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Project 2: Drawing Cubic Bézier Spline Curves
More Details

The purpose of this project is to design a Matlab program to plot a cubic Bézier spline
curve given by a sequence of N + 1 de Boor control points (N > 4).

The cases N = 4,5, 6 require special handling. We also explain how to consolidate some
of the cases to simplify the computations.

Recall that a cubic Bézier spline F(t) (in R? or R?) is specified by a list of de Boor
control points (do,dy,...,dy), with N > 7, and consists of N — 2 Bézier cubic segments
C1,...,Cn_s, such that if the control points of C; are (b, b}, b,, b%), then they are determined
by the following equations:

For (', we have

bé:do
bl =d;

1 1
bt = —d, + =d
5 21+22

bt = %bi - %b% = idl - 1—72d2 - édg.
The curve segment C5 is given by

ba = %b% + %bi = idl + 1—7242 + %dg

b = %dg + %dg

by = %dg + %dg

b2 = %bg + %bi’ = édg + %dg + %d4.



For i =3,..., N — 4, the curve segment C; is specified by the “one third two third rule:”

, 1 . 1. 1 4 1
by = 5b5" + 5b = =dic1 + =ds + =disa

6 6 6
b = gdi + %dm
by = %di + ;dm
b = %bg + %bi“ = %di + %dm + édm.
This generic case is illustrated in Figure 1.
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di+2

Figure 1: Computing Bézier control points from de Boor control points
The curve segment Cy_3 is given by

1 1 1 4 1
N=3 = ZpN=4 4 ZpN =3 = Zdy a4+ =dn_3 + —dn_
0 52 +21 6N4+6N3+6N2

2 1
biv_s = =dy_3+ sdn—2

3 3

1 2
bévig = ng,;g + ng,Q

1 1 1 7 1
N3 = ZpN=3 4 ZpN2 = —dn_ —dn_1.
3 502 +21 6N3+12N2+4N1



Finally, Cy_s is specified by

1 7 1
N-2 _ 1;N-3 N—2 _ L S 1
by b + b 6dN_3—|— 12dN_2+ 4dN_1
SN N
1 5 ON-2 + 5 IN-1
bév_Q =dyn_1
WY = dy
Observe that A .
bytt =10, 1<i< N -3,
Also observe that when N > 6, the formulae fori=2and 3 <i < N —4 can be written
as a single formula taking advantage of b5™ = b3, 1 <i < N — 3.

If2<i<N—4and N > 6, then

b, = bi

.2 1

b= 5di+ 5din

| 2

b; - 3d + 3d1+1
1

, 4 1
b = b’ + b’+1 = gdi + Ediﬂ + Ed’“'

The case N = 5 is exceptional and the above formula needs to be modified if i = 2.

If N > 5, the last curve segment C'y_5 is always given by the equations

1 7
N 2bN 34 51)? 2—6dN 3+EdN 2+4dN 1

1
bN_Qz—d_ —dn_
1 2N2+2Nl
béV_QZdN_l

b2 = dy

Generally, if N > 5, having Cy_4 and Cy_s, the curve Cy_3 is given by

N-3 __ 1 N—4
bO - b3

2 1
W73 = Zdy_s+ —dn_
1 3N3+3N2
1 2
b3 = Zdy_ 5+ —dn_
2 3N3+3N2

N—-3 _ i N-2
b3 = b2,



Thus it is preferable to compute the control points for C;, Cs, ..., Cn_4, Cn_o, and Cy_3
last.

Using the above equations, the cases N = 5,6 are easily adapted from the general case.

When N = 5, there are three Bézier curves defined as follows. C; and C3 are given by
the above formulae, namely C is given by

by = do
bl =d;
1 1
b% == 5(11 + 5(12
1 7 1
bé - Zdl + EdQ "‘ édg,
Cj is given by
1 7 1
by = 6d2 + Ed?’ + Zd4
1 1
b? - §d3 + §d4
by = dy
bg = d5a
and Cy is given by
by = bs
2 1
b2 = Zdy+ =d
1= 3t + 303
1 2
b2 = —dy + =d
2= 3% + 3%
02— 1,

Note that C5 should be computed before Cs.

When N = 6, there are four Bézier curves defined as follows. C, Cy and C4 are given by
the above formulae, namely C' is given by

b(l) - do
b =d,
1 1
b% — §d1 —|— idg
1 7 1
by = Zdl + Edz + 6d3»



Cs is given by

B = b
2 1
b? = =d —d
173 2+3 3
1 2
b2 = —d —d
2= 3 2+3 3
1 4 1
2= _d —d —d
b3 6 2+6 3+6 4,
and C} is given by
1 7 1
bg = gdg + Ed4 + ng)
1 1
4 — — —_
bg =ds
by = d,
Then Cj is given by
B =1
2 1
b? — gdg + §d4
1 2
b = =d —d
2 3 3 + 3 4
b — b

Note that C, should be computed before Cs.
When N = 4, use the formulae for C; and Cy_s = C5 with

1 1 1

Thus Cf is given by

bl = dy
b% :dl
1 1
1 —_ — p—
b= 5+ 5da
1 1 1
1 - —_— —_— —_—



and Cj is given by
1 1 1
b2 =0t =—dy + =dy + ~d
0 3 4 1+ 9 2 + 4 3

1 1
b% - —d2 + —dg

2 2
bg = d3
b2 =d,.



