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Chapter 1

Basics of Formal Language Theory

1.1 Generalities, Motiv ations, Problems

In this part of the coursewe want to understand

² What is a language?

² How do we de¯nea language?

² How do we manipulatelanguages,combinethem?

² What is the complexity of a language?

Roughly, therearetwo dual viewsof languages:

(A) The recognition point view.

(B) The generation point of view.
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No matterhow weviewa language,wearetypicallycon-
sideringtwo things:

(1) The syntax, i.e.,what arethe \legal" stringsin that
language(what arethe \grammarrules"?).

(2) The semanticsof stringsin the language,i.e., what
is the meaning (or interpretation) of a string.

The semantics is usuallya lot moreinterestingthan the
syntax but unfortunatelymuch moredi±cult to dealwith!

Therefore,sorry, we will only be dealingwith syntax!

In (A), we typically assumesomekind of \black box",
M , (an automaton) that takesa string,w, asinput and
returnstwo possibleanswers:

Yes, the string w is accepted, which meansthat w be-
longsto the language,L, that we aretrying to de¯ne.

No , the string w is rejected, which meansthat w does
not belongto the language,L.
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Usually, theblack box M givesade¯niteanswerfor every
input after a ¯nite number of steps,but not always.

For example,a Turing machine may go on computing
forever andnot giveany answer for certainstringsnot in
the language.This is an exampleof undecidability .

The black box may computedeterministically or non-
deterministically, which meansroughlythat oninput w,
the machineM is allowed to try di®erent computations
andto ignorefailingcomputationsaslongasthereissome
successfulcomputationon input w.

This a®ectsgreatly the complexity of recognition,i.e,.
how many stepsit takesto processw.



6 CHAPTER 1. BASICS OF FORMAL LANGUA GE THEORY

Sometimes,a nondeterministicversionof an automaton
turns out to be equivalent to the deterministicversion
(although,with di®erent complexity).

This tendsto happenfor very restrictive models|where
nondeterminismdoesnot help,or for very powerful
models|where again,nondeterminismdoesnot help,but
becausethedeterministicmodelis alreadyverypowerful!

Wewill investigateautomataof increasingpowerof recog-
nition:

(1) Deterministicand nondeterministic̄ nite automata
(DFA's andNFA's, their power is the same).

(2) Pushdown automata(PDA's) anddeterminsticpush-
down automata(DPDA's), herePDA > DPDA.

(3) Deterministicand nondeterministicTuring machines
(their power is the same).

(4) If time permits,we will alsoconsidersomerestricted
typeofTuringmachineknownasLBA (linearbounded
automaton).
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In (B), we are interestedin formalismsthat specify a
languagein termsof rules that allow the generationof
\legal" strings.The mostcommonformalismis that of a
formalgrammar.

Remember:

² An automatonrecognizes(or accepts) a language,

² a grammargenerates a language.

² grammar is spelledwith an \a" (not with an \e").

² The plural on automaton is automata
(not automatons).

For \good" classesof grammars,it is possibleto build an
automaton,M G, from the grammar,G, in the class,so
that MG recognizesthe language,L(G), generatedby the
grammarG.
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However,grammarsarenondeterministicin nature.Thus,
even if we try to avoid nondeterministicautomata,we
usuallycan't escape having to dealwith them.

We will investigatethe following typesof grammars(the
so-calledChomskyhierarchy) andthecorrespondingfam-
iliesof languages:

(1) Regulargrammars(type 3-languages).

(2) Context-freegrammars(type 2-languages).

(3) The recursively enumerablelanguagesor r.e. sets
(type 0-languages).

(4) If time permit, context-sensitive languages
(type 1-languages).

Miracle: The grammarsof type (1), (2), (3), (4) corre-
spondexactlyto theautomataof thecorrespondingtype!
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Furthermore,therearealgorithms for converting gram-
marsto the correspondingautomata(andbackward), al-
thoughsomeof thesealgorithmsarenot practical.

Buildingan automatonfrom a grammaris an important
practicalproblemin languageprocessing.A lot is known
for the regularandthe context-freegrammars,but there
is still room for improvements andinnovations!

Thereareotherwaysof de¯ningfamiliesof languages,for
example

Inductive closures.

In this style of de¯nition, a collectionof basic(atomic)
languagesis speci¯ed, someoperationsto combine lan-
guagesarealsospeci¯ed,and the family of languagesis
de¯nedas the smallestonecontaining the given atomic
languagesandclosedunderthe operations.
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Investigatingclosureproperties(for example,union, in-
tersection)is a way to assesshow \robust" (or complex)
a family of languagesis.

Well, it is now time to be precise!

1.2 Alphab ets, Strings, Languages

Ourviewof languagesisthat a languageisasetofstrings.
In turn, a string is a ¯nite sequenceof lettersfrom some
alphabet. Theseconceptsare de¯nedrigorouslyas fol-
lows.

De¯nition 1.2.1 An alphabet § is any ¯nite set.

We oftenwrite § = f a1; : : : ; akg. The ai arecalledthe
symbols of the alphabet.
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Examples:

§ = f ag

§ = f a;b;cg

§ = f 0; 1g

A string is a ¯nite sequenceof symbols. Technically, it is
convenient to de¯nestringsasfunctions.For any integer
n ¸ 1, let

[n] = f 1; 2; : : : ; ng;

andfor n = 0, let
[0]= ; :

De¯nition 1.2.2 Given an alphabet §, a string over
§ (or simply a string) of length n is any function

u: [n] ! § :

The integer n is the length of the string u, and it is
denotedasjuj. Whenn = 0, thespecialstringu: [0] ! §
of length0 iscalledtheemptystring, or null string, and
is denotedas².
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Given a string u: [n] ! § of length n ¸ 1, u(i ) is the
i -th letter in the string u. For simplicity of notation,we
denotethe string u as

u = u1u2 : : : un;

with each ui 2 §.

For example,if § = f a;bg andu: [3] ! § is de¯nedsuch
that u(1) = a, u(2) = b, andu(3) = a, we write

u = aba:

Stringsof length1arefunctionsu: [1] ! § simplypicking
someelement u(1) = ai in §. Thus,wewill identify every
symbol ai 2 § with the correspondingstringof length1.

The set of all stringsover an alphabet §, includingthe
empty string, is denotedas§ ¤.
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Observe that when§ = ; , then

; ¤ = f ²g:

When§ 6= ; , the set§ ¤ is countably in¯nite. Later on,
we will seeways of orderingandenumeratingstrings.

Stringscanbe juxtaposed,or concatenated.

De¯nition 1.2.3 Given an alphabet §, given any two
stringsu: [m] ! § and v: [n] ! §, the concatenation
u ¢v (also written uv) of u and v is the string
uv: [m + n] ! §, de¯nedsuch that

uv(i ) =
½

u(i ) if 1 · i · m,
v(i ¡ m) if m + 1 · i · m + n.

In particular,u² = ²u = u.

It is immediatelyveri¯ed that

u(vw) = (uv)w:

Thus,concatenationis a binaryoperationon§ ¤ which is
associative andhas² asan identit y.
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Notethat generally, uv 6= vu, for examplefor u = a and
v = b.

Givena stringu 2 § ¤ andn ¸ 0,wede¯neun asfollows:

un =
½

² if n = 0,
un¡ 1u if n ¸ 1.

Clearly, u1 = u, andit is an easyexerciseto show that

unu = uun;

for all n ¸ 0.
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De¯nition 1.2.4 Given an alphabet §, given any two
stringsu; v 2 § ¤ we de¯ne the following notionsasfol-
lows:

u is a pre¯x of v i®thereis somey 2 § ¤ such that

v = uy:

u is a su±x of v i®thereis somex 2 § ¤ such that

v = xu:

u is a substring of v i® therearesomex; y 2 § ¤ such
that

v = xuy:

We say that u is a proper pre¯x (su±x, substring) of
v i®u is a pre¯x (su±x, substring)of v andu 6= v.
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Recallthat a partial ordering· on a set S is a binary
relation · µ S £ S which is re°exive, transitive, and
antisymmetric.

Theconceptsofpre¯x, su±x, andsubstring,de¯nebinary
relationson § ¤ in the obviousway. It canbe shown that
theserelationsarepartial orderings.

Anotherimportant orderingonstringsisthelexicographic
(or dictionary)ordering.
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De¯nition 1.2.5 Givenan alphabet § = f a1; : : : ; akg
assumedtotally orderedsuch that a1 < a2 < : : : < ak,
given any two stringsu; v 2 § ¤, we de¯ne the lexico-
graphic ordering ¹ asfollows:

u ¹ v

8
<

:

if v = uy, for somey 2 § ¤, or
if u = xaiy, v = xaj z,
andai < aj , for somex; y; z 2 § ¤.

It is fairly tediousto provethat thelexicographicordering
is in facta partial ordering.In fact, it isa total ordering,
which meansthat for any two stringsu; v 2 § ¤, either
u ¹ v, or v ¹ u.

The reversalwR of a string w is de¯nedinductively as
follows:

²R = ²;
(ua)R = auR;

wherea 2 § andu 2 § ¤.
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It canbe shown that

(uv)R = vRuR:

Thus,
(u1 : : : un)R = uR

n : : : uR
1 ;

andwhenui 2 §, we have

(u1 : : : un)R = un : : : u1:

We cannow de¯nelanguages.

De¯nition 1.2.6 Givenanalphabet§, alanguageover
§ (or simply a language)is any subsetL of § ¤.

If § 6= ; , there are uncountably many languages.We
will try to singleout countable \tractable" familiesof
languages.We will beginwith the family of regular lan-
guages, andthenproceedto thecontext-free languages.

We now turn to operationson languages.
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1.3 Op erations on Languages

A way of buildingmorecomplexlanguagesfrom simpler
onesis to combinethemusingvariousoperations.First,
we reviewthe set-theoreticoperationsof union,intersec-
tion, andcomplementation.

Givensomealphabet§, forany twolanguagesL 1; L2 over
§, the union L1 [ L2 of L1 andL2 is the language

L1 [ L2 = f w 2 §¤ j w 2 L1 or w 2 L2g:

The intersection L 1 \ L2 of L1 andL2 is the language

L1 \ L2 = f w 2 §¤ j w 2 L1 and w 2 L2g:

The di®erence L 1 ¡ L2 of L1 andL2 is the language

L1 ¡ L2 = f w 2 §¤ j w 2 L1 and w =2 L2g:

The di®erenceis alsocalledthe relative complement.



20 CHAPTER 1. BASICS OF FORMAL LANGUA GE THEORY

A specialcaseof thedi®erenceisobtainedwhenL 1 = §¤,
in which casewede¯nethe complementL of a language
L as

L = f w 2 §¤ j w =2 Lg:

The aboveoperationsdonot usethe structureof strings.
The followingoperationsuseconcatenation.

De¯nition 1.3.1 Givenanalphabet §, for any two lan-
guagesL1; L2 over§, theconcatenation L 1L2 of L1 and
L2 is the language

L1L2 = f w 2 §¤ j 9u 2 L1; 9v 2 L2; w = uvg:

For any languageL, we de¯neL n asfollows:

L0 = f ²g;
Ln+1 = LnL:
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The followingpropertiesareeasilyveri¯ed:

L; = ; ;
; L = ; ;

L f ²g = L;
f ²gL = L;

(L1 [ f ²g)L2 = L1L2 [ L2;
L1(L2 [ f ²g) = L1L2 [ L1;

LnL = LL n:

In general,L1L2 6= L2L1.

So far, the operationsthat we have introduced,except
complementation (sinceL = § ¤¡ L is in¯nite if L is¯nite
and§ is nonempty), preserve the ¯nitenessof languages.
This is not the casefor the next two operations.
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De¯nition 1.3.2 Given an alphabet §, for any lan-
guageL over §, the Kleene ¤-closure L ¤ of L is the
language

L¤ =
[

n¸ 0

Ln:

The Kleene+ -closure L + of L is the language

L+ =
[

n¸ 1

Ln:

Thus,L¤ is the in¯nite union

L¤ = L0 [ L1 [ L2 [ : : : [ Ln [ : : : ;

andL+ is the in¯nite union

L+ = L1 [ L2 [ : : : [ Ln [ : : : :

SinceL1 = L, both L¤ andL+ contain L.
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In fact,

L+ = f w 2 §¤; 9n ¸ 1;
9u1 2 L ¢¢¢9un 2 L; w = u1 ¢¢¢ung;

andsinceL0 = f ²g,

L¤ = f ²g [ f w 2 § ¤; 9n ¸ 1;
9u1 2 L ¢¢¢9un 2 L; w = u1 ¢¢¢ung:

Thus,the languageL ¤ always contains², andwe have

L¤ = L+ [ f ²g:
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However, if ² =2 L, then ² =2 L + . The following is easily
shown:

; ¤ = f ²g;
L+ = L¤L;
L¤¤ = L¤;

L¤L¤ = L¤:

The Kleeneclosureshave many otherinterestingproper-
ties.

Homomorphismsarealsovery useful.

Giventwo alphabets§; ¢, a homomorphism
h:§¤ ! ¢ ¤ between § ¤ and ¢ ¤ isa functionh:§ ¤ ! ¢ ¤

such that

h(uv) = h(u)h(v)

for all u; v 2 § ¤.
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Letting u = v = ², we get

h(²) = h(²)h(²);

which impliesthat (why?)

h(²) = ²:

If § = f a1; : : : ; akg, it is easilyseenthat h is completely
determinedby h(a1); : : : ; h(ak) (why?)

Example: § = f a;b;cg, ¢ = f 0; 1g, and

h(a) = 01; h(b) = 011; h(c) = 0111:

For example

h(abbc) = 010110110111:
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Givenany languageL 1 µ §¤, wede¯nethe imageh(L 1)
of L1 as

h(L1) = f h(u) 2 ¢ ¤ j u 2 L1g:

Givenany languageL 2 µ ¢ ¤, we de¯nethe
inverse imageh¡ 1(L2) of L2 as

h¡ 1(L2) = f u 2 §¤ j h(u) 2 L2g:

Wenow turn to the¯rst formalismfor de¯ninglanguages,
DeterministicFinite Automata(DFA's)
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Regular Languages

2.1 Deterministic Finite Automata (DF A's)

First wede¯newhatDFA's are,andthenweexplainhow
they areusedto acceptor rejectstrings.Roughlyspeak-
ing, a DFA is a ¯nite transition graphwhoseedgesare
labeledwith lettersfrom an alphabet §.

The graphalsosatis¯escertainpropertiesthat make it
deterministic.Basically, this meansthat givenany string
w, starting from any node,thereis a uniquepath in the
graph\parsing" the string w.
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Example 1. A DFA for the language

L1 = f abg+ = f abg¤f abg;

i.e.,
L1 = f ab;abab;ababab;: : : ; (ab)n; : : :g:

Input alphabet: § = f a;bg.

StatesetQ1 = f 0; 1; 2; 3g.

Start state: 0.

Setof acceptingstates:F1 = f 2g.

Transitiontable(function)±1:

a b
0 1 3
1 3 2
2 1 3
3 3 3

Notethat state3 is a trap state or dead state.
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Example 2. A DFA for the language

L2 = f abg¤ = L1 [ f ²g

i.e.,

L2 = f ²; ab;abab;ababab;: : : ; (ab)n; : : :g:

Input alphabet: § = f a;bg.

StatesetQ2 = f 0; 1; 2g.

Start state: 0.

Setof acceptingstates:F2 = f 0g.

Transitiontable(function)±2:

a b
0 1 2
1 2 0
2 2 2

State2 is a trap state or dead state.
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Example 3. A DFA for the language

L3 = f a;bg¤f abbg:

Note that L3 consistsof all stringsof a's andb's ending
in abb.

Input alphabet: § = f a;bg.

StatesetQ3 = f 0; 1; 2; 3g.

Start state: 0.

Setof acceptingstates:F3 = f 3g.

Transitiontable(function)±3:

a b
0 1 0
1 1 2
2 1 3
3 1 0

Is this a minimalDFA?
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De¯nition 2.1.1 A deterministic ¯nite automaton(or
DFA) is a quintuple D = (Q; §; ±; q0; F ), where

² § is a ¯nite input alphabet

² Q is a ¯nite setof states;

² F is a subsetof Q of ¯nal (or accepting) states;

² q0 2 Q is the start state (or initial state);

² ± is the transition function, a function

±:Q £ § ! Q:
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For any state p 2 Q and any input a 2 §, the state
q = ±(p;a) isuniquelydetermined.Thus,it ispossibleto
de¯nethestatereachedfromagivenstatep 2 Q oninput
w 2 §¤, following the path speci¯edby w. Technically,
this is doneby de¯ning the extendedtransition function
±¤:Q £ §¤ ! Q.

De¯nition 2.1.2 Given a DFA D = (Q; §; ±; q0; F ),
the extended transition function ±¤:Q £ §¤ ! Q is
de¯nedasfollows:

±¤(p;²) = p;
±¤(p;ua) = ±(±¤(p;u); a);

wherea 2 § andu 2 § ¤.

It is immediatethat ±¤(p;a) = ±(p;a) for a 2 §. The
meaningof ±¤(p;w) is that it is the state reached from
statep following the path from p speci¯edby w.
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It is alsoeasyto show that

±¤(p;uv) = ±¤(±¤(p;u); v):

Wecannow de¯nehow a DFA acceptsor rejectsa string.

De¯nition 2.1.3 Given a DFA D = (Q; §; ±; q0; F ),
the languageL(D) accepted (or recognized) by D is
the language

L(D) = f w 2 § ¤ j ±¤(q0; w) 2 F g:

Thus,a stringw 2 § ¤ is acceptedi®the path fromq0 on
input w endsin a ¯nal state.

Wenow cometo the ¯rst of severalequivalent de¯nitions
of the regularlanguages.
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Regular Languages, Version 1

A languageL is a regular languageif it is acceptedby
someDFA.

Note that a regularlanguagemay be acceptedby many
di®erent DFAs. Later on, we will investigatewhether
minimalDFA's existandcanbe found.

In orderto understandhow complextheregularlanguages
are,we will investigatethe closurepropertiesof the reg-
ular languagesunderunion, intersection,complementa-
tion, concatenation,andKleene¤.

It turnsout that the family of regularlanguagesis closed
underall theseoperations. For union, intersection,and
complementation, wecanusethecross-product construc-
tion which preservesdeterminism.
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However, for concatenationandKleene¤, theredoesnot
appearto beany method involvingDFA's only. Theway
to do it is to introducenondeterministic̄nite automata
(NFA's).

2.2 The \Cross-pro duct" Construction

Let § = f a1; : : : ; amg be an alphabet.

Givenany two DFA's D1 = (Q1; § ; ±1; q0;1; F1) and
D2 = (Q2; § ; ±2; q0;2; F2), thereis a very usefulconstruc-
tion for showing that the union, the intersection,or the
relativecomplement of regularlanguages,isa regularlan-
guage.

Givenany two languagesL 1; L2 over §, recallthat

L1 [ L2 = f w 2 §¤ j w 2 L1 or w 2 L2g;
L1 \ L2 = f w 2 §¤ j w 2 L1 and w 2 L2g;
L1 ¡ L2 = f w 2 §¤ j w 2 L1 and w =2 L2g:
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Let us¯rst explainhow to constucta DFA acceptingthe
intersectionL1 \ L2. Let D1 andD2 beDFA's such that
L1 = L(D1) andL2 = L(D2). The ideais to constructa
DFA simulatingD1 andD2 in parallel.This canbedone
by usingstateswhich arepairs(p1; p2) 2 Q1£ Q2. Thus,
we de¯nethe DFA D asfollows:

D = (Q1 £ Q2; § ; ±; (q0;1; q0;2); F1 £ F2);

wherethetransitionfunction±: (Q1£ Q2)£ § ! Q1£ Q2

is de¯nedasfollows:

±((p1; p2); a) = (±1(p1; a); ±2(p2; a));

for all p1 2 Q1, p2 2 Q2, anda 2 §.

Clearly, D is a DFA, sinceD1 andD2 are. Also,by the
de¯nition of ±, we have

±¤((p1; p2); w) = ((±¤
1(p1; w); ±¤

2(p2; w));

for all p1 2 Q1, p2 2 Q2, andw 2 § ¤.
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Now, we have

w 2 L(D1) \ L(D2) i®w 2 L(D1) andw 2 L(D2);
i®±¤

1(q0;1; w) 2 F1 and±¤
2(q0;2; w) 2 F2;

i®±¤((q0;1; q0;2); w) 2 F1 £ F2;
i®w 2 L(D):

Thus,L(D) = L(D1) \ L(D2).

We cannow modify D very easilyto accept
L(D1) [ L(D2). Wechangethe setof ¯nal statessothat
it becomes(F1 £ Q2) [ (Q1 £ F2). Indeed,

w 2 L(D1) [ L(D2) i®w 2 L(D1) or w 2 L(D2);
i®±¤

1(q0;1; w) 2 F1 or ±¤
2(q0;2; w) 2 F2;

i®±¤((q0;1; q0;2); w) 2 (F1 £ Q2) [ (Q1 £ F2);
i®w 2 L(D):

Thus,L(D) = L(D1) [ L(D2).
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We canalsomodify D very easilyto accept
L(D1) ¡ L(D2). Wechangethe setof ¯nal statessothat
it becomesF1 £ (Q2 ¡ F2). Indeed,

w 2 L(D1) ¡ L(D2) i®w 2 L(D1) andw =2 L(D2);
i®±¤

1(q0;1; w) 2 F1 and±¤
2(q0;2; w) =2 F2;

i®±¤((q0;1; q0;2); w) 2 F1 £ (Q2 ¡ F2);
i®w 2 L(D):

Thus,L(D) = L(D1) ¡ L(D2).

In all cases,if D1 hasn1 statesandD2 hasn2 states,the
DFA D hasn1n2 states.
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2.3 Morphisms, F -Maps, F ¡ 1-Maps and Homomorphisms
of DFA's

A map betweenDFA's is a certain kind of graph ho-
momorphism.The following De¯nition is adaptedfrom
Eilenberg.

De¯nition 2.3.1 Givenany two DFA's
D1 = (Q1; § ; ±1; q0;1; F1) and D2 = (Q2; § ; ±2; q0;2; F2),
a morphism h:D1 ! D2 of DFA's is a function
h:Q1 ! Q2 satisfyingthe followingconditions:
(1)

h(±1(p;a)) = ±2(h(p); a);

for all p 2 Q1 andall a 2 §;

(2) h(q0;1) = q0;2.

An F -map of DFA's , for short, a map, is a morphism
of DFA's h:D1 ! D2 that satis¯esthe condition

(3a) h(F1) µ F2.

An F ¡ 1-map of DFA's is a morphismof DFA's
h:D1 ! D2 that satis¯esthe condition

(3b) h¡ 1(F2) µ F1.
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A proper homomorphismof DFA's , for short,a homo-
morphism, is an F -mapof DFA's that is alsoan F ¡ 1-
mapof DFA's.

Now, for any function f :X ! Y and any two subsets
A µ X andB µ Y,

f (A) µ B i® A µ f ¡ 1(B ):

Thus,(3a) & (3b) is equivalent to the condition

(3c) h¡ 1(F2) = F1.

Note that the condition for being a proper homomor-
phismof DFA's is not equivalent to

h(F1) = F2:

It forcesh(F1) = F2 \ h(Q1), andfurthermore,for every
p 2 Q1, whenever h(p) 2 F2, thenp 2 F1.

The readershouldcheck that if f :D1 ! D2 and
g:D2 ! D3 aremorphisms(resp.F -map,resp.
F ¡ 1-map),theng±f :D1 ! D3 isalsoamorphism(resp.
F -map,resp.F ¡ 1-map).
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Remark : In previousversionsof thesenotes,anF -map
wascalledsimply a map and an F ¡ 1-mapwascalleda
homomorphism. Over the years,the old terminology
proved to be confusing. We hope the new one is less
confusing!

Note that an F -mapor an F ¡ 1-mapis a specialcaseof
the conceptof simulation of automata.A proper homo-
morphismis a specialcaseof a bisimulation. Bisimula-
tions play an important role in real-timesystemsand in
concurrencytheory.

Themainmotivationbehindthesede¯nitionsisthat when
thereisanF -maph:D1 ! D2, somewhow, D2 simulates
D1, and it turns out that L(D1) µ L(D2).

Whenthereis an F ¡ 1-maph:D1 ! D2, somewhow, D1

simulatesD2, and it turns out that L(D2) µ L(D1).

When there is a proper homomorphismh:D1 ! D2,
somewhow, D1 bisimulates D2, and it turns out that
L(D2) = L(D1).
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A DFA morphism(resp.F -map,resp.F ¡ 1-map),
f :D1 ! D2, is an isomorphismi®thereis a DFA mor-
phism(resp. F -map,resp. F ¡ 1-map),g:D2 ! D1, so
that

g ± f = idD1 and f ±g = idD2:

The mapg is uniqueand it is denotedf ¡ 1. The reader
shouldprove that if a DFA F -map is an isomorphism,
then it is also a proper homomorphismand if a DFA
F ¡ 1-mapis an isomorphism,then it is alsoa proper ho-
momorphism.

If h:D1 ! D2 is a morphismof DFA's, it is easilyshown
by inductionon the lengthof w that

h(±¤
1(p;w)) = ±¤

2(h(p); w);

for all p 2 Q1 andall w 2 § ¤.

As a consequence,we have the followingLemma:
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Lemma 2.3.2 If h:D1 ! D2 is an F -map of DFA's,
then L(D1) µ L(D2). If h:D1 ! D2 is an F ¡ 1-map of
DFA's, then L(D2) µ L(D1). Final ly, if h:D1 ! D2

is a proper homomorphismof DFA's, then
L(D1) = L(D2).

A DFA is accessible,or trim, if every stateis reachable
from the start state.

A morphism(resp. F -map, F ¡ 1-map) h:D1 ! D2 is
surjective if h(Q1) = Q2.

It canbe shown that if D1 is trim, then thereis a most
onemorphismh:D1 ! D2 (resp.F -map,F ¡ 1-map). If
D2 is alsotrim and we have a morphismh:D1 ! D2,
thenh is surjective.

It can alsobe shown that a minimal DFA DL for L is
characterizedby the property that thereis uniquesurjec-
tive proper homomorphismh:D ! DL from any trim
DFA D acceptingL to DL .
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Anotherusefulnotion is the notionof a congruenceon a
DFA.

De¯nition 2.3.3 Givenany DFA
D = (Q; §; ±; q0; F ), a congruence ´ on D isanequiva-
lencerelation´ onQ satisfyingthe followingconditions:

(1) If p ´ q, then ±(p;a) ´ ±(q; a), for all p;q 2 Q and
all a 2 §.

(2) If p ´ q andp 2 F , thenq 2 F , for all p;q 2 Q.

It canbe shown that a proper homomorphismof DFA's
h:D1 ! D2 inducesa congruencé h on D1 de¯nedas
follows:

p ´ h q i® h(p) = h(q):

Given a congruencé on a DFA D, we can de¯ne the
quotient DFA D= ´ , and there is a surjective proper
homomorphism¼:D ! D= ´ .

We will comeback to this point whenwe studyminimal
DFA's.
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2.4 Nondeteterministic Finite Automata (NF A's)

NFA's areobtainedfromDFA's by allowingmultiple tran-
sitionsfrom a givenstateon a given input. This canbe
doneby de¯ning±(p;a) asa subset of Q rather than a
singlestate. It will alsobeconvenient to allow transitions
on input ².

Welet 2Q denotethesetof all subsetsof Q, includingthe
empty set. The set2Q is the power set of Q. We de¯ne
NFA's asfollows.
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Example 4. A NFA for the language

L3 = f a;bg¤f abbg:

Input alphabet: § = f a;bg.

StatesetQ4 = f 0; 1; 2; 3g.

Start state: 0.

Setof acceptingstates:F4 = f 3g.

Transitiontable±4:

a b
0 f 0; 1g f 0g
1 ; f 2g
2 ; f 3g
3 ; ;

0 1 2 3a b b
a;b

Figure 2.4: NFA for f a;bg¤f abbg
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Example 5. Let § = f a1; : : : ; ang, let

L i
n = f w 2 §¤ j w containsan odd number of ai 'sg;

andlet
Ln = L1

n [ L2
n [ ¢¢¢[ Ln

n:

The languageL n consistsof thosestringsover § that
contain an odd number of someletter ai 2 §¤.

Equivalently § ¤¡ Ln consistsof thosestringsover§ with
an evennumber of every letter ai 2 §¤.

It canbe shown that that every DFA acceptingL n has
at least2n states.

However, there is an NFA with 2n + 1 statesaccepting
Ln (andevenwith 2n states!).
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De¯nition 2.4.1 A nondeterministic ¯nite automa-
ton (or NFA) is a quintuple N = (Q; §; ±; q0; F ), where

² § is a ¯nite input alphabet

² Q is a ¯nite setof states;

² F is a subsetof Q of ¯nal (or accepting) states;

² q0 2 Q is the start state (or initial state);

² ± is the transition function, a function

±:Q £ (§ [ f ²g) ! 2Q:

For any state p 2 Q and any input a 2 § [ f ²g, the
set of states±(p;a) is uniquelydetermined. We write
q 2 ±(p;a).

Given an NFA N = (Q; §; ±; q0; F ), we would like to
de¯nethe languageacceptedby N , andfor this, weneed
to extendthe transitionfunction±:Q £ (§ [ f ²g) ! 2Q

to a function
±¤:Q £ §¤ ! 2Q:
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The presenceof ²-transitions(i.e., when q 2 ±(p;²))
causestechnical problems,and to overcometheseprob-
lems,we introducethe notionof ²-closure.

2.5 ²-Closure

De¯nition 2.5.1 Given an NFA N = (Q; §; ±; q0; F )
(with ²-transitions)for every statep 2 Q, the ²-closure
of p is set²-closure(p) consistingof all statesq such that
thereisapathfromp to q whosespellingis². Thismeans
that eitherq = p, or that all the edgeson the path from
p to q have the label ².

Wecancompute²-closure(p) usinga sequenceof approx-
imationsasfollows. De¯nethe sequenceof setsof states
(²-cloi (p))i ¸ 0 asfollows:

²-clo0(p) = f pg;
²-cloi+1 (p) = ²-cloi (p) [

f q 2 Q j 9s 2 ²-cloi (p); q 2 ±(s; ²)g:
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Since²-cloi (p) µ ²-cloi+1 (p), ²-cloi (p) µ Q, for all i ¸ 0,
andQ is ¯nite, thereis a smallesti , say i 0, such that

²-cloi0(p) = ²-cloi0+1 (p);

andit is immediatelyveri¯ed that

²-closure(p) = ²-cloi0(p):

WhenN hasno²-transitions,i.e.,when±(p;²) = ; for all
p 2 Q (which meansthat ± canbe viewedasa function
±:Q £ § ! 2Q), we have

²-closure(p) = f pg:

It shouldbe notedthat therearemoree±cient ways of
computing²-closure(p), for example,usinga stack (basi-
cally, a kind of depth-¯rst search).

We present such an algorithmbelow. It is assumedthat
the typesNFA andstack arede¯ned.If n is the number
of statesof an NFA N , we let

eclotype= arra y[1::n] of boolean
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function eclosure[N :NFA; p: in teger ]:eclotype;
begin

var eclo:eclotype, q; s: in teger , st: stack;
for each q 2 setstates(N ) do

eclo[q] := f alse;
endfor
eclo[p] := tr ue; st := empty;
tr ans := deltatable(N );
st := push(st; p);
while st 6= emptystack do

q = pop(st);
for each s 2 tr ans(q; ²) do

if eclo[s] = f alse then
eclo[s] := tr ue; st := push(st; s)

endif
endfor

endwhile ;
eclosure := eclo

end

This algorithmcanbe easilyadaptedto computethe set
of statesreachablefrom a givenstatep (in a DFA or an
NFA).
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Givena subsetS of Q, we de¯ne²-closure(S) as

²-closure(S) =
[

p2S

²-closure(p):

WhenN hasno ²-transitions,we have

²-closure(S) = S:

Wearenow readyto de¯netheextension±¤:Q£ §¤ ! 2Q

of the transitionfunction±:Q £ (§ [ f ²g) ! 2Q.
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2.6 Converting an NFA in to a DFA

Theintuition behindthede¯nitionof theextendedtransi-
tion functionis that ±¤(p;w) is the setof all statesreach-
ablefrom p by a path whosespellingis w.

De¯nition 2.6.1 Given an NFA N = (Q; §; ±; q0; F )
(with ²-transitions), the extended transition function
±¤:Q £ §¤ ! 2Q is de¯nedasfollows: for every p 2 Q,
every u 2 §¤, andevery a 2 §,

±¤(p;²) = ²-closure(f pg);

±¤(p;ua) = ²-closure(
[

s2±¤(p;u)

±(s;a)):

The languageL(N ) accepted by an NFA N is the set

L(N ) = f w 2 § ¤ j ±¤(q0; w) \ F 6= ;g :



2.6. CONVERTING AN NFA INTO A DFA 55

We canalsoextend±¤:Q £ §¤ ! 2Q to a function

b±:2Q £ §¤ ! 2Q

de¯ned as follows: for every subsetS of Q, for every
w 2 §¤,

b±(S; w) =
[

p2S

±¤(p;w):

Let Q be the subsetof 2Q consistingof thosesubsetsS
of Q that are ²-closed,i.e., such that S = ²-closure(S).
If we considerthe restriction

¢: Q £ § ! Q

of b±:2Q £ §¤ ! 2Q to Q and§, weobservethat ¢ is the
transitionfunctionofaDFA. Indeed,this is thetransition
functionofaDFA acceptingL(N ). It iseasyto show that
¢ is de¯neddirectly asfollows(on subsetsS in Q):

¢( S; a) = ²-closure(
[

s2S

±(s;a)):
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Then,the DFA D is de¯nedasfollows:

D = (Q; §; ¢ ; ²-closure(f q0g); F );

whereF = f S 2 Q j S \ F 6= ;g .

It is not di±cult to show that L(D) = L(N ), that is, D
is a DFA acceptingL(N ). Thus,we have convertedthe
NFA N into a DFA D (andgottenrid of ²-transitions).

SinceDFA's are specialNFA's, the subsetconstruction
showsthat DFA's andNFA's acceptthe samefamily of
languages,the regular languages,version 1 (although
not with the samecomplexity).

The statesof the DFA D equivalent to N are ²-closed
subsetsof Q. For this reason,the above constructionis
oftencalledthe \subsetconstruction".It is dueto Rabin
and Scott. Although theoretically¯ne, the method may
constructuselesssetsS that arenot reachablefrom the
start state²-closure(f q0g). A moreeconomicalconstruc-
tion is givennext.
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An Algorithm to convert an NFA in to a DFA:
The \subset construction"

Givenan input NFA N = (Q; §; ±; q0; F ), a DFA D =
(K ; §; ¢ ; S0; F ) is constructed.It is assumedthat K is
a linear array of setsof statesS µ Q, and ¢ is a 2-
dimensionalarray, where¢[ i; a] is the targetstateof the
transition from K [i ] = S on input a, with S 2 K , and
a 2 §.

S0 := ²-closure(f q0g); total := 1; K [1] := S0;
marked := 0;

while marked< total do;
marked := marked+ 1; S := K [marked];
for each a 2 § do

U :=
S

s2S ±(s;a); T := ²-closure(U);
if T =2 K then

total := total + 1; K [total ] := T
endif ;
¢[ marked;a] := T

endfor
endwhile ;
F := f S 2 K j S \ F 6= ;g


