Chapter 10

Euclidean Spaces

10.1 Inner Products, Euclidean Spaces

The framework of vector spaces allows us deal with ratios
of vectors and linear combinations, but there is no way to
express the notion of length of a line segment or to talk
about orthogonality of vectors.

A Fuclidean structure will allow us to deal with metric
notions such as orthogonality and length (or distance).

First, we define a Euclidean structure on a vector space.

231
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Definition 10.1. A real vector space E is a Fuclidean
space iff it is equipped with a symmetric bilinear form
w: B x E — R which is also positive definite, which
means that

o(u,u) >0, forevery u # 0.

More explicitly, ¢: E x EE — R satisfies the following
axioms:

The real number p(u,v) is also called the inner product
(or scalar product) of u and v.
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We also define the quadratic form associated with ¢ as
the function ®: £ — R, such that

®(u) = p(u,u),
forall u € F.

Since ¢ is bilinear, we have ¢(0,0) = 0, and since it is
positive definite, we have the stronger fact that

e(u,u) =0 iff u=0,
that is ®(u) = 0 iff u = 0.
Given an inner product ¢: E'x E — R on a vector space
E, we also denote p(u,v) by

w-v, or {(u,v), or (ulv),

and /®(u) by ||ul|.
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Frample 1. The standard example of a Euclidean space
is R", under the inner product - defined such that

(fCl,...,ZCn> : (yla"'7yn> = T1Y1 + TaY2 + * - + Tpln.
This Euclidean space is denoted by E".

Frample 2. Let E be a vector space of dimension 2, and
let (e1, e2) be a basis of E.

If a > 0 and b* — ac < 0, the bilinear form defined such
that

p(x1e14y1ea, Toe1+yses) = ar1To+b(x1Ya+22y1)+Ccyr1ys

yields a Euclidean structure on E.

In this case,

®(ze; + yes) = ax® + by + cy’.
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Ezample 3. Let Cla, b] denote the set of continuous func-
tions f: |a,b] — R. It is easily checked that Cla, b] is a
vector space of infinite dimension.

Given any two functions f, g € Cla, b], let

(fr9) = / f(t)g(t)dt.

We leave as an easy exercise that (—, —) is indeed an
inner product on Cla, b).

When |a,b] = [—m, 7| (or |a,b] = [0,27], this makes
basically no difference), one should compute

(sin pz,singx), (sinpx,cosqr),
and  {(cos px, cosqr),

for all natural numbers p,g > 1. The outcome of these
calculations is what makes Fourier analysis possible!
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Ezample 4. Let E = M, (R) be the vector space of real
n X n matrices.

If we view a matrix A € M,(R) as a “long” column vector
obtained by concatenating together its columns, we can
define the inner product of two matrices A, B € M,(R)
as

n
<A, B> = Z CLZ'ij‘j,
ij=1
which can be conveniently written as

(A,B) =tr(A'B) = tr(B' A).

Since this can be viewed as the Euclidean product on
2 . . . .
R™ it is an inner product on M,(R). The corresponding

norm

Al = /tr(AT A)

is the Frobenius norm (see Section 7.2).
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Let us observe that ¢ can be recovered from ®. Indeed,
by bilinearity and symmetry, we have

P(u+v)=pu+uv, ut+v)

= o(u, u+v)+ (v, u+v)
u, u) + 20(u, v) + (v, v)
u) + 2p(u, v) + ¢(v).

o
o
O

Thus, we have

plu, v) = £[®(u+ ) — D(u) — D(v)]

We also say that ¢ is the polar form of ®.

If F is finite-dimensional and if ¢: £ X E — R is a
bilinear form on F, given any basis (eq, ..., e,) of E, we
can write x = ) i | mie; and y = Y 7| yje;, and we have

oz, y) =Y xwjplee;).

1,7=1
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If we let G be the matrix G = (¢(e;, e;)), and if x and y
are the column vectors associated with (zy,...,z,) and
(Y1, - - -, Yn), then we can write

ple,y)=z'Gy=y'G'x.

Note that we are committing an abuse of notation, since
r = > ", xie; is a vector in E, but the column vector
associated with (z1, ..., x,) belongs to R".

To avoid this minor abuse, we could denote the column
vector associated with (z1,...,x,) by x (and similarly
y for the column vector associated with (y1,...,¥,)), in
wich case the “correct” expression for p(x,y) is

oz, y) =x'Gy.
However, in view of the isomorphism between E and R",

to keep notation as simple as possible, we will use x and
y instead of x and y.
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The matrix G associated with an inner product is called
the Gram matriz of the inner product with respect to
the basis (eq, ..., e,).

Proposition 10.1. Let E be a finite-dimensional vec-
tor space, and let (eq,...,e,) be a basis of E.

1. For any inner product (—, —) on E, if G = ({e;, €;))
is the Gram matrixz of the inner product (—,—)
w.r.t. the basis (eq,...,e,), then G is symmetric
positive definite.

2. For any change of basis matriz P, the Gram ma-
triz of (—, —) with respect to the new basis is P' GP.

3. If A 1s any n X n symmetric positive definite ma-

trix, then
(x,y) =z Ay

1s an inner product on E.

One of the very important properties of an inner product
@ is that the map u +— /P (u) is a norm.
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Proposition 10.2. Let E be a Euclidean space with
inner product ¢ and quadratic form ®. For all u,v €
E, we have the Cauchy-Schwarz inequality :

p(u,v)* < O(u)d(v),
the equality holding iff u and v are linearly dependent.

We also have the Minkovsk: inequality :

\/CID(u +v) < /D(u) + /P(v),

the equality holding iff u and v are linearly dependent,

where in addition if u # 0 and v # 0, then u = \v for
some A > 0.
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Sketch of proof. Define the function 7T": R — R, such
that
T\ = P(u+ Av),

for all A € R. Using bilinearity and symmetry, we can
show that

O(u+ M) = d(u) + 22 0(u, v) + X*d(v).

Since ¢ is positive definite, we have T(\) > 0 for all
A€ R

If ®(v) =0, then v = 0, and we also have p(u, v) = 0.
In this case, the Cauchy-Schwarz inequality is trivial,
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If ®(v) > 0, then
MO (v) + 22 p(u, v) + P(u) =0

can’'t have distinct roots, which means that its discrimi-
nant

A = 4(p(u, v)? = O(u)d(v))
is zero or negative, which is precisely the Cauchy-Schwarz
inequality:.

The Minkovski inequality can then be shown.
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The Minkovski inequality

VO(u+v) < /O(u) + /O(v)

shows that the map u — /®(u) satisfies the triangle
inequality, condition (N3) of definition 7.1, and since ¢
is bilinear and positive definite, it also satisfies conditions
(N1) and (N2) of definition 7.1, and thus, it is a norm on
b,

The norm induced by ¢ is called the Fuclidean norm
induced by .

Note that the Cauchy-Schwarz inequality can be written
as

u - v < lul] o],
and the Minkovski inequality as

lu ol < flul] + [lo]
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Remark: One might wonder if every norm on a vector
space is induced by some Euclidean inner product.

In general, this is false, but remarkably, there is a simple
necessary and sufficient condition, which is that the norm
must satisfy the parallelogram law:

2 2 2 2
1w+ ol|” + flu = of|” = 2([[uf]” + [lo][%)-

If (—, —) is an inner product, then we have

2 2 2
lu ol = Jlull” + o] + 2(u, v)

2 2 2
lu =[] = flul” + o] = 2{u, v),

and by adding and subtracting these identities, we get
the parallelogram law, and the equation

1 2 2
(w,0) = 2+ vl = Ju = v},

which allows us to recover (—, —) from the norm.
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Conversely, if || || is a norm satisfying the parallelogram
law, and if it comes from an inner product, then this inner
product must be given by

1 2 2
(u,0) = S+ ol = flu = o)),

Proving that the above form is indeed symmetric and
bilinear is quite tricky.

We now define orthogonality:.
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10.2 Orthogonality and Duality in Euclidean Spaces

Definition 10.2. Given a Euclidean space E, any two
vectors u, v € E are orthogonal, or perpendicular ift
u-v = 0. Given a family (u;);e; of vectors in E, we say
that (u;)ier is orthogonal iff w; - u; = 0 for all 4,5 € I,
where ¢ # j. We say that the family (u;);cs is orthonor-
mal ift u; - u; = 0 for all 7,57 € I, where ¢ # j, and
||| = u; - w; =1, for all ¢ € I. For any subset F' of F,
the set

Fr={vecE|u-v=0,foraluc F},

of all vectors orthogonal to all vectors in F', is called the
orthogonal complement of F'.

Since inner products are positive definite, observe that for
any vector u € I, we have

uw-v=0 forallve FE iff u=0.

[t is immediately verified that the orthogonal complement
F+ of F is a subspace of E.
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Ezxample 5. Going back to example 3, and to the inner

product
(.9) / f(t)

on the vector space C|—m, 7|, it is easily checked that

- - )7 itp=q,pqg=>1,
<Smpx’smq$>_{0 itp#q,pqg=>1

B T lfp:q;panL
(cos px, cos qr) = {0 ifp#q,p,q>0

and
(sin pz, cos qx) = 0,

for all p > 1 and ¢ > 0, and of course,
= f:r dx = 2.

As a consequence, the family (sin pz),>1 U (cos qx),>0 is
orthogonal.

[t is not orthonormal, but becomes so it we divide every
trigonometric function by /7, and 1 by /2.
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Proposition 10.3. Given a Fuclidean space E, for
any family (u;)ie;r of nonnull vectors in E, if (u;);er is
orthogonal, then it is linearly independent.

Proposition 10.4. Given a Fuclidean space E, any
two vectors u,v € E are orthogonal iff

2 2 2
lu + ol = flull”+ flol”

One of the most useful features of orthonormal bases is
that they afford a very simple method for computing
the coordinates of a vector over any basis vector.
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Indeed, assume that (eq, ..., e,,) is an orthonormal basis.
For any vector

r =11+ "+ Tmem,

if we compute the inner product x - e;, we get

T € =T1e1- €+ -+ Ti€ €+ -+ Ty € = T,

since
1 if¢=7,
0 ife¢# 7,

is the property characterizing an orthonormal family.

62'°€j:

Thus,

i = T - €4,
which means that x,e; = (x-¢;)e; is the orthogonal projec-
tion of x onto the subspace generated by the basis vector
€;.
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If the basis is orthogonal but not necessarily orthonormal,

then
X - e X - €

ei-ei el

X

All this is true even for an infinite orthonormal (or or-
thogonal) basis (e;)ier.

& However, remember that every vector x is expressed as
a linear combination

X = Z X;€;
el
where the family of scalars (x;);c; has finite support,

which means that x; =0 forall? € I — J, where J is a
finite set.
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Thus, even though the family (sin pz),>1 U (cosqx),>0
is orthogonal (it is not orthonormal, but becomes one if
we divide every trigonometric function by /7, and 1 by
V21, we won't because it looks messy!), the fact that a
function f € C’[—m, 7] can be written as a Fourier series
as

©.9)
f(x) =ap+ Z(ak cos kx + by sin kx)
k=1
does not mean that (sinpx),>1 U (cosqx),>o is a basis
of this vector space of functions, because in general, the
families (ax) and (b;) do not have finite support!

In order for this infinite linear combination to make sense,
it is necessary to prove that the partial sums

n
ap + Z(ak cos kx + by sin kx)
k=1

of the series converge to a limit when n goes to infinity.

This requires a topology on the space.
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A very important property of Euclidean spaces of finite
dimension is that the inner product induces a canoni-
cal bijection (i.e., independent of the choice of bases)
between the vector space E and its dual E™.

The reason is that an inner product -: £ x E — R defines
a nondegenerate pairing, as defined in Definition 9.4.

By Proposition 9.3, there is a canonical isomorphism be-
tween F/ and E™.

We feel that the reader will appreciate if we exhibit this
mapping explicitly and reprove that it is an isomorp-
phism.

The mapping from E to E* is defined as follows. For any
vector u € F, let ¢, E — R be the map defined such
that

ou(v) =u-v, foralvekF.

Since the inner product is bilinear, the map ¢,, is a linear
form in £
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Thus, we have a map v: £ — E*, defined such that

D(U) = @y

Theorem 10.5. Given a Euclidean space E, the map
b: E — E*, defined such that

() = Pu;

s linear and injective. When E 1s also of finite di-
mension, the map b: E — E* is a canonical isomor-
phism.

The inverse of the isomorphism b: £ — E* is denoted
by t: B* — FE.
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Remarks:

(1) The “musical map” b: E — E* is not surjective when
E has infinite dimension.

The result can be salvaged by restricting our attention
to continuous linear maps, and by assuming that the
vector space E is a Hilbert space (i.e., E is a complete
normed vector space w.r.t. the Euclidean norm).

(2) Theorem 10.5 still holds if the inner product on E' is
replaced by a nondegenerate symmetric bilinear form

Q.

We say that a symmetric bilinear form ¢: ExE — R
is nondegenerate if for every u € E,

if @(u,v)=0 forallve E, then wu=0.
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For example, the symmetric bilinear form on R* (the
Lorentz form) defined such that

@((mlv L2, X3, CE4>7 (yla Y2, Ys, y4>>
= T1Y1 + T2Y2 + T3Y3 — T4Y4

is nondegenerate.

However, there are nonnull vectors u € R* such that
¢©(u, u) = 0, which is impossible in a Euclidean space.
Such vectors are called isotropic.

Example 10.1. Consider R"™ with its usual Euclidean
inner product.

Given any differentiable function f: U — R, where U is
some open subset of R", by definition, for any x € U, the
total derivative df, of f at x is the linear form defined
so that for all u = (uq,...,u,) € R™,

i = (3w - Lw) () =X e
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The unique vector v € R" such that

v-u=df,(u) forall ueR"

is the transpose of the Jacobian matriz of f at x, the

1 X n matrix
of of
(L - Lw).
This is the gradient grad(f), of f at x, given by

(L)

grad(f)x =
of
\&vn <x>)
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Example 10.2. Given any two vectors u,v € R3, let
c(u,v) be the linear form given by

c(u,v)(w) = det(u,v,w) for all w € R,

Since
Uy V1 Wy
det(u, v, w) = |uy v wo
us vz ws
U U9 up vy up U1
— W1 — W3 w3
us vs us U3 Ug V9

— w1<UQ?Jg — ’LL3U2) + ’(Ug(UgUl — ”LL1U3>
+ wg(u1v2 — UQ?Jl),

we see that the unique vector z € R? such that
z-w = c(u,v)(w) = det(u,v,w) for all w € R3

1s the vector

UgV3 — U3V2
Z = Uzv1 — U10Us3
U1V2 — UQU]

This is just the cross-product u X v of u and v.
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Since det(u, v, u) = det(u, v,v) = 0, we see that u X v is

orthogonal to both u and v.

The above allows us to generalize the cross-product to
R". Given any n — 1 vectors uq,...,u,—1 € R", the
cross-product uy X - -+ X u,_1 is the unique vector in R"
such that

(U X =+ X Up_1) - w = det(ug, ..., Up_1, W)

for all w € R".

Example 10.3. Consider the vector space M, (R) of real
n X n matrices with the inner product

(A,B) =tr(A'B).

Let s: M, (R) — R be the function given by

n

S(A) = Z CLZ‘]‘,

1,7=1

where A = (Clz'j).
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It is immediately verified that s is a linear form.
It is easy to check that the unique matrix Z such that

(Z,A) =s(A) forall Ae M,(R)

is the matrix Z = ones(n,n) whose entries are all equal
to 1.

As a consequence of Theorem 10.5, if £ is a Euclidean
space of finite dimension, every linear form f € E* cor-
responds to a unique v € F, such that

flv)=u-wv,
for every v € E.
In particular, if f is not the null form, the kernel of f,

which is a hyperplane H, is precisely the set of vectors
that are orthogonal to wu.

Theorem 10.5 allows us to define the adjoint of a linear
map on a Euclidean space.
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10.3 Adjoint of Linear Map

Let E be a Euclidean space of finite dimension n, and let
f: E— E be a linear map.

For every u € E, the map

v—u- f(v)

is clearly a linear form in £*, and by Theorem 10.5, there
is a unique vector in E denoted as f*(u), such that

fru)-v=mu-flv),

for every v € E.

Proposition 10.6. Given a Euclidean space E of fi-
nite dimension, for every linear map f: E — E, there
1s a unique linear map f*: B — E, such that

fru)-v=wu-flv),

for all w,v € E. The map f* is called the adjoint of
f (w.r.t. to the inner product).
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Remark: Proposition 10.6 still holds if the inner prod-
uct on F is replaced by a nondegenerate symmetric bi-
linear form ¢.

Linear maps f: £ — FE such that f = f* are called
self-adjoint maps.

They play a very important role because they have real
eigenvalues and because orthonormal bases arise from

their eigenvectors.

Furthermore, many physical problems lead to self-adjoint
linear maps (in the form of symmetric matrices).

Linear maps such that f=! = f*, or equivalently
frof=fof =i,

also play an important role. They are isometries. Rota-
tions are special kinds of isometries.
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Another important class of linear maps are the linear
maps satistying the property

frof=/Ffolf,

called normal linear maps.

We will see later on that normal maps can always be
diagonalized over orthonormal bases of eigenvectors, but
this will require using a Hermitian inner product (over

C).

Given two Euclidean spaces F/ and F', where the inner
product on F is denoted as (—, —)1 and the inner product
on F is denoted as (—, —)o, given any linear map

f: E — F' it is immediately verified that the proof of
Proposition 10.6 can be adapted to show that there is a
unique linear map f*: F' — FE such that

(f(u), v)2 = (u, f*(0))1

for all w € E and all v € F'. The linear map f* is also
called the adjoint of f.
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Remark: Given any basis for £/ and any basis for F', it is
possible to characterize the matrix of the adjoint f* of f
in terms of the matrix of f, and the symmetric matrices
defining the inner products. We will do so with respect
to orthonormal bases.

We can also use Theorem 10.5 to show that any Euclidean
space of finite dimension has an orthonormal basis.
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10.4 Existence and Construction of Orthonomal Bases

Proposition 10.7. Given any nontrivial Euclidean
space E of finite dimension n > 1, there is an or-
thonormal basis (uq, ..., u,) for E.

There is a more constructive way of proving Proposition
10.7, using a procedure known as the Gram-Schmidt
orthonormalization procedure.

Among other things, the Gram—Schmidt orthonormal-
ization procedure yields the so-called () R-decomposition
for matrices, an important tool in numerical methods.
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Proposition 10.8. Given any nontrivial Euclidean
space E of dimensionn > 1, from any basis (e, ..., e,)
for E, we can construct an orthonormal basis (uy, . .., uy)
for E, with the property that for every k, 1 < k < n,
the families (eq,...,er) and (uy,...,ux) generate the
same subspace.

Proof. We proceed by induction on n. For n =1, let
€1

Uy = —.
el

For n > 2, we define the vectors u; and u). as follows.

/

/ Uy
u; = €q, Uy — IETE
Jui]
and for the inductive step
k ’LL/
/ L 2 : . k+1
uk’—i—l = €k+1 — <€/€+1 ’ ui) Uy, Uk = H / H .

i—1 Up1q

We need to show that ), is nonzero, and we conclude
by induction.
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Remarks:

(1) Note that u;_ is obtained by subtracting from ey,
the projection of e itself onto the orthonormal vectors
u1,...,ur that have already been computed. Then, we
normalize 1, ;.

The () R-decomposition can now be obtained very easily.
We will do this in section 10.6.

(2) We could compute ;. , using the formula

k
/ . Ck+1 - u; /
Upi1 = €Ck+1 — Z —Hu,Hg u;,
i

1=1

and normalize the vectors u). at the end.

This time, we are subtracting from e;. 1 the projection of
ex+1 itself onto the orthogonal vectors u, ..., u).

This might be preferable when writing a computer pro-
gram.
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(3) The proof of Proposition 10.8 also works for a count-
ably infinite basis for £, producing a countably infinite
orthonormal basis.

Erample 6. If we consider polynomials and the inner
product

(f. ) = / gty

applying the Gram—Schmidt orthonormalization proce-
dure to the polynomials

La,x%, .., 2" .,
which form a basis of the polynomials in one variable with
real coeflicients, we get a family of orthonormal polyno-
mials Q,,(x) related to the Legendre polynomials.

The Legendre polynomials P,(x) have many nice proper-
ties. They are orthogonal, but their norm is not always
1. The Legendre polynomials P,(x) can be defined as
follows:
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If we let f,, be the function
fn<x) — <$2 - 1>n’

we define P,(x) as follows:

1
Py(x)=1, and P,(x)= ST £ (x),

where fé”) is the nth derivative of f,,.

They can also be defined inductively as follows:

P()(ﬁC) = 1,
Pi(x) =z,
2n + 1 n
P, = P,(x) — P, .
() n—+1 () n—+1 1(2)

[t turns out that the polynomials (), are related to the
Legendre polynomials P, as follows:

Qula) = | TPy a)
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As a consequence of Proposition 10.7 (or Proposition 10.8),
given any Euclidean space of finite dimension n, if (eq, . . .,
e,) is an orthonormal basis for F/, then for any two vec-
tors u = uje; +- - - +uye, and v = vieg + - - - +vye,, the
inner product w - v is expressed as

n
u-v = (urer+---+upe,) - (vier+- - - +upe,) = ZUM,
i=1

and the norm ||ul| as

n

bl = -l = S

1=1

We can also prove the following proposition regarding or-
thogonal spaces.

Proposition 10.9. Given any nontrivial Euclidean
space E of finite dimensionn > 1, for any subspace F
of dimension k, the orthogonal complement F'+ of F
has dimension n—k, and E = F@® F+. Furthermore,
we have F++ =F.



570 CHAPTER 10. EUCLIDEAN SPACES

10.5 Linear Isometries (Orthogonal Transformations)

In this section, we consider linear maps between Eu-
clidean spaces that preserve the Euclidean norm.

Definition 10.3. Given any two nontrivial FEuclidean
spaces I/ and F' of the same finite dimension n, a function
f: B — F'is an orthogonal transformation, or a linear
1sometry iff it is linear and

LF ()l = ull

for all u € F.

Thus, a linear isometry is a linear map that preserves the
norm.
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Remarks: (1) A linear isometry is often defined as a linear
map such that

1f(v) = fwll = flv = ull,

for all w,v € E. Since the map f is linear, the two defi-
nitions are equivalent. The second definition just focuses
on preserving the distance between vectors.

(2) Sometimes, a linear map satisfying the condition of
definition 10.3 is called a metric map, and a linear isom-
etry is defined as a bijective metric map.

Also, an isometry (without the word linear) is sometimes
defined as a function f: F — F' (not necessarily linear)
such that

1f () = Flu)ll = llv —ull,

for all u,v € FE, ie., as a function that preserves the
distance.
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This requirement turns out to be very strong. Indeed,
the next proposition shows that all these definitions are
equivalent when E and F' are of finite dimension, and for
functions such that f(0) = 0.

Proposition 10.10. Given any two nontrivial Eu-
clidean spaces E and F' of the same finite dimension
n, for every function f: E — I, the following prop-
erties are equivalent:

(1) f is a linear map and || f(u)|| = |||, for all u € E;

(2)[[f(v) = fu)]| = llv=wull, for all u,v € E, and
f(()) =0,
(3) flu)- f(v)=wu-v, for all u,v € F.

Furthermore, such a map s bijective.



10.5. LINEAR ISOMETRIES (ORTHOGONAL TRANSFORMATIONS) 573

For (2), we shall prove a slightly stronger result. We prove
that if

1f(v) = flw)] = flv —ul
for all u,v € FE, for any vector 7 € E, the function
g: E — F' defined such that

g(u) = f(T +u) = f(7)
for all uw € F is a map satisfying (2), and that (2) implies

(3).
Remarks:

(i) The dimension assumption is only needed to prove
that (3) implies (1) when f is not known to be linear,
and to prove that f is surjective, but the proof shows
that (1) implies that f is injective.

(ii) The implication that (3) implies (1) holds if we also
assume that f is surjective, even if £ has infinite dimen-
s1on.
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In (2), when f does not satisfy the condition f(0) = 0,
the proof shows that f is an affine map.

Indeed, taking any vector 7 as an origin, the map ¢ is
linear, and

f(r+u)=f(r)+g(u) foraluekF.

By Proposition 4.14, this shows that f is affine with as-
sociated linear map g.

This fact is worth recording as the following proposition.
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Proposition 10.11. Given any two nontrivial Fu-
clidean spaces E and F' of the same finite dimension
n, for every function f: E — F, if

If () = flu)ll = [lv —ull  for all u,v € E,

then f is an affine map, and its associated linear map
g 15 an 1sometry.

In view of Proposition 10.10, we usually abbreviate “lin-
ear isometry” as “isometry,” unless we wish to emphasize
that we are dealing with a map between vector spaces.
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10.6 The Orthogonal Group, Orthogonal Matrices

In this section, we explore some of the fundamental prop-
erties of the orthogonal group and of orthogonal matrices.

As an immediate corollary of the Gram—Schmidt orthonor-
malization procedure, we obtain the () R-decomposition
for invertible matrices.
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Proposition 10.12. Let E be any Fuclidean space of
finite dimension n, and let f: E — E be any linear
map. The following properties hold:

(1) The linear map f: E — E is an isometry iff
foff=fof=id

(2) For every orthonormal basis (eq,...,e,) of E, if
the matriz of f 1s A, then the matrix of f* s the
transpose A" of A, and f is an isometry iff A
satisfies the identities

AAT=ATA=1,

where I, denotes the identity matrix of order n,
ioff the columns of A form an orthonormal basis of
R™, iff the rows of A form an orthonormal basis of
R™.

Proposition 10.12 shows that the inverse of an isometry
f is its adjoint f*. Proposition 10.12 also motivates the
following definition:
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Definition 10.4. A real n X n matrix is an orthogonal
matriz iff

AA"=ATA=1,

Remarks: It is easy to show that the conditions
AA" =1, ATA=1, and A~' = A", are equivalent.

Given any two orthonormal bases (ug, . .., u,) and
(v1,...,v,), if P is the change of basis matrix from

(U1, ... uy) to (vq,...,v,) since the columns of P are
the coordinates of the vectors v; with respect to the basis
(u1,...,u,), and since (vq,...,v,) is orthonormal, the
columns of P are orthonormal, and by Proposition 10.12
(2), the matrix P is orthogonal.

The proof of Proposition 10.10 (3) also shows that if f is
an isometry, then the image of an orthonormal basis
(u1, ..., uy,) is an orthonormal basis.
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Recall that the determinant det(f) of an endomorphism
f: EF— FE is independent of the choice of a basis in £.

Also, for every matrix A € M,(R), we have
det(A) = det(A"), and for any two n X n-matrices A and
B, we have det(AB) = det(A) det(B).

Then, if f is an isometry, and A is its matrix with respect
to any orthonormal basis, AA" = AT A = I, implies
that det(A)? = 1, that is, either det(A) = 1, or

det(A) = —1.

It is also clear that the isometries of a Euclidean space
of dimension n form a group, and that the isometries of
determinant +1 form a subgroup.
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Definition 10.5. Given a Euclidean space E of dimen-
sion n, the set of isometries f: £ — FE forms a group

denoted as O(F), or O(n) when E = R", called the
orthogonal group (of E).

For every isometry, f, we have det(f) = £1, where det(f)
denotes the determinant of f. The isometries such that
det(f) = 1 are called rotations, or proper isometries,
or proper orthogonal transformations, and they form
a subgroup of the special linear group SL(F) (and of
O(F)), denoted as SO(F), or SO(n) when £ = R",
called the special orthogonal group (of E).

The isometries such that det(f) = —1 are called im-
proper isometries, or improper orthogonal transfor-
mations, or flip transformations.



10.7. THE RODRIGUES FORMULA 281

10.7 The Rodrigues Formula

When n = 3 and A is a skew symmetric matrix, it is
possible to work out an explicit formula for e.

For any 3 x 3 real skew symmetric matrix

0 —c b
A= ¢ 0 —al,
—b a O

if we let @ = Va2 + b2+ ¢2 and

a® ab ac
B=1lab b bc|,
ac bc 2

then we have the following result known as Rodrigues’
formula (1840).
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The (real) vector space of n x n skew symmetric matrices
is denoted by so(n).

Proposition 10.13. The exponential map
exp: §0(3) — SO(3) is given by

in 0 1 —cosf
et = COS@]g—FSl%A—F ( QZOS )B,

or, equivalently, by

4 sin 6 (1 — cos @)
=L+—A
e 3+ 7 + 02

A2
if 0 # 0, with e% = Is.

The key property used in proving the above formula is

A® = —6°A.
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The above formulae are the well-known formulae express-
ing a rotation of axis specified by the vector (a, b, ¢) and
angle 6.

The Rodrigues formula can used to show that the expo-
nential map exp: s0(3) — SO(3) is surjective.

Given any rotation matrix R € SO(3), we have the fol-
lowing cases:

(1) The case R = I is trivial.
(2) If R # I and tr(R) # —1, then

xp” (R) = {2 sien §( B~ R

1+ 2cosf :tr(R)}.

(Recall that tr(R) = r11 + r99 + 733, the trace of the
matrix R).
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Then there is a unique skew-symmetric B with corre-
sponding @ satisfying 0 < 6 < 7 such that e” = R.

(3) If R # I and tr(R) = —1, then R is a rotation by
the angle m and things are more complicated, but a
matrix B can be found. We leave this part as a good
exercise.

The computation of a logarithm of a rotation in SO(3) as
sketched above has applications in kinematics, robotics,
and motion interpolation.
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10.8 (@ R-Decomposition for Invertible Matrices

Now that we have the definition of an orthogonal matrix,
we can explain how the Gram—Schmidt orthonormaliza-
tion procedure immediately yields the () R-decomposition
for matrices.

Proposition 10.14. Given any n X n real matrix A,
if A is wnvertible then there is an orthogonal matrix
Q) and an upper triangular matriz R with positive di-
agonal entries such that A = QR.

Proof. We can view the columns of A as vectors A', ..., A"
in K"

If A is invertible, then they are linearly independent, and
we can apply Proposition 10.8 to produce an orthonor-
mal basis using the Gram—Schmidt orthonormalization
procedure.
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Recall that we construct vectors Q* and Q/k as follows:

1 1 1 Qll
Q =A, @ RNk
and for the inductive step
: i o olas
Q Bl Ak+1 Z(Ak—i—l ) Qz> sz Qk—H _ HQ%—HH ’
i=1

where 1 < k <n—1.

If we express the vectors A in terms of the Q% and Q"
we get the triangular system

A =M@Y,
Al = (A QHQ + -+ (A - QNQ + -+ Q707
AN — <An . Ql) Ql I (An . Qn—l) Qn—l 4+ HQ’nHQn

If we let rp = ||Q¥|], 7ij = A7 - Q' when 1 < i < j —1,
and then Q = (Q',...,Q") and R = (r;;), then R is

upper-triangular, () is orthogonal, and

A=QR.
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Remarks: (1) Because the diagonal entries of R are pos-
itive, it can be shown that () and R are unique.

(2) The Q R-decomposition holds even when A is not in-
vertible. In this case, R has some zero on the diagonal.
However, a different proof is needed. We will give a nice

proof using Householder matrices (see also Strang [31]).

FErample 7. Consider the matrix
005

A=1041

111

We leave as an exercise to show that A = QR with

o = O

001 111
@=1010 and R=|041
1 00 005
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Another example of () R-decomposition is

112
A=1001
100
where
1/vV/2 1/v/2 0
Q=1 0 0 1
1/v/2 —1/4/2 0
and

V2 1/v2 V2
R=10 1/V2 2
0 0 1

The () R-decomposition yields a rather efficient and nu-
merically stable method for solving systems of linear equa-
tions.
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Indeed, given a system Ax = b, where A is an n X n
invertible matrix, writing A = QQ R, since () is orthogonal,
we get

Rr=Q",

and since R is upper triangular, we can solve it by Gaus-
sian elimination, by solving for the last variable x,, first,
substituting its value into the system, then solving for
Tp_1, €te.

The () R-decomposition is also very useful in solving least
squares problems (we will come back to this later on), and
for finding eigenvalues.

It can be easily adapted to the case where A is a rect-
angular m x n matrix with independent columns (thus,
n < m).

In this case, () is not quite orthogonal. It is an m X
n matrix whose columns are orthogonal, and R is an
invertible n X n upper triangular matrix with positive
diagonal entries. For more on QR, see Strang |31].
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It should also be said that the Gram—Schmidt orthonor-
malization procedure that we have presented is not very
stable numerically, and instead, one should use the mod-

ified Gram—Schmaidt method.

To compute Q **1 instead of projecting A1 onto

Q' ..., Q" in a single step, it is better to perform k pro-
jections.

We compute Qlfﬂ, g“, e Z“ as follows:
/f—H _ A/H—l L (Ak+1 ) Ql) le
Qk+11 — QML _ (Q’?“ QY Q!
1+ 1 1 )
where 1 < < k — 1.

[t is easily shown that Q1 = QIZH. The reader is urged
to code this method.
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A somewhat surprising consequence of the
QR-~decomposition is a famous determinantal inequality
due to Hadamard.

Proposition 10.15. (Hadamard) For any real n x n
matriz A = (a;;), we have

det(4)] < H(Z ) "

j=
n n 1/2
and | det(A)| < H(Z agj) .
j=1 Ni=1
Moreover, equality holds iff either A has orthogonal

rows 1 the left inequality or orthogonal columns in
the right inequality.



592 CHAPTER 10. EUCLIDEAN SPACES

Another version of Hadamard’s inequality applies to sym-
metric positive semidefinite matrices.

Proposition 10.16. (Hadamard) For any real n X n
matric A = (a;;), if A is symmetric positive semidef-
inite, then we have

1=1

Moreover, if A is positive definite, then equality holds
iff A is a diagonal matrix.



