such that

|t — upl| <€ forall m,n>N.

If every Cauchy sequence converges, then we say that E
is complete. A complete normed vector spaces is also
called a Banach space.
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A fundamental property of R is that it is complete. It
follows immediately that C is also complete.

More generally, any finite-dimensional real or complex
vector space is a Banach space.

Let us now consider the convergence of series.

Definition 7.12. Given a normed vector space (E, || ||),
a sertes 1s an infinite sum ZZO:O uy. of elements u;, € E.

We denote by S, the partial sum of the first n + 1 ele-
ments,

n
Snz E Up. .
k=0
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Definition 7.13. We say that the series Y~ ux con-
verges to the limit v € F if the sequence (.5),) converges

to v, i.e., given any € > 0, there exists a positive integer
N such that for alln > N,

15, — v|| <e.

In this case, we say that the series is convergent.

We say that the series Y ;- uy converges absolutely if
the series of norms > ;- |lug|| is convergent.

There are series that are convergent but not absolutely
convergent; for example, the series

_ )kl
PP

k=1

(©,0)

converges to In 2, but

=1
25
k=1

does not converge (this sum is infinite).
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If E is complete, the converse is an enormously useful
result.

Proposition 7.14. Assume (E, || ||) is a complete normed
vector space. If a series Y - uy s absolutely conver-
gent, then it is convergent.

Remark: It can be shown that if (£, ]| ||) is a normed
vector space such that every absolutely convergent series
is also convergent, then E must be complete (see Schwartz

28]).

An important corollary of absolute convergence is that
if the terms in series » -, uy are rearranged, then the
resulting series is still absolutely convergent and has the
same Sum.
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More precisely, let o be any permutation (bijection) of
the natural numbers. The series Y/, Uq () 15 called a
rearrangement of the original series. The following result
can be shown (see Schwartz [28)).

Proposition 7.15. Assume (E, || ||) is a normed vec-
tor space. If a series Y ;- uy s convergent as well
as absolutely convergent, then for every permutation
o of N, the series Y -, Uy () 18 convergent and abso-
lutely convergent, and its sum is equal to the sum of
the original series:

Z Uo(k) = Z L2
k=0 k=0

In particular, if (E,||||) is a complete normed vector
space, then Proposition 7.15 holds.

We now apply Proposition 7.14 to the matrix exponential.
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7.6 The Matrix Exponential

Proposition 7.16. For any n X n real or complex
matriz A, the series

converges absolutely for any operator norm on M,,(C)

(or M,(R) ).

Definition 7.14. Let E be a finite-dimensional real or
complex normed vector space. For any n X n matrix A,
the limit of the series

is the exponential of A and is denoted e?.
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A basic property of the exponential x +— e with z € C
1S

Tty _ T

e e’e’, forall x,y € C.

As a consequence, e® is always invertible and (e*)™1 =
—T
e ",

For matrices, because matrix multiplication is not com-
mutative, in general,

fails! This result is salvaged as follows.

Proposition 7.17. For any two n X n complexr matri-
ces A and B, if A and B commute, that is, AB = BA,

then
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Since A and —A commute, as a corollary of Proposition
7.17, we see that e is always invertible and that

<€A)—1 _ G_A.

It is also easy to see that

<€A>T _ eAT.

In general, there is no closed-form formula for the expo-
nential e of a matrix A, but for skew symmetric matrices
of dimension 2 and 3, there are explicit formulae.

Everyone should enjoy computing the exponential e where

A:@ —09).
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If we write 0
()
then
A=0J
The key property is that
J?=—1I

Proposition 7.18. I[f A=0J, then

e = cosOI +sinfJ = <COS€ —sm@) :

sin@ cos@

Thus, we see that the exponential of a 2x 2 skew-symmetric
matrix 1s a rotation matrix.

This property generalizes to any dimension. An explicit
formula when n = 3 (the Rodrigues’ formula) will be
given later.
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Proposition 7.19. If B is an n X n (real) skew sym-
metric matriz, that is, BT = —B, then Q = €® is an
orthogonal matriz, that is

Q'Q=QQ" =1

It can also be shown that det(Q) = det(e?) = 1, but this
requires a better understanding of the eigenvalues of e”.

Furthermore, for every n x n rotation matrix ) (an or-
thogonal matrix () such that det(Q)) = 1), there is a skew

symmetric matrix B such that Q = e”.

This is a fundamental property which has applications in
robotics for n = 3.
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All familiar series have matrix analogs. For example, if
|A|| < 1 (where || || is an operator norm), then the series

>4
k=0

converges absolutely, and it can be shown that its limit is

(I —A)
Another interesting series is the logarithm. For any n xn

complex matrix A, if ||A]| < 1 (where || || is an operator
norm), then the series

log(I + A) = Z k“
k=1

converges absolutely.



