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Let us illustrate the subsetconstructionon the NFA of
Example4.

A NFA for the language

L3 = f a;bg∗f abbg:

Transitiontable±4:

a b
0 f 0; 1g f 0g
1 ; f 2g
2 ; f 3g
3 ; ;

Setof acceptingstates:F4 = f 3g.

0 1 2 3a b b
a;b

Figure 2.5: NFA for f a;bg¤f abbg
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The pointer ) correspondsto marked and the pointer
! to total .

Initial transitiontable¢.

) names states a b
! A f 0g

Just after entering the while loop

names states a b
)! A f 0g

After the ¯rst roundthroughthe while loop.

names states a b
) A f 0g B A
! B f 0; 1g

After just reentering the while loop.

names states a b
A f 0g B A

)! B f 0; 1g

After the secondroundthroughthe while loop.

names states a b
A f 0g B A

) B f 0; 1g B C
! C f 0; 2g
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After the third roundthroughthe while loop.

names states a b
A f 0g B A
B f 0; 1g B C

) C f 0; 2g B D
! D f 0; 3g

After the fourth roundthroughthe while loop.

names states a b
A f 0g B A
B f 0; 1g B C
C f 0; 2g B D

)! D f 0; 3g B A

This istheDFA ofFigure2.3,exceptthat in that example
A; B ; C; D arerenamed0; 1; 2; 3

0 1 2 3a b
a

b
b a

b

a

Figure 2.6: DFA for f a;bg¤f abbg
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2.7 Finite State Automata With Output: Transducers

Sofar, we have only consideredautomatathat recognize
languages,i.e.,automatathat donot produceany output
on any input (except\accept" or \reject").

It is interestingandusefulto considerinput/output ¯nite
statemachines. Such automataarecalledtransducers.
They computefunctionsor relations. First, we de¯nea
deterministickind of transducer.

De¯nition 2.7.1 A general sequentialmachine(gsm)
is a sextupleM = (Q; §; ¢ ; ±; ¸; q0), where

(1) Q is a ¯nite setof states,

(2) § is a ¯nite input alphabet,

(3) ¢ is a ¯nite output alphabet,

(4) ±:Q £ § ! Q is the transition function,

(5) ¸ :Q £ § ! ¢ ∗ is the output function and

(6) q0 is the initial (or start ) state.
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If ¸ (p;a) 6= ², for all p 2 Q and all a 2 §, then M is
nonerasing. If ¸ (p;a) 2 ¢ for all p 2 Q andall a 2 §,
wesay that M isa completesequential machine(csm).

In orderto de¯nehow a gsmworks,weextendthe transi-
tion andtheoutput functions.Wede¯ne±∗:Q£ § ∗ ! Q
and ¸ ∗:Q £ § ∗ ! ¢ ∗ recursively as follows: For all
p 2 Q, all u 2 § ∗ andall a 2 §

±∗(p;²) = p
±∗(p;ua) = ±(±∗(p;u); a)

¸ ∗(p;²) = ²
¸ ∗(p;ua) = ¸ ∗(p;u)¸ (±∗(p;u); a):
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For any w 2 § ∗, we let

M (w) = ¸ ∗(q0; w)

andfor any L µ § ∗ andL ′ µ ¢ ∗, let

M (L) = f ¸ ∗(q0; w) j w 2 Lg

and
M −1(L ′) = f w 2 § ∗ j ¸ ∗(q0; w) 2 L ′g:

Note that if M is a csm, then jM (w)j = jwj, for all
w 2 § ∗. Also, a homomorphismis a special kind of
gsm|it canbe realizedby a gsmwith onestate.

We canusegsm'sandcsm'sto computecertainkindsof
functions.

De¯nition 2.7.2 A functionf : § ∗ ! ¢ ∗ isagsm(resp.
csm) mapping i®thereis a gsm(resp.csm),M , sothat
M (w) = f (w), for all w 2 § ∗.
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Remark: GinsburgandRose(1966)characterizedgsm

mappingsasfollows:

A functionf : § ∗ ! ¢ ∗ is a gsmmappingi®

(a) f preservespre¯xes,i.e., f (x) is a pre¯x of f (xy);

(b) Thereis an integer,m, such that for all w 2 § ∗ and
all a 2 §, we have jf (wa)j ¡ jf (w)j · m;

(c) f (²) = ²;

(d) For every regular language,R µ ¢ ∗, the language
f −1(R) = f w 2 § ∗ j f (w) 2 Rg is regular.

A function f : § ∗ ! ¢ ∗ is a csmmappingi® f satis¯es
(a) and(d) andfor all w 2 § ∗, jf (w)j = jwj.
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The followingpropositionis left asa homework problem.

Prop osition 2.7.3 The family of regular languages
(over an alphabet §) is closed under both gsm and
inversegsmmappings.

We cangeneralizethe gsmmodelsothat

(1) the deviceis nondeterministic,

(2) the devicehasa setof acceptingstates,

(3) transitionsare allowed to occur without new input
beingprocessed,

(4) transitionsarede¯nedfor input stringsinsteadof in-
dividual letters.

Hereis the de¯nition of such a model, the a-transducer.
A much morepowerfulmodelof transducerwill be inves-
tigatedlater: the Turing machine.
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De¯nition 2.7.4 An a-transducer (or nondetermin-
istic sequential transducer with accepting states) is a
sextupleM = (K ; §; ¢ ; ¸; q0; F ), where

(1) K is a ¯nite setof states,

(2) § is a ¯nite input alphabet,

(3) ¢ is a ¯nite output alphabet,

(4) q0 2 K is the start (or initial ) state,

(5) F µ K is the setof accepting (of ¯nal ) statesand

(6) ¸ µ K £ § ∗ £ ¢ ∗ £ K is a ¯nite setof quadruples
calledthe transition function of M .

If ¸ µ K £ § ∗ £ ¢ + £ K , thenM is ²-free

Clearly, a gsmis a specialkind of a-transducer.

An a-transducerde¯nesabinaryrelationbetween§ ∗ and
¢ ∗, or equivalently, a functionM :§ ∗ ! 2¢ ¤

.
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We canexplainwhat this function is by describinghow
an a-transducermakesa sequenceof movesfrom con¯g-
urationsto con¯gurations.

Thecurrent con¯guration ofana-transducerisdescribed
by a triple

(p;u; v) 2 K £ § ∗ £ ¢ ∗;

wherep is thecurrent state,u is theremaininginput, and
v is someouput producedsofar.

We de¯ne the binary relation ` M on K £ § ∗ £ ¢ ∗ as
follows: For all p;q 2 K , u; ® 2 § ∗, ¯ ; v 2 ¢ ∗, if
(p;u; v; q) 2 ¸ , then

(p; u®; ¯ ) ` M (q; ®; ¯ v):

Let ` ∗
M be the transitive andre°exive closureof ` M .
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The functionM :§ ∗ ! 2¢ ¤
is de¯nedsuch that for every

w 2 § ∗,

M (w) = f y 2 ¢ ∗ j (q0; w; ²) ` ∗
M (f ; ²; y); f 2 F g:

For any languageL µ § ∗ let

M (L) =
[

w∈L

M (w):

For any y 2 ¢ ∗, let

M −1(y) = f w 2 § ∗ j y 2 M (w)g

andfor any languageL ′ µ ¢ ∗, let

M −1(L ′) =
[

y∈L0

M −1(y):
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Remark: Noticethat if w 2 M −1(L ′), thenthereexists

somey 2 L ′ such that w 2 M −1(y), i.e.,
y 2 M (w). This does not imply that M (w) µ L ′, only
that M (w) \ L ′ 6= ; .

One shouldrealizethat for any L ′ µ ¢ ∗ and any a-
transducer,M , thereis somea-transducer,M ′, (from¢ ∗

to 2§ ¤
) sothat M ′(L ′) = M −1(L ′).

The followingpropositionis left asa homework problem:

Prop osition 2.7.5 The family of regular languages
(over an alphabet §) is closed underboth a-transductions
and inversea-transductions.
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2.8 Directed Graphs and Paths

It is often usefulto view DFA's and NFA's as labeled
directedgraphs.

De¯nition 2.8.1 A directed graph is a quadruple
G = (V; E; s; t), whereV is a setof vertices, or nodes,
E is a set of edges,or arcs, and s; t:E ! V are two
functions,s beingcalledthe source function,and t the
target function. Givenan edgee 2 E, we alsocall s(e)
the origin (or source) of e, and t(e) the endpoint (or
target) of e.

Remark: the functionss; t neednot be injective or sur-
jective. Thus,we allow \isolatedvertices".
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Example: Let G be the directedgraphde¯nedsuch that

E = f e1; e2; e3; e4; e5; e6; e7; e8g;

V = f v1; v2; v3; v4; v5; v6g; and

s(e1) = v1; s(e2) = v2; s(e3) = v3; s(e4) = v4;
s(e5) = v2; s(e6) = v5; s(e7) = v5; s(e8) = v5;

t(e1) = v2; t(e2) = v3; t(e3) = v4; t(e4) = v2;
t(e5) = v5; t(e6) = v5; t(e7) = v6; t(e8) = v6:

Such agraphcanberepresentedby thefollowingdiagram:
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e7

e8

v1 v2

v3

v4

v5
v6

e1

e2

e3

e4

e5

e6

Figure 2.7: A directed graph

In drawing directedgraphs,we will usually omit edge
names(the ei), andsometimeseventhe nodenames(the
vj).

We now de¯nepathsin a directedgraph.
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De¯nition 2.8.2 Givena directedgraph
G = (V; E; s; t) for any two nodesu; v 2 V, a path from
u to v is a triple ¼= (u; e1 : : : en; v), wheree1 : : : en is
a string (sequence)of edgesin E such that, s(e1) = u,
t(en) = v, andt(ei) = s(ei+1 ), for all i such that 1 · i ·
n ¡ 1. Whenn = 0, we must have u = v, and the path
(u; ²; u) is calledthenull path from u to u. Thenumber
n is the length of the path. We alsocall u the source
(or origin ) of the path, and v the target (or endpoint )
of the path. Whenthereis a nonnull path ¼fromu to v,
we say that u and v are connected.

Remark: In a path ¼ = (u; e1 : : : en; v), the expression
e1 : : : en is a sequence, and thus, the ei arenot neces-
sarilydistinct.
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For example,the followingarepaths:

¼1 = (v1; e1e5e7; v6);

¼2 = (v2; e2e3e4e2e3e4e2e3e4; v2);

and
¼3 = (v1; e1e2e3e4e2e3e4e5e6e6e8; v6):

Clearly, ¼2 and ¼3 areof a di®erent naturefrom ¼1. In-
deed,they contain cycles.This is formalizedasfollows.
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De¯nition 2.8.3 Givena directedgraph
G = (V; E; s; t), for any node u 2 E a cycle (or loop)
throughu isanonnull pathoftheform¼= (u; e1 : : : en; u)
(equivalently, t(en) = s(e1)). More generally, a nonnull
path ¼ = (u; e1 : : : en; v) contains a cycle i® for some
i; j , with 1 · i · j · n, t(ej) = s(ei). In this case,let-
ting w = t(ej) = s(ei), thepath(w; ei : : : ej; w) isacycle
throughw. A path¼isacyclic i®it doesnot contain any
cycle.Notethat each null path (u; ²; u) is acyclic.

Obviously, a cycle¼= (u; e1 : : : en; u) throughu isalsoa
cyclethroughevery nodet(ei). Also,a path ¼may con-
tain several di®erent cycles.Paths canbe concatenated
asfollows.
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De¯nition 2.8.4 Givena directedgraph
G = (V; E; s; t), two paths ¼1 = (u; e1 : : : em; v) and
¼2 = (u′; e′1 : : : e′n; v′) canbeconcatenated providedthat
v = u′, in which casetheir concatenation is the path

¼1¼2 = (u; e1 : : : eme′1 : : : e′n; v′):

It is immediatelyveri¯ed that the concatenationof paths
is associative,andthat the concatenationof the path
¼= (u; e1 : : : em; v) with the null path (u; ²; u) or with
the null path (v; ²; v) is the path ¼itself.

Thefollowingfact,althoughalmosttrivial, is usedall the
time, andis worth statingin detail.

Lemma 2.8.5 Givena directedgraphG = (V; E; s; t),
if the setof nodesV contains m ¸ 1 nodes,then every
path ¼of lengthat leastm containssomecycle.
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A consequenceof lemma2.8.5is that in a ¯nite graph
with m nodes,givenany two nodesu; v 2 V, in orderto
¯nd out whetherthereis a path fromu to v, it is enough
to considerpathsof length· m ¡ 1.

Indeed,if there is path betweenu and v, then there is
somepath ¼of minimal length (not necessarilyunique,
but this doesn'tmatter). If this minimalpath haslength
at leastm, thenby the lemma,it containsa cycle.How-
ever, by deletingthis cyclefrom the path ¼, we get an
evenshorterpath fromu to v, contradictingtheminimal-
ity of ¼.

We now turn to labeledgraphs.
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2.9 Lab eled Graphs and Automata

In fact, we only neededge-labeledgraphs.

De¯nition 2.9.1 A labeled directed graph is a tuple
G = (V; E; L; s; t; ¸ ), whereV is a set of vertices, or
nodes, E is a setof edges,or arcs, L is a setof labels,
s; t:E ! V aretwo functions,s beingcalledthe source
function,andt the target function,and¸ :E ! L is the
labeling function. Given an edgee 2 E, we alsocall
s(e) the origin (or source) of e, t(e) the endpoint (or
target) of e, and¸ (e) the label of e.

Notethat the function¸ neednot be injective or surjec-
tive. Thus,distinct edgesmay have the samelabel.
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Example: Let G be the directedgraphde¯nedsuch that

E = f e1; e2; e3; e4; e5; e6; e7; e8g,

V = f v1; v2; v3; v4; v5; v6g, L = f a;bg, and

s(e1) = v1; s(e2) = v2; s(e3) = v3; s(e4) = v4;
s(e5) = v2; s(e6) = v5; s(e7) = v5; s(e8) = v5;

t(e1) = v2; t(e2) = v3; t(e3) = v4; t(e4) = v2;
t(e5) = v5; t(e6) = v5; t(e7) = v6; t(e8) = v6:

¸ (e1) = a; ¸ (e2) = b;¸ (e3) = a; ¸ (e4) = a;
¸ (e5) = b;¸ (e6) = a; ¸ (e7) = a; ¸ (e8) = b:

Such a labeledgraphcanberepresented by the following
diagram:
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a

b

a

a

b

e7
a

e8

b

a

v1 v2

v3

v4

v5
v6

e1

e2

e3

e4

e5

e6

Figure 2.8: A labeleddirected graph

In drawing labeled graphs,we will usually omit edge
names(the ei), andsometimeseventhe nodenames(the
vj). Paths,cycles,andconcatenationof pathsarede¯ned
just asbefore(that is,weignorethe labels).However,we
cannow de¯nethe spelling of a path.
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De¯nition 2.9.2 Givena labeleddirectedgraph
G = (V; E; L; s; t; ¸ ) for any two nodesu; v 2 V, for any
path ¼ = (u; e1 : : : en; v), the spelling of the path ¼is
the string of labels

¸ (e1) : : : ¸ (en):

Whenn = 0, the spellingof the null path (u; ²; u) is the
null string ².

For example,the spellingof the path

¼3 = (v1; e1e2e3e4e2e3e4e5e6e6e8; v6)

is
abaabaabaab:

Every DFA and every NFA can be viewed as a labeled
graph, in such a way that the set of spellingsof paths
from the start state to some¯nal state is the language
acceptedby the automatonin question.
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Givena DFA D = (Q; §; ±; q0; F ), where
±:Q £ § ! Q, we associatethe labeleddirectedgraph
GD = (V; E; L; s; t; ¸ ) de¯nedasfollows:

V = Q; E = f (p;a;q) j q = ±(p;a); p;q 2 Q; a 2 §g;

L = §, s((p;a;q)) = p, t((p;a;q)) = q,

and¸ ((p;a;q)) = a.

Such labeled graphshave a special structure that can
easilybe characterized.

It is easilyshown that a stringw 2 § ∗ is in the language
L(D) = f w 2 § ∗ j ±∗(q0; w) 2 F g i®w is the spellingof
somepath in GD from q0 to somē nal state.
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Similarly, givenan NFA N = (Q; §; ±; q0; F ), where
±:Q £ (§ [ f ²g) ! 2Q, weassociatethe labeleddirected
graphGN = (V; E; L; s; t; ¸ ) de¯nedasfollows:

V = Q

E = f (p;a;q) j q 2 ±(p;a); p;q 2 Q; a 2 § [ f ²gg;

L = § [ f ²g, s((p;a;q)) = p, t((p;a;q)) = q,
¸ ((p;a;q)) = a.

Remark: WhenN hasno²-transitions,wecanlet L = §.

Such labeledgraphshavealsoa specialstructurethat can
easilybe characterized.

Again,a string w 2 § ∗ is in the language
L(N ) = f w 2 § ∗ j ±∗(q0; w)\ F 6= ;g i®w is thespelling
of somepath in GN from q0 to somē nal state.
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2.10 The Closure De¯nition of the Regular Languages

Let § = f a1; : : : ; amg beanalphabet. Wede¯nea family
(R(§) n) of setsof languagesasfollows:

R(§) 0 = ff a1g; : : : ; f amg; ; ; f ²gg;
R(§) n+1 = R(§) n [ f L1 [ L2; L1L2; L ∗ j

L1; L2; L 2 R(§) ng:

Then,we de¯neR(§) as

R(§) =
[

n≥0

R(§) n:

Regular languages, Version 2 = R(§)
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Lemma The family R(§) is the smallestfamily of lan-
guageswhich contains the (atomic) languages
f a1g, : : : ; f amg, ; , f ²g, and is closedunderunion,con-
catenation,andKleene¤.

Proof: Useinductionon n.

Note: a given languageL may be built up in di®erent
ways. For example,

f a;bg∗ = (f ag∗f bg∗)∗:
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2.11 Regular Expressions

Given an alphabet § = f a1; : : : ; amg, considerthe new
alphabet

¢ = § [ f + ; ¢; ¤; (; ); ; ; ²g:

We de¯nea family (R(§) n) of languagesover ¢ as fol-
lows:

R(§) 0 = f a1; : : : ; am; ; ; ²g;
R(§) n+1 = R(§) n [ f (R1 + R2); (R1 ¢R2); R∗ j

R1; R2; R 2 R(§) ng:

Then,we de¯neR(§) as

R(§) =
[

n≥0

R(§) n:

R (§) is the setof regular expressions(over §).
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Lemma The languageR(§) is the smallestlanguage
which containsthesymbolsa1, : : : ; am, ; , ², from¢, and
such that (R1 + R2), (R1 ¢R2), and R∗, alsobelongto
R(§), whenR1; R2; R 2 R(§).

For simplicity of notation,write

(R1R2)

insteadof
(R1 ¢R2):

Examples: R = (a + b)∗, S = (a∗b∗)∗.

T = (a + b)∗a(a + b) ¢¢¢(a + b)| {z }
n

:
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2.12 Regular Expressions and Regular Languages

Every regularexpressionR 2 R(§) can be viewed as
the name, or denotation, of somelanguageL 2 R(§).
Similarly, every languageL 2 R(§) is the interpretation
(or meaning) of someregularexpressionR 2 R(§).

Think of a regularexpressionR as a program, and of
L (R) asthe resultof the execution or evaluation, of R
by L .

This canbe maderigorousby de¯ninga function

L :R(§) ! R(§) :
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This functionis de¯nedrecursively:

L [ai] = f aig;
L [; ] = ; ;
L [²] = f ²g;

L [(R1 + R2)] = L [R1] [ L [R2];
L [(R1R2)] = L [R1]L [R2];

L [R∗] = L [R]∗:

Lemma For every regularexpressionR 2 R(§), the
languageL [R] is regular(version2), i.e. L [R] 2 R(§).
Conversely, for every regular(version2) languageL 2
R(§), there is someregularexpressionR 2 R(§) such
that L = L [R].

Note: the functionL is not injective.

Example: If R = (a + b)∗, S = (a∗b∗)∗, then

L [R] = L [S] = f a;bg∗:
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For simplicity, we oftendenoteL [R] asL R.

Remark . If

R = (a + b)∗a(a + b) ¢¢¢(a + b)| {z }
n

;

it canbeshown that any minimalDFA acceptingL R has
2n+1 states.

Yet, both (a + b)∗a and (a + b) ¢¢¢(a + b)| {z }
n

denotelan-

guagesthat canbe acceptedby \small" DFA's (of size2
andn + 2).



2.12. REGULAR EXPRESSIONSAND REGULAR LANGUA GES 91

De¯nition Two regularexpressionsR; S 2 R(§) are
equivalent, denotedasR »= S, i®L [R] = L [S].

It is immediatethat »= is an equivalencerelation.

Therelation»= satis¯essome(nice)identities. For exam-
ple:

((R1 + R2) + R3) »= (R1 + (R2 + R3));
((R1R2)R3) »= (R1(R2R3));

(R1 + R2) »= (R2 + R1);
(R∗R∗) »= R∗;

R∗∗ »= R∗:

Therearealgorithmsto testequivalenceofregularexpres-
sions,but their complexity is exponential. It is an open
problemto prove that the problemcannotbe decidedin
polynomialtime.
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2.13 Regular Expressions and NFA's

Lemma Thereis analgorithm,which, givenany regular
expressionR 2 R(§), constructsan NFA NR accepting
LR, i.e.,such that LR = L(NR).

Seerecursive algorithm given in class(or in any text-
book). As a corollary,

Reg.languagesversion2 µ Reg.languages,version1.

The readershouldcheck that if oneconstructsthe NFA
correspondingto the regularexpression(a + b)∗abband
thenappliesthesubsetconstruction,onegetthefollowing
DFA:

A

B

C

D E

a

b

a

b
a b

b

a

b

a

Figure 2.9: A non-minimal DFA for f a;bg¤f abbg
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Lemma Thereis an algorithm,which, given any NFA
N , constructsa regularexpressionR 2 R(§), denoting
L(N ), i.e.,such that LR = L(N )

As a corollary,

Reg.languagesversion1 µ Reg.languages,version2.

This is the node elimination algorithm. The general
idea is to allow moregenerallabelson the edgesof an
NFA, namely, regularexpressions.Then,such generalized
NFA's aresimpli¯edby eliminatingnodesoneat a time,
andreadjustinglabels.
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Prepro cessing, phase 1:

If necessary, we needto add a new start state with an
²-transition to the old start state, if thereare incoming
edgesinto the old start state.

If necessary, we needto add a new(unique)¯nal state
with ²-transitionsfrom each of the old ¯nal statesto the
new ¯nal state, if there is morethan one¯nal state or
someoutgoingedgefrom any of the old ¯nal states.

At theendof this phase,thestart state,say s, is a source
(no incomingedges),and the ¯nal state,say t, is a sink
(no outgoingedges).
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Prepro cessing, phase 2:

Weneedto \°atten" paralleledges.For any pair of states
(p;q) (p = q is possible),if therearek edgesfrom p to q
labeledu1; : : :, uk, thencreatea singleedgelabeledwith
the regularexpression

u1 + ¢¢¢+ uk:

For any pair of states(p;q) (p = q is possible)such that
thereis no edgefrom p to q, we put an edgelabeled; .

At theendof this phase,the resulting\generalizedNFA"
is such that for any pair of states(p;q) (wherep = q is
possible),thereisauniqueedgelabeledwith someregular
expressiondenotedasRp,q. WhenRp,q = ; , this really
meansthat there is no edgefrom p to q in the original
NFA N .
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By interpreting each Rp,q as a function call (really, a
macro)to the NFA Np,q acceptingL [Rp,q] (constructed
usingthepreviousalgorithm),wecanverify that theorig-
inal languageL(N ) is acceptedby this newgeneralized
NFA.

No de elimination only appliesif the generalizedNFA
hasat leastonenodedistinct from s andt.

Pick any node r distinct from s and t. For every pair
(p;q) wherep 6= r and q 6= r , replacethe label of the
edgefrom p to q asindicatedbelow:
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Rr,r

Rp,q

Rp,r Rr,q

p q

r

Figure 2.10: BeforeEliminating node r

Rp,q + Rp,rR∗
r,rRr,q

p q

Figure 2.11: After Eliminating node r

At the endof this step,deletethe node r and all edges
adjacent to r .
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Notethat p = q is possible,in which casethe triangleis
\°at". It is alsopossiblethat p = s or q = t. Also, this
stepis performedfor all pairs (p;q), which meansthat
both (p;q) and(q; p) areconsidered(whenp 6= q)). Note
that this steponly hasan e®ectif thereareedgesfrom p
to r andfromr to q in theoriginalNFA N . Otherwise,r
cansimplybedeleted,aswell asthe edgesadjacent to r .
Other simpli¯cationscan be made. For example,when
Rr,r = ; , wecansimplifyRp,rR∗

r,rRr,q to Rp,rRr,q. When
Rp,q = ; , we have Rp,rR∗

r,rRr,q.

Theorderin which the nodesareeliminatedis irrelevant,
althoughit a®ectsthe sizeof the ¯nal expression.

The algorithmstopswhenthe only remainingnodesare
s and t. Then, the label R of the edgefrom s to t is a
regularexpressiondenotingL(N ).
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2.14 Summary of Closure Prop erties of the Regular
Languages

The family of regularlanguagesis closedundermany op-
erations. In particular, it is closedunder the following
operationslisted below. Someof the closureproperties
areleft asa homework problem.

(1) Union,intersection,relative complement.

(2) Concatenation,Kleene¤, Kleene+.

(3) Homomorphismsandinversehomomorphisms.

(4) gsmand inversegsmmappings,a-transductionsand
inversea-transductions.

Anotherusefuloperationis substitution.

Givenany two alphabets§; ¢, a substitution is a func-
tion, ¿:§ ! 2¢ ¤

, assigningsomelanguage,¿(a) µ ¢ ∗,
to every symbol a 2 §.



100 CHAPTER 2. REGULAR LANGUA GES

A substitution¿:§ ! 2¢ ¤
is extendedto a map

¿:2§ ¤
! 2¢ ¤

by ¯rst extending¿ to stringsusingthe
followingde¯nition

¿(²) = f ²g;
¿(ua) = ¿(u)¿(a);

whereu 2 § ∗ and a 2 §, and then to languagesby
letting

¿(L) =
[

w∈L

¿(w);

for every languageL µ § ∗.

Observe that a homomorphismis a specialkind of sub-
stitution.

A substitutionis a regular substitutioni®¿(a) is a reg-
ular languagefor every a 2 §. The proof of the next
propositionis left asa homework problem.

Prop osition 2.14.1 If L is a regular languageand
¿ is a regular substitution, then ¿(L) is also regular.
Thus, the family of regular languagesis closed under
regular substitutions.


