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A. WELL-BEHAVEDNESS, TOTALITY, AND CONTINUITY PROOFS

This appendix contains the proofs for each of the results in our development of
the foundations of lenses as well as representative well-behavedness, totality, and
continuity proofs for several primitive and derived lenses.

3.5 Lemma: If [ € C = A, then I\, is semi-injective on {(a,c) | (a,c) €
AxC A L (IN(a ) L)

PrOOF. Let P = {(a,c) | (a,c) € AxC AN 1/ (I\ (a,c)) |}, and choose
(a,c) € P and (d’,c/) € P with ¢’ # a. Suppose, for a contradiction, that
I\ (a, ¢) =1\, (d, ). Then, by the definition of P and rule PUTGET, we have
a=1/1\(a, c)=1"1N\,(d, ) =da; hence a = d’, a contradiction. O

3.8 Lemma: If [ is oblivious and [ € 7 = Ay and | € Cy = Ay, then [ €
(Cl U CQ) = (Al @] Ag)

PRrROOF. Straightforward. O
3.9 Lemma: If [ € C <= A is oblivious, then [ is a bijection from C to A.

Proor. If C = (), then, because [ is total, A is also empty and [ is trivially
bijective. If C' is non-empty, then we can choose an arbitrary ¢ € C' and define the
inverse of [ /" as f = Aa. I\, (a, ¢). The fact that (I ")o f = id follows directly from
PUTGET. The fact that f o (1) = id follows because f(I,/¢) =1\, (I, ¢) =
I\, ) (by obliviousness) = ¢ (by GETPUT). O
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App—2 . J. N. Foster et. al.

3.11 Lemma: < is a partial order on lenses.
PROOF. We show that < is reflexive, transitive, and antisymmetric.

Reflexivity:. ITmmediate.

Transitiwvity:. Let [, 1’, and I” be such that I < I’ and I’ < 1. We have dom(l ") C
dom(l’ /") € dom(l” ) and dom(I\,) € dom(I'\,) C dom(I"). Moreover, for all
¢ € dom(l7), we have I /"¢ = U' /"¢ = 1" /¢. Finally, for all (a,c) € dom(I\),
I\ (a,c) =1\ (a,c)=1"\,(a, ¢). Hence [ <1".

Antisymmetry:. Suppose | < I’ and I’ < [. Then dom(l) = dom(l' /),
dom(I\,) = dom(I"\), for every ¢ € dom(l,") = dom(I’ /) we have | /¢ =1 "¢,
and for every (a,c) € dom(I\,) = dom(I"\) we have I\ (a, ¢) ="\, (a, ¢). Hence
L =0/, 1N\,=1, thus [ =" O
3.12 Lemma: Let [p <3 < ... <1, < ... be an increasing chain of lenses. The
lens [ defined by

IN(a, ) =1\, (a,c) ifl;\ (a,c)] for some i
l/'e=1; /¢ if I; /" ¢ | for some i

and undefined elsewhere is a least upper bound for the chain.
PRrROOF. Straightforward. O

3.14 Lemma: Let [p <13 < ... <[, < ... be an increasing chain of lenses, and
let Co CC; C...and Ay C A; C ... be increasing chains of subsets of V. Then:

(1) Well-behavedness commutes with limits:
(2) Totality commutes with limits:
(Vl cw. l; € C; = AZ) implies I_ln l, € (Uz Cl) <— (Uz Al>

PRrROOF. Let | =| |, In, let C =, Cs, and let A =, A;.

We rely on the following property (which we call ,): if [ ¢ is defined for some
¢ € C, then there is some ¢ such that ¢ € C; and | ¢ = l; / ¢. To see this, let
¢ € C; then there is some j such that Vk > j. ¢ € C). Moreover, by Corollary 3.13,
there exist some j’ such that [ ¢ =1; /c. Let i be the max of j and j'; then we
have (by definition of <) {; "c¢=1; " ¢=1/cand c € C;.

Similarly, we have the property ,: if [\ (a, ¢) is defined for some a € A and
¢ € C, then there is some ¢ such that a € 4;, c € C;, and [\ (a, ¢) =1; \, (a, ¢). To
see this, let a € A and ¢ € C; then there are some j and 5’ such that Vk > j. a € Ay
and Vk > j'. ¢ € C). Moreover, by Corollary 3.13, there exists some j” such that
I\ (a, ¢) = lj»\,(a, ¢). Let i be the max of j, j/, and j”; then we have (by
definition of <) I; \, (a, ¢) =1 \,(a, ¢) =1\, (a, ¢), with a € 4; and c € C;.

We can now show that [ satisfies the typing conditions (GET and PuT) of well-
behaved lenses. Choose ¢ € C. If [ /¢ is defined, then by %, there is some % such
that c € C; and | /¢ = 1; /"c. Asl;isin A; = C;, we have [; /¢ € A; C A.
Conversely, let (a,c) € A x C; then if I\ (a, ¢) is defined, then by %, there is some
i such that (a,c¢) € A; x C; and 1\, (a, ¢) =1; \,(a, ¢). Asl; € A; = C;, we have
i (a,c) e C; CC.

We next show that [ satisfies GETPUT and PUTGET. Using %, and x,, we
calculate as follows:
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GETPuT:. Suppose ¢ € C. If IN({ "¢, ¢) = L, then we are done. Otherwise
there is some ¢ such that ¢ € C; and [; /¢ =1,/"c=a € A; C A. Hence there is
some j such that a € A; and [\, (a, ¢) = ¢/. Let k be the max of 7 and j, so we
have a € Ay and ¢ € C. By definition of <, we have I, /¢ = a and I \, (a, ¢) = ¢.
As GETPUT holds for I, we have ¢’ = ¢, hence GETPUT holds for .

PuTGET:. Suppose a € A and ¢ € C. If I 1\, (a, ¢) = L, then we are done.
Otherwise there is some 4 such that a € A;, ¢ € C;, and I; \(a, ¢) =1\, (a, ¢) =
¢ € C; C C. Hence there is some j such that ¢ € Cj and I; /¢’ = a’. Let k be
the max of i and j, so we have a € Ay and ¢ € Ck. By definition of <, we have
Ik \\(a, c) =c and l, /"¢ = a’. As PUTGET holds for l;, we have o/ = a, hence
PUTGET holds for [.

Finally, we show that [ is total if all the [; are. If ¢ € C, then there is some i
such that ¢ € C;, hence [; /¢ is defined, hence [ /" ¢ is defined. If a € A and ¢ € C,
then there is some ¢ such that a € A; and ¢ € C;, hence [; \ (a, ¢) is defined, thus
I\\(a, ¢) is defined. |

3.15 Theorem: Let L be the set of well-behaved lenses from C to A. Then (£, <)
is a cpo with bottom.

PROOF. First, recall that L; is the smallest well-behaved lens. Second, if [y < 1 <
... =< l, < ...1is an increasing chain of well-behaved lenses, then by Lemma 3.14,
it has a least upper bound that is well behaved. O

3.17 Corollary: Suppose f is a continuous function from lenses to lenses.

(1) If L € C = A implies f(I) € C = A for all [, then fiz(f) € C = A.
(2) Suppose ) = Cy CC; C ... and ) = Ag C A; C ... are increasing chains of
subsets of V. If | € C; <= A, implies f(l) € Ciy1 <= A;4;1 for all ¢ and I,

then fiz(f) € (U, Ci) <= (U, 4i)-

PROOF. (1) First recall that fO(1;) = 1; € C = A for any C and A. From
this, a simple induction on 7 (using the given implication at each step and the
fact that f is monotonic) yields fi(1;) € C = A and f(L;) < f*(L,;). By
Lemma 3.14(1), (L], f*(L;)) € C = A. By Theorem 3.16, fiz(f) € C = A.

(2) First note that, since Cy = Ay = ), we have f9(1;) = 1; € Cy <= Ay. From
this, a simple induction on ¢ (using the given implication at each step) yields
fi(Ly) € C; < A; and fi(L;) < f1(L;). By Lemma 3.14(2), (L], fi(L;)) €
(U, Ci) <= (U; 4i). By Theorem 3.16, fiz(f) € (U, Ci) <= (U, 4:). O

3.19 Lemma: Suppose f is a continuous function from lenses to lenses and
To, Ty, ... is a sequence of sets of total types with To = {(0,0)}. If for all [ and i
we have (Vr € T;. 1 € 7) implies (V7 € T;y1. f(I) € 7), then for every increasing
instance 79 € 71 C ... of Ty, Ty,... we have fiz(f) € U, 7.

PROOF. Let 79 € 7 C ... be an increasing instance of Ty, Tq,.... Since Ty =
{(0,0)}, we have f9(1;) = 1; € 7 for all 7 € Ty. From this, a simple induction on
i (using the given implication at each step) yields fi(1;) € 7 for all 7 € T;. Thus,
we have f%(L;) € 7; for all 7;. Hence by Lemma 3.14 we have | |, f € |J, 7. Using
Theorem 3.16, we conclude that fiz(f) € |, 7. O
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3.20 Lemma: For any lens [ and sets of views C' and A: | € C 2 A implies
leC=Aand (2) 1 € C <= Aimplies | € C < A.

PROOF. Let [ € C 2 A.

(1) We must prove that forallc € C, 1 "c€ A. Asl, ¢ € Ag, and since ¢ # , by
convention we have [ ¢ # Q. Similarly, let a,c in A x C, then [\ (a, ¢) € C.

(2) By convention, Cq C dom(l,) implies C' C dom(l "), and A x Cq C dom(I\)
implies A x C' C dom(l\,), as required. O

4.1 Lemma [Well-behavedness]: YVCCV. id € C & C

ProOOF.

GET: (id)"c=ceC.

Put: (id)\,(a,c)=a € C.

GerPut:  (id) \((id) "¢, ¢) = (id) \, (¢, ¢) = c.

PurGET:  (id) 7 (id) \ (g, ¢) = (id) /a = a. O

4.2 Lemma [Totality]: VCCV. id € C <= C

PrROOF. Immediate: both the get and putback directions of (id) are total func-
tions. 0

4.3 Lemma [Well-behavedness]:

VA, B,CCYV.VlcC 2 B.Vke B2 A LLkeC2A
ProOOF.
Get: Ifk, 1,/ c= (l;k),/ cis defined, then | /¢ € B by GET for [, so (I;k),/ ¢ €
A by GET for k.
Pur: IFIN (kN (a,l"¢), c)=(l;k)\\(a, ¢) is defined, then I ¢ € Bg by GET
for [ and our convention on treatment of Q by get functions, so k\ (a, !, ¢) € B
by PuT for k, so I\, (k\,(a, " ¢), ¢) € C by Pur for I.

GETPUT: Assume that (I; k), ¢ is defined. Then:

)N (k) c)
= (LE)N\ (k" (L7¢), c) by definition (of the underlined expression)
N (k k(L ), L), c) by definition

IN(L e ) by GETPUT for k

c

11

by GETPUT for [
PUuTGET: Assume that (I; &)\ (a, ¢) is defined. Then:

(k)7 ((4)\(a, )
k), (IN (BN (a,l¢c), c)) by definition
k(L7 (N (BN (a, 17 0), c))) by definition
k/ (k\.(a, 1/ ¢)) by PUTGET for [
a by PUTGET for k 0
4.4 Lemma [Totality]:
VA,B,CCV.VIeC <= B.Vke B<= A. LkeC+= A
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PrROOF. Let ¢ € C; then [ ¢ is defined (by totality of [) and is in B, hence
k1, c=(l;k),/ cis defined (by totality of k). Conversely, let a € A and ¢ € Cg;
then I/ ¢ is defined and is in Bg. Thus, k\ (a, [/ ¢) is defined and is in B, and

so I\ (BN (a, 1 ¢), c)=(I;k)\(a, ¢) is defined. O

4.5 Lemma [Continuity]: Let F and G be continuous functions from lenses to
lenses. Then the function Al. (F(1); G(1)) is continuous.

PROOF. We first argue that Al. (F'(1); G(I)) is monotone. Let [ and I’ be two lenses
with I < I'. We must show that F(I); G(I) < F(I'); G(I'). For the get direction, let
¢ €V, and assume that (F(1); G(1)), ¢ is defined. We have:

Il
5222

F() )
F(")/¢) by F(l) < F(I'), since F(I) /¢ is defined
(F(l) /c) by G(I) < G(I')

;GI) e

For the putback direction, let (a,c) € V x Vg, assume that (F(1); G(1)) \,(a, ¢) is
defined, and calculate as follows:

Thus M. (F(1); G(1)) is monotone. We must now prove that it is continuous.

Let g <11 < ... =<1, < ... be an increasing chain of well-behaved lenses. Let
I =, 1. We have, for c € V,

(F(1);G) /S e=wv

GO,/ Fl)/ c=v by definition of ;

GW) /" F(;l;) /" c=v by definition of [

G/ (U, F(ly) /" c=wv by continuity of F
3,.G\),/ F(ly,) /" ce=w by Corollary 3.13 (GET)
Ji1.G(; )/ F(li,) /¢ =wv by definition of [

l;
Jiv. (I, G(l;)) /" F(l;,) /¢ = v by continuity of G
Fis,11.G(l;,) " F(l;,),/ ¢c=wv by Corollary 3.13 (GET)
1= max(il,ig)

3i.G(l:) / F(l) /e =wv by { and F' and G monotone

i (F(l;);G(li) /c=wv by definition of ;
(LW, (F(l); G(l))) /e =w by Corollary 3.13 (GET)
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App—6 J. N. Foster et. al.
and
(F(); GI) . (a, ) = v
— F)N(GU)\(a, F(l)/¢),c) = by definition of ;
— F)N(G()\(a, F(U;l5)/¢),c)=v by definition of
—= F)N(G()\(a, (U; F(ls)) ¢),c)=v by continuity of F'
— Ji . FION(GO)\(a, F(l;))/¢),c)=w by Corollary 3.13 (GET)
— Ji.F()N(G(,; L)\ (a, F(l;,) /¢c), c) =v by definition of [
= Fi.F()\.((U; Gli)) \(a, F(li,) /¢), ¢) =v by continuity of G
<— FJig, 1. F (1) \(G(liy) \\(a, F(l;;) /' ¢), ¢) =v by Corollary 3.13 (PuT)
<— 3i2,i1.F(|_|l ll)
N (G(l,) \(a, F(l;,) /¢), ¢) =v by definition of [
<~ 3%2,11.(|_|1F(l7;))
N (G(li,) \(a, F(l;,) /" ¢),c)=v by continuity of F
< 323,22,21 F( 13)
N (G, N\ (a, F(l;,) /¢), ¢) =wv by Corollary 3.13 (PuT)
) - i = max(iy,ia,13)
— Fi.Fl)\(Gl) \(a, F(l;) /" ¢), ) = Y o Foand & monotone
— Fi.(F(;);Gl))\(a, c) = by definition of ;
= (W;(Fl);G(l) \(a, ¢c)=v by Corollary 3.13 (PuT).
Hence the lenses | |;(F'(1;); G(l;)) and F(l); G(1) are equal. O

5.1 Lemma [Well-behavedness]:
YO, ACT with C = C®, A= A°, doms(C) = doms(A).
Vm € (IIneN. C(n) = A(n)).
wmap m € C' 2 A

Proor.

GET: Suppose ¢ € C and m(n),"c¢(n) is defined for each n € dom(c). Then,
by the (dependent) type of m, we have m(n), " c(n) € A(n) for each n. Since
dom(A) = dom(C), there exists a non-empty subset of A whose elements all have
domain D = dom(c). Also, the tree {{n — m(n),"¢(n) | n € dom(c)]} is an element
of the set ﬂn — A(n) | n € D[}, which is itself a subset of A since A is shuffle closed.
Hence, (wmap m), "¢ € A.

PuT: Let a € A and ¢ € C. For all n € dom(a), we have m(n)\ (a(n), c(n)) €
C(n) (with ¢(n) possibly being §2). Hence, by a similar argument as above, since
dom(A) = dom(C) and C' = C°, we have (wmap m) \, (a, ¢) € C.

GETPUT: Assume that (wmap m), "¢ is defined. Then

(map ) . ((map )

:(wmapm)\(nHm /" ¢(n) | n € dom(c)]}, c)

- HnHm(n)\ m(n)., c(n), e(n)) | n € dom(c)}

C {n— c(n) | nedom(c)] by GETPUT for each m(n)
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PUTGET: Assume that (wmap m)\ (a, ¢) is defined. Then

(vmap m) /((wmap m) ™\ (a, c))

= (map m),/ {n = m(n) \.(a(n), e(n)) | n € dom(a)}

= Hn = m(n) /(I\, (a(n), ¢(n))) | n € dom(a)}

C {n~ a(n) | n € dom(a)f} by PUTGET for each m(n)
= a. 0

7.2 Lemma: Let S,TC7. Then

(1) (S=T)=(S=T)°

(2) [T1 = [T1°.

PROOF. We prove each part of the lemma directly.

(1) We calculate (S::T)°. From the definition of cons cells, the set doms(S::T') of
possible domains of trees in (S::7T) is {{*h, *t}}. We then calculate (S::T)°
as:

(S:T)° = UDEdoms(S:'T) ﬂn — (S=T)(n) |ne Dl}
= {]*h}—>S, *tn—>T|}

which is equal to S::T.

(2) We calculate [T1°. From the definition of lists, the set doms([7]) of domains
of trees in [T is {0, {*h, xt}}. We then calculate [T1° as

[11° UDedOms([T] ﬂ”'_’ [T1(n )|”€D[}
{H}U{]*hHT *t > [T1]}

which is equal to [T7]. O

7.3 Lemma [Well-behavedness]:
VO,ACT.Vie C 2 A. listmapl e [C] 2 [A]

PrOOF. Note that 1ist map [ is the fixed point of the function:
f = Mk.wmap {*h — [, *t — k}

We use Corollary 3.17(1), which states that if, assuming that k € [C] &= [A], we
can prove f(k) € [C] 2 [A], then fiz(f) € [C] = [A].

We assume that k € [C] 2 [A] and show that f(k) has type [C] < [A]
directly, using the type of wmap. We write m for the total function from names to
lenses described by {*h +— [, *h — k}; i.e., m maps *h to [, *t to k, and every
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other name to id. We first show that m € IIneN. C(n) == A(n):

m(*h) =1 € [C](*h) 2 [A](*h)
ie., cCZA
by the type of [;

m(xt) =k € [CI(*t) = [Al(xt)
ie., [C] & [A]

by assumption;

m(n) =id € [Cl(n) = [Al(n) Vn & {*h, xt}
ie., ]

vacuously.

Hence, m has the correct type. The type of wmap also requires that both [C]
and [A] be shuffle closed and that doms([C]1) = doms([A]). The first condition
follows from Lemma 7.2(2); the second condition is immediate as both doms([C1)
and doms([A]) are the set {{*h, *t}, (0}.

Using the type of wmap, we conclude that f(k) € [C] < [A] and by Corol-
lary 3.17, that fiz(f) = listmap [ € [C] = [A]. [

7.4 Lemma [Totality]: VC,ACT.VI € C <% A. listmaplc [C] <= [A]

PRrROOF. We pick these two chains of types:

Co=Ag =0
Cit1 = [C']
Ai+1 = [AZ]

Next, we show by induction on i that | € C; <= A; implies f(I) € Ci1 <= A
for all 1.

We calculate the type of f(I) directly from the type of wmap. As above, we write
m for the function that maps *h to [, *t to k and every other n to id. We analyze
two subcases.

For the base case, i = 0, we have

m(n) € Ci(n) <= Ai(n)

ie., [0(n) <= [(n)

ie., )< 0
vacuously.

Also, we trivially have that () is shuffle closed and doms(()) = doms()). Using the
type of wmap we conclude that f(k) € C; <= Aj.
For the induction step, we assume that ¢ > 0 and k € C; <2 A;. From these
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facts we have

m(*h) =1 € [C'](*h) <= [A"](xh)
ie., C < A
by i > 0 and the type of [;

m(xt) =k € [C'](*t) <= [A](*t)
ie., [C71] <& [471]
by i > 0;
i.e., C'z &) Ai
by induction hypothesis;

m(n) =id € [C"'1(n) <& [A™H1]1(n) Vn & {*h, *t}
ie., 0 < 0
vacuously.

As above, both [C?] and [A] are shuffle closed and have equal domains. Using
the type of wmap, we conclude that f(k) € C;1; <= A;,; which finishes the case
and the inductive proof.

By Corollary 3.17(2) we have that

listmap !l € U; Ci < U A _
ie., DU, [C1]) <= (DU, [A])
ie., [C] <& [A],
which finishes the proof. O

7.5 Lemma [Well-behavedness]: VDC7T. rotate € [D] = [D]
PROOF. First, note that rotate is the fixed point of the function:

f=A. acond (QU(D:01)) (DU(D:01))
id
(rename *h tmp;
hoist_nonunique *t {*h, *t};
fork {*h} id (rename tmp *h; [; plunge *t))

Let C = A = [D]. We assume that [ € C 2 A and prove that f(I) € C & A.
Using Corollary 3.17(1), we conclude that fiz(f) = rotate m € C = A.

We calculate the type of f(1), working top down. The outermost lens is an acond
instance. Using the type of acond, we must prove that the first branch has this

type:

ide CN(DU(D:0)) 2 An([U(D:0))
ie., [DIN(DU(D:0)) 2 [DIN(DUD:0))
ie., Du(D:0)2 0u(D:=0)
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which is immediate from the type of id. Similarly, we must show that the second
branch has this type:

rename *h tmp;

hoist_nonunique *t {*h, *t};

fork {*h}id (rename tmp *h; [; plunge *t)

e C\(Du(D:0))=A\(DuU(D:0))
e, [DI\(QQJU((D:=M1))=[DI\(OU(D:10))
ie., D:D:[D] £ D::D:[D]

From the type of rename, we have
rename *h tmp € D::D:: [D] & ﬂtmp — D, xt— D:: [D]l}
Moreover, using the type of hoist_nonunique, we have

hoist_nonunique *t {*h, *t}
S ﬂtmpHD, *t— D [D][} LY {]*h»—>D, tmp — D, *t — [D][}

Next we show that the fork lens has type

fork {*h} id (rename tmp *h; [; plunge *t)
€ {]tmp — D, *xh— D, *t — [D][} 2 D::D::[D]

We prove that the first arm has type:
id € {*h — D} & {{*h— D}
and that the second arm has type:
rename tmp *h; [; plunge *t € {]tmp = D, *t [D]l} = ﬂ*t — [D]ﬂ

The first typing follows from the type of id and the second using the types of
rename, plunge, and the composition operator, as well as the type of [ we have by
hypothesis. Hence, the entire fork has the type calculated above. By the type of
the composition operator we conclude that the second branch has the correct type.

We conclude that the acond lens has type C' £ A, and so, by Corollary 3.17(1),
that fix(f) = rotate has the same type. O

7.6 Lemma [Totality]: VDC7. rotate € [D] <= [D]
PROOF. To prove that rotate is total, we use Corollary 3.17(2). Let

Co=Ag=0
Ciy1 = Ajpq = [D']

be two chains of types. Again, note that rotate is the fixed point of the function
f described in the well-behavedness proof. We prove, by induction on ¢, that if
led; < A; then f(l) € Cit1 <5 Aiga.
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For the base case, i = 0, we must show that the f(I) has type Oy <= A;. The
outermost lens in f(I) is an acond. We prove that each branch has the correct type:

ide Ci1N(QuUD:[) <= AAn(QuD:=0)
ie., ONn(DuD:=:[) <= On(QuD:0)
ie., 0<= 0

rename *h tmp;

hoist_nonunique *t {*h *t};

fork {*h} id (rename tmp *h; [; plunge *t)
cCiN(DuD:0) <= An(Qub:0)

ie., O\N(OQub:=0) <= O\ (QuDb:0)
ie., )<= 0

The first fact is immediate by the type of id; the second holds vacuously. By the
type of acond, we have f(I) € Oy <2 Aj, which finishes the case.

For the induction step, we assume that 7 > 0 and that [ € A; <= C;. Again,
we unwind the definition of f(I), revealing an acond lens and prove that the each
branch has the correct type. For the first branch, we calculate the type as follows:

ide CiN(uD:0) <= A n(QuD: )

ie., [DIN(ODuUD:0) <= [DIN(DuD:)
ie., D:[] <& D:[] ifi=1
)<= 0 otherwise

which follows from the type of id in either case.
For the second branch we must prove that:

rename *h tmp;

hoist_nonunique *t {*h *t};

fork {*h} id (rename tmp *h; /; plunge *t)

€ Cim\(DUD=M) <= An(01\ D)
ie, [DI\(DUD:[) <= [DIN(IDI\D:0)
ie., D:D:[D"?] < D:D:[D?]

We analyze two subcases.

Case i = 1 Since [D'~2] = (), the type D::D:: [D*~2] is also empty. Hence, the
second branch has the required lens type ) <= ) vacuously.

Case i > 1: From the type of rename, we have that

rename *h tmp € DD [D7?] <% {tmp — D, *t — D [D'~2]]}
Using the type of hoist _nonunique, we have

hoist_nonunique *t {*h, *t}
€ {tmp — D, *t — D: [D'21} <& {*h+ D, tmp — D, *t — [D'2]|}

To show that the composite lens formed from these lenses has the desired type, we
must show that

fork {*h} id (rename tmp *h; [; plunge *t)
€ {]tmp — D, *h — D, xt — [D2] [} < DD [D7?]
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To show this fact using the type of fork, we must show that the first branch has
type
id € {*h— D} <& {*h— D}
and that the second branch has type
rename tmp *h; [; plunge *t € {{tmp — D, *t — [D' 2]} <& {*t— [D" 2]}

The first typing follows from the type of id and the second using the types of
rename, plunge, and the composition operator, together with the type of [ we have
by induction hypothesis. Hence, the entire fork has the total type stated above.
By the type of the composition operator, the entire second branch has the correct
type calculated above.

Thus, from the type of acond, we have f(I) € C;41 == A;y1, which finishes the
case and the inductive proof.

By Corollary 3.17(2), we conclude that

fiz(f) = rotate€ U; Ci <= U, 4
ie., puUl, [D1 <= 0ulY, [D]
ie., [D] <= [D]
which finishes the proof. O

7.7 Lemma [Well-behavedness]: YDC7. list_reverse € [D] <& [D]
PROOF. First, note that 1ist_reverse is the fixed point of the function:
f = Al. wmap {*t — [}; rotate

Let C = A = [D]. In outline, the proof proceeds as follows. We assume that
I € C 2 A and prove that f(I) € C 2 A. Using Corollary 3.17(1), we conclude
that fiz(f) = list_reverse € C' = A.

The outermost lens combinator is the composition operator. Thus, we must show
that the wmap instance has type C' <= B and that rotate € B = A for some type
B. We will prove these facts for B = [D]. Let m be the total function from
names to lenses that maps *t to [ and every other name to id. We first show that
m € ln € N. C(n) = B(n):

m(*h) = id €  C(xh) = B(xh)
ie., [D](*h) = [D](xh)
ie., D&D

by the type of id;

m(*t) =1€ C(*t) = B(*t)
ie., [D](*t) [D](*t)
ie., [D] [D]
by assumption;

Tlo 1l

m(n) =1id € C(n) 2 B(n) Vn & {*h,*t}
ie., [D](n) = [D]1(n)
ie., 0=10

vacuously.
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Hence m has the correct type. The type of wmap also requires that C' and B be
shuffle closed and that doms(C') = doms(B). The first follows from Lemma 7.2(2)
and since C' = B = [D].

Next, using the type we just proved for rotate we have that

rotate € B2 A
ie., [D] & [D]

Finally, by the type of the composition operator, we conclude that f(I) € C' 2 A.
By Corollary 3.17(1), list_reverse has the same type, C = A. O

7.8 Lemma [Totality]: VDC7. list_reverse € [D] <= [D]

PRrOOF. The proof, in outline, is as follows. Let C = A = [D]. We first note
that list_reverse is the fixed point of the function f, defined above in the well-
behavedness proof. We then identify two increasing chains of types, C; and A; such
that C = |J, C; and A = |J; A;. We then prove, for all i, that f(I) € Ciy1 <= Aiq
assuming that [ € C; <= A;. By Corollary 3.17(2), we conclude that fiz(()f) €
U, Ci <= |, 4;; ie, that list reverse € C <= A.

Let C; and A; be increasing chains of types:

Co=A49=0 .
Cit1 = A = [D'].

We prove | € C; <= A; implies f(I) € C;41 <= A;11 by induction on i.

For the base case, i = 0, we have C; = A; = []. The outermost lens in f(I)
is the composition operator. Thus, we must show that the wmap instance has type
C) <% B and that rotate € B <= A; for some type B. Let B = []. We first
prove that m € IIn € N. C1(n) <= B(n):

m(n) =id € Ci(n) <= B(n) Vne~N
ie., [1(n) <= O0n)
ie., )<= 0

vacuously.

Hence m has the correct type. The type of wmap also requires that C; and B
be shuffle closed and that doms(Cy) = doms(B). Both facts are immediate as

0 ={{k

Next, using the total type we proved for rotate we have

rotate € B < A,
ie., [0 <= 1]

By the type of the composition operator, we conclude that f(I) € C; <= Aj.

For the induction step, assume i > 0 and that [ € C; <= A;. Again, outermost
lens in f(1) is the composition operator. Let B = [D*]. We first prove that the wmap
lens has type C;1; <= B. To show that that m € IIn € V. C;11(n) <= B(n) we
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argue as follows:

m(*h) = id € C,41(xh) <= B(*h)
ie., [D](*h) <= [D](xh)
ie., D <% D

as i > 0 and by the type of id;

m(xt) =1 € Cipi(xt) <= B(*t)

ie., [D1(xt) <= [D'](*t)
ie., [D'] < [D]

as ¢ > 0;
i.e., Cl é Al

by induction hypothesis;

m(n) =id € Cj11(n) <= B(n) Vn & {*h, *t}
ie., [D1(n) <= [D1(n)
ie., 0 <=0
vacuously.

Hence m has the correct type. The type of wmap also requires that C;y; and
B be shuffle closed and that doms(C;y1) = doms(B). These facts follow from
Lemma 7.2(2) and since C;11 = B = [D'].

Next, using the total type we proved for rotate we have

rotate € B <5 A,
ie., [D'] <= [D]

By the type of the composition operator, we conclude that f(I) € C;y1 <= A; 1.
Finally, by Corollary 3.17(2), we conclude that

fiz(f) = 1list_reverse € U, Ci <= U, 4
ie., Pul, (D1 <= DUy, [D1]
ie., [D] <& [D]
as required. O

7.9 Lemma [Well-behavedness]:
VDCT group € [D] 2 [D:D:[11++([ U ((D::[1)::01))

PrOOF. First, note that group is the fixed point of the function:

f=Al. acond [1[]
id
(acond (D::[1) ((D::[1)::11)
(plunge *h; add *t {}})
(rename *h tmp;
hoist_nonunique *t {*h, *t};
fork {*t}
(map 1)
(xfork {*h } {*t} (add *t {}; plunge *t) (rename tmp *h);
plunge 1))
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To shorten the proof, we will use the following abbreviations:

S = (D:1):0 P = D:D:I[]
C = [D] A = [P1++([1US)

In outline, the proof proceeds as follows. We assume that [ € C' = A and prove that
f(l) € C 2 A. Using Corollary 3.17(1), we conclude that fiz(f) = group € C' < A.

The outermost combinator is an acond. Thus, we must show that each branch
has the correct type. For the first, we have

ide COcn@OO24n1
ie., [DIN[] & ([P1++([1US))N ]
ie., 020

using the type of id. For the second we must show that the nested acond has lens
type
c\[=A\0
ie, [DI\ 12 ([PI++([1US)\ [
ie, D:[D] & (P:[PH++([JUS)US

Again, using the type of acond, we must show that each branch of the nested
conditional has the correct type. For the first branch, we must show:

(plunge *h; add *t {J})
€ (D:[DI)N(D::[1) 2 ((P:[PH++(L1US)HUS)N((D::[1)::11)
ie., D:[1 =2 (D:[):0

which follows from the types of plunge, add and the composition operator. For the
second branch we must prove

rename *h tmp;

hoist nonunique *t {*h,*t};

fork {*t}
(map 1)
(xfork {*h } {*t} (add *t {}; plunge *t) (rename tmp *h);
plunge *h)

€ (D:[D])\ (D= 01) 2 (P [PH++(QIUS)US)\ (D::11)::00)

, D:D:[D] & (P:[P]1)++([JUS)

ie.
From the type of rename we have
rename *h tmp € D::D:: [D] = ﬂtmp — D,*t+— D: [D] [}
Moreover, using the type of hoist_nonunique we have

hoist nonunique *t {*h, *t}

GﬂtmpHD,*tHD:: [D][}%ﬂtmpHD,*hHD,*tH [D][}

To calculate the type of the fork lens, we check the types of each arm. The first
arm is (map /). We prove that

map | € {{*t — [D1} 2 {*t — [PI++([1 U S)]}
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by checking that [ has the correct type:

le () {*t DI} (n) 2 {xt — [PI++(11 US)} (n)
neN

as follows:
e {xt — DI () 2 {xt > [PI++(1 US)] (xt)

ie., [D] & [P1++([1US)
by assumption;

le {*t— [DI]( n 2 {xt — [PI++(00US)[(n) V Vn#*t
ie., Q =10
vacuously.

Moreover, the types {*t — [D]]} and {*t— [P1++([JUS)|} are both shuffle
closed and have equal domain sets, since every tree in both types has a single-
ton domain {*t}. Hence, by the type of map, the first arm of the fork has the
correct type.

For the second arm of the fork, we first show that

xfork {*h } {*t} (add *t {}; plunge *t) (rename tmp *h)
€ {*tmp — D,*h— D} 2 {*h > D, *t > {*h— D *t — {}]}]}
ie., *xtmp — D, *h +— D

and that
plunge *h € P & ﬂ*h — P[}
With the type of the composition operator we have that the composition of the
xfork and plunge lenses has type
{]*tmp — D, *h — D[} = {]*h — P[}
Putting these pieces together we have that the fork lens has type

tmp — D, *h +— D, *t — [D] éﬂ*hHP,*tH[P]++([]US)[}
i.e., {{tmp — D,*h s D xt — [D]|} & (P:: [P1)++([1US)

Thus, using the types calculated previously for the rename and hoist_nonunique
lenses, together with the type of the composition operator, we have that the second
branch of the nested acond has type

D:D:[D] & (P:[P1)++([JUS)

as required.
Hence, using the type for the outer acond, we conclude that f(I) € C & A and
by Corollary 3.17(1), that fiz(f) = group has the same type, C = A. O

7.10 Lemma [Totality]:
VDCT group € [D] <= [D:=:D:=[11++([JU((D::[1)::[1))

PRrROOF. The proof, in outline, is as follows. We first note that group is the fixed
point of the function f, defined in the well-behavedness proof above. We then
identify two increasing chains of types, C; and A; and prove for all i, that f(I) €
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Cit1 <% A;y assuming that [ € C; <= A;. By Corollary 3.17(2), we conclude
We use the same abbreviations for S and P as in the well-behavedness proof.
Define two chains of types:

Co=49=10

Cip1 = [D]

A — [Pi/?] if ¢ is even
e (LPL/217)++S otherwise

We prove | € C; <= A; implies f(I) € C;11 <= A;11 by induction on i.
For the base case i = 0 we must show that the acond lens has type C <= A;.
The required type for the first branch is

ide 1N <= AN

ie., 0N <= 0N
Le., [1<= 0

which is immediate by the type of id. For the second branch we must show that
the nested acond lens has type

Cl\ ]<:> Al\[]
e, O\ <% 00\ 0O
ie., )< 0

which holds vacuously. Thus, by the type of acond we have f(I) € C; <= Ay,
which finishes the case.

For the induction step, we assume ¢ > 0 and analyze the type of the outermost
acond lens. We must show that each branch has the correct type. For the first
branch, we calculate the required type as

id € Oi+1 N0 < Ai+1 N

ie., (DIN0 < (P/2INn0 if 7 even
ie., [DIN[] <X [P/21++SN[] ifiis odd
ie., )<= 0 in either case, since i > 0

which holds vacuously.
Similarly, we calculate the required type for the second branch (i.e., the acond
lens) as follows

Ciri\ [0 <= A4\ D

e, [DI\[ <= [P\ [ if i even
e., D= [D"1] & P [PU/2)-1]

e, [D1\ [ <% [PL/21++5\ [1 otherwise
ie, D:[D71] <& [PL/2-11++8

ACM Transactions on Programming Languages and Systems, Vol. TBD, No. TDB, Month Year.



App-18 . J. N. Foster et. al.

Since this lens is also an acond, we must analyze the type of its branches. For the
first branch, (plunge *h; add *t {J}), we calculate the required type as

(D: D) N (D:[]) < (P:[PY/2-11)n((D::[]):: 1) if i even
ie., )< 0

(D [D71) N (D [1) <& (P [PY/2=11)++8) N ((D:: [1):: [1) otherwise
ie., D:[] <= (D::[1): 0]

The case where 7 is even is immediate, since every lens has that type vacuously;
the other case follows from the types of plunge, add and the composition operator.
For the second branch we must show that

rename *h tmp;
hoist nonunique *t {*h, *t};

fork {*t}
(map 1)
(xfork {*h } {*t} (add *t {}; plunge *t) (rename tmp *h);
plunge *h)
€ (DD ')\ (D::[1) <& (P [PW/2D1)\ (D=2 [1):: 1) if ¢ even
ie., D:D:[Di7?] &5 p: [PU/2)-1]

(D= D7)\ (D []) <= (P [PL/21717)++8) \ ((D:: [1):: []) otherwise
ie., D:D:[D'7?] <& (P [PU/2-1])++8

There are several cases. If i = 1 then we have the lens typing vacuously. Otherwise,
i > 1 and we calculate the types for each lens in the composition. From the type

of rename we have
rename *h tmp € D::D:: [D7?] <& {tmp — D, *t — D= [D'2]]}
and, moreover, using the type of hoist nonunqique we have

hoist_nonunique *t {*h,*t}
€ {tmp — D,*t — D:: [D"21} <& {tmp — D, *h — D, *t — [D*~?]|}

Using the type of fork, we then verify the types of each arm. The first arm is
(map 1). We prove that

map | € {*t — [D?2]} <& {*t — [PO-2/2]] if i even
{*t — D721} <& {*t — [PL=21/2]1++S]} otherwise
by checking that [ has the correct type:
L€ Mpen {*t — DI} (n) <& {*t — [P2/21]} (n) if i even
Nnen {*t = DI} (n) <& {xt — [PLi=2/21++5] (n) otherwise
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For every n not equal to *t, this reduces to [ € ) <= (), which vacuously holds.
Otherwise we calculate as follows:

Le {*t— [D'721] (xt) <5 {xt — [POD/2]] (xt) if i is even
ic., [Di-2] <2 [pli-2)/2]
i.e., Cifl é Aifl
{*t = D2 (xt) <= {xt — ([PLE=2/21])++S]} (¥t) otherwise
ie., [Di2] <% ([PLE-2/27)++8
i.e., Ci—l <£> Ai—l

both facts follow by induction hypothesis. Then, since the domain of every tree in
source and target component of the lens type we want to show for the map is {*t},
we have that the types are shuffle closed and have equal domain. Thus, by the type
of map, the first arm has the correct type.

For the second arm we first prove that

xfork {*h } {*t} (add *t {}; plunge *t) (rename tmp *h)
€ {*tmp — D,*h— D} <& {*h > D, *t — {*h— D *t — {}}]}
ie., *tmp — D, *h s D\ <& P

and that
plunge *h € P <= {]*h — P[}

using the type of plunge. With the type of the composition operator, we have that
the composition of the xfork and plunge lenses has type

{]*tmp — D, *h — Dl} < ﬂ*h — P[}
Putting these pieces together we have that the fork lens has type

{tmp — D,*h — D,*t — [D'2]1} <& {*h s P, *t— [PO/D1]] if i is even
ie., ﬂtmp — D, *h — D, xt — [D'72] [} < P [pPl/2-1]

{tmp — D,*h — D, *t — [D' 2]} <& {*h s P,*t— [PL/27114+8]} otherwise
ﬂtmp — D, *h — D, *t — [D~?] ﬂ <& P [PL/271]448

Thus, using the type of the composition operator along with the types we proved
for rename, hoist nonunique, and fork, we have that the second branch of the
inner acond belongs to

D:[D1] <& P [PW/2~1] ifj even
D:: [Di71] &% [Pli/21-1744+8 otherwise

as required.

By the type of the composition operator, we have f(I) € C;11 <= A;;1, which
finishes the case and the inductive proof.

By Corollary 3.17(2), we conclude that

fiz(f) = group € U Ci <= U4
ie., DU, [D] <= 0UlY, [D]
ie., [D] <= [P1++([1UY)
which completes the proof. O
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7.11 Lemma [Well-behavedness]:
VDCT,t€T. witht¢ D. concatt e [D]:[D]::[] < [D]++(t::[D])

PROOF. First, note that concat t is the fixed point of the function:

f=A.acond ([1:[D1::01) (¢t::[DI)
(wmap {*h +— const ¢t [1,*t — hd [1})
(fork {*t} id (hoist *h; rename *t tmp);
fork {*h} id (rename tmp *h; [; plunge *t))

Let C = [D]::[D]::[] and A = [D]++(t:: [D]). We assume that [ € C = A
and prove that f(I) € C 2 A. Using Corollary 3.17(1), we conclude that fiz(f) =
concat t € C' = A.

The outermost lens is an acond. Thus, we must show that each branch has the
correct type. For the first, we have

wmap {*h — const t [],*t+— hd [1}

€ CN(:=[D1:0) = An(t:[D1)
ie, ([D1=[D1:0)N([:[D]:[1) = ([D1++(t:: [D1)) N (¢t:: [DI)
ie., [0:[D1:[0 2 t:[D]

Let m be the total function from names to lenses that maps *h to (const ¢ [1) and
*t to (hd [1) and every other name to id. We prove that m has the correct type,
In € N.[1:[D1::[1(n) 2 t:: [D1(n), as follows

m(*h) = const t [] € [1::[D]::[I(xh) < t:: [D](*h)
ie., 12t
by the type of const;

m(*t) =hd [1 € [1:[D]:[J(xt) 2 t:: [D](*t)
ic., [D]1:[] 2 [D]
by the type of hd;

m(n)=id € [1:[D]:[(n) 2 t:[D1(n) Vn ¢ {*h *t}
ie., D=0

vacuously.

Additionally, since both the source and targets types are cons cells, they have equal
domains and are shuffle closed by Lemma 7.2. Putting all these facts together, we
have that wmap has the type calculated above.

For the second branch, we must prove that

fork {*t} id (hoist *h; rename *t tmp);
fork {*h} id (rename tmp *h; [; plunge *t)

€ C\([O:[D1:0) 2 A\ (t::[D])
ie, ([D1:[D1:0)\(0:=[D]::[]) = ([D1++(t::[DI1))\ (t:: [DI1)
ie., (D::[D])::[D]::[] & (D:: [D])++(¢:: [D])

We calculate the type of the first fork. The first arm has type
ide {*t— D=0} 2 {*t— D10}
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and the second arm has type
(hoist *h; rename *t tmp) € {*h+— D:: [D]} 2 {*h — D, tmp — [D]}

using the types of id, hoist, rename and the composition operator. With these
facts and the type of fork we have

fork {*t} id (hoist *h; rename *t tmp)
€ (D:[D1):[D1: [0 2 {*h— D,tmp — [D],*t — [DI:=: 1]}

For the first arm of the next fork we have
id € {*h— D} & {*h— D}
and moreover, for the second arm, we have

(rename tmp *h; [; plunge *t)
€ ﬂtmp — [D], *t— [D]: [][} = {]*t — ﬂ [D]++(t:: [D])[H}

using the types of rename, plunge, and the type of | we have by induction hypoth-
esis. Thus, using the type of fork we have

fork {*h} id (rename tmp *h; [; plunge *t)
€ {*h— D, tmp +— [D], *t+— [DI: [} & {]*hr—>D, *tH{][D]++(t:: [D])l}[}
ie., *h — D, tmp — [D], *t+— [D]1:[1]} & D:=([D]++(t:: [D]))

as required. Hence, using the typing of the composition operator, we have that the
second branch of the acond—the composition of both forks—has the type specified
above.

With the type of acond, we conclude that f(I) € C' < A and by Corollary 3.17(1),
that fiz(f) = concat t has the same type, C' = A. O

7.12 Lemma [Totality]:
VDCT,t€T. witht ¢ D. concatte [D]::[D]:[] <= [DIl++(t:[D])

PROOF. The proof, in outline, is as follows. We first note that concat ¢ is the
fixed point of the function f, defined in the well-behavedness proof above. We
then identify two increasing chains of types, C; and A; and prove for all 7, that
f() € Ciy1 <= A;yq assuming that | € C; <= A;. By Corollary 3.17(2), we
conclude that fiz(f) € U, Ci <= U, Ai.

Define two chains of types:

Ciy1=[D']1:[D]:: 1]
Aip1 = [D1++(t:: [D])
We prove | € C; <= A; implies f(I) € C;11 <= A;1; by induction on i.
For the base case, i = 0, we show that the outermost lens, acond has type

C1 <% A, by proving that each branch has the correct type. For the first branch,
we calculate the required type as follows:

wmap {*h — const ¢ [],*t— hd [1}

€ CiyN(0:[D1:0) <= AN (t:[D1)
(D=D1=)N(0:=D1:0) <& (O++(t:[D1)) N (t:: [DI)
ie., [(1:[D]1:00 <= t::[D]
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As above, let m be the total function from names to lenses that maps *h to
(const ¢ [1) and *t to (hd []1) and every other name to id. We prove that m
has the correct type, IIn € N.[1:: [D]::[1(n) <= t:: [D](n), as follows

m(*h) = const ¢t [1 € [1::[D]::[](xh) <= t:: [D](xh)
ie., <&t
by the type of const;

m(*t) =hd [1 € [1:[D]:[1(*t) <= t: [D](xt)
ie., [D]:[] <= [D]
by the type of hd;

m(n)=ide€ [:=:[D]:[(n) <= t:[D1(n) Vn & {*h, *t}
ie., 0 PRUN 0
vacuously.

Additionally, since both the source and targets types are cons cells, they have equal
sets of domains and are shuffle closed by Lemma 7.2. Putting these facts together,
we obtain the correct type for wmap calculated above.

For the second branch, we must prove

fork {*t} id (hoist *h; rename *t tmp);
fork {*h} id (rename tmp *h; [; plunge *t)

S Cy\(O:=I[D1:00) <= A\ (t::[D])
ie, (O=ID1=M)\(0O:=0D1:01) 2 ([++(t= D)\ (¢ [D1)
i.e., 0 2 90

which holds, vacuously. Thus, by the type of acond we have f(I) € C; <= Ay,
which finishes the case.

For the induction step, we assume i > 0 and | € C; <= A; and show that f(I) €
Cit1 < A;y1. We prove that the outermost lens, acond has type O <2 A; by
proving that each branch has the correct type. For the first branch, we calculate
the required type as follows:

wmap {*h +— const ¢ [1,*t — hd [1}

€ _ Civ1N(O:I[D]:0) <& Ai_,_l_ﬂ(t::[D])
ie, ([D1:[D1:00)N(0:ID]:01) < ([DT++(t::[D1)) N (t:: [DI)
., Py

This empty typing vacuously holds for any lens. For the second branch we must
prove that

fork {*t} id (hoist *h; rename *t tmp);
fork {*t} id (rename tmp *h; [; plunge *t)

€ . Cii\([D::[D1::0) <& Ai+1\(t::[D])
fe., ([D1:0D1:00)\ (00015 00) <% ([D1++(t:[D1))\ (£ [DI)
ie., (D::[D711)::[D]:: [0 <= (D:: [D~1])++(¢:: [D])

We calculate the type of the first fork directly. The first arm has type
ide {*t— D=0} <& {*t— D10}
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and the second arm has type
(hoist *h; rename *t tmp)
€ {]*h — D [D71] I} < {]*h — D, tmp — [D?71] [}
using the types of id, hoist, rename and the composition operator. With these
facts and the type of fork we have
fork {*t} id (hoist *h; rename *t tmp)

€(D:[D1]): [D]:: [] <= {]*h — D, tmp — [D*"1] xt — [D]: []ﬂ

For the first arm of the next fork we have
id € {*h— D} <& {*h+— D}
and moreover, for the second arm, we have
(rename tmp *h; [; plunge *t) _

€ {tmp— (D711, *t — [D1: [0} <= {*t — {[D'"I++(¢:: [D])[}]}
using the types of rename, plunge, and the type of [ we have by induction hypoth-
esis. Thus, using the type of fork we have

fork {*h} id (rename tmp *h; [/; plunge *t)

€ {*h+— D, tmp — [D"'], *t s [DI:[1} <= {]*h = D, xt i [DI 4+ (20 [D])[}
ie., *h — D, tmp — [D71], xt+— [DI: 1} <= D ([D1]++(t:: [D]))
as required. Hence, using the typing of the composition operator, we have that
the second branch of the acond—the composition of both forks—has the total type
specified above. Hence, f(I) € Ci11 <2 A; 1, which finishes the case and the

inductive proof.
Using Corollary 3.17(2), we conclude that

fix(f) = concatte U, Ci <= U, 4
ie., DU, [D] <= 0UlY, [D]
ie., [D]:[D]::[] <= [D]++(t::[D])
which finishes the proof. O

Special Types for Conditional Lenses

In this section, we record some additional types that our conditional lenses inhabit,
which we need for our proof that list_filter, defined in Section 7, is total.

The first lemma presents an alternate total type for cond where the target sets in
the types of Iy, [ and the entire cond lens are intersected with an arbitrary set, A.
Recall that the standard type for ccond takes two lenses with type CNC; <= A
and C'\ C4 <L A, (as well as conversion functions fo; and f12) and produces a lens
with type C' <% A; U A,. This type is usually the type that we want. However, in
some situations (when reasoning about totality), we need to show a fized instance
of cond has many different types. The abstract components of some of these types
may be smaller than (A; U As), where A; and A, appear literally in the syntaz
of the ccond instance. The new type presented here allows us to simplify some of
these cases by only considering the lens type that is intersected with the abstract
type we want, reducing the proof burden.
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A.28 Lemma: The cond lens has the following type:

VC,C1, A, Ay, Ay C V.

Vi, € (CﬁCl) < (AﬁAl) Vi, € (C\Cl) PN (AQAQ)

Vo € (C\Cl> — (Cﬂcl)g. Vfig € (CﬂCl) — (C\Cl)g
cond C; Ay Ay for fielh ls € C <L (Aﬂ(AlLJAQ)).

PrROOF. We prove (1) by showing that the cond lens is well-behaved at C =
(AN (A1 UAy)), and then prove (2) by showing that that the lens is also total if
both Iy and Iy are total. We abbreviate cond C7 Ay fo1 fi2 11 2 as [.

GET: Suppose ¢ € C and [ ¢ is defined. (Again, for brevity, we write [ for
(cond Cy1 Ay As fo1 fi2 h 12)) Ifce Cy,thenl "c=1,"cé€ (AﬁAl) C (Aﬂ
(A1UA2)) by the type of l1. Otherwise, I "c=1y,/ " c€ (ANAy) C (AN (A1 UA,))
by the type of ls.

Put: Suppose (a,c) € (AN (A1UAz)) x Cq and 1\ (a, ¢) is defined. There are six
cases to consider, one for each clause in the definition, and the result in each case
is immediate from the typing of I; or l5, as the case may be. Note, in particular,
that the range of f5; falls within the source of [; in the fourth clause, and similarly
for f12 and [l in the sixth clause.

GETPUT: Suppose ¢ € C and I\, (I "¢, ¢) is defined. If ¢ € Cy, thenl,"c=1; ¢,
which, by the type of Iy, belongs to (AN A4;1). So I\, (I1,¢,¢c) =11\, (l1 ¢, ¢) by
either the first or the third clause in the definition of I\,. This, in turn, is equal to
¢ by GETPUT for /3. On the other hand, if ¢ € C4, then [ ¢ = I3 /¢, which, by
the type of lo, belongs to (AN As). So I\, (l2/ "¢, ¢c) =12\, (l2 /¢, ¢) by either the
second or the fourth clause in the definition of I\,. This is equal to ¢ by GETPUT
for [.

PUTGET Suppose (a,c) € (AN(A1UA3)) xCq and 1,7 (I \, (a, ¢)) is defined. There
are again six cases to consider:

(1) If a € (AN (A1NA2)) and ¢ € Cy, then [/ (1 (a, ¢)) =1, (l1 \\ (a, ¢)). But
I1\\(a, ¢) € Cy by the type of I3, so I/ (I1 \,(a, ¢)) =11,/ (1 \\(a, ¢)) = a
by PurGEeT for [.

(2) If a € (AN (A1NA2)) and ¢ & Cy, then 1/ (1, (a, ¢)) =1, (I2\\ (a, ¢)). But
la\\ (a, ¢) € Cy by the type of o, so I/ (Ia\,(a, ¢)) =12,/ (2 \\(a, ¢)) = a
by PUTGET for Is.

(3) Ifa € (AN(A1\Az)) and ¢ € (Cy)q, then ! (I \,(a, ¢)) =17 (1 \\. (a, ¢)). But
l1 \\(a, ¢) € Cy by the type of I3, so I/ (1 \\(a, ¢)) =11,/ (L \\(a, c)) =a
by PUTGET for ;.

4 If a € (AN (A\A42)) and ¢ ¢ (Ci)q, then [/ (I (a,c)) =
L/ (i (a, fai(a,c))). But l1\(a, f21(a,c)) € C1 by the types of fo1 and
i, s0 L/ (I \(a, fai(a,c))) =11,/ (li \u(a, fa1(a,c))) = a by PUTGET for [;.

(5) If a € (AN (A2\A1)) and ¢ & Cq, then I (I (a, ¢)) =1,/ (l2\\(a, ¢)). But
3\ (a, ¢) € C3 by the type of Iy, 50 L7 (I3 \. (a, ¢)) = I3,/ (I3 \. (4, ©)) = a
by PUTGET for [5.

6) If a € (AN (A2\A1) and ¢ € 4, then /(I (a,¢) =
L/ (la\i(a, fi2(a,c))). But I\ (a, fi2(a,c)) € Cz by the types of fi» and
la, so 1,7 (Ia\ (a, fi2(a,¢))) =12, (Ia\\(a, fi2(a,c))) = a by PUTGET for ls.
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Hence, [ € C 2 AN (A; U Ay). Next we prove that [ is total at that type if {; and
lo are total, by showing that its get and putback functions are totally defined on
their domains.

We first show that the get function is totally defined on C. Pick c € C. If ¢ € C}
thenl /"¢ =1 /c. Asly € CNCy <= AN A, it follows that I; ¢ is defined.
Similarly, if ¢ € (C\ Cy), then [ /e =15,/ c. Asly € C\ C; <= AN A,, it follows
that Iy ¢ is defined. Hence, [ is a total function.

Second, we prove that the putback function is totally defined on (AN(A;UA3)) X
Cq. There are six cases, corresponding to the six cases in the definition of the
putback function:

(1) Ifa € (AN (A1NA2)) and ¢ € C1, then I\, (a, ¢) =11 \,(a, ¢) is defined as I;\,
is total on (AN A4;) x (CNCh)q.

(2) Ifa € (AN (A1NA2)) and ¢ & Cq, then I\ (a, ¢) = I3\, (a, ¢) is defined as lo\,
is total on (AN Ag) x (C'\ C1)q.

(3) If a € (AN (A1\A2)) and ¢ € (C1)q, then I\ (a, ¢) =11 \(a, ¢) is defined as
I3\, is total on (AN A;) x (CNCY)gq.

(4) Ifa € (AN(A1\A2)) and ¢ & (Cy)q, then I\ (a, ¢) =11\, (a, f21(c)) is defined
as fo1 is a totally defined function with type: (C'\ C1) — (C'NCh)q and 1\
is total on (AN A1) x (CNCY)q.

(5) If a € (AN (A3\A41)) and ¢ & C1, then then [\ (a, ¢) = l2\ (a, ¢) is defined
as la\, is total on (AN Ay) x (C'\ Cy)q.

(6) If a € (AN (A2\4;)) and ¢ € C1, then I\ (a, ¢) = l2\,(a, fi2(c)) is defined
as fi2 is a totally defined function with type: (CNCy) — (C\ Ci)q and Ix\
is total on (AN Ay) x (C'\ Cy)q.

Hence, I\, is a total function.
We conclude that (Cond Cl A1 A2 f21 f12 ll 12) eC é (A N (Al U Ag)) [

The next lemma record types for conditional lenses in special cases where the
conditional always selects one lens or the other (in both directions). In these situa-
tions, we can use a more flexible typing rule that makes no assumptions about the
branch that is never used. The first describes ccond instances where the second
branch is always taken.

A.29 Lemma [Always-False ccond]:
VC,Cy, ACV. with C N Cy = .Vl € C\Cy < A ccond Cy 11 I, € C <= A,

PRrOOF. First we argue that (ccond C; {3 l3) = I3 by showing that their respective
get and putback functions are identical. For any ¢ € C, we must have ¢ € (C1 N C)
(because it is empty) and so ¢ € (C'\ Cy). Hence, (ccond Cy Iy l2), ¢ =13, c.
Similarly, for any (a,c¢) in A x Cq, we must have ¢ ¢ (C N Cy). By definition,
(ccond Cy 1y 12) \(a, ¢) =12\, (a, ¢).

Since (ccond Cy Iy l3) = lo, the well-behavedness and totality of the ccond lens
follow from the well-behavedness and totality of 5. In particular, since [y is never
used, we do not need any assumptions about it. O

Note that there is no corresponding always-true rule for ccond. Even if C\C = (),
in the putback direction, the Q2 tree still gets sent through I5.
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7.13 Lemma [Well-behavedness]:
VD,ECT. with DNE =0 and D # 0 and E # (.
inner_filter D E € [DV*]&[E] & [D'¥]
list_filter D E € [D]1&[E] = [D]

PrROOF. To start, note that (inner_filter D E) is the fixed point of the following
function f from lenses to lenses:

f = M.ccond E:: ([D'“1&[F])
(41 ang: 1
(wmap {*h — id,
*t +— (cond [E] [1 [D'“]1 fitry (Ac. c++Lanyp])
(const [1 [1)
0}

To shorten the proof, we sometimes abbreviate the entire cond instance as k.

We prove the type for inner filter using Corollary 3.17(1). We assume that
1€ ([D"*]&[E]) & [D"“] and show that f(I) also has type ([D"“]1&[E]) =
[Dl..w] .

The outermost lens is a ccond combinator. We must show that each branch has
the correct type.

(£1 angp; 1)
€ ([DY*]1&[E]) N (E:([D“*1&[E])) £ [D*+]
ie., E:(ID“*1&[E]) & [D'¥]

wmap {*h — id, *t — k}
€ ([DY*1&[E1)\ (E:([D**]1&[E])) & [DY]
ie., D::([D1&[E1) & D:: [D]

The first fact follows from the type of t1 with anyy € F, the composition operator,
and the hypothesis about the type of I. To prove the second, we use the type of
wmap. Let m be the total function from names to lenses that maps *h to id, *t to
k, and every other name to id. We show that m € IIn € N.D::([D]1&[F]1)(n) <
D::[D](n) as follows:

m(*h) = id € D::([D]1&[E])(*h) <= D:: [D](*h)
ie., D&D
by the type of id;

m(*t) =k € D:([D1&[E])(*t) = D:: [D](*t)
ie., [D]&[E] 2 [D]
by the argument below;

m(n) =id € D:([DI&LE])(n) 2 D::[D](n)
ie., N
vacuously.

For the tail tag, we must show that k, the cond lens, has the lens type [D]1& [E] <=
[D]. The concrete predicate and abstract predicates for the conditional are C; =

ACM Transactions on Programming Languages and Systems, Vol. TBD, No. TDB, Month Year.



Combinators for Bi-Directional Tree Transformations . App-27

[E]1, Ay = [1, and Ay = [D'*]. For the first branch, we have that

const [] [] € [DI&[E1INCy 2 Ay
ie., (IDI&[E1)NE] 2 [
ie., [E]1 210

from the type of const. For the second, we have that

le [DI&[E]1\ Cy & A,
ie., ([D1&[EY)\ [E]1 & [D'¥]
ie., [DV“1&[E] 2 [D'¥]

by hypothesis. Next we check that the functions fltry and (Ac. c¢++[anyp]) have
the correct types:

fitry, € (ID**1&[E1) — ([E1)q
Ac. c++Lanyp] € ([E]) — ([DY“1&[E])q

Both facts are immediate. Thus, by the type of cond we have m(*t) = k €
[D1&[FE] & [D]. Additionally since doms(D :: ([D1&[E])) = {{*h, *t}} =
doms([D'+“]), with Lemma 7.2(1) we have that both types are shuffle closed and
have equal sets of domains. Putting all these facts together, we have that the wmap
instance has type D:: ([D1&[E]) & D:: [D] as required. Finally, using the type
of ccond, we conclude that f(I) € ([D'“1&[FE1) & [D'“]. By Corollary 3.17(1)
we have fiz(f) = inner_filter D E has the same type.

The proof that list_filter D E € [D]1&[E] < [D] is identical to the proof
above, that k € [DI&[E] = [D], except that we use the type of inner filter
directly rather than our hypothesis about the type of [. O

7.14 Lemma [Totality]:
VD, ECT. with DN E =0 and D # 0 and E # 0.
inner_filter D F € [DV*]&[F] <= [D'¥]
list filter D E € [D1&[F] <= [D]

PrROOF. Note that inner filter D FE is the fixed point of the same function f
defined in the well-behavedness proof.

In outline, the proof goes as follows. We start by choosing a sequence of total
type sets Tg, Tq,.... (Recall that each T; is a set of total types and a total type
is itself a pair (C, A).) Next, we prove a key property of f: that, when we apply
it to a lens possessing all the types in some T;, the result is a lens possessing all
the types in T;;;. Next we choose an increasing instance of the sequence—i.e., a
chain 79 € 71 C ... where each 7; € T;. We argue that the limit of this increasing
instance, |J, 74, is the total type we want—i.e.,

([DY“1&LE], [D]).

We conclude by Lemma 3.19 that the fixed point of f—i.e., the lens
inner filter D E—has this type, finishing the proof. We now proceed to the
details.

We first define the sequence of pairs of total type sets:

To = {(@,0)}
Tip1 = {([D"*1&[E*Y], [D*]) |2 +y =i}

ACM Transactions on Programming Languages and Systems, Vol. TBD, No. TDB, Month Year.



App—28 . J. N. Foster et. al.

Let us calculate the first few elements of this sequence explicitly:

Tl - {(@,@)}
T2 {([Dl"1]7 [Dllj)}
TB — {([DI.AQJ7 [Dl"gj), ([Dl"l]&[Eo“l], [Dllj)}

In the proof, we use some abbreviations to lighten the presentation. We abbre-
viate the type argument to the ccond lens as: C; = E:: ([D*“]&[FE]) and the
type arguments to k, the cond lens as: Cj = [E], A} = [, and A, = [D'“]. In
each case of the inductive proof below, we introduce local definitions of the source
and target type for the typing we are trying to establish as C' and A.

We now prove, by induction on i the fact about f needed to apply Lemma 3.19:
that if [ has every total type in T;, then f(I) has every total type in T;1q.

For the base case (i = 0), we must first show that f(I) has every total type in the
singleton set Ty = {(0,0)}. This is immediate, since every lens has type () <= (.

For the induction step (i > 0), we prove that f(I) has every total type in T; 1,
assuming that [ has every total type in T,;. Pick an arbitrary total type 7 from
T;y1. We analyze three cases.

Case © = 0: Recall that the set T; ;1 is {([D'*1&[E%¥], [D1*]) | z +y = i}.
The only element 7 in this set with = 0 is the empty total type:

Immediately, the lens f(I) has type () <= (), finishing the case.

Case x > 0 and y = 0: By construction, 7 is of the form (C, A) with C' = [D1-*]
and A = [D'*]. To verify the type of the ccond, we first observe that C N C; =
[DY*]1NE:([DY“]1&[E]) = (. As a result, the ccond always selects the second
branch in both the get and putback directions. By then always-false typing for
ccond, given in Lemma A.29, it suffices to show that the second branch has type
C < A

wmap {*h — id, *t — k} € C <= A
ie., [Dl*] <& [D1-%]
ie., D::[D%*~1] <& D [D%=~1]

Let m be the total function from names to lenses that maps *h to id, *t to k, and
every other name to id. We show that m € lln € N.D:: ([D1&[E])(n) <= D::
[D](n) as follows:

m(*h) = id € D= ([D%*~1])(%h) <= D:: [D*~1](*h)
ie., D < D
by the type of id;

m(xt) =k € D:([D%*71])(*t) <= D:: [DO%*~1](xt)
i.e., [DO..m—l] é [DO..m—l]
by the argument below;

m(n) =id € D:=([D%*11)(n) €= D= [D**11(n) Vn ¢ {*h, *t}
ie., )<= 0
vacuously.
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For the tail tag, we must show that the conditional lens, k € [D%*~ 1] <&
[DO..J;—l] .

We use the extended typing for cond given by Lemma A.28. The standard type
for cond requires a typing for the branches where the abstract component of each
lens type is the corresponding abstract predicate supplied to cond. For example,
using the standard typing, we would have to show that the second branch, [, has
type [D'*~1] <& [D'“]. Unfortunately our induction hypothesis only gives
lens types for [ where the length of the abstract list is bounded by x — 1. Notice
however, that since we only want to show that the whole cond instance has a lens
type where the length of the abstract list is at most x — 1, the lens type that
standard type for cond requires for [ is certainly stronger than we actually need.
We avoid this problem using Lemma A.28, which only requires a typing for each
branch where the abstract component is calculated from the intersection of the
abstract predicates supplied to cond and the abstract type we wish to show for the
whole lens. In this instance, since the cond lens has concrete predicate Cf = [F]
and abstract predicates A] = [1 and A} = [D'“], we must prove

const [1 [1 € [D**11NC] <& A n D= 1]

ie., [DY7-11 A [E] <% [1nN [D%* 1]
ie., <=0
and
le [DY=11\C) <= A,n [D%=1]
Le., [DO-2=1]\ [E] <& [D«]n [D%*1]
1.6.7 [Dl“x_l] é}, [Dlux—l]-

The first fact follows from the type of const; the second is immediate by induction
hypothesis. We must also show that the functions fliry and (Ac. c++[anyp]) have
the correct types:

fitry € (ID**711) — (D)a
Ac. c++Lanyp] € (1) — ([DY*71])q

Thus, k € [DY*~1] & [DO»—17,
By the type of wmap, together x > 0 and Lemma 7.2(1), which states that
D:: D17 is shuffle closed, we have

wmap {*h — id,*t — k} € D [D%*1] & D: [DO*17.

Finally, using the always-false type of ccond, we conclude that f(I) € C' <%= A,
finishing the case.

Case x > 0 and y > 0: Here 7 has the form (C, A) with C = ([D**]1&[E"])
and A = [D'*]. The outermost lens in f(I) is a ccond lens. The typing rule for
ccond requires that we prove that the branches have the following types:

(t1 anyg; 1) € CNC, <= A
ie., ([D“*1& [E%¥]) N (B ([DY*1&[E])) €% [D'*]
ie., E:([D-"1& [E0-v—1]) «& [D1-o]

which follows from y > 0 using the type of t1 and the induction hypothesis.
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For the second branch we must show

wmap {*h — id, *t — k}

S C\Cl < A
ie., (ID“*1&[EOV])\ E:([D“*1&[E]) <% [D'“*]
i.e., D([Domfl]&[EOy]) é D:: [DO..:cfl].

We use the type of wmap, together with the facts that x > 0, Lemma 7.2, which
implies that D :: ([D%*~11&[E%¥]) and D :: [D%*~'], are shuffle closed, and
that the set of domains of trees in two cons cell types are identical.

Let m be the same total function from names to lenses as in the previous case.
We prove that m € lln € N.D:: ([D%*~1&[E%¥])(n) <= D:: [D%*~1](n) as
follows:

m(*h) = id € D ([D%*~11&[E%¥])(*h) <= D:: [D%*~1](*h)
ie., D<= D
by the type of id;

m(*t) =k € D:([DY"* 11&[E%Y])(xt) <= D:: [D%*71](xt)
ie., [DO—11& [E0Y] <& [DO-7—1]
by the argument below;

m(n) =id € D:u([D%* 1&[E*Y])(n) <= D:[D%*1](n) Vn & {*h xt}
ie., )<= 0
vacuously.

For the tail tag, we must show that the conditional lens, k has type
(DY 1&[E%Y] <& [D%* 1], Again we use the extended typing for cond
given by Lemma A.28. We must prove

const [J [1 € ([D"* 11&IE*Y])NCY <= A n([D%*~1])
Le., ([D%*=11&[E%¥]) N [E] <= [1N([D%*1])

Le., [E0¥] <5 []
and
le ([DY*=1&[EYY])\ O] <= Ayn [D%*~1]
Le., ([D%=~11& [E%¥]) \ [E] <= [D'«]1n [D%=~1]
ie., (D' *=1]1& [E0¥]) <& [D'+].

The first fact follows from the type of const; the second is immediate by induction
hypothesis. We must also show that the functions fltry and (Ac. c++[anyp]) have
the correct types:
fitrp € ([DY*~1&[E%Y]) — ([E%Y])q
Ae. e++Lanyp]l € ([E%Y]) — ([DY = 1&[E™Y])q

Both typings are immediate. Putting all these facts together, we have
wmap {*h +— id,*t — k} € D ([D**"11&[E%Y]) <& D:: [D%*1].

Finally, using the type of ccond, we conclude that f(I) € C' <2 A, finishing the
case and the inductive proof.

To conclude using Lemma 3.19, we must show that the ([D“1&[E1, [D**1)
is the limit of an increasing instance of elements of T. Let 70 C 71 C ... be defined
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as
T = (0,0) e Ty

Ti:i-l = (D (ED/D] & [EO-/2] [DV-(GHD/AT]) e T4,

where i/n is integer division of ¢ by n. To show that the limit is the pair of total
types we want, we prove that each set is contained in the other. First, observe that,
for any ¢ € ([D'**]&[FE]) and a € [D'*], we can find an i such that (c,a) € 7;
(lifting € to pairs of sets in the obvious way) by choosing ¢ so that i/2 is greater
than the maximum number of elements of D in ¢, the number of elements of F
in ¢, and the number of elements in a. The other inclusion is immediate: every
7; is a subset of ([DY™*“]1&[E], [D'“]1) (lifting C to pairs of pairs of sets twice,
pointwise). O

The proof that list filter D E € [D1&[F] <= [D] is identical to its proof
of well-behavedness, except that we use the total type of inner filter.
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