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Air Traffic Control
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André Platzer, Edmund M. Clarke (CMU) Symbolic Computations in Hybrid Systems Verification NSF Symb’08 2 / 14



Air Traffic Control

Hybrid Systems

continuous evolution along differential equations + discrete change
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ATC: Roundabout Maneuver Automaton

 ẋ = −v1 +v2 cosφ +ω1y
ẏ = v2 sinφ −ω1x

φ̇ = ω2 −ω1



Cruise
ωi := 0

LCircle
ωi := ω

close

rot[-θ, -θ]

back

rot[-θ, -θ]

RCircle
ωi :=−ω

close

rot[θ, θ]

back

rot[θ, θ]

Details
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Hybrid Systems Verification is Important for . . .

0 *

1

[SB := ((amax / b + 1) * ep * v + (v ^ 2 - d ^ 2) / (2 * b) + ((amax / b + 1) * amax * ep ^ 2) / 2)]

7

17

6

[?d >= 0 & do ^ 2 - d ^ 2 <= 2 * b * (m - mo) & vdes >= 0]

5

[vdes := *]

4

[d := *]

3

[m := *]

2

[mo := m]

[do := d]

8

[state := brake]

10

[?v <= vdes]

13

[?v >= vdes]

22

31

21

[{z‘ = v, v‘ = a, t‘ = 1, v >= 0 & t <= ep}]

18

28

17

[a := -b]

12

24

11

[?a >= 0 & a <= amax]

[a := *]

15

14

[?a <= 0 & a >= -b]

[a := *]

19

[t := 0]

*[?m - z <= SB | state = brake] [?m - z >= SB & state != brake]
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Image Computation in Hybrid Systems
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Analyse image computation problem in hybrid systems

Approximation refinement techniques and their limits

André Platzer, Edmund M. Clarke (CMU) Symbolic Computations in Hybrid Systems Verification NSF Symb’08 5 / 14



Image Computation in Hybrid Systems

I

H

H

B

Im
age

C
om

p
u

tation

M
o

d
el

C
h

ec
ki

n
g

Analyse image computation problem in hybrid systems

Approximation refinement techniques and their limits
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AMC: Approximation Refinement Model Checking

AMC(B reachable from I in H):

1 A := approx(H) uniformly

2 blur by uniform approximation error +ε

3 check(B reachable from I in A + ε)

4 B not reachable ⇒ H safe

I

H
A

+ε+ε

B

B
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AMC: Exact Image Computation

AMC(B reachable from I in H):

1 A := approx(H) uniformly

2 blur by uniform approximation error +ε

3 check(B reachable from I in A + ε)

4 B not reachable ⇒ H safe

Proposition

check and blur can be implemented for

I and B semialgebraic

A with polynomial flows over R

+Piecewise definitions

+Rational extensions (e.g. multivariate rational splines)
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AMC: Image Approximation

AMC(B reachable from I in H):

1 A := approx(H) uniformly

2 blur by uniform approximation error +ε

3 check(B reachable from I in A + ε)

4 B not reachable ⇒ H safe

Proposition

approx exists for all uniform errors ε > 0 when

using polynomials to build A

Flows ϕ ∈ C (D,Rn) of H

D ⊂ R× Rn compact closure of an open set
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Bounded Flow Approximation

Proposition (Effective Weierstraß approximation)

Flows ϕ ∈ C 1(D,Rn)

Bounds b := maxx∈D ‖ϕ̇(x)‖
⇒ approx computable, hence image computation decidable
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Continuous Image Computation

B
Numerical

R-Turing Machine

ϕ

=∅

6=∅
x ∈ R ϕ(x)

ϕ̇(x)

x1 x2 x3

B

j

Proposition (Image computation undecidable for. . . )

arbitrarily effective flow ϕ ∈ C k(D ⊆ Rn,Rm); D, B effective

tolerate error ε > 0 in decisions

ϕ smooth polynomial function with Q-coefficients
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Probabilistic Model Checking

x1 x2 x3

B

j

Proposition

P(‖ϕ̇‖∞ > b)→ 0 as b →∞
ϕ evaluated on finite subset X = {xi} of open or compact D

⇒ P(decision correct)→ 1 as ‖d(·,X )‖∞ → 0
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Differential Flow Approximation

ϕ solves
ẋ(t) = f (t, x)

Proposition

Flow ϕ is solution of ẋ(t) = f (t, x)

f ∈ C ([a, b]× Rn,Rn)

`-Lipschitz-continuous: ‖f (t, x1)− f (t, x2)‖ ≤ `‖x1 − x2‖
⇒ Continuous image computation decidable
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Symbolic: Exploit Vector Field of Differential Equations

“Definition” (Differential Invariant)

“Property that remains true in the direction of the dynamics”
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Symbolic: Exploit Vector Field of Differential Equations

“Definition” (Differential Invariant)

“Property that remains true in the direction of the dynamics”

∇ẋ1=f1(x),...,ẋn=fn(x)F is
∧

(b≥c)∈F

(
n∑

i=1

∂b

∂xi
fi (x) ≥

n∑
i=1

∂c

∂xi
fi (x)

)

F
¬F
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Case Studies
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[do := d]

8

[state := brake]
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[{z‘ = v, v‘ = a, t‘ = 1, v >= 0 & t <= ep}]
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Conclusions

Image computation in hybrid systems model checking
1 approx uniformly
2 blur by uniform error
3 check for B

flows approx / image computation

continuous uniform approx exists, but. . .
smooth undecidable numerically
bounded by b decidable
bound probabilities probabilistically decidable
ODE `-Lipschitz decidable

Differential invariants:
1 based on symbolic computations
2 sound!
3 scalable
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Challenges

Symbolic computation techniques for hybrid systems are
strictly required!

Scaling symbolic computation to nontrivial dynamics

Combine numerical algorithms with symbolic analysis

Joint symbolic stochastic analysis

A. Platzer and E. M. Clarke.
The image computation problem in hybrid systems model checking.
In A. Bemporad, A. Bicchi, and G. Buttazzo, editor, HSCC, 2007.

A. Platzer and E. M. Clarke.
Computing differential invariants of hybrid systems as fixedpoints.
In A. Gupta and S.Malik, editor, CAV, 2008.
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