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Chapter 1

Basics of Formal Language Theory

1.1 Generalities, Motiv ations, Problems

In this part of the coursese want to understand
2 What is a language?
2 How dowe de nealanguage?
2 How do we manipulatelanguages;onbinethem?

2 What is the complexiy of a language?

Roughly therearetwo dual viewsof languages:
(A) The recognition poirt view.
(B) The geneation point of view.
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No matter hon we viewa languagewe aretypically con-
sideringtwo things:

(1) The syntax, i.e.,what arethe \legal" stringsin that
languagdwhat arethe \grammarrules"?).

(2) The semanticsof stringsin the languagei.e., what
IS the meaning (or interpretation) of a string.

The sematics is usuallya lot moreinterestingthan the
syrtax but unfortunatelymuch moredixcult to dealwith!

Thereforesorry we will only be dealingwith syrtax!
In (A), we typically assumesomekind of \black box",
M, (an automaton) that takesa string, w, asinput and

returnstwo possibleansvers:

Y es, the string w is aacceptad, whidh meanghat w be-
longsto the languagel., that we aretrying to de ne.

No, the string w is rejected, whidh meanghat w does
not belongto the languagel..
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Usuallythe bladk box M givesa de nite ansverfor ewvery
iInput aftera nite number of steps but not always.

For example,a Turing madine may go on computing
forever andnot give any ansver for certainstringsnot in
the languageThis is an exampleof undecidability .

The bladk bax may computedeterministically or non-
deterministically, which meansoughlythat oninput w,
the madtine M is allovedto try di®ereh computations
andto ignorefailingcomputationgslongasthereissome
successfudomputationon input w.

This a®ectgyreatly the complexity of recognition,i.e,.
how mary stepsit takesto processw.
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Sometimesa nondeterministiozersionof an automaton
turns out to be equialert to the deterministicversion
(although,with di®erehcomplexiy).

This tendsto happenfor very restrictive models|where
nondeterminisndoesnot help,or for very powerful

models|where again,nondeterminisndoesnot help,but
becauséhe deterministianodelis alreadyvery powerful!

Wewill investigateautomataofincreasingpowerofrecog-

nition:

(1) Deterministicand nondeterministic nite automata
(DFA's and NFA's, their power is the same).

(2) Pushdavn automata(PDA's) anddeterminstigoush-
dowvn automata(DPDA's), herePDA > DPDA.

(3) Deterministicand nondeterministicTuring madines
(their power is the same).

(4) If time permits,we will alsoconsideisomerestricted
typeof TuringmadineknovnasLBA (linearbounded
automaton).
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In (B), we are interestedin formalismsthat specify a
languagan termsof rules that allov the generatiorof
\legal" strings. The mostcommorformalismis that of a
formalgrammar.

Remenmer:

2 An automatonrecognizes(or accepts) a language,
2 a grammargenentes a language.
2 gramnar is spelledwith an\a" (not with an\e").

2 The plural on automabn is automata
(not automabns).

For\good" classesfgrammarsit is possibldo build an
automaton,Mg, from the grammar,G, in the class,so
that Mg recognizethe languagel. (G), generatedby the
grammarG.
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Howeer,grammarsrenondeterministian nature. Thus,
even if we try to avoid nondeterministi@automata,we
usuallycan't escap having to dealwith them.

We will investigatethe followving typesof grammargthe
so-calle€€homskyhierarchy) andthe correspndingfam-
lliesof languages:

(1) Regulargrammardqtype 3-languages).
(2) Cortext-freegrammargqtype 2-languages).

(3) The recursiely erumerablelanguager r.e. sets
(type O-languages).

(4) If time permit, cortext-sensitie languages
(type 1-languages).

Miracle: The grammarsof type (1), (2), (3), (4) corre-
spondexactlyto the automataof the correspndingtype!
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Furthermore thereare algorithms for corverting gram-
marsto the correspndingautomata(and badkward), al-
thoughsomeof thesealgorithmsarenot practical.

Building an automatonfrom a grammars an important
practicalproblemin languagerocessingA lot is knowvn
for the regularandthe coriext-freegrammarsput there
IS still room for improvemeis and innovations!

Thereareotherwaysof de ningfamiliesof languagedor
example

Inductive closures.

In this style of de nition, a collectionof basic(atomic)
languagess speci ed, someoperationsto conbine lan-
guagesre alsospeci ed,and the family of languagess
de nedasthe smallestone containing the given atomic
languageand closedunderthe operations.
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Investigatingclosureproperties(for example union, in-
tersection)s a way to assesbow \robust" (or complex)
a family of languagess.

Well, it is now time to be precise!

1.2 Alphab ets, Strings, Languages

Ourviewoflanguagesthat alanguagés a setof strings.
In turn, a stringis a nite sequencef lettersfrom some
alphalet. Theseconceptsare de nedrigorouslyas fol-

lows.

De nition 1.2.1 An alphalet § isarny nite set.

symiols of the alphalet.
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Examples
§ = fag
§ = fa;b;cg
§ =10;1g

A stringisa nite sequencef synbols. Tednically it is
corvenien to de nestringsasfunctions.For ary integer
n, 1,let
IN]=112:::;ngq;
andforn = 0, let
[0]=::

De nition 1.2.2 Given an alphalet §, a string over
§ (or simply a string) of lengthn is any function

u:[n]! 8:

The integern is the length of the string u, and it is
denotecasjuj. Whenn = 0,thespecialstringu: [0]! §
oflengthOis calledthe empty string, or null string, and
IS denotedas?.
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Givenastringu:[n] ! 8§ oflengthn , 1, u(i) isthe
I-th letter in the string u. For simplicily of notation,we
denotethe stringu as

U= Uilo:::Upn;
with ead u; 2 §.
Forexampleif 8 = fa;bgandu:[3]! 8§ isde nedsud
that u(1) = a, u(2) = b, andu(3) = a, we write

u = aba:

Stringsoflengthl arefunctionsu:[1]! 8§ simplypicking
someelemenu(l) = a in 8. Thus,wewill idertify ewvery
synbol a; 2 § with the correspndingstring of length1.

The setof all stringsover an alphalet §, includingthe
empty string,is denotedas§”.
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Obsere that when8 = ;, then
;"= f2g:

Wheng§ 6 ;, the set8” is courtably in nite. Lateron,
we will seeways of orderingand erumeratingstrings.

Stringscanbe juxtaposedor concatenated.

De nition 1.2.3 Givenan alphalet §, givenary two
stringsu:[m] ! § andv:[n]! §, the conatenation
u ¢v (also written uv) of u and v is the string

uv:[m+ nj! 1/§, de nedsud that
*u(i) 1. 0. m,

W= Vit m) ifm+1-i- m+n.

In particular,u? = 2u = u.

It isimmediatelyveri ed that
u(vw) = (uv)w:

Thus,concatenationms a binary operationon 8 © whid is
assagiative andhas? asanidertity.
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Notethat generallyuv 6 vu, for exampldoru = a and
v=h.

Givenastringu 2 8 andn , 0,wede neu" asfollows:

1 _
n_ 2 if n=0,

utilu ifn, 1.

Clearly u! = u, andit is an easyexercis¢o shav that

n n

uu= uu,

foralln O.
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De nition 1.2.4 Givenan alphalet §, givenary two
stringsu; v 2 8% we de nethe folloving notionsasfol-
lows:

u is a pre x of v i®thereis somey 2 §° sudt that

V = uy:

u is a suxx of v i®thereissomex 2 §° sudh that

V = XU.

u is a substringof v i® therearesomex;y 2 8° sut
that
V = Xuy:

We sa&y that u is a proper pre x (suxx, substring) of
vV i®u isapre x (suxx, substring)ofv andu 6 v.
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Recallthat a partial ordering- on a setS is a binary
relation- p S £ S whid is re°exiwe, transitive, and
antisymmetric.

Theconceptefpre X, suxx, andsubstringde nebinary
relationson 8" in the obviousway. It canbe shavn that
theserelationsare partial orderings.

Anotherimportart orderingonstringsisthelexicographic
(or dictionary)ordering.
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De nition 1.2.5 Givenanalphalet 8§ = faq;:::;akg
assumedotally orderedsud that a; < a, < ::: < a,
given ary two stringsu;v 2 8%, we de ne the lexio-
graphic orde8ring 1 asfollows:

< ifv=uy, forsomey 2 8% or
ut v ifu=xay,Vv=Xagz,
anda; < g, forsomex;y;z 2 §°.

It isfairly tediougto provethat thelexicographiordering
Isin facta partial ordering.In fact, it isatotal ordering,
which meansthat for any two stringsu;v 2 87, either
ut v,orv?! u.

The reversalw® of a string w is de nedinductively as
follows:

2R — 2:
(ua)R = au®;

wherea 2 § andu 2 §".
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It canbe shavn that
(uv)R = vRuR:

Thus,

(Ur:::up)® = uloouf;

andwhenu; 2 8§, we have

(Ui un)R = upiooug

We cannow de nelanguages.

De nition 1.2.6 Givenanalphalet8, alanguageover
8§ (or simply a language)is ary subset of §".

If 8 6 ;, thereare uncoutably mary languages.We
will try to singleout counable \tractable" familiesof
languagesWe will beginwith the family of regular lan-
guagesandthenproceedo the context-free languages

We now turn to operationson languages.
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1.3 Operations on Languages

A way of buildingmorecomplexdanguagefrom simpler
onesis to conbinethem usingvariousoperations.First,
we reviewthe set-theoretioperationsof union, intersec-
tion, and complemetation.

Givensomalphalet §, forany twolanguagek 1; L, over
8, theunion L[ L, of L; andL isthelanguage

L.[ Lo=fw28"jw2L; or w2 Lyg:

Theintersection L1\ L, ofL; andL isthe language

L\ Lo=fw28%"jw2L; and w2 Log:

Thedi®erene L,;j L, of L; andL; isthe language
L1j Lo=fw28"jw2L; and w2 L,g:

The di®erences alsocalledthe relative complement
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A specialcaseofthe di®erences obtainedwvhenL ; = 8%,
In which casene de nethe complementL of alanguage
L as

L=fw28%jw2Lg:

The above operationsdo not usethe structureof strings.
The folloving operationsuseconcatenation.

De nition 1.3.1 Givenanalphalet§, forarny twolan-
guages q; L, over§, theconcatenationL;L, of L, and
L, is the language

Lilo,=fw28%j9u2 Ly 9v2 Ly w= uvg:
For ary languagd., we de neL" asfollows:

LO = f2q;
L™ = L L
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The following propertiesare easilyveri ed:

L; =3;
L=,
Lf2g=L;
f2gL = L;

(La[ f20)L2=L4Lo[ Ly
Li(Lo[ f29) = Lilo[ Ly;
L"L = LL "™

In generall.;L, 6 L,L;.

Sofar, the operationsthat we have introduced,except
complemetation (sinceL = §%j L isin nite if L is nite
and§ isnonempy), presere the nitenessof languages.
This is not the casefor the next two operations.
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De nition 1.3.2 Given an alphalet §, for ary lan-
guagelL over §, the Kleene o-closure L* of L is the

language [
L" = L"
n, O
The Kleene +-closure L™ of L isthe language
LY = | L":
n, 1

Thus,L" isthe in nite union
L= LO[ L[ L2 i L[ :::;
andL™ isthein nite union
L* = LY[ L2[ o[ L[ e
SinceL!= L, both L® andL™* conain L.
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In fact,

L*=fw2 8% 9n, 1
9u; 2 L ¢¢¢Ou, 2 L; w = uq ¢CCung;

andsincelL? = f2g,

L®=f2g[ fw28%9n, 1
9u, 2 L ¢¢¢Ou, 2 L; w = uq ¢¢Cu,Q:

Thus,the language.® always contains2, andwe have
L"=L"[ f2q:
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Honvewer,if 2 2 L, then2z 2 L*. The follovingis easily
shavn:

0 = f2g;
L* = L°L;
LQU: LQ’
L°L® = L™

The Kleeneclosurefhiave mary otherinterestingproper-
ties.

Homomorphismarealsovery useful.

Giventwo alphalets§; ¢, a homomorphism

h:8°! ¢ " between8® and ¢ "isafunctionh:8"%! ¢~
sud that

h(uv) = h(u)h(v)

forallu;v 2 §°.
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Lettingu = v = 2, we get
h(?) = h(*)h(?);
whidh impliesthat (why?)

h(®) = 2

Example 8§ = fa;b;cg, ¢ = f0; 1g, and
h(a) = 01, h(b)= 01 h(c)= 0111
For example

h(abbg = 010110110111
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Givenary languagé.; p 8%, wede netheimageh(L 1)
of L, as

h(L)=fhu)2 ¢"ju2L4g:

Givenary languagd_, u ¢ °, we de nethe
inverseimagehi (L,) of L, as

hil(Ly)=fu2 8§%jh(u) 2 L.g:

Wenow turn to the rst formalisnfor de ninglanguages,
Deterministickinite Automata(DFA'S)



Chapter 2

Reqgular Languages

2.1 Deterministic Finite Automata (DF A's)

First wede newhat DFA's are,andthenwe explainhow
they areusedto acceptor rejectstrings. Roughlyspeak-
Ing, a DFA is a nite transition graphwhoseedgesare
labeledwith lettersfrom an alphalet 8.

The graphalsosatis escertainpropertiesthat make it
deterministic.Basicallythis meanghat givenany string
w, starting from any node, thereis a uniquepath in the
graph\parsing" the stringw.

27
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Example 1. A DFA for the language
L, = fahg™ = faky*f aby;

l.e.,
L, = fab;ababababab;::;(ab";:::g:

Input alphalet: § = fa;bg.
StatesetQ, = 10; 1; 2; 3g.

Start state: 0.

Setof acceptingstates:F, = f 2g.

Transitiontable (function) &

wWNFO
W WRF2
LwWNWT

Notethat state3 is a trap state or dead state.
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Example 2. A DFA for the language
Lo=faby®= L[ f2g

L, = f2; ab;ababababab;::;(ab";:::g:

Input alphalet: § = fa;bg.
StatesetQ, = f0; 1; 2g.

Start state: 0.

Setof acceptingstates:F, = f Og.

Transitiontable (function) +:

NF—O
NN
NONT

State2 is a trap state or dead state.
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Example 3. A DFA for the language
L = fa;bg"f ably:

Notethat L 3 consistof all stringsof a's and b's ending
In abb

Input alphalet: § = fa;bg.
StatesetQ3 = f0; 1, 2; 3g.

Start state: 0.

Setof acceptingstates:F3; = f 3g.

Transitiontable (function) #3:

WNFRO
RPRRPEPY
OoWNOT

Is this a minimal DFA?
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a;b
Figure 2.1: DFA for fabg®
a
~(0 (1
b
6 ?
a;b

Figure 2.2: DFA for f abg®

Figure 2.3: DFA for f a; bg°f ably
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De nition 2.1.1 A deterministic nite automaton(or
DFA) isaquirtupleD = (Q; 8; £ tp; F), where

2 § isa nite input alphalet

2 Q isa nite setof states

2 F isasubsefQ of nal (or accepting) states
2 (p 2 Q isthe start state (or initial state);

2 +|sthe transition function, a function

+Q£8! Q:
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For any statep 2 Q andary input a 2 §, the state
q= H(p;a) isuniquelydeterminedThus,it is possibleo
de nethestatereadhedfromagivenstatep 2 Q oninput
w 2 87 followingthe path speci edby w. Tednically
this is doneby de ningthe extendedransition function

+:Q£ §°! Q.

De nition 2.1.2 Givena DFA D = (Q;8;x 0 F),
the extende transition function £ Q £ 8° ! Q is
de nedasfollows:

£(p;2) = p;
+(p;ua) = H+(p;u); a);

wherea2 § andu 2 8§8°.

It is immediatethat +°(p;a) = Hp;a) fora 2 8. The
meaningof £7(p;w) is that it is the state reated from
statep followving the path from p speci edby w.
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It Is alsoeasyto shav that

+(p;uv) = (£ (p; u); v):
We cannow de nehow a DFA acceptor rejectsa string.

De nition 2.1.3 Givena DFA D = (Q;8;x 0 F),
the languageL (D) acceptad (or recognized) by D is
the language

L(D)=fw2 8"j+(p;w) 2 Fg:

Thus,astringw 2 8§87 is accepted®the path from gy on
iInput w endsin a nal state.

We now cometo the rst of sewralequinalert de nitions
of the regularlanguages.



2.1. DETERMINISTIC FINITE AUTOMATA (DFA'S) 35

Regular Languages, Version 1

A languagd. is a regular languageif it is accepteddy
someDFA.

Note that a regularlanguaganay be acceptedy mary
di®erenh DFAs. Later on, we will investigatewhether
minimal DFA's existand canbe found.

In orderto understandhonv complexheregularanguages
are,we will investigatethe closurepropertiesof the reg-
ular languagesinder union, intersection,complemeta-
tion, concatenationand Kleenex.

It turns out that the family of regularlanguagess closed
underall theseoperations. For union, intersectionand
complemetation, we canusethe cross-prduct construc-
tion which preseresdeterminism.
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Howe\er, for concatenatiomnd Kleeneg, theredoesnot
appearto be any methal involvingDFA's only. The way
to doit is to introducenondeterministicnite automata
(NFA's).

2.2 The \Cross-pro duct" Construction

Givenary two DFA's D; = (Qy; §; #1; 0p.1; F1) and

D, = (Q2; 8; &; t2; F2), thereis a very usefulconstruc-
tion for shaving that the union, the intersectionor the
relative complemenof regulalanguagess aregulanan-
guage.

Givenary two languages ;; L, over §, recallthat

L[ Lo=fw28%"jw2L; or w2 Lyg;
L.\ Lo=fw28"jw2L; and w2 Lyg;
L1i Lo=fw28%"jw2L; and w2L,Q:
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Let us rst explainhow to constucta DFA acceptinghe
IntersectionL1\ L,. LetD; andD, be DFA's sud that
L, =L(D,) andL, = L(D>). Theidealsto constructa
DFA sinulatingD; and D> in parallel. This canbe done
by usingstateswhid arepairs(py; p2) 2 Q1£ Qo. Thus,
we de nethe DFA D asfollows:

D = (Q1f Q2 8;% (1 t2); F1 £ Fy);

wherethetransitionfunctiont (Q1£ Q2)£8 ! Q£ Qo
Is de nedasfollows:

H(p1; P2); @) = (f(p1; @); w(p2; @));
forall p; 2 Q, p2 2 Qo, anda 2 8.

Clearly D isa DFA, sinceD; andD» are. Also, by the
de nition of £, we have

+((p1; P2); W) = ((#1(p1; W); £(p2; W));
forallp; 2 Qq, p2 2 Q,, andw 2 §°.
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Now, we have
w2 L(D1)\ L(Dy) i®w 2 L(D;) andw 2 L(D>y);
I®+(0p.1; W) 2 F1 and£5(0p.2; W) 2 Fo;
I®+((Q1; Go2); W) 2 FL £ Fy;
i®w 2 L(D):

Thus,L(D) = L(D4)\ L(D>).

We cannowv madify D very easilyto accept
L(D1)[ L(D»). Wechangethe setof nal statessothat
it becomegFi£ Q))[ (Q1£ F»). Indeed,

w2 L(Dy[ L(Dy) i®w2 L(Dq) orw?2 L(D»);
i®+(0p.1; W) 2 F1 or £5(0po; W) 2 Fy;

I®+"((qu1; Q2); W) 2 (F1£ Q) [ (Q1E Fy);
i®w 2 L(D):

Thus,L(D) = L(D4)[ L(D>).
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We canalsomadify D very easilyto accept
L(D1)i L(D,). Wechangethe setof nal statessothat
it become$, £ (Q2i F»). Indeed,

w2 L(Dyi L(Dy) i®wW 2 L(D1) andw ZL(D»);
I®(0p.1; W) 2 F1 and£5(0p.2; W) Z Fo;

I®+"((q1; Q2); W) 2 F1 £ (Q2i Fo);
i®w 2 L(D):

Thus,L(D) = L(D1)j L(D>).

In all casesif D1 hasn; statesand D, hasn, statesthe
DFA D hasnin, states.
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2.3 Morphisms, F-Maps, Fi!-Maps and Homomorphisms
of DFA's

A map betweenDFA's is a certain kind of graph ho-
momorphism.The following De nition is adaptedfrom
Eilerberg.

De nition 2.3.1 Givenary two DFA's

D1 = (Qu8;%1; 01, F1) and D3 = (Q2; 8; 1; tp2; F2),
amorphismh:D;! D, of DFA's is afunction
h:Q.! Q5 satisfyingthe following conditions:

(1)
h(£1(p;a)) = x(h(p); &);
forallp2 Q, andalla?2 §;
(2) h(tp,1) = 2.

An F-map of DFA's, for short,a map, is a morphism
of DFA'sh:D;! D, that satis esthe condition

(Ba)h(F1) 1 Fo.

An Fi -map of DFA's is a morphismof DFA's
h:D1! D5 that satis esthe condition

(3b) hi %(F2) p Fi.



2.3. MORPHISMS, F-MAPS, Fi 1-MAPS AND HOMOMORPHISMS OF DFA'S 41

A proper homomorphismof DFA's, for short,a homo-
morphism, is an F-map of DFA's that is alsoan F i *-
map of DFA's.

Now, for any functionf:X ! Y andany two subsets
Aun X andB p Y,
f(A)p B i® ApfilB):
Thus, (3a) & (3b) is equinalert to the condition
(3c)hi }(F3) = Fu.

Note that the condition for being a proper homomor-
phismof DFA's iIsnot equialert to

h(Fy) = F2:

It forcesn(F1) = F»\ h(Q,), andfurthermore for every
P2 Qi, wheneerh(p) 2 F,, thenp 2 F.

Thereadershouldchedk thatif f :D1! D5, and

g:D,! D3z aremorphismgresp.F-map,resp.

Fi l-map),theng+f :D,! Djisalsoamorphism(resp.
F-map,resp.Fi :-map).
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Remark : In previousversion®fthesenotes,anF -map
was calledsimply a map and an Fi *-mapwas calleda
homomorphism Over the years,the old terminology
proved to be confusing. We hope the new oneis less
confusing!

Notethat an F-mapor an Fi *-mapis a specialcaseof
the concepbf simulation of automata.A proper homo-
morphismis a specialcaseof a bisimulation. Bisinula-
tions play animportart rolein real-timesystemsandin
concurrencyheory

Themainmotivationbehindthesale nitionsisthat when
thereisanF-maph: D! D,, somewha, D, sinulates
D4, andit turnsoutthat L(D,) p L(D>y).

WhenthereisanFi *-maph:D;! Dj, somewhw, D
simulatesD,, andit turnsoutthat L(D,) 4 L(D4).

When there is a proper homomorphismh:D,; ! Dy,
somewhw, D4 bisimulatesD,, and it turns out that
L(D2) = L(Dy).
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A DFA morphism(resp.F -map,resp.F i 1-map),
f:D1! Doy, isanisomorphismi®thereis a DFA mor-
phism(resp. F-map,resp. Fi i-map),g:D, ! D4, so
that

g+f =idp, and f +g=idp,:
The mapg is uniqueandit is denotedf ' *. The reader
shouldprove that if a DFA F-mapis an isomorphism,
then it is alsoa proper homomorphismand if a DFA
Fi l-mapis anisomorphismthenit is alsoa proper ho-
momorphism.

If h:D,! Djisamorphismof DFA's, it is easilyshavn
by inductionon the lengthof w that

h(x(p;w)) = H(h(p); w);

forallp2 Q; andallw 2 §°.

As a consequenceie have the folloving Lemma:
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Lemma 2.3.2 If h:D;! Dy is an F-map of DFA's,
thenL(D1) u L(Dy). If h:D;! D,isanFimap of
DFA's, then L(D,) u L(D,). Finally, if h:D;! D>
IS a proper homomorphismof DFA's, then

L(D1) = L(D2).

A DFA is aaessible,or trim, if ewery stateis readable
fromthe start state.

A morphism(resp. F-map, Fi-map)h:D; ! D, is
surjective if h(Qq1) = Q..

It canbe shavn that if D4 is trim, thenthereis a most
onemorphismh:D1! D, (resp.F-map,Fi -map). If
D, is alsotrim and we have a morphismh:D; ! Doy,
thenh is surjectie.

It canalsobe shavn that a minimal DFA D, for L is
characterizedby the property that thereis uniquesurjec-
tive proper homomorphisnh:D ! D, from any trim

DFA D acceptind- to D.
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Anotherusefulnotionis the notion of a congruencen a
DFA.

De nition 2.3.3 Givenary DFA
D =(Q;8;f£q;F), acongruene” on D isanequia-
lencerelation” onQ satisfyingthe follonving conditions:

(L) If p° g, thenk(p;a) = +q;a), forall p;q2 Q and
alla?2 8.

2)Ifp° gandp?2 F,thenq2 F, forall p;q2 Q.

It canbe shavn that a proper homomorphisnof DFA's
h:D;! D, inducesa congruencé , on D, de nedas
follows:

P ha I® h(p) = h(a):

Given a congruencé ona DFA D, we cande nethe
qguotient DFA D= ", andthereis a surjectie proper
homomorphisiaD ! D=".

We will comebad to this point whenwe study minimal
DFA's.
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2.4 Nondeteterministic  Finite Automata (NF A's)

NFA's areobtainedromDFA's by allovingmultiple tran-
sitionsfrom a given stateon a giveninput. This canbe
doneby de ningXp;a) asa subset of Q ratherthan a
singlestate. It will alsobe corvenien to allow transitions
oninput 2.

We let 2° denotethe setof all subset®fQ, includingthe
empy set. The set2¥ is the power set of Q. We de ne
NFA's asfollows.



2.4. NONDETETERMINISTIC FINITE AUTOMATA (NFA'S)
Example 4. A NFA for the language
L = fa;bg"f ably:

Input alphalet: § = fa;bg.
StatesetQ, = f0; 1; 2, 30.

Start state: 0.

Setof acceptingstates:F, = f 3g.

Transitiontable #4:

a b
0 fO;1g f0Og
1 , f2g
2 ; f3g
3 ; b}
a:b
_)@ a @ b @ b

Figure 2.4: NFA for f a; bg°f ably

47
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Ll =fw2 §° j w corainsan odd number of a;'sg;

andlet
Lo= L[ L2[ ¢¢¢[ LD

The languaged., consistsof thosestringsover § that
cortain an odd number of somédettera; 2 8°.

Equinalerily 87 L, consist®fthosestringsover8 with
an evennumber of every letter a; 2 §°.

It canbe shavn that that every DFA accepting., has
at least2" states.

Howe\er, thereis an NFA with 2n + 1 statesaccepting
L, (and evenwith 2n states!).
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De nition 2.4.1 A nondeterministic nite automa-
ton (or NFA) isaquirtupleN = (Q; §;+ ov; F), where

2 § jsa nite input alphalet

2 Q isa nite setof states

2 F isasubsefQ of nal (or accepting) states
2 p 2 Q isthe start state (or initial state);

2 +|sthe transition function, a function
+Qf (8 f2g)! 22

For ary statep 2 Q andary input a 2 § [ f2g, the
set of states+(p;a) is uniquelydetermined. We write

q2 Hp;a).

Givenan NFA N = (Q;8;% o F), we would like to
de nethe languagecceptedy N, andfor this, we need
to extendthe transitionfunction+ Q£ (§ [ f2g)! 29

to a function
+:QFf §°1 2
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The presenceof 2-transitions(i.e., whenq 2 (p;?))
causegednical problemsandto overcometheseprob-
lems,we introducethe notion of 2-closure.

2.5 2-Closure

De nition 2.5.1 Givenan NFA N = (Q;8;x ; F)
(with 2-transitions)for every statep 2 Q, the 2-closure
of p is set2-closuregf) consistingf all statesqg sut that
thereisapathfromp to qwhosespellingis2. Thismeans
that eitherq = p, or that all the edge®n the path from
p to g have the label 2.

We cancompute?-closureg) usinga sequencef appro-
imationsasfollows. De nethe sequencef setsof states
(2-cla(p))i. o asfollows:

2-clay(p) = f pg;
2-clg+1(p) = 2-cla(p) [
fg2 Qj9s2 2-cla(p); 92 Hs;?)g:
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Since?-cla(p) K 2-cla+1(p), 2-cla(p) 1 Q, foralli, O,
andQ is nite, thereis a smallest, s& ig, sut that

2-clay(p) = 2-clag+1 (p);
andit isimmediatelyveri ed that

2-closuregg) = 2-cla,(p):

WhenN hasno?2-transitionsj.e.,when+(p;2) = ; forall
p 2 Q (whicdh meanghat = canbe viewedasa function
+Q£Ff §! 29), wehave

2-closurép) = fpg:
It shouldbe notedthat there are moreezciert ways of

computing?-closurgyg), for exampleusinga stak (basi-
cally, a kind of depth- rst searh).

We preset sut an algorithmbelaw. It is assumedhat
the typesNFA andstack arede ned. If n isthe number
of statesof an NFA N, we let

eclotype= array[1:n] of boolean
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function eclosure]N : NFA; p:integer ]: eclotype
begin
var eclo: eclotype, q; s:integer, st: stack;
for each g2 setstates(N) do
eclo[g] := f alse
endfor
eclo[p] := tr ue; st := empty;,
tr ans ;= deltatable(N );
st := push(st; p);
while st 6 emptystack do
g = popst);
for each s 2 trans(q;2) do
If eclo[s] = f alsethen
eclo[s] := tr ue; st .= push(st; s)
endif
endfor
endwhile ;
eclosure := eclo
end

This algorithmcanbe easilyadaptedto computethe set
of statesreatiablefrom a givenstatep (in a DFA or an
NFA).
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Givena subsetS of Q, we de ne2-closure§) as

2-closureg) = 2-closureg):
p2S

WhenN hasno 2-transitionswe have
2-closuref) = S:

Wearenow readyto de netheextensior™: Q£ §°! 2}
of the transitionfunctiontQ £ (§ [ f2g)! 2.
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2.6 Converting an NFA into a DFA

Theintuition behindthe de nition ofthe extendedransi-
tion functionis that £°(p;w) isthe setof all statesread-
ablefrom p by a path whosespellingis w.

De nition 2.6.1 GivenanNFA N = (Q;8;x g F)
(with 2-transitions), the extend@ transition function
+: Q£ §°! 2 isde nedasfollows: forewryp 2 Q,
everyu 2 87 andewerya?2 8§,
+°(p;2) = 2-closuref(p[g);
+°(p;ua) = 2-closure( +(s; a)):
s2+°%(p;u)
The languagel (N) aaceptad by an NFA N isthe set

L(N)=fw2 8"j+(g;w)\ F 6 :9:
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We canalsoextend+:Q £ §8°! 2R to afunction
B Qg g"1 X
de ned as follows: for every subsetS of Q, for every
w2 8§87 [
BS;w)= " +(p;w):
p2S

Let Q be the subsetof 2° consistingof thosesubsetsS
of Q that are?-closedj.e.,sut that S = 2-closure®).
If we considethe restriction

¢:QES8! Q

of 2 Q£ §°1 2R toQ and§, weobserethat ¢ isthe
transitionfunctionofa DFA. Indeedthisisthetransition
functionofa DFA acceptind. (N ). It iseasyto shavthat
¢ is de neddirectly asfollonvs (on subsetsS in Q):

¢(S;a) = 2-closure( (s;a)):
S2S
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Then,the DFA D is de nedasfollowns:

D = (Q;8; ¢ ;2-closure{qg); F);
whereF = fS2 Q) S\ F 6 ;9.

It is not dixcult to shavthat L(D) = L(N), that is,D
Is a DFA accepting-(N ). Thus, we have corvertedthe
NFA N into a DFA D (andgottenrid of 2-transitions).

SinceDFA's are special NFA's, the subsetconstruction
shavsthat DFA's and NFA's acceptthe same family of
languagesthe regular languages,version 1 (although
not with the samecomplexiy).

The statesof the DFA D equinalert to N are 2-closed
subsetof Q. For this reasonthe above constructionis

oftencalledthe \subsetconstruction.It is dueto Rabin

and Scott. Althoughtheoretically ne, the methal may

constructuselessetsS that are not reatablefrom the

start state2-closuref{(pg). A moreeconomicatonstruc-
tion is given next.
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An Algorithm to convert an NFA into a DFA:
The \subset construction”

Givenaninput NFAN = (Q;8;x oy F),aDFA D =
(K;8;¢;Sp; F) isconstructed.lt isassumedhat K is
a linear array of setsof statesS p Q, and ¢ is a 2-
dimensionahrray, where¢[i; a] is the target stateof the
transitionfromK [i] = S oninput a, with S 2 K, and
a2 s.

So ;= 2-closure(qyg); total .= 1; K[1]:= Sp;
marked:= O;
while marked< total do;
marked:= marked+ 1;S := K[marked;
for eacg a2 8 do
U:= gsHs;a); T = 2-closuref);
If T 2K then
total := total + 1;K [total] .= T
endif ;
¢[marked;a] .= T
endfor
endwhile ;
F=fS2K jS\ F6 g



