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Let us illustrate the subsetconstructionon the NFA of
Exampled.

A NFA for the language
L3 = fa;bg‘fably:

Transitiontable #4:

a b
0O fO;1g fOg
1 , f29
2 , f3g
3 :

Setof acceptingstates:F4 = f 3g.

2L -3t .

Figure 2.5: NFA for f a; bg°f ably
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The pointer ) correspndsto marked and the pointer
| to total.

Initial transitiontable ¢.
? names states a b

A fOg
Just after ertering the whileloop

names states a b

)! A fOg
After the rst roundthroughthe whileloop.

names states a b
) A fOg B A
! B f0; 1g

After just reenering the while loop.

names states a b
A fOg B A

)! B f0; 19
After the secondoundthroughthe while loop.

names states a b
A fOg B A

) B fO;1lg B C
! C f02g
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After the third roundthroughthe while loop.

names states a b
A fOg B A

B fO;lg B C
) C f02g B D
! D f0O; 3g

After the fourth roundthroughthe while loop.

names states a b
A fOg B A

B fO;1g B C
C f02g B D
)! D f0;3g B A

Thisisthe DFA of Figure2.3,excepthat in that example
A;B;C;D arerenamed; 1, 2; 3

Figure 2.6: DFA for f a; bg°f ably
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2.7 Finite State Automata With Output: Transducers

Sofar, we have only considere@utomatathat recognize
languages,e.,automatathat do not produceany output
on ary input (except\accept" or \reject").

It isinterestingandusefulto considemput/output nite
state madines. Sud automataare calledtransduers.
They computefunctionsor relations. First, we de nea
deterministickind of transducer.

De nition 2.7.1 A geneal sguentialmachine(gsm)
Is asextupleM = (Q;§;¢ ;% ,; o), where

(1) Q isa nite setof states

(2) § isa nite input alphatet,

(3) ¢ isa nite output alphalet,

4+ QE 8! Q isthetransition function,
(5),:Q£f£ 8! ¢*istheoutput function and
(6) oo isthe initial (or start) state.
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If (p;a) 6 2, forallp2 Qandalla2 §, thenM is
nonerasing. If | (p;a) 2 ¢ forallp2 Q andalla 2 §,
we sa/ that M is a completesaguential machine(csm).

In orderto de nehow a gsmworks,we extendthe transi-
tion andthe output functions.Wede ne+:Q£ 8*! Q

and , Q£ 8* ! ¢* recursiely as follows: For all
p2 Q,allu2 8*andalla2 8§
+(p;?) = p
+'(p;ua) = H£(p;u);a)
L (p2) = 2

, (p;ua) = | “(p;u), (£'(p;u);a):
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Forany w 2 8%, welet
M (w) =, "(qp; W)
andforary L g 8* andL’' p ¢, let
ML) =f,(@pw)jw2Lg

and
M-YLY=fw2 8] *(q:w)2 Lg:

Note that if M is a csm,then jM (w)] = jwj, for all
w 2 8* Also, a homomorphisms a special kind of
gsm|it canbe realizedoy a gsmwith onestate.

We canusegsm'sand csm'sto computecertainkinds of
functions.

De nition 2.7.2 Afunctionf :8*! ¢ *isagsm(resp.
csm) mapping i®thereis a gsm(resp.csm),M, sothat
M (w) = f (w), forallw 2 §*.
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Remark: Ginsburgand Rose(1966)characterizedysm

mappingsasfollows:

A functionf :8*! ¢ * isagsmmappingi®

(a) f preserespre xes,i.e.,f (x) isapre x of f (xy);

(b) Thereis an integer,m, sud that for allw 2 §8* and
alla2 §, wehavejf (wa)]i jf (w)j- m;

©f®) =72

(d) For ewery regularlanguageR p ¢ *, the language
fYR)=fw2 &*jf(w)2 Rgisregular.

A functionf:8* ! ¢ *isacsmmappingi®f satis es
(a) and(d) andforallw 2 8%, jf (W)} = jwj.
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The following propositionis left asa homewrk problem.

Prop osition 2.7.3 The family of regular languages
(over an alphalet §) is closal under both gsm and
Inverse gsmmappings.

We cangeneralizéhe gsmmaodel sothat
(1) the deviceis nondeterministic,
(2) the devicehasa setof acceptingstates,

(3) transitionsare alloved to occur without new input
beingprocessed,

(4) transitionsarede nedfor input stringsinsteadof in-
dividualletters.

Hereis the de nition of sud a model, the a-transduer.
A mud morepowerfulmodel of transducemwill be inves-
tigatedlater: the Turing machine
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De nition 2.7.4 An a-transduer (or nondetermin-
Istic sequential transduer with aacepting stateg is a
sextupleM = (K;8§;¢;; go; F), where

(1) K isa nite setof states

(2) 8 isa nite input alphatet,

(3) ¢ isa nite output alphalet,

(4) p 2 K isthe start (or initial ) state,

(5 F pu K isthe setof accepting (of nal ) statesand

(6), Hn KE£ 8 £ ¢*£ K isa nite setof quadruples
calledthe transition function of M .

f WK E£S8*£¢* £ K,thenM is2-free

Clearly a gsmis a specialkind of a-transducer.

An a-transducede nesabinaryrelationbetweens * and
¢ *, or equinalently, a functionM :8* ! 2%,
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We canexplainwhat this functionis by describinghowv
an a-transducemalkesa sequencef movesfrom con g-
urationsto con gurations.

Thecurren con guration ofana-transducersdescrited
by atriple

(p;u;v) 2 K £ 8" E ¢
wherep isthe curren state,u isthe remainingnput, and
V IS someouput producedsofar.

We de nethe binary relation™ ,;, onK £ 8*£ ¢* as

follows: For all p;g 2 K, u;® 2 8%, ;v 2 ¢* if
(p;u;viq) 2 ., then

(p; u®; ) " (0 ® V):

Let " 7, bethe transitive and re°exive closureof = ;.
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ThefunctionM :8* ! 2¢" isde nedsud that for every
w2 8%,

MW)=Tfy2 ¢ j(pw 2 3.3y f2Fg
For ary languagd. p 8* let
M(L) = M (w):

weL

Foranyy 2 ¢*, let
M~Hy) = fw2 8" jy2 M(w)g
andfor ary languagd.’ p ¢ *, let
M~HL) = M7Yy):

ye L0
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Remark: Noticethat if w2 M ~(L’), thenthereexists

somey 2 L' sud that w2 M ~(y), i.e.,
y 2 M (w). Thisdoes not imply that M (w) u L', only
that M(w)\ L' 6 ;.

One shouldrealizethat forany L’ p ¢* and ary a-
transducerM , thereis somea-transducerM ’, (from ¢ *
to 287) sothat M/(L") = M ~Y(L").

The following propositionis left asa homewrk problem:

Prop osition 2.7.5 The family of regular languages
(over an alphalet 8) is closa under both a-transductions
and inverse a-transductions.
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2.8 Directed Graphs and Paths

It 1S often usefulto view DFA's and NFA's as labeled
directedgraphs.

De nition 2.8.1 A directed graph is a quadruple

G = (V;E;s;t), whereV is a setof vertices, or nodes
E is asetof edges,or arcs, ands;t:E ! V aretwo
functions,s beingcalledthe source function,andt the
target function. Givenan edgee 2 E, we alsocall s(e)
the origin (or source) of e, and t(e) the endmint (or
target) of e.

Remark: the functionss;t neednot be injective or sur-
jective. Thus,we allow \isolatedvertices".
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Example Let G bethe directedgraphde nedsud that
E = fey; e es; €4 €5 €5, €7; €50;

V = fvy; V2; Va; Vg; Vs; Veg; and

s(€e1) = Vv1;S(€2) = V2; S(€3) = V3;S(€4) = Vg
S(es) = Vz; S(€s) = Vs; S(€7) = Vs; S(€g) = Vs;

t(e1) = vot(e) = v t(es) = Vart(es) = Vo
t(es) = Vs; t(es) = Vs; t(e7) = Ve t(eg) = Ve

Sud agraphcanberepreseted by the follovingdiagram:
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V3

Figure 2.7: A directed graph

In drawing directedgraphs,we will usually omit edge
nameqthe g;), andsometimegwenthe nodenamegthe

Vj).

We now de nepathsin a directedgraph.
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De nition 2.8.2 Givena directedgraph

G = (V;E;s;t) forany twonodesu; v 2 V, a path from
uto visatriple ¥a= (u;e;:::e,;Vv), wheree;:..:e, IS
a string (sequencegf edgesn E sud that, s(e;) = u,
t(e,) = v, andt(e) = s(e+1), foralli suhrthat1l- i -
nij 1. Whenn = 0, we must have u = v, andthe path
(u; 2; u) is calledthe null path from u to u. The number
n is the length of the path. We alsocall u the source
(or origin) of the path, and v the target (or endmint)
of the path. Whenthereis a nonrull path %fromu to v,
we s that u and v are connected.

Remark: In a path¥4= (u;e;:::e,;Vv), the expression
e;...e, Isasequence, andthus,the e; arenot neces-
sarily distinct.
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For examplethe following are paths:
Ya = (V1; €165€7; V),

Yo = (Vo; €263646,63646,€3€4; V2);
and
Ya = (V1; €1626364€,€364€565€5€3; Ve):

Clearly ¥» and ¥4 are of a di®ereh naturefrom %4. In-
deedthey conain cycles.This is formalizedasfollows.
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De nition 2.8.3 Givena directedgraph

G = (V;E;s;t), forany nodeu 2 E a cycle (or loop)

throughu isanonrull pathoftheform¥= (u;e;:::e,; u)
(equialenly, t(e,) = s(e1)). More generallya nonrull

path 2= (u;e;:::e,;Vv) contains a cycle I® for some
;J,with1- i - ] - n,t(e) = s(e). In this caselet-

tingw = t(e;) = s(e;), thepath(w; e;:::e;;w) isacycle
throughw. A path¥%iisacyclic i®it doesnot cortain ary

cycle.Notethat eat null path (u;?; u) is acyclic.

Obviously acycleVa= (u;e;:::e,; u) throughu isalsoa
cyclethroughewery nodet(e;). Also,a path ¥2may con-
tain seweral di®eren cycles.Paths canbe concatenated
asfollows.
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De nition 2.8.4 Givena directedgraph

G = (V;E;s;t), two paths?s = (u;e;:::e,;Vv) and
Yy = (U;€]:::€; V') canbeconcatenatal providedthat
v = U, in which casetheir concatenation is the path

VoY = (U;er:::€,€:::€;V):

It isimmediatelyveri edthat the concatenationf paths
IS assaiative, andthat the concatenatiof the path
Ya= (U;ey:::ey;Vv) with the null path (u;?; u) or with
the null path (v;?; v) is the path Yaitself.

Thefollovingfact, althoughalmosttrivial, is usedall the
time, andis worth statingin detail.

Lemma 2.8.5 Givena directedgraphG = (V;E;s;t),
If the setof nodesV containsm | 1 nodes,thenewery
path ¥zof lengthat leastm cortains somecycle.
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A consequenad lemmaz2.8.5is that in a nite graph
with m nodes,givenarny two nodesu;v 2 V, in orderto
‘nd out whetherthereis a path fromu to v, it is enough
to considepathsoflength- mj 1.

Indeed.,if thereis path betweenu and v, then thereis
somepath Y2of minimal length (not necessarilyinique,
but this doesn'tmatter). If this minimal path haslength
at leastm, thenby the lemma,it cortainsa cycle.How-
ewer, by deletingthis cyclefrom the path ¥4 we get an
evenshortermpathfromu to v, cortradictingthe minimal-
ity of ¥4

We now turn to labeledgraphs.
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2.9 Labeled Graphs and Automata

In fact, we only neededge-labledgraphs.

De nition 2.9.1 A lakelal directed graph is a tuple
G = (V,;E;L; s;t; . ), whereV is a setof vertices, or
nodes E is a setof edges,or arcs, L is a setof labels,
s;t:E ! V aretwo functions,s beingcalledthe source
function,andt the target function,and, :E ! L isthe
lakeling function. Given an edgee 2 E, we alsocall
s(e) the origin (or source) of g, t(e) the endmint (or
target) of e, and, (e) the lakel of e.

Notethat the function, neednot be injective or surjec-
tive. Thus, distinct edgesnay have the samdabel.
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Example Let G bethe directedgraphde nedsud that
E = fey; & es; € Es5; €, €7; €30,
V = fvy; Vo va; Vg5 Vs, Veg, L = fa;bg, and

s(€e1) = V1;S(€2) = V2; S(€3) = V3;S(€4) = Vg
S(es) = Vz; S(€s) = Vs; S(€7) = Vs; S(€g) = Vs;

t(e1) = vot(e) = v t(es) = Vart(es) = Vo
t(es) = Vs; t(es) = Vs; t(e7) = Ve t(eg) = Ve!

(@)= a;, (e)=D;, (e3) = a;, (eg) = &
, (65) = b;, (&) = a;, (e7) = a;, (eg) = b

Sud alabeledgraphcanbe represeted by the following
diagram:
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Figure 2.8: A labeleddirected graph

In drawing labeled graphs,we will usually omit edge
nameqthe g;), andsometimeg\wenthe nodenamegthe

v;). Paths,cyclesandconcatenationf pathsarede ned
just asbefore(that is, weignorethe labels). Howvever, we

cannow de nethe spelling of a path.
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De nition  2.9.2 Givena labeleddirectedgraph

G = (V,E;L;s;t;, ) forany twonodesu; v 2 V, forary
path V2= (u;e;:::e,; V), the spelling of the path Yais
the string of labels

(@), (8n):

Whenn = 0, the spellingof the null path (u;?; u) isthe
null string2.

For examplethe spelling of the path
Ya = (V1; €1626364€76364E65€5E6€3; Vo)

abaabaabaab:

Every DFA and every NFA can be viewed as a labeled
graph,in sud a way that the set of spellingsof paths
from the start stateto some nal stateis the language
acceptedy the automatonin question.
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GivenaDFA D = (Q; 8; £ oo, F), where
+Q£E£ 8§ ! Q, weassaciatethe labeleddirectedgraph
Gp = (V,E;L;s;t;, ) de nedasfollows:

V=Q; E=f(p;a;9)qg=Hp;a);p;q2 Q;az2 §g;
L = 8§, s((p;a;0) = p, t((p;a;0) = q,

and, ((p;a;q) = a.

Sud labeled graphshave a special structure that can
easilybe characterized.

It is easilyshavn that astringw 2 §8* isin the language
L(D)=fw2 8*] £(q;w) 2 FgIi®w is the spelling of
somepath in Gp from gy to some nal state.
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Similarly givenan NFA N = (Q; 8; £ qo; F), where
+QF (8§ f2g)! 29, weassaiatethe labeleddirected
graphGy = (V; E;L; s;t; . ) de nedasfollows:

V=Q

E=1f(p;a;0)jq2 Hp;a); p;q2 Q; a2 §[ f2gg;
L = 8 [ f2g, s((p;a;d) = p, t((p;a;9)) = q,
, (pa;9) = a

Remark: WhenN hasno2-transitionswecanletL = 8§.

Sud labeledgraphshave alsoa specialstructurethat can
easilybe characterized.

Again,astringw 2 8* isin the language
L(N)="fw2 8% (p;w)\ F 6 ;g i®w isthespelling
of somepathin G from gy to some nal state.
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2.10 The Closure De nition of the Regular Languages

R(8)n+1 = R(8) [ fL1[ Lo Lilo L]
Li;LosL 2 R(8),0:
Then,wede neR(8) as

R(8) = | R(8) !

n>0

Regular languages, Version 2 = R(8)
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Lemma The family R(8) is the smallesttamily of lan-
guagesvhidh containsthe (atomic)languages

fa;g, :::;fa,9, ;, f2g, andis closedunderunion, con-
catenationandKleenex.

Proof: Useinductiononn.

Note: a given languagel may be built up in di®eren
ways. For example,

fa;bg* = (fag"fbg*)*:
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2.11 Regular Expressions

alphalet
¢ =8[ f+;¢:();;;2%0

We de nea family (R(8),,) of languagesver ¢ asfol-
lows:

R(8)n+1 = R(8)n[ f(R1+ Ry); (R1¢Ry); R* |
R1;R2;R 2 R(8),0:

Then,wede neR(8) as

R(8) = | R(8).:

n>0

R (8) isthe setof regular expressions(over 8).
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Lemma The languageR (8) is the smallestlanguage
whid cortainsthe synbolsay, :::;a,,;, 2%, from¢, and

sut that (R; + Ry), (R1 ¢Ry), and R*, alsobelongto

R(8), whenR;Rs; R 2 R(8).

For simplicity of notation,write

(R1R2)

Insteadof
(Rl ¢R 2) )

Examples R = (a+ b*, S = (a*b)".
T=(a+t b)*afa+ b) ?%¢(a+ t?:
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2.12 Regular Expressions and Regular Languages

Every regularexpressiorR 2 R(8) can be viewed as
the name, or denotation, of somelanguagd. 2 R(8).
Similarly everylanguage. 2 R(8) istheinterpretation
(or meaning) of someregularexpressiolR 2 R(8).

Think of a regularexpressiorR as a program, and of
L (R) asthe resultof the exesution or evaluation, of R
by L.

This canbe maderigorousby de ninga function
L:R(8) ! R(8):
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This functionis de nedrecursiely:

L[a;] = fa,g;
L[ 1=:;
L[?] = f2g;

LI(R1+ R2)] = LIR4][ LI[R2];
L[(R1R2)] = L[R4]L[R2];
L[R'] = L[R]"

Lemma For ewery regularexpressiorR 2 R(8), the
languagéd. [R] is regular(version2), i.e. L[R] 2 R(8).
Cornversely for ewvery regular(version2) languagd. 2
R(8), thereis someregularexpressioiR 2 R(8) sud
that L = L[R].

Note: the functionL isnot injective.

Example If R = (a+ b)*, S = (ab")*, then
L[R] = L[S] = fa;bg"
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For simplicity, we oftendenotel [R] asL 3.

Remark . If
R=(a+ b)*afa+ b) $%¢(a+ t?;

It canbe shavn that any minimal DFA acceptind- ; has
2"*1 states.

Yet, both (a + b)*a and fa+ b) ?%¢(a+ t? denotelan-

guageshat canbe acceptedy \sr?]all" DFA's (of size2
andn + 2).
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De nition Two regularexpression®;S 2 R(8) are
equivalent, denotedasR 2 S, iI®L[R] = L[S].

It isimmediatethat 2 is an equinalenceelation.

Therelation2 satis essomgnice)idertities. For exam-
ple:

(R1+ R2) + R3) 2 (R1+ (R2+ Ry3));
((R1R2)R3) = (R1(R2R3));
(R1+ R2) 2 (R2+ Ry);
(R'R) 2 R™;

R™ 2 R*:

Therearealgorithmgo testequinalencefregularexpres-
sions,but their complexiy is exponettial. It is anopen
problemto prove that the problemcannotbe decidedn
polynomialtime.
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2.13 Regular Expressions and NFA's

Lemma Thereis analgorithm,whid, givenary regular
expressioiR 2 R(8), constructsan NFA N accepting
L -, l.e.,sud that Lp= L(NR)

Seerecursie algorithm given in class(or in arny text-
book). As a corollary

Reg.languagesersion2 u Reg.languagesyersionl.

The readershouldched that if oneconstructshe NFA
correspndingto the regularexpressiorfa + b)*abband
thenapplieghe subsetonstructionpnegetthe following
DFA:

Figure 2.9: A non-minimal DFA for f a; bg°f ably
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Lemma Thereis an algorithm, whid, given any NFA
N, constructsa regularexpressioiR 2 R(8), denoting
L(N), i.e.,sudqrthat L = L(N)

As a corollary
Reg.languagesersionl 1 Reg.languagessersion?2.

This is the node elimination algorithm. The general
Ideais to allov moregenerallabelson the edgesof an
NFA, namelyregularexpressionsl hen,sud generalized
NFA's aresimpli edby eliminatingnodesoneat a time,
andreadjustingabels.
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Prepro cessing, phase 1.

If necessayywe needto add a new start state with an
2-transitionto the old start state, if there are incoming
edgesnto the old start state.

If necessarywe needto add a new (unique) nal state
with 2-transitionsfrom eat of the old nal statesto the
new nal state,if thereis morethan one nal stateor
someoutgoingedgefrom ary of the old nal states.

At the endof this phasethe start state,say s, iIsa source
(no incomingedges)andthe nal state,say t, is a sink
(no outgoingedges).



2.13. REGULAR EXPRESSIONSAND NFA'S 95

Prepro cessing, phase 2:

Weneedo \°atten" paralleledgesFor any pair of states
(p;9) (p= gispossible)if therearek edgedrompto g

labeleduy; :::, u;, thencreatea singleedgdabeledwith

the regularexpression

u; + ¢C¢+ uy:

For any pair of states(p;q) (p = qis possiblesud that
thereis no edgefrom p to g, we put an edgdabeled; .

At the endofthis phasethe resulting\generalizedNFA"

Is sud that for any pair of states(p;q) (wherep = g is
possible)thereis a uniqueedgdabeledwith someegular
expressiomienotedas R, ,. WhenR,, = ;, this really
meansthat thereis no edgefrom p to g in the original
NFA N.
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By interpreting eat R, , as a function call (really a
macro)to the NFA N, , accepting. [R,, ;] (constructed
usingthe previousalgorithm),we canverify that the orig-
iInal languagd. (N ) is acceptedy this newgeneralized
NFA.

No de elimination onlyappliesf the generalizetiFA
hasat leastonenodedistinct from s andt.

Pick any noder distinct from s andt. For ewery pair
(p;g) wherep 6 r andqg 6 r, replacethe label of the
edgefrom p to g asindicatedbelow:
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Figure 2.10: Before Eliminating node r

*
Rp>q + RparRT,TRT7q

Figure 2.11: After Eliminating node r

At the endof this step,deletethe noder andall edges
adjacentor.
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Notethat p = qis possiblejn whid casethe triangleis
\°at". It is alsopossiblghat p= s orq= t. Also,this
stepis performedfor all pairs (p;q), whidh meanghat
both (p; ) and(q; p) areconsidere@whenp 6 q)). Note
that this steponly hasan e®ectf thereareedgedrom p
to r andfromr to gin theoriginalNFA N. Otherwiser
cansimplybe deletedaswell asthe edgesdjacentor.
Other simpli cationscan be made. For examplewhen
R, =;,wecansimplifyR,, R} R, ,t0R,,R,,. When
Ry =i, wehaeR, R R,

The orderin whid the nodesareeliminateds irrele\an,
althoughit a®ectshe sizeof the nal expression.

The algorithmstopswhenthe only remainingnodesare
s andt. Then,the label R of the edgefromstot isa
regularexpressiomenotinglL (N ).
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2.14 Summary of Closure Prop erties of the Regular
Languages

The family of regularlanguagess closedundermary op-
erations. In particular, it is closedunderthe following
operationslisted belon. Someof the closureproperties
areleft asa homewrk problem.

(1) Union, intersectionyelative complemen
(2) ConcatenationKleener, Kleenet+.
(3) Homomorphismand inversehomomorphisms.

(4) gsmand inversegsmmappingsa-transductionsand
Inversea-transductions.

Anotherusefuloperationis substitution.

Givenary two alphakets§; ¢, a substitution is a func-
tion, ¢:8 ! 2°°, assigninggpomelanguage¢(a) pu ¢ *,
to every synbola 2 8.
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A substitution¢:§ ! 2° " is extendedo a map
;287 1 27 by st extendingg, to stringsusingthe
following de nition

é(?) = f2g;
dua) = ¢(u)é(a);

whereu 2 8* anda 2 §, andthen to languagedy

letting [

oL)= &w);
weL

for everylanguage. p 8§*.

Obsere that a homomorphisms a specialkind of sub-
stitution.

A substitutionis a regular substitutioni® ¢,(a) is a reg-
ular languagdor every a 2 8. The proof of the next
propositionis left asa homewrk problem.

Prop osition 2.14.1 If L is a regular languageand
¢, 1S a regular substitution, then ¢(L) is also regular.
Thus, the family of regular languagess close&l under
regular substitutions.



