Chapter 8

Resolution In
First-Order Logic

8.1 Intro duction

In this chapter, the resolution method preseried in Chapter 4 for propositional
logic is extendedto rst-order logic without equality. The point of departure
is the Skolem-Herbrand-Gédel theorem (theorem 7.6.1). Recall that this the-
orem says that a sertence A is unsatis able i® somecompound instance C of
the Skolemform B of A is unsatis able. This suggestghe following procedure
for cheding unsatis abilit y:

Enumerate the compound instances of B systematically one by one,
testing ead time a new compound instance C is generated, whether C is
unsatis able.

If we are consideringa rst-order languagewithout equality, there are
algorithms for testing whether a quanti er-free formula is valid (for example,
the search procedure)and, if B is unsatis able, this will be eventually discov-
ered. Indeed, the search procedure halts for every compound instance, and
for somecompound instance C, : C will be found valid.

If the logic contains equality, the situation is more complex. This is
becausethe search proceduredoesnot necessarilyhalt for quarti er-free for-
mulae that are not valid. Hence,it is possiblethat the procedurefor cheding
unsatis abilit y will run forever even if B is unsatis able, becausethe search
procedure can run forever for somecompound instance that is not unsatis -
able. We can "x the problem as follows:

376
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Interleave the generation of compound instances with the processof
cheding whether a compound instanceis unsatis able, proceedingby rounds.
A round consistsin running the search procedurea xed number of stepsfor
eat compound instance being tested, and then generating a new compound
instance. The processis repeated with the new set of compound instances.
In this fashion, at the end of eat round, we have made progressin cheding
the unsatis abilit y of all the activated compound instances,but we have also
made progressin the number of compound instancesbeing considered.

Needlessto say, such a method is horribly inetcient. Actually, it is
possibleto designan algorithm for testing the unsatis abilit y of a quanti er-
free formula with equality by extending the congruenceclosure method of
Oppen and Nelson (Nelson and Oppen, 1980). This extensionis preseried in
Chapter 10.

In the caseof a languagewithout equality, any algorithm for deciding
the unsatis ability of a quanti er-free formula can be used. Howewer, the
choice of such an algorithm is constrained by the needfor etciency. Sewral
methods have been proposed. The search procedure can be used, but this is
probably the least excient choice. If the compound instancesC are in CNF,
the resolution method of Chapter 4 is a possiblecandidate. Another method
called the method of matings has also beenproposedby Andrews (Andrews,
1981).

In this chapter, we are going to explore the method using resolution.
Such a method is called ground resolution, becauseit is applied to quanti er-
free clauseswith no variables.

From the point of view of exciency, there is an undesirable feature,
which is the needfor systematically generating compound instances. Unfor-
tunately, there is no hopethat the processof nding arefutation canbe purely
medanical. Indeed, by Church's theorem (mentioned in the remark after the
proof of theorem 5.5.1), there is no algorithm for deciding the unsatis abilit y
(validity) of a formula.

There is a way of avoiding the systematic generation of compound in-
stancesdue to J. A. Robinson (Robinson, 1965). The idea is not to generate
compound instancesat all, but instead to generalizethe resolution method so
that it appliesdirectly to the clausesin B, asopposedto the (ground) clauses
in the compound instance C. The completenessof this method was shavn by
Robinson. The method is to show that every ground refutation can be lifted
to a refutation operating on the original clauses,as opposedto the closed(or
ground) substitution instances. In order to perform this lifting operation the
processof uni c ation must be introduced. We shall de ne these conceptsin
the following sections.

It is also possibleto extend the resolution method to rst-order lan-
guageswith equality using the paramadulation method due to Robinson and
Wos (Robinson and Wos, 1969, Loveland, 1978), but the completenesgroof is
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rather delicate. Hence,we will restrict our attention to rst-order languages
without equality, and refer the interested reader to Loveland, 1978, for an
exposition of paramodulation.

As in Chapter 4, the resolution method for “rst-order logic (without
equality) is applied to special conjunctions of formulae called clauses.Hence,
it is necessaryto corvert a sertence A into a sertence A% in clauseform, suc
that A is unsatis able i® A%is unsatis able. The corversion processis de ned
below.

8.2 Formulae in Clause Form
First, we de ne the notion of a formula in clauseform.

De nition 8.2.1 As in the propositional case,a literal is either an atomic
formula B, or the negation : B of an atomic formula. Given a literal L, its
conjugate L is de ned suc that, if L = B thenL = : B, elseif L = : B

then L = B. A sertenceA is in clauseform i®it is a conjunction of (prenex)
sertencesof the form 8x,:::8xm, C, where C is a disjunction of literals, and the
sets of bound variables f x1;:::; Xm g are disjoint for any two distinct clauses.
Each sertence8x;:::8x, C is calleda clause If aclausein A hasno quarti ers

and doesnot contain any variables, we say that it is a ground clause

For simplicity of notation, the universal quarnti ers are usually omitted
in writing clauses.

Lemma 8.2.1 For ewery (recti ed) sertenceA, a sertenceB?in clauseform
sud that A is valid i® B?is unsatis able can be constructed.

Proof: Given a sertence A, rst B = : A is corverted to B; in NNF
using lemma 6.4.1. Then B is converted to B, in Skolem normal form using
the method of de nition 7.6.2. Next, by lemma7.2.1,B is corverted to B3 in
prenexform. Next, the matrix of Bz is converted to conjunctive normal form
using theorem 3.4.2, yielding B4. In this step, theorem 3.4.2 is applicable
becausethe matrix is quanti er free. Finally, the quanti ers are distributed
over eadh conjunct using the valid formula 8x(A ~ B) = 8xA " 8xB, and
renamedapart using lemma5.3.4.

Let the resulting sertence be called B® The resulting formula B is a
conjunction of clauses.

By lemma 6.4.1, B is unsatis able i® B; is. By lemma 7.6.3, B; is
unsatis able i®B is. By lemma7.2.1,B is unsatis able i® B3 is. By theorem
3.4.2and lemma 5.3.7, B3 is unsatis able i® B4 is. Finally, by lemma5.3.4
and lemma 5.3.7, B, is unsatis able i® B%is. Hence, B is unsatis able i®
BCis. SinceA is valid i® B = : A is unsatis able, then A is valid i® BCis
unsatis able. O
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EXAMPLE 8.2.1

Let
A=:9y8z(P(z;y) " 9 x(P(z;x)" P(x;2))):

First, we negate A and eliminate = . We obtain the sertence

9y8z[(: P(z;y) _ 9 x(P(z;x) " P(x; Z))"
(X(P(z;x) " P(x;2)) _ P(z;))I:

Next, we put in this formula in NNF:

9y8z[(: P(z;y) _8x(: P(z;x) _: P(x;2)"
(9X(P(z;x) " P(x;2)) _ P(z;y))]:

Next, we eliminate existertial quanti ers, by the introduction of Skolem
symbols:

8z[(: P(z;a) _8x(: P(z;x) _: P(x;2))"
(P(z;f(2)) » P(f(2);2)) _ P(z;@))]:

We now put in prenex form:

8z8x[(: P(z;a) _ (: P(z;x) _: P(x;2))"
(P(z;f(2)) » P(f(2);2)) _ P(z;@))]:

We put in CNF by distributing ~ over _:
8z8X[(: P(z;a) _: P(z;x) _: P(x;2))"
(P(z:f(2)) _P(z:a) " (P(f(2);2)) _ P(z;a))]:
Omitting universal quanti ers, we have the following three clauses:

Ci= (P(z1;8) _: P(z1;X) _: P(X;21));
Cz = (P(z2:f(z2)) _ P(z2;@) and
Cs = (P(f (z3);z3) _ P(z3;d)):

We will now show that we can prove that B = : A is unsatis able, by
instantiating Ci, C,, C3 to ground clausesand usethe resolution method of
Chapter 4.

8.3 Ground Resolution

The ground resolution methad is the resolution method applied to sets of
ground clauses.
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EXAMPLE 8.3.1

Considerthe following ground clausesobtained by substitution from Cq,
C, and Cs:

G: = (: P(a;a)) (from Cy; substituting a for x and z;)

G, = (P(a;f (a)) _ P(a;a)) (from C,; substituting a for z,)

Gz = (P(f (a);a) _ P(a;a)) (from Cgs; substituting a for z3):

Gs= (: P(f(a);a) _: P(a;f(a)) (from C1; substituting f (a)
for z; and a for x):

The following is a refutation by (ground) resolution of the set of ground
clausesG,, Gy, Gz, G,.

G, G3 Gy
fP(a;f (a)g fP(f (a);a)9
f. P(a;f(a))g

O

We have the following useful result.

Lemma 8.3.1 (Completenessof ground resolution) The ground resolution
method is complete for ground clauses.

Proof: Obsene that the systems G° and GCNF° are complete for
quarti er-free formulae of a rst-order language without equality. Hence,
by theorem 4.3.1, the resolution method is also complete for sets of ground
clauses.d

However, note that this is not the casefor quarti er-free formulae with
equality, due to the needfor equality axioms and for inessetial cuts, in order
to retain completeness.

Sincewe have shown that a conjunction of ground instancesof the clauses
C1, C,, C3z of example 8.2.1is unsatis able, by the Skolem-Herbrand-Gddel
theorem, the sertence A of example8.2.1is valid.

Summarizing the above, we have a method for "nding whether a sen-
tence B is unsatis able known as ground resolution. This method consistsin
corverting the sertence B into a set of clausesB °, instantiating theseclauses
to ground clauses,and applying the ground resolution method.

By the completenesf resolution for propositional logic (theorem 4.3.1),
and the Skolem-Herbrand-Gédel theorem (actually the corollary to theorem
7.6.1 suzces, sincethe clausesare in CNF, and soin NNF), this method is
complete.
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However, we were lucky to "nd so easily the ground clausesG, G,, G3
and G4. In general,all one can do is enumerate ground instancesone by one,
testing for the unsatis abiliy of the current set of ground clausesead time.
This can be a very costly process,both in terms of time and space.

8.4 Unication and the Uni cation Algorithm

The fundamertal concept that allows the lifting of the ground resolution
method to the rst-order caseis that of a most generaluni er.

8.4.1 Uniers and Most General Uniers

We have already mertioned that Robinson has generalizedground resolution
to arbitrary clauses,so that the systematic generation of ground clausesis
unnecessary

The new ingrediert in this new form of resolution is that in forming the
resolvert, oneis allowed to apply substitutions to the parent clauses.

For example, to obtain fP(a;f (a))g from

Ci=(GP(z1;@) _:P(z1;xX) _: P(x;z1)) and
Cz = (P(z2:f(22)) _ P(2z2;9));

“rst we substitute a for z;, a for x, and a for z,, obtaining
Gi=(P(a;a) and G, = (P(a;f(a) _P(aja);

and then we resolwe on the literal P(a;a).

Note that the two setsof literals f P (z1; @); P (z1;X); P(X; z1)gand f P (zy;
a)g obtained by dropping the negation signin C; have been\uni ed" by the
substitution (a=x;a=z;a=2).

In general,giventwo clausesB and C whosevariablesare disjoint, given
a substitution ¥having as support the union of the setsof variablesin B and
C, if ¥B) and ¥C) corntain a literal Q and its conjugate, there must be a
subsetfB1;:::;;Bmg of the sets of literals of B, and a subsetfCy;:::;C,g of
the set of literals in C suc that

YBq1) = 1= ¥Bn) = ¥Cy) = 1= ¥Cy):

Wessay that 3isauni er for the setof literals fBy;::;;Bm; Cq; i Chg. Robin-
son shawved that there is an algorithm called the uni c ation algorithm, for
deciding whether a set of literals is uni able, and if so, the algorithm yields
what is called a most geneal uni er (Robinson, 1965). We will now explain
these conceptsin detail.
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De nition 8.4.1 Given asubsgtution Y let D(3) = fx j ¥x) 6 xg denote
the support of 3% and let 1 (3) = 2D (% FV (¥(x)). Given two substitutions

Ysand p, their composition denoted ¥4t is the substitution 3‘/¢B(recall that Pis
the unique homomorphic extensionof ). It is easily showvn that the substitu-
tion ¥zt is the restriction ofmpto V. If ¥%hassupport fXx1;:::; Xmgand ¥x;)
= s fori = 1;::;; m, we alsodenotethe substitution by (S1=X1;:::; Sm =Xm ).

The notions of a uni er and a most generaluni er are de ned for ar-
bitrary trees over a ranked alphabet (seeSubsection2.2.6). Sinceterms and
atomic formulae have an obvious represertation astrees(rigorously, sincethey
are freely generated, we could de ne a bijection recursiwvely), it is perfectly
suitable to deal with trees, and in fact, this is intuitiv ely more appealing due
to the graphical nature of trees.

Denition 8.4.2 Given aranked alphabet §, givenany setS = ft;:::;thg
of "nite 8§-trees, we say that a substitution %is a uni er of S i®

Y1) = = Htn):

We say that a substitution 34is a most generl uni er of Si®it isaunier of
S, the support of 3is a subsetof the set of variables occurring in the set S,
and for any other uni'er 3 of S, there is a substitution p suc that

Y= Yt

The tree t = ¥{t1) = ::: = ¥{t,) is called a most common instance of ty,....,t,.

EXAMPLE 8.4.1

(i) Lett; = f(x;0(y)) andt, = f (g(u); g(z)). The substitution (g(u)=x;
y=2) is amost generaluni er yielding the most commoninstancef (g(u);
a(y))-

(i) Howewer, t; = f(x;g(y)) and t, = f(g(u);h(z)) are not uni able
sincethis requiresg = h.

(iii) A slightly more devious caseof non uni abilit y is the following:

Let t; = f(x;9(x);x) and ty = f(g(u);g(9(2));z). To unify thesetwo
trees, we must have x = g(u) = z. But we also needg(x) = g(g(2)),
that is, x = g(z). This implies z = g(z), which is impossiblefor "nite
trees.

This last examplesuggestthat unifying treesis similar to solving systems
of equationshy variable elimination, and there is indeedsuc an analogy. This
analogy is explicated in Gorn, 1984. First, we shawv that we can reduce the
problem of unifying any set of treesto the problem of unifying two trees.

Lemma 8.4.1 Let ty,...,ty be any m trees, and let # be a symbol of rank
m not occurring in any of thesetrees. A substitution %is a uni er for the set
fty; 5 tng i® is a uni er for the setf#( tq; 5ty );#( ty;:0t1)0.
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Proof: Sincea substitution 3is a homomorphism (seede nition 7.5.3),

Y#H(ty; o tm)) = #( Aty Aty)) and

YAH( o ty)) = #( YAt L YAt):
Hence,

YH( t1; 0 tm)) = HH( 15 000t))  i®
#O A1), Htn)) = #(HAty); o At)) I®
1) = AUty); At2) = Aty); 0 Atm) = Ht1) i®
Yt) = = HAty): O

Beforeshawing that if a setof treesis uni able then it hasa most general
uni er, we note that most generaluni ers are essetially unique when they
exist. Lemma 8.4.2 holds ewen if the support of mgu's is not a subset of
FV(S).

Lemma 8.4.2 If asetoftreesS is uni able and %and p are any two most
generaluni ers for S, then there exists a substitution %“sudc that p= ¥%+%
Yis a bijection betweenl (3)[ (D(W)i D(3)) and1 (W[ (D(¥3 i D(W), and
D=1 (D(Wi D(3)) and “%x) is a variable for every x 2 D (%A.

Proof : First, note that a bijective substitution must be a bijective re-
naming of variables. Let fjs denote the restriction of a function f to A.
If Y2is bijective, there is a substitution %2 such that (Y2 %9)jpy = Id and
(A+ Yip () = 1 d. But then, if £x) is not a variable for somex in the sup-
port of ¥2 1£x) is a constart or atreet of depth , 1. Since(l/zl/Q)jD(l/é = 1d,
we have 4(t) = x. Since a substitution is a homomorphism, if t is a con-
stant ¢, ¥%c) = ¢ 6 x, and otherwise ¥4(t) has depth at least 1, and so
4(t) 8 x. Hence,%x) must be a variable for every x (and similarly for %).
A reasoningsimilar to the above also shows that for any two substitutions
Yaoand ¥ if 3= ¥z then YLis the identity on | (%3. But then, if both 3
and p are most generaluni ers, there exist ¥ and ° sudh that p= % p°and
Ya= ut¥8 Thus,D(¥) = 1 (W[ (D(Hi D), D) = 1 (AL (D(Wi D(*),
H= px(¥+10), and %= ¥+ (L0+¥8). We claim that (¥2+10)jp (s = 1d, and
(K 3D)jp oy = 1d. We prove that (32 +9jp ) = | d, the other casebeing
similar. For x 2 | (1), ¥+ux) = x follows from above. For x 2 D(3) i D (),
then x = p(x) = pA3¥4x)), and so, ¥x) = vy, and uXy) = x, for somevariable
y. Also, ¥(x) = y = ¥#(u(x)) = ¥(x). Hence, ¥+ p%(x) = x. SinceD (1% and
D (34) are nite, W is a bijection betweenD (19 and D (34). Letting %= |,
the lemma holds. O

We shall now present a version of Robinson's uni cation algorithm.

8.4.2 The Uni cation  Algorithm

In view of lemma 8.4.1, we restrict our attention to pairs of trees. The main
idea of the uni cation algorithm is to 'nd how two trees\disagree," and try
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to force them to agreeby substituting trees for variables, if possible. There
are two typesof disagreemets:

(1) Fatal disagreemets, which are of two kinds:

(i) For sometree addressu both in dom(t;) and dom(t;), the labels
t1(u) and ty(u) are not variables and t1(u) 6 to(u). This is illus-
trated by case(ii) in example8.4.1;

(iiy For sometree addressu in both dom(t;) and dom(ty), ti(u) is
a variable say x, and the subtree t,=u rooted at u in t, is not
a variable and x occursin t,=u (or the symmetric casein which
to(u) is a variable and t;=u isn't). This is illustrated in case(iii)
of example 8.4.1.

(2) Repairable disagreemets: For sometree addressu both in dom(t;) and
dom(ty), t1(u) is a variable and the subtreet,=u rooted at u in t, does
not contain the variable t;(u).

In case(1), uni cation isimpossible(although if we allowedin nite trees,
disagreemets of type (1)(ii) could be xed; seeGorn, 1984). In case(2), we
force\lo cal agreemeti’ by substituting the subtreet,=u for all occurrencesof
the variable x in both t; and t».

It is rather clearthat we needa systematic method for "nding disagree-
merts in trees. Depending on the represenation chosenfor trees, the method
will vary. In most preserations of uni cation, it is usually assumedthat
trees are represenied as parenthesized expressions,and that the two strings
are scannedfrom left to right until a disagreemeh is found. Howewer, an
actual method for doing sois usually not given explicitly. We believe that in
order to give a clearer description of the uni cation algorithm, it is better to
be more explicit about the method for "nding disagreemets, and that it is
alsobetter not to betied to any string represeration of trees. Hence,we will
give a recursive algorithm inspired from J. A. Robinson's original algorithm,
in which treesare de ned in terms of tree domains(asin Section2.2), and the
disagreemets are discovered by performing two parallel top-down traversals
of the treest; and t,.

The type of traversal that we shall be using is a recursive traversal in
which the root is visited rst, and then, from left to right, the subtreesof the
root are recursively visited (this kind of traversalis called a preorder traversal,
seeKnuth, 1968, Vol. 1). We de ne some useful functions on trees. (The
reader is advised to review the de nitions concerning trees given in Section
2.2)

De nition  8.4.3 For any tree t, for any tree addressu 2 dom(t):
leaf (u) = truei®u is a leaf;
variable(t(u)) = true i®t(u) is a variable;
left(u) = if leaf(u) then nil elseul;
right(ui) = if u(i + 1) 2 dom(t) then u(i + 1) elsenil .
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We also assumethat we have a function dosubstitution (t; %), wheret is
a tree and %ais a substitution.

De nition  8.4.4 (A uni cation algorithm) The formal parameters of the
algorithm uni c ation are the two input treest; and t,, an output °ag indicat-
ing whether the two treesare uni able or not (unif iable), and a most general
uni er (unif ier) (if it exists).

The main program uni ¢ ation calls the recursive procedureunify , which
performs the uni cation recursively and needsprocedure test-and-substitute
to repair disagreemets found, asin case(2) discussedabove. The variables
tr e€l and tr ee2 denotetrees (of type tr e€), and the variables node, newnode
are tree addresseqof type tr eeref erence. The variable unif ier is usedto
build a most generaluni er (if any), and the variable newpair is usedto form
a new substitution componert (of the form (t=x), wheret is a tree and x
is a variable). The function composeis simply function composition, where
composéunif ier; newpair) is the result of composing unif ier and newpair,
in this order. The variables tr e€l, tr ee2, and node are global variables to
the procedure uni c ation. Whenewer a new disageemeh is resoled in test-
and-substitute we also apply the substitution newpair to tre€l and tr ee? to
remove the disagreemen This stepis not really necessarysinceat any time,
dosubstitution (ty; unif ier) = tr eel and dosubstitution (t,; unif ier) = tree2,
but it simplies the algorithm.

Pro cedure to Unify Two Trees t; and t;

pro cedure unif ication (t1;t, : tree var unif iable : boolean;
var unif ier : substitution );
var node: tr eeref erence treel;tree? : tr ee

pro cedure test-and-substitutgvar node: tr eeref erence
var treel;tree? : tree
var unif ier : substitution ; var unif iable : boolean);
var newpair : substitution ;

f This proceduretests whether the variable tr eel(node) belongs
to the subtree of tr ee2 rooted at node. If it does,the

uni cation fails. Otherwise, a new substitution newpair
consisting of the subtree tr ee2=node and the variable

tr eel(node) is formed, the current unif ier is composedwith
newpair, and the new pair is addedto the unif ier.

To simplify the algorithm, we also apply newpair to tr eel

and tr ee2 to remove the disagreemeng

begin
ftest whether the variable tr eel(node) belongsto the
subtree tr ee2=node known in the literature as\o ccur chek"g
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if treel(node) 2 tr ee2=nodethen
unif iable := false
else

f create a new substitution pair consisting of the
subtree tr ee2=node at addressnode, and the
variable tr e€l(node) at nodein tr eelg

newpair := ((tr ee2=nodé=treel(node));

f composethe current partial uni er with
the new pair newpairg

unif ier := composdunif ier; newpair);

f updates the two trees sothat they now agreeon
the subtreesat nodeg

tr e€l := dosubstitution (tr e€l; newpair );
tr ee2 := dosubstitution (tr e€2; newpair)
endif
end test-and-substitute

pro cedure unif y(var node: tr eeref erence
var unif iable : boolean; var unif ier : substitution );
var newnode: tr eeref erence

f Procedure unif y recursively uni es the subtree
of tr eel at node and the subtree of tr e€2 at nodeg

begin
if treel(node) <> tree2(node) then
fthe labels of tr eel(node) and tr ee2(node) disagreey
if variable(tr eel(node)) or variable(tr ee2(node)) then
f one of the two labelsis a variableg
if variable(tr eel(node)) then
test-and-substitutg node;tr e€l; tr ee2; unif ier; unif iable)
else
test-and-substitutg node;tr ee2; tr eel; unif ier; unif iable)
endif
else
fthe labels of tr eel(node) and tr ee2(node)
disagreeand are not variablesy
unif iable := false
endif
endif ;
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f At this point, if unif iable = true , the labels at node
agree. We recursively unify the immediate subtreesof node
in tr eel and tr ee2 from left to right, if nodeis not a leafg

if (left(node) <> nil) and unif iable then
newnode = lef t(node);
while (newnode<> nil) and unif iable do
unif y(newnode;unif iable;unif ier);
if unif iable then
newnode := right(newnode)
endif
endwhile
endif
end unify;

Body of Pro cedure Uni cation

begin
treel := tq;
tree2 .= ty;
unif iable := true ;
unif ier := nil ; f empty uni cation g
node = g f start from the rootg

unif y(node;unif iable;unif ier)
end unif ication

Note that if successful,the algorithm could also return the tree tr eel
(or tree?), which is a most common form of t; and t,. As presened, the
algorithm performs a single parallel traversal, but we also have the cost of the
occur check in test-and-substitute and the cost of the substitutions. Let us
illustrate how the algorithm works.

EXAMPLE 8.4.2

Lett; = f(x;f (x;y)) andt, = f (g(y); f (g(a); z)), which are represerted
astrees as follows:

Treet,
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@

a

Initially , treel = t;, tree2 = t, and node = e. The rst disagreemeh
is found for node = 1. We form newpair = (g(y)=x), and unif ier =
newpair . After applying newpair to tr eel and tr ee2, we have:

Treetr eel
f

HQ
Ro

Treetree2

f
&

*+ @
Qo

g
#
a
The next disagreemein is found for node= 211. We nd that newpair =

(a=y), and composeunif ier = (g(y)=x) with newpair, obtaining (g(a)=
X; a=y). After applying newpair to tr eel and tr ee2, we have:

Treetreel
f
&
g f
# &
a g a
#
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Treetree2
f
&
g f
# &
a g z
#
a

The last disagreemen occurs for node= 22. We form newpair = (a=2),
and composeunif ier with newpair, obtaining

unif ier = (g(a)=x; a=y, a=2):

The algorithm stops successfullywith the most generaluni er (g(a)=x;
a=y; a=z), and the treesare uni ed to the last value of tr eel.

In order to prove the correctnessof the uni cation algorithm, the fol-
lowing lemma will be needed.

Lemma 8.4.3 Let# beany constart. Givenany two treesf (s;;:::;sp) and
f (t1;::5;t,) the following properties hold:

(@) Forany i, 1- i- n,if %is a most generaluni er for the trees

f(sy;onsy o #;an#)  and f(ty; ot #;05#);  then
f(sy;unsi;#;an#)  and f(tg ot # ;05 #)  areuni able i®
YLE (sy; sty #)  and  3(F (tg; ot #5000 4))  areuni able:

(b) Forany i, 1 - i - n, if 3%is a most generaluni er for the trees
f(sy;unsi u#nn#) andf (gt 1 #; 0n#), and pis amost generaluni-
“er for the trees ¥(s;) and ¥{(t;), then %+ is a most generaluni er for the
treesf (sy;sic#un#) and f (o0t #00 #).

Proof: (a) The casei = 1is trivial. Clearly, if %is a most general uni-
“er for the treesf (sq;:58i; 1;# ;5 #) and f (tg; ot 1, #;05#) andif the
trees ¥f (sy;:; s # ;0 #) and ¥f (to; ot #;0#)) are uni able, then
f(sy;unsic#;on#) andf (tg; ot # ;0 #) areuni able.

We now prove the other direction. Let pbe a unier for
f(sy;unsic#;un#) and f(ty ot #0008

Then,
H(s1) = M(t1); s p(si) = (ti):
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Hence,u is a uni er for

f(sy;ins #;un#)  and f(ty ot o#;00#) ¢
Since %is a most generaluni er, there is somepC such that p= %% Then,

WS (su; s sis #5003 #))
= W (te ot #5000 #)

1l
=
=
~~
n
e
©
#*
i
N—r'
N—r'

WOHAE (oo tis #55#))

which shows that p° uni'es

YA (sy;usis# ) and 3 (tg ot #5500 #)

(b) Again, the casei = 1is trivial. Otherwise, clearly,
YAs1) = Hta); 5 ¥4si; 1) = YAti; 1) and W(¥4si)) = U(¥At))

implies that ¥+ pis auni er of

f(sy;unsic#un#) and f(tg) ot #;00#):
If , unies f(sy;:;si;#;0n#) and f (ty; ot #;00#), then

L(s1) =, (ta); o, (si) =, (6):
Hence,, uni es
f(sy;insi u#;an#)  and f(ty ot o#;0n#) ¢

Since¥%is a most generaluni er of thesetwo trees, there is some¥# sud that
, = ¥%+¥8. But then, since, (si) = , (t;), we have ¥(3(s;)) = ¥4(34t;)), and
sincep is a most generaluni er of ¥{s;) and ¥{t;), there is someC such that
%= u= P Hence,

, = Y (uzd) = (Farp) £

which provesthat %+ is a most generaluni er of f (ss;::;si;#;::;#) and
f(ty; ot #5000 #). O

We will now prove the correctnessof the uni cation algorithm.

Theorem 8.4.1 (Correctness of the uni cation algorithm) (i) Given any
two nite treest; and ty, the uni cation algorithm always halts. It halts with
output unif iable= true i®t; and t, are uni able.

(i) If t; and t, are uni able, then they have a most generaluni er and
the output of procedureunif y is a most generaluni er.

Proof: Clearly, the proceduretest-and-substitutealways terminates, and
we only have to prove the termination of the unif y procedure. The ditcult y
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in proving termination is that the treestr eel and tr ee2 may grow. However,
this can only happen if test-and-substitute is called, and in that case,since
uni able is not false i® the variable x = treel(node) does not belong to
t = tree2=node after the substitution of t for all occurrencesof x in both
treel and tree?, the variable x has been completely eliminated from both
treel and tree2. This suggeststo try a proof by induction over the well-
founded lexicographic ordering << de ned sud that, for all pairs (m;t) and
(m%1t9, where m, m°are natural numbers and t, t® are nite trees,

(m;t) << (m%t%Y i®either m < m®
orm = m%and t is a proper subtree of t®

We shall actually prove the input-output correctnessassertion stated
below for the procedureunif .

Let sp and ty be two given nite trees, %a substitution sud that none
of the variables in the support of %is in ¥{sg) or ¥{tg), u any tree address
in both dom(3{sp)) and dom(3{to)), and let s = ¥{sp)=u and t = ¥{tp)=u.
Let treely, tree?y, nodey, unif iabley and unif ierp be the input values of
the variables tr eel, tr ee2, unif iable, and unif ier, and tr eel® tr ee2’, node’
unif iable® and unif ier© be their output value (if any). Also, let mg be the
sum of the number of variables in ¥{sy) and ¥{to), and m° the sum of the
number of variablesin tr eel® and tr ee2’.

Correctnessassertion:

If treely = ¥(so); tree2s = ¥ty); node = u;
unif iableg = true  and unif ierg = % then

the following holds:
(1) The procedureunif y always terminates;

(2) unif iable’= true i®s andt are uni able and, if unif iable®= true ,
then unif ier®= %+, where p is a most generaluni er of s and t, treel® =
unif ier (sp), tr ee2’ = unif ier (tg), and no variable in the support of unif ier®
occursin tr eel® or tr ee’.

(3) If treel®6 ¥(sy) or tree2®6 ¥{tg) then m®< myg, elsem®= my.

Proof of assertion: We proceedby complete induction on (m; s), where
m is the sum of the number of variablesin tr e€l and tr e€2 and s is the subtree
tr eel=node

(i) Assumethat s is a constart and t is not a variable, the casein
which t is a constart being similar. Then u is a leaf node in ¥{sg). If t 6 s,
the comparison of tr eel(node) and tr ee2(node) fails, and unif iable is set to
false. The procedureterminates with failure. If s = t, sinceu is a leaf node
in ¥{so) and ¥{ty), the procedure terminates with successreel® = ¥{sp),
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tr ee2’ = ¥(ty), and unif ier®= % Hencethe assertionholds with the identit y
substitution for L.

(i) Assumethat s is a variable say x, the casein which t is a variable
being similar. Then u is a leaf node in ¥{sg). If t = s, this casereduces
to case(i). Otherwise,t 6 x and the occur ched is performed in test-and-
substitute. If x occursin t, then unif iable is setto false, and the procedure
terminates. In this case,it is clear that x and t are not uni able, and the
assertion holds. Otherwise, the substitution p= (t=x) is created, unif ier®=
Yk, and treel® = p(¥(so)) = unif ierqsp), tree2’= W(¥(to)) = unif ier Yto).
Clearly, pis a most generaluni er of x and t, and sincex doesnot occur in
t, since no variable in the support of %20ccursin ¥{sp) or ¥{ty), no variable
in the support of unif ier® occursin treel® = p(¥{sy)) or tree2’ = p(¥{so)).
Sincethe variable x doesnot occur in tr eel®and tr ee2, (3) alsoholds. Hence,
the assertionholds.

(i) Both s andt have depth, 1. Assumethat s = f (s1;::;Sm) and
t = foty;unty). If f 6 9 the test treel(node) = tree2(node) fails, and
unif y halts with failure. Clearly, s and t are not uni able, and the claim
holds. Otherwise, s = f (s1;:::;80) and t = f (tq;::;th).

We shall prove the following claim by induction:

Claim: (1) For everyi, 1 - i - n+ 1,the rst ij 1 recursive calls
in the while loop in unif y halt with successi® f (s1;:::;si; 1;# ;%) and
f(ty; 5t 1;#; 55 #) areuni able, and otherwise one of the calls halts with
failure;

(2) If the rst i 1recursive calls halt with successthe input valuesat
the end of the (i j 1)-th iteration are:

nodeg = ui; unif iable = true ; unif ier;j = Y%+, 1;

where ; 1 is a most generaluni er for the treesf (sq;::;;si; 1;# ;%) and
f(ty; ot o#;0n#), (with o = 1d, the identit y substitution),
tre€el; = unif ierj(sg); tree2 = unif ieri(to);

and no variable in the support of unif ier; occursin tre€l; or tree?;.

(3) If treel; 6 treelg or tree?; 6 tree2, if m; is the sum of the number
of variablesin tr e€l; and tr e€2;, then m; < mq.

Proof of claim: For i = 1, the claim holds becausebefore entering the
while loop for the rst time,

treel; = sp; tree2; = tg; node = ul;

unif ierq; = % unif iable; = true :

Now, for the induction step. We only needto considerthe casewhere
the “rst ij 1 recursive calls were successful.lf we have tr eel; = tr eely and
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tree2; = tr e€y, then we can apply the induction hypothesisfor the assertion
to the addressui, sincetr e€lp=ui is a proper subtree of tr eelo=u. Otherwise,
m; < mg, and we canalsoalsoapply the induction hypothesisfor the assertion
to addressui. Note that

treeli=u= W, 1(f (s1;::5s;:580)) and
tree2i=u= p; 1(f (t1;5 8505 s));  since
unif ier; = ¥t 1
By lemma 8.4.3(a), sincely; 1 is @ most generaluni er for the trees
f(s1;os o #;0n#)  and f(ty; ot #;05#);  then
f(sy;unsiy#;on#) and f(tg ot #;0#)  areuni able, i®
Wi o(f(se;si#50n#)  and Wy of ((ty; ot #5050 #)  areuniable:
Hence,unif y halts with succesdor this call for addressui, I®
f(sy;unsiy#;an#) and f(ty ot #;:0#)  areuni able:

Otherwise, unif y halts with failure. This provespart (1) of the claim.

By part (2) of the assertion,the output value of the variable unif ier is
of the form unif ier; £ ;, where,; is a most generaluni er for 1; 1(s;j) and
K; 1(ti) (the subtreesat ui), and since; 1 is a most generaluni er for

f(sy;onsy u#;an#)  and f(ty ot o#00#)
,i is a most generaluni er for
Wi 1(f(sy;osis#un#)  and py of (B ot #5000 #)
By lemma 8.4.3(b), ii; 1 =, i is a most generaluni er for
f(sy;unsi#n#) and f(tg st #0n#) .
Letting
VESHD PRI

it is easily seenthat part (2) of the claim is satis ed. By part (3) of the
assertion, part (3) of the claim also holds.

This concludesthe proof of the claim. O

Fori = n+ 1, we seethat all the recursive calls in the while loop halt
successfullyi® s and t are uni able, and if s andt are uni able, whenthe loop
is exited, we have

unif ierpsy = Yt py;
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where |, is a most generaluni er of s and t,
treel,+1 = unif ierp+1 (So); tree2,.«; = unif iern+ (to);

and part (3) of the assertion also holds. This concludesthe proof of the
assertion.J

But now, we can apply the assertionto the input treest; and t,, with
u = e, and ¥the identity substitution. The correctnessassertion says that
unif y always halts, and if it halts with successthe output variable unif ier
is a most generaluni er for t; and t;. This concludesthe correctnessproof.
O

The subject of uni cation is the object of current researt becausefast
uni cation is crucial for the ezciency of programming logic systems suc
as PROLOG. Somefast uni cation algorithms have been published suc as
Paterson and Wegman, 1978; Martelli and Montanari, 1982;and Huet, 1976.
For a survey on uni cation, seethe article by Siekmannin Shostak, 1984a.
Huet, 1976, also cortains a thorough study of uni cation, including higher-
order uni cation.

PR OBLEMS

8.4.1. Convert the following formulae to clauseform:

8y((P(y;x) _: Q(y;x)) * 9x(: P(x;y) _ Q(x;¥)))
8x(YP(x;y) N 1 Q(y;x)) _ (8y9z(R(x;y;2) * : Q(y; 2))
: (BX9yP(x;y) ¥a(8y9z: Q(x; 2) * 8y:8 zR(y; 2)))
8x9y8z(IwW(Q(x; w) _ R(x;y)) ~ :9 w:9 u(Q(x; w) ™ : R(x; u)))

8.4.2. Apply the uni cation algorithm to the following clauses:

fP(x;y),P(y:f(2)9
fP@y:f(y):P(z:zu)g
fP(x;9(x));P(y;y)g
fP(x;9(x);y);P(z;u;9(u))g
fP(9(x);y): P(y;y); P(u;f(w))g

8.4.3. Let Sand T betwo nite setsof terms sud that the set of variables
occurring in S is disjoint from the set of variables occurring in T.
Prove that if S| T is uni able, ¥s is a most generaluni er of S, ¥
is a most generaluni er of T, and ¥.t is a most general uni er of
Ys(S) [ ¥ (T), then
Yo + % i?/g;-r
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8.4.4.

o 8.4.5.

is a most generaluni er of S| T.

Show that the most generaluni er of the following two trees cortains
atree with 2"i 1 occurrencesof the variable x;:

f(9(X1;X1); 9(X2; X2); :59(Xn; 1;Xnj 1))  and
f (X2: X355 Xn)

De ne the relation - on terms as follows: Given any two terms tg,
to,

t; - tp i® thereis a substitution ¥sud that t, = ¥(t;):

De ne the relation 2 sud that

tlétz i® - 1o andtz- t1:

(a) Prove that - is re°exive and transitiv e and that 2 is an equiva-
lencerelation.

(b) Provethat t; 2 t, i® there is a bijective renaming of variables %2
such that t; = “t,). Show that the relation - inducesa partial order-
ing on the set of equivalenceclassesof terms modulo the equivalence
relation 2.

(c) Prove that two terms have a least upper bound i® they have a
most generaluni er (use a separating substitution, seeSection 8.5).

(d) Provethat any two terms always have a greatest lower bound.

Remark: The structure of the setof equivalenceclassesf terms mod-
ulo 2 under the partial ordering - has been studied extensiwely in
Huet, 1976. Huet has shown that this setis well founded, that every
subset has a greatest lower bound, and that every bounded subset
has a least upper bound.

8.5 The Resolution Metho d for First-Order Logic

Recall that we are considering rst-order languageswithout equality. Also,
recall that even though we usually omit quanti ers, clausesare universally
guanti ed sertences. We extendthe de nition of aresolvent givenin de nition
4.3.2to arbitrary clausesusing the notion of a most generaluni er.

8.5.1 De nition of the Metho d

First, we de ne the conceptof a separating pair of substitutions.
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De nition  8.5.1 Given two clausesA and A® a semrating pair of substi-
tutions is a pair of substitutions Y,and %2 such that:

Yehassupport FV (A), Y2 hassupport FV (A9, for every variable x in A,
¥%x) is a variable, for every variable y in A $4(y) is a variable, Y2and ¥4 are
bijections, and the range of Y.and the range of %4 are disjoint.

Given a set S of literals, we say that S is positive if all literals in S are
atomic formulae, and we say that S is negative if all literals in S are negations
of atomic formulae. If asetS is positive or negative, we say that the literals in
S are of the samesign. Givena setof literals S = fA3;::;; An g, the conjugate
of S is de ned asthe set

S=fAy AN

of conjugatesof literals in S. If S is a positive set of literals we let jSj = S,
and if S is a negative set of literals, we let jSj = S.

De nition 8.5.2 Given two clausesA and B, a clauseC is a resolvent of
A and B i® the following holds:

(i) There is a subsetA®= fA;:;;Ang p A of literals all of the same
sign, a subsetB%= fBy;::;;B,gu B of literals all of the opposite sign of the
set A%, and a separating pair of substitutions (¥%%9) suc that the set

A9 [ (B

is uni able;

(i) For somemost generaluni er ¥of the set
A9 [ YABY)j;

we have
C=%%Ai AY[ ABi BY):

EXAMPLE 85.1

Let
A=f P(z;a);: P(z;x);: P(x;2)g and
B =fP(z;f(2);P(z;a)0:
Let
A= f: P(z;a);: P(z;x)g and B°= fP(z;a)g;
Yo= (21=2); = (2=2):
Then,

A9 [ YABY)j = TP (z1;0); P(z1:%); P(22; )9
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is uni able,
Y= (21=22; @=X)

is a most generaluni er, and
C=1f P(az1);P(z1;f (z1)) g

is aresolvent of A and B.
If wetake A°= A, B®= fP(z;a)g,
JAAY [ ABO)j = TP (z1;a); P(z1;X); P(X; 21); P(22; Q)9
is also uni able,
Y%= (a=z;a=2;a=x)

is the most generaluni er, and
C=1fP(ajf(a)g

is a resolert.
Hence,two clausesmay have seweral resolhens.

The generalization of de nition 4.3.3 of a resolution DAG to the “rst-
order caseis now obvious.

De nition 8.5.3 GivenasetS = fCy;::;;Cyg of rst-order clauses,a res-
olution DAG for S is any nite set

G = f(ty;R1); 5 (tm; Rm)g

of distinct DAGs labeledin the following way:

(1) The leaf nodesof eath underlying tree t; are labeledwith clausesin
S.

(2) For every DAG (tj; R;), every nonleaf node u in t; is labeled with
sometriple (C;(¥%:%4);3%), where C is a clause, (¥2%9) is a separating pair of
substitutions, %is a substitution and the following holds:

For every nonleaf node u in t;, u has exactly two successorail and u2,
and if ul is labeled with a clauseC; and u; is labeled with a clauseC, (not
necessarilydistinct from C;), then u is labeled with the triple (C;(%%4);%),
where (¥244) is a separating pair of substitutions for C; and C, and C is the
resohent of C; and C, obtained with the most generaluni er %

A resolution DAG is aresolution refutation i®it consistsof a single DAG
(t; R) whoseroot is labeled with the empty clause. The nodesof a DAG that
are not leavesare also called resolution steps
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We will often usea simpli ed form of the above de nition by dropping
(¥249) and %from the interior nodes,and considerthat nodesare labeledwith
clauses. This has the e®ectthat it is not always obvious how a resohert is
obtained.

EXAMPLE 85.2
Consider the following clauses:

Ci=f P(zy;a);: P(z1;%);: P(x; 21)g;
C, = fP(z;f(22);P(z2;@g and
Cs = fP(f (z3); 23); P(z3; Q)9

The following is a resolution refutation:
Cz Cl C3

(fP(a;f (a))g; (1d;1d); (fP(f (a);a)g; (1 d; 1 d);
(a=z;a=2; a=x)) (a=z; a=x;a=2))

(f: P(a;f(a))g; (1d;1d); (f (a)=z;a=x))

@ (1 d;1d); 1 d)

8.5.2 Soundness of the Resolution Metho d

In order to prove the soundnessof the resolution method, we prove the fol-
lowing lemma, analogousto lemma 4.3.1.

Lemma 8.5.1 Given two clausesA and B, let C = (Y%A i A9 [ 4B i
B9%) be any resolhert of A and B, for somesubsetA° u A of literals of A,
subsetB% u B of literals of B, separating pair of substitutions (¥%%4), with
Yo= (21=X1; 35 Zm =Xm )y = (Zm+1 =Y1, 5 Zm+ n=Yn) and most generaluni er
Ya= (t1=uq;:tk=Uk), wherefug;:;;uxg is a subsetof fzy;:::; Zm+ng. Also,
let fvy; 5 vpg= FV(C). Then,

F (8X1:::8Xm A" 8y1:::8ynB) % 8v,:::8v,C:
Proof : We shaw that we can constuct a G-proof for

(8x1:::8Xm A ™ 8y1::8ynB) I 8vy:8v,C:
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Note that fzy;:::Zm+n0i fus; i ukg is a subsetof fvy;::;vpg. First, we
perform p 8 : right stepsusing p ertirely new variableswy,...,wp. Let

Y= Yt (Wi=vp; i wWp=vp) = (19=21555t0 4 = Znen);

be the substitution obtained by composing ¥ and the substitution replacing
ead occurrence of the variable v; by the variable w;. Then, note that the
support of ¥ is disjoint from the setfw;; ::;; wpg, which meansthat for every
tree t,

At = tt9=2]:0t5 s n=Zm+ 0]

(the order being irrelevant). At this point, we have the sequen
(8x1:::8XxmA N 8y1:::8ynB) | ¥(UA i AY):(AB i BY):
Then apply the » : left rule, obtaining
8x1::8XmA; 8y1::8ynB | ¥(UA ;i AY):3(AB i BY):

At this point, we apply m+ n 8 : left rules asfollows: If £x;) is somevariable
u;, do the substitution tJ-O:xi, else'£x;) is somevariable v; not in fuy;::; uxg,
do the substitution w;=v; .

If ¥Ay;) is somevariable u;, do the substitution tP=y;, else¥4(y;) is some
variable v; not in fuy;:::; uxg, do the substitution w; =y .

It is easyto verify that at the end of these steps, we have the sequei
(AAA T AY):Q): (ACAB i BY:Q)! HUA T AY)¥AAB i BY)

where Q = ¥(4A9) and Q = ¥A¥ABY) are conjugate literals, because¥sis
a most generaluni er of the setj%4A% [ YAB9;.

Hence,we have a quarti er-free sequen of the form

(A1_Q)(A2_:Q)! A Az,

and we concludethat this sequen is valid using the proof of lemma 4.3.1. O

As a consequencewe obtain the soundnessof the resolution method.
Lemma 8.5.2 (Soundnessof resolution without equality) If a set of clauses
has a resolution refutation DAG, then S is unsatis able.

Proof: The proof is identical to the proof of lemma 4.3.2, but using
lemma 8.5.1, as opposedto lemma4.3.1. O
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8.5.3 Completeness of the Resolution Metho d

In order to prove the completenessof the resolution method for “rst-order
languageswithout equality, we shall prove the following lifting lemma.

Lemma 8.5.3 (Lifting lemma) Let A and B be two clauses,¥; and ¥ two
substitutions sudc that % (A) and % (B) are ground, and assumethat D is a
resolhert of the ground clauses¥(A) and ¥ (B). Then, there is a resohent
C of A and B and a substitution p such that D = pu(C).

Proof: First, let (¥2%4) be a separating pair of substitutions for A and
B. SinceYand ¥ are bijections they have inverses¥ ! and % 1. Let ¥%be
the substitution formed by the union of % 1 +%, and %i ! +%, which is well
de ned, sincethe supports of % 1 and %5 ! are disjoint. It is clear that

Y(HAA)) = %a(A) and ¥(AB)) = ¥%(B):

Hence,we can work with “£A) and ¥4B), whosesetsof variables are disjoint.
If D is aresohent of the clauses¥s(A) and ¥(B), there is a ground literal Q
sudch that %(%A)) cortains Q and ¥%%)(B)) cortains its conjugate. Assume
that Q is positive, the casein which Q is negative being similar. Then, there
must exist subsetsA® = fA;;:;;Angof A and BO= f: By;::;: Byg of B,
such that

YYAL) = i = YUHAR)) = UYABL)) = 5 AYA(B)) = Q;

and ¥is a uni er of 4A9 [ YABY). By theorem 8.4.1, there is a most general
uni er , and a substitution p suc that

Y=, T
Let C be the resolert

C=,Ai A)[ ¥B i BI):

Clearly,
D = (%¥#A)) i Q9 [ (XAB)) i f: Qg)
= (U4A T A [ UAB i BY)
= U, (%A AY[ AB i BY) = WC):
O

Using the above lemma, we can now prove the following lemma which
shows that resolution DAGs of ground instances of clausescan be lifted to
resolution DAGs using the original clauses.

Lemma 8.5.4 (Lifting lemma for resolution refutations) Let S be a "nite
setof clauses,and Sy be a set of ground instancesof S, sothat every clausein
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Sy is of the form %(C;) for someclauseC; in S and someground substitution
Y.

For any resolution DAG Hy for Sy, there is a resolution DAG H for S,
sudh that the DAG Hq is a homomorphicimageof the DAG H in the following
sense:

Thereis afunction F : H ! Hg from the setof nodesof H to the set of
nodesof Hg, sud that, for every nodeu in H, if ul and u2 are the immediate
descendats of u, then F(ul) and F(u2) are the immediate descendats of
F (u), and if the clauseC (not necessarilyin Sy) is the label of u, then F (u)
is labeled by the clausep(C), where p is someground substitution.

Proof: We prove the lemma by induction on the underlying tree of Hg.

(i) If Hg hasa single resolution step, we have clauses¥, (A), ¥(B) and
their resohent D. By lemma 8.5.3, there exists a resohent C of A and B
and a substitution p sud that u(C) = D. Note that it is possiblethat A and
B are distinct, but % (A) and ¥(B) are not. In the ‘rst case,we have the
following DAGs:

DAG Hy DAG H
¥a(A) = %2(B)

A\ /B
D C
The homomorphismF is such that F(e) = e, F(1) = 1and F(2) = 1.

In the secondcase, ¥ (A) 6 ¥(B), but we could have A = B. Whether
or not A = B, we create the following DAG H with three distinct nodes, so
that the homomorphismis well de ned:

DAG Hy DAG H
Ya(A) ¥2(B)

A B
N/ N/
The homomorphismF is the identity on nodes.
(i) If Hg has more than one resolution step, it is of the form either
(i(a)
DAG Hy
G, G2

AO\D /BO
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where A% and B2 are distinct, or of the form

(ii)(b)
DAG Hg
G:
A%= BO
D
if A= BO

(@) In the rst case,by the induction hypothesis, there are DAGs H,
and H, and homomorphismsF; : H; ! Gy andF,:H,! G;, whereH; is
rooted with someformula A and H» is rooted with someformula B, and for
someground substitutions py and L, we have, A°= y(A) and B%= ,(B).
By lemma 8.5.3, there is a resolvent C of A and B and a substitution p such
that y(C) = D. We can construct H asthe DAG obtained by making C as
the root, and even if A = B, by creating two distinct nodes1 and 2, with 1
labeled A and 2 labeledB:

DAG H
Hi H>

A\C/B

The homomorphismF : H ! Hg is de ned suc that F(e) = e, F(1) =
1,F(2) = 2,and it behaveslike F; on H; and like F, on H,. The root clause
C is mappedto w(C) = D.

(b) In the secondcase,by the induction hypothesis, there is a DAG H
rooted with someformula A and a homomorphismF; : H; ! G, and for
someground substitution py, we have A°= y(A). By lemma 8.5.3, there is
a resolent C of A with itself, and a substitution p sud that W(C) = D. It is
clearthat we canform H sothat C is aroot node with two edgesconnectedto
A, and F is the homomorphismsud that F(e) = e, F(1) = 1, and F behaves
like Fy onHjy.

DAG H
Hi
A

()

C

The clauseC is mapped onto D = p(C). This concludesthe proof. O
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EXAMPLE 8.5.3
The following shows a lifting of the ground resolution of example 8.3.1
for the clauses:
Ci=f: P(zy;8);: P(z1;%);: P(X;21)9
Cz = fP(z2:f (22)): P(z2;@)9
Cs = fP(f(z3);23); P(z3; @)Q:

Recall that the ground instancesare

G = f. P(aja)g

G, = fP(a;f (a);P(a;a)g

Gz = fP(f(a);a); P(a;a)g

Gy = f: P(f(a);a);: P(a;f (a)g;

and the substitutions are

Y1 = (a=2)
¥ = (a=z;a=x)
Ya = (a=2n)

Yy = (f (8)=7;a=X):

Ground resolution-refutation Hy
for the set of ground clausesG;, G,, G3, G4

Go G, Gs3 G4

N

fP(a;f (a)g fP(f(a);a)g
f. P(a;f(a))g

O

Lifting H of the above resolution refutation
for the clausesC,, C,, C3

C, C. Cs Ci
\

fP(a;f (a)g fP(f(a);a)g
f. P(a;f (a))g
|:l/

The homomorphism is the identit y on the nodes, and the substitutions
are, (a=z) for node 11 labeled C,, (a=z;a=x) for node 12 labeled C,,
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(a=z) for node 212 labeled C3, and (f (a)=z; a=x) for node 22 labeled
Ci.

Note that this DAG is not asconciseasthe DAG of example8.5.1. This
is becauseis has beendesignedso that there is a homomorphism from
H to Hg.

As a consequencef the lifting theorem, we obtain the completenessof
resolution.

Theorem 8.5.1 (Completenessof resolution, without equality) If a "nite
set S of clausesis unsatis able, then there is a resolution refutation for S.

Proof: By the Skolem-Herbrand-Gddel theorem (theorem 7.6.1, or its
corollary), S is unsatis able i® a conjunction Sy of ground substitution in-
stancesof clausesin S is unsatis able. By the completenessof ground reso-
lution (lemma 8.3.1), there is a ground resolution refutation Hy for Sg. By
lemma 8.5.4, this resolution refutation can be lifted to a resolution refutation
H for S. This concludesthe proof. [

Actually, we can also prove the following type of Herbrand theorem for
the resolution method, using the constructive nature of lemma 7.6.2.

Theorem 8.5.2 (A Herbrand-like theorem for resolution) Consider a “rst-

order languagewithout equality. Given any prenex sertence A whosematrix

isin CNF, if A! is LK-provable, then a resolution refutation of the clause
form of A can be obtained constructively.

Proof: By lemma 7.6.2, a compound instance C of the Skolem form B
of A can be obtained constructively. Obsene that the Skolem form B of A is
in fact a clauseform of A, sinceA isin CNF. But C isin fact a conjunction of
ground instancesof the clausesin the clauseform of A. Since: C is provable,
the search procedurewill give a proof that can be corverted to a GCNF %
proof. Since theorem 4.3.1 is constructive, we obtain a ground resolution
refutation Hgy. By the lifting lemma 8.5.4, a resolution refutation H can
be constructively obtained for Sg. Hence, we have shown that a resolution
refutation for the clauseform of A can be constructively obtained from an
LK-proofof Al . O

It is likely that theorem 8.5.2hasa corverse,but we do not have a proof
of such a result. A simpler result is to prove the converse of lemma 8.5.4,
the lifting theorem. This would provide another proof of the soundnessof
resolution. It is indeedpossibleto show that givenany resolution refutation H
of a set S of clauses,a resolution refutation Hq for a certain set Sy of ground
instances of S can be constructed. Howewer, the homomorphism property
doesnot hold directly, and one hasto exercisecare in the construction. The
interested reader should consult the problems.

It should be noted that a Herbrand-like theorem for the resolution
method and a certain Hilb ert system has beenproved by Joyner in his Ph.D
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thesis (Joyner, 1974). However, these considerations are somewhat beyond
the scope of this text, and we will not pursue this matter any further.

PR OBLEMS

8.5.1.

8.5.2.

8.5.3.

8.5.4.

8.5.5.

Give separating pairs of substitutions for the following clauses:

fP(xy;f(2)g fP(y;z;f(2)9
fP(x;y);P(y;2)g; fQ(y;z);P(z;f(y))g
fP(x;9(x))g; TP(x; 9(x))g

Find all resolerts of the following pairs of clauses:

fP(x;y);P(y;2)g; f: P(u;f(u))g
fP(xx);: R(X f(x))g fR(XY); Q(y; 2)9
fP(X;y);: P(X; x); Q(x; T (x);2)g; f: Q(f (x);%; 2); P(x; 2)g
fP(x;f(x);2);P(u;w;w)g; f: P(x;y;2);: P(z;z;2)g

Establish the unsatis abilit y of eat of the following formulae using
the resolution method.

(8x9yP (x;y) ™ 9x8y: P(x;Y))

(8x9y9z(L(x;y) " L(y;:2) " Q(Y) " R(2) " (P(2) © RO
8x8y8z((L(x;y) * L(y:2)) ¥4L(x; 2)) ® 9x8y: (P(y) " L(X;y))

Consider the following formulae asserting that a binary relation is
symmetric, transitiv e, and total:

Sy 1 8x8y(P(x;y) ¥2P(y;x))
S, 1 8x8y8z((P(x; y) » P(y;2)) ¥ P(x; 2))
Sz : 8x9yP (X;y)

Prove by resolution that
S1 "N SN Sz % 8xP(X; x):

In other words, if P is symmetric, transitive and total, then P is
recexive.

Complete the details of the proof of lemma 8.5.1.
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a 8.5.6.

a 8.5.7.

8.5.8.

a 8.5.9.
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(a) Provethat given a resolution refutation H of a set S of clauses,a
resolution refutation Hq for a certain set Sy of ground instancesof S
can be constructed.

Apply the above construction to the following refutation:
f: P(a);Q(a)g fP(x)g f: P(f(a));: Q(a)g
fQ(a)g f: Q(a)g

O

(b) Using (a), give another proof of the soundnessof the resolution
method.

As in the propositional case,another way of presering the resolution
method is as follows. Given a ('nite) setS of clauses,let

R(S) = S[ fCj C is aresohent of two clausesin Sg:

Also, let
R%S)=S;
R"1(S) = R(R"(S));(n, 0); and let
R°(S) = R"(S):
n, 0

(a) Prove that S is unsatis able if and only if R%(S) is unsatis able.

(b) Provethat if S is nite, there is somen , 0 suc that
R%(S) = R"(S):
(c) Prove that there is a resolution refutation for S if and only if the
empty clause[Jis in R"(S).
(d) Provethat S is unsatis able if and only if [J belongsto R®(S).

Prove that the resolution method is still complete if the resolution
rule is restricted to clausesthat are not tautologies (that is, clauses
not corntaining both A and : A for someatomic formula A).

We say that a clauseC; subsumesa clauseC,; if there is a substitution
Y such that ¥(C,) is a subsetof C,. In the version of the resolution
method described in problem 8.5.7, let

R1(S) = R(S) fCj C is subsumedby someclausein R(S)g:

Let RY = S;
RI™(S) = Ry(R1(S)) and
Ri(S) = 1(S):

n, 0
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Prove that S is unsatis able if and only if (] belongsto R} (S).

8.5.10. The resolution method described in problem 8.5.7 can be modi ed
by introducing the concept of factoring. Given a clauseC, if CPis
any subsetof C and C°is uni-able, the clause ¥{C) where %is a
most generaluni er of C%is a factor of C. The factoring rule is the
rule that allows any factor of a clauseto be addedto R(S). Consider
the simpli cation of the resolution rule in which a resohent of two
clausesA and B is obtained by resolving sets A° and B° consisting
of a single literal. This restricted version of the resolution rule is
sometimescalled binary resolution.

(@) Shaw that binary resolution together with the factoring rule is
complete.

(b) Show that the factoring rule canbe restricted to setsC° consisting
of a pair of literals.

(c) Show that binary resolution alone is not complete.

8.5.11. Prove that the resolution method is also complete for in nite sets of
clauses.

8.5.12. Write a computer program implementing the resolution method.

8.6 A Glimpse at Paramo dulation

As we have noted earlier, equality causescomplications in automatic the-
orem proving. Seweral methods for handling equality with the resolution
method have been proposed, including the paramodulation methad (Robin-
son and Wos, 1969), and the E-resolution methad (Morris, 1969; Anderson,
1970). Due to the lack of space,we will only de ne the paramaodulation rule,
but we will not give a full treatment of this method.

In order to de ne the paramodulation rule, it is corveniert to assume
that the factoring rule is added to the resolution method. Given a clause
A, if A%is any subsetof A and ACis uniable, the clause¥{A) where %is a
most generaluni er of ACis a factor of A. Using the factoring rule, it is easy
to seethat the resolution rule can be simpli ed, sothat a resolent of two
clausesA and B is obtained by resolving setsA° and B consisting of a single
literal. This restricted version of the resolution rule is sometimescalled binary
resolution (this is a poor choice of terminology sinceboth this restricted rule
and the generalresolution rule take two clausesas argumerts, but yet, it is
usedin the literature!). It can be shawvn that binary resolution alone is not
complete, but it is easyto shaw that it is completetogether with the factoring
rule (seeproblem 8.5.10).

The paramaodulation rule is arule that treats an equations = tasa (two
way) rewrite rule, and allows the replacemen of a subterm r uni able with
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s (or t) in an atomic formula Q, by the other side of the equation, modulo
substitution by a most generaluni er.

More precisely let )
A= ((s=1)_C)

be a clausecorntaining the equation s = t, and

B=(Q_D)

be another clausecontaining someliteral Q (of the form Ptq::it, or: Pty::ity,
for some predicate symbol P of rank n, possibly the equality symbol =, in
which casen = 2), and assumethat for sometree addressu in Q, the subterm
r = Q=u is uni able with s (or that r is uni able with t). If 3%is a most
generaluni er of s and r, then the clause

%C _Q[uA t]_D)

(or %{C _Q[uA s]_D),if r andt are uni able) is a paramadulant of A and
B. (Recall from Subsection2.2.5,that Q[u A t] (or Q[u A s]) is the result of
replacing the subtree at addressu in Q by t (or s)).

EXAMPLE 86.1
Let

A= fE(xh(y) = g0cy);P()g B = fQ(h(f (h(x);h(a))) o:

Then
fQ(h(g(h(z); h(a)))) ; P(h(2))g

is a paramodulant of A and B, in which the replacemen is performed
in B at address11.

EXAMPLE 8.6.2
Let ] ]
A= ff(g(x);x) = h(a)g, B = ff(x;y) = h(y)g:
Then, .
fh(z) = h(a)g

is a paramodulant of A and B, in which the replacemen is performed
in A at addresse.

It canbe shawn that the resolution method using the (binary) resolution
rule, the factoring rule, and the paramodulation rule, is completefor any "nite
set S of clauses provided that the re°exity axiom and the functional re°exivit y
axioms are addedto S. The re°exivity axiom is the clause

fx = XQ;
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and the functional re°exivity axioms are the clauses
ff (X252 xn) = £(X1; 515 Xn) G5

for ead function symbol f occurring in S, of any rank n > 0.

The proof that this method is complete is more involved than the proof
for the caseof a rst-language without equality, partly becausethe lifting
lemma doesnot extend directly. It can alsobe shown that paramodulation is
complete without the functional re°exivity axioms, but this is much harder.
For details, the readeris referred to Loveland, 1978.

Notes and Suggestions for Further Reading

The resolution method has beenstudied extensiwely, and there are many re-
“nements of this method. Someof the re nements are still complete for all
clauses(linear resolution, model elimination), others are more excient but
only complete for special kinds of clauses(unit or input resolution). For a
detailed exposition of thesemethods, the readeris referredto Loveland, 1978;
Robinson, 1979,and to the collection of original paperscompiledin Siekmann
and Wrightson, 1983. One should also consult Boyer and Moore, 1979, for
advanced techniques in automatic theorem proving, induction in particular.
For a more intro ductory approad, the reader may consult Bundy, 1983,and
Kowalski, 1979.

The resolution method has also beenextended to higher-order logic by
Andrews. The interestedreadershould consult Andrews, 1971;Pietrzyk owski,
1973;and Huet, 1973.



