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Abstract. Model checking is a popular algorithmic veri cation techoe for
checking temporal requirements of mathematical modelystess. In this pa-
per, we consider the problem of verifying bounded reachslgtoperties of sto-
chastic real-time systems modeled as generalized senkeMarocesses (GSMP).
While GSMPs is a rich model for stochastic systems widelyusgerformance
evaluation, existing model checking algorithms are apilie only to subclasses
such as discrete-time or continuous-time Markov chaing Min contribution
of the paper is an algorithm to compute the probability thgivan GSMP sat-
is es a property of the form “can the system reach a targevdeefimeT within

k discrete events, while staying within a set of safe statéef.this, we show
that the probability density function for the remainingng times of different
events in a GSMP aftek discrete events can be effectively partitioned into -
nitely many regions and represented by exponentials aryghpaiials. We report
on illustrative examples and their analysis using our tepkes.

1 Introduction

Probabilistic modeling is commonly used in the design amfopmance evaluation of
a wide range of real-time systems such as communicatiogutst and multi-media
systems ([11, 8]). Traditional analysis of probabilistioaels involves simulations, and
is used to obtain estimates of quality-of-service metniazhsas mean delivery time for
a message. In contrast, formal veri cation techniques ared at checking whether or
not a system model satis es a functional correctness ptgpach as “every message is
eventually delivered.” Model checking has emerged as deiaethod for formal veri-
cation for debugging critical components in industriattiegs ([6, 5, 12]). The goal of
probabilistic model checking is to integrate the two apphes so that a probabilistic
model of a real-time system can be algorithmically checlkgadrest a speci cation such
as “every message is delivered witlims with probability0:9.”

Early work on probabilistic model checking considers déséemodels such as nite-
state Markov chains or Markov decision processes, andmn&mgents given by temporal
logics or automata, and shows how to algorithmically coragbe probability that a
model satis es the requirement ([19, 7, 10]). More recentknallows modeling using
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continuous-time Markov chains (CTMCSs), and speci catiengten in temporal logics
such as CSL and PCTL that allow requirements with time antadiity ([3, 15, 16]).
Issues concerning symbolic representation and ef ciepiémentation have also been
studied leading to a number of probabilistic model checlé&f® 17]). In particular, the
model checker PRISM has been applied to a number of casestuadiistributed proto-
cols and embedded systems (b&p://www.cs.bham.ac.uk/“dxp/prism ).

In this paper, we consider the probabilistic model checkingpblem for systems
modeled asseneralized Semi-Markov Proces§€sSMPs) ([9, 18, 8]). In our model of
nite-state GSMPs, the system can be in one of the nitely many statescanchave
a nite number of scheduled events. When the event(s) withi¢ast remaining ring
time happens, the state is updated probabilistically, @wdevents can be scheduled at
times chosen randomly according to distributions desdrilyeexponential and polyno-
mial density functions with nitely many discontinuities;hich we callexpolynomial
region distributiong ERDs). Unlike CTMCs, such distributions need not be memory
less, and the class of ERDs includes uniform or polynomistrithutions over nite
intervals, point distributions over nitely many constaratiues, and exponentials.

The classical way to analyze GSMP models involves MontedCaimulations. In
[1], the authors show how to chedgkialitativeprobabilistic properties, that is, whether
a GSMP satis es a property with probability 0 or 1, and thislgsis is based on the
so-called region graph introduced for analysis of non-philistic real-time systems
modeled using timed automata [2]. Region graph, howevantiadequate for comput-
ing quantitativeprobabilistic properties as different con gurations ireteame region
have different probabilities of satisfaction of propestien [14], the authors show that
by re ning the region graph, one can approximate the satiifa of quantitative proba-
bilistic properties, while [20] shows that statistical gaimg can be adopted to compute
estimates for the model checking problem. The literaturstoohastic Petri nets shows
how GSMPs can be approximated by Markovian models [8]. Ia taper, we show
that if we are given a bound on the number of events, then eyatbolic analysis for
verifying quantitative probabilistic properties of GSMiBpossible. More speci cally,
given a nite-state GSMPM , a target seF, a safety se§, a boundk on the number
of discrete events, we show how to compute the probabilayih will reachF, while
staying within the se8, within k discrete events (and also, within a time boundf
speci ed). The boundt is analogous to the bound on the lengths of paths used intrecen
work onbounded model checkirgj discrete Boolean systems using SAT solvers [4].

For quantitative analysis of a GSMP, we need to effectivepresent and compute
the distribution on the remaining ring times of schedulegpts when the event(s) with
the least ring time happens. For this purpose, we considéltidimensional expoly-
nomial region distributions: the space of con gurationgligided into nitely many
regions using axis-parallel and diagonal constraintslamio the region graph, and
with each region, the density function is continuous repmésd by a combination of
exponential and polynomial functions. Our main technicalstruction shows that the
class of ERDs is effectively closed under expiration of ésemd scheduling of new
events. This leads to an iterative symbolic algorithm whiomputes the probability
distribution after each discrete step.



We are implementing our modeling and analysis approach oohdalled Event
Horizon Veri er, and we illustrate it using a classical example from queuieigvorks.
Consider a buffer for which the interarrival time betweercassive messages from
the producer, and the processing time for a message by treeican, are described
by ERDs. Given a capacity, suppose we want to calculate the probability that the
number of unprocessed messages exclBedbhen, our analysis allows us to compute
this probability, given a bound on the total number of events

2 Generalized Semi-Markov Processes

LetN be the set of all natural numbebéy beN[f Og, R be the set of reals, aritl. be
the set of all non-negative reals.

In a GSMP the time between scheduling an event and its oqme&i@r ring time)
is modeled as a positive random variable. For this reasorrige/lbeview related ter-
minology. A random variablX is characterized by itsumulative distribution function
(cdf) distr (x) = Pr( X < x ), and if distr (x) is continuous then wo byrobabil-
ity density functior{pdf) dens(x) de ned by the equationlistr (x) = dens(y) dy.
For many modeling purposes, however, it is convenient taaisgom varlables whose
cdf's are not continuous. For instance, it may be necessamyadel the ring time of
an event by a random variable that takes only a nite numbegasfsible values. We
say thaix 2 R, is amass poinbf X if Pr(X = x) > 0. We will see that for random
variables with a nite number of mass points it is still pddsito de ne a function with
properties similar to those of the pdf of a random variablwontinuous cdf.

P, We say that an expressiog(x) is expolynomialif it can be written as

-, &XxMke X, whereck; k 2 R,mg 2 Ng, forallk = 1;:::;r. Let Expr(x)
be the set of all expolynom|al expressions. Consider at;m’rﬂRa of R+, which con-
sists ofa bounded intervals followed by an unbounded interval angtiiets between
them:R, = [ iazolfi; (i;i +1)g[f a;(a;+1 )g. The constand is thewidth of R,. We
say that a functiom (x) is expolynomialvith nite support onRj if there exists a map
M: : Ra ! Expr(x), such that foralk 2 R, f(x) = M(r)(x), wherex 2 r and
r 2 R, (i.e.r is either an interval or a point).

De nition 1. A (unidimensional) random variabl¢ has an expolynomial region dis-
tribution of widtha, if there eXISIB an ex&glynomlal funcudang 0onR,, such

thatforallt 2 Re ,PIX <t )= |, || (4, densly) dy+ minCa;bie) geng(i) =

g deng(y)dy + (3P dengi), wherel g, is the set of all intervals iR,, and
btc denotes the largest integer no greater thtan

We calldeng(x) the pdf ofX . Notice, thatX has a mass point aiff dens(i) > 0
andi 2f1;:::;ag.

Uniform dlstrlbutions, exponential and truncated expdizmistributions, nite
discrete distributions are all examples of expolynomigioa distributions. Many other

1 Mass points can also be treated using Dirac delta functja). We have chosen not to do so
because this approach leads to cumbersome expressiomsnuttidimensional settings.



distributions with continuous and discrete componentdeaapproximated by expoly-
nomial distributions. Our de nition requires nite inteas to be of the unit length and
mass points to occur at a nite number of pointdNnhowever this is done only to sim-
plify the presentation of the results. In general, it is sidnt if a distribution is de ned
by expolynomial expressions on a nite number of intervalighwational endpoints,
and has only a nite number of mass points.

Now we are ready to give a formal de nition of the class of $tastic processes
that we study in this paper.

De nition 2. A nite-state generalized semi-Markov process (GSMP) ig@gA =
(Q; ;E; init ;distr; next) where:

— Qs a nite set of locations;

— isa nite set of events;

— E: Q! 2 assignsto each location2 Q a set of events that amctivein g. A
locationqis absorbingff E(q) = ;.

—init : Q! [0;1] is a probability measure o, which for each locatiomg 2 Q
gives the probability thag is the initial location ofA;

—distr: ! (R« ! [0;1]) assigns to each event itsng time distribution, which
is an expolynomial region distribution. For a cdistr (e), deng(e) denotes the
corresponding pdf.

—next:Q (2 nfig)! (Q! [0;1]) de nes transitions between the locations
of A. This function takes as its arguments a source locatji@and a non-empty
subsetG of the active events af, and returns a probability measure @p. For
each locatioryC, this measure gives the probability yglatvvill move fromq to oC if
all events inG occur simultaneously; we require that 20 next(q; G)(¢®) = 1

forall G 28 nfg.

Itis convenient to think that a clock is assigned to eachexddpon (re-)scheduling
of e we update its clock to a new valuation chosen independentBraom according
to distr (e).The clock shows the time remaining until the next occureeoice. Every
clock runs down with the same rate equalltd et us say that: ! R. isa clock
valuation (or simply valuation) if maps events to the values of their clocks. If an event
is not active in the current location we assume that its vasluade ned.

A con guration of the GSMPA is a pairs = (q; ), whereq2 Q and is a clock
valuation. Given a con guratios = (q; ), lett (s) = minf (e);e 2 E(qg)g be the
time until the next transitionard (s)= fe je =argminf (€);e2 E(qg)ggbethe
set of events that causes the transition (the clocks of #heg@s expire simultaneously).
For anyt t (s) we denote by t the valuation ° such that for alle 2 E(q),

%e) = (e) t.We say that ' %is atimed transitionbetween the con gurations
s=(q; )ands®=(q; 9if °= t.Ift (s)=0,thenE =fe j (e)=0g,
ands!  s?denotes aliscrete transitiorbetween the con gurations = (q; ) and
%= (% 9, whereq®is chosen according to the probability measure next(q; E ),
and the valuationis constructed as follows:

1. ifanevene 2 Eqq(q; E ; %), whereEqq (0; E ;0% = E(®)\ [E(Q) nE ]isthe
set of events, excluding the eventstn, that were active iy and continue to be
active ind®, then Ye) = (e);



2. if e 2 Enew(a;E ; ), whereEnew(q;E ;00 = E(q) nEoa(aE ;) is the
set of events that were not active gnbut become active i® and events that
are inE \ E(q) (i.e. events that red irg and are active i), then valuations

%e) are chosen independently at random accordingjsty (€) (i.e. the events in
Enew(d; E ;) are (re-)scheduled);

3. if @ 2 Ecancelled (0; E ; 9%, WhereE cancelled (4 E ;00 = E(q) nE(O) is the set
of cancelled events that were activeqrbut no longer active i, then %e) is
unde ned.

Arun of A is asequence of alternating timed and discrete transitions

lt(So) 040 t (s1) 0,1

t (s
S gl Q1 ot ) 0y

The run starts at the initial con guratiorsy = (tp; o), G is the initial loca-
tion,which is chosen according oit , and ¢ is the initial valuations of the events in
E (o), scheduled according to the corresponding ring time disiions. A run can
have a nite or in nite number of transitions; a run that ha&ached an absorbing loca-
tion will stay in that location forever. p

The time of then" transition is the timd,( ) = {’:Olt (si) that elapsed since
the start of and until then™ discrete transition.

Example 1.Let us describe a GSMRs, which we will use as our running exampkes
has six locationgy is the initial location (i.einit picks this location with probability
one), and locationsp, 0z, 04, andgs are absorbing. Iip two eventse; ande, are
active, the initial clock valuations for these events areseim according to their ring
time density functionsdens(e;)(t1) = Dtie ' whent; 2 (0;1) andO otherwise
(the normalizing constam is equal tol=(1 2e 1)), anddens(e,)(t2) = 1 =2 when
t2 2 (0;1)[ (1;2) andO otherwise, i.e. it is uniformly distributed q@; 2). If e; res
rst, then the process moves tp with probability1, otherwise it moves tg, and stays
there forever. iy three events are active > whose clock keeps its valuation fraog
and event®; ande; whose clocks obtain new valuations upon enternglhe ring
time density function foes is dens(es3)(t3) = 1 whentz 2 (0; 1) andO otherwise,
and it describes the uniform distribution €1 1). Firings ofe;, e; andes in ¢ lead to
locationsgs, o4 andags, respectively.

A history of the lengtim of arun is a sequence of tuples and transitions between
them marked with sets of events:

= (0; O0;No)l ©* (a; O N1) ©2 121 5" (Gh;0niNp)

Each tuple(g ; Oi; N;j) consists of a visited location and two sets that partitian th
set of active events of that location. The €&t consists of active events that were
not scheduled upon arriving tp and the seiN; consists of active events that were
scheduled. For the tuplgp; Oo; Ng), we have thaOg = ; andNg = E(tp), and for
anyi> 0,0i = Eqa (g 1;Ei;g) andN; = Enew (4 1;Ei; ).

By last( ) = g, we will denote the last visited location in a historyand by
we will denote the set of all nite histories.



It easy to see that two runs share the same histafilengthn if they visit the same
sequence ofi locations and transitions between those locations aresddws ring of
the same sets of events.

We say that a history®is asuccessoof along an edge marked by a set of events

E iff there exists a tuplégo; Ojo; Njo) such that = ! E (go; Ojo; Njo).

De nition 3. Let be a history of lengtim and letl = jE (last( ))j be the number of
the active events in the last location gfthen theevent clock valuations of (abbrevi-
ated asecvof ) is anl-dimensional random variable of values of the active claoks
the locationlast( ), immediately after it has been reached by tife transition.

of . We will show how to usd (x1;:::;X) to compute probabilityp , which is
called theoccurrence probabilityf and which is equal to the probability that a run
of A has as its history.

3 Computing Probabilities of Bounded Until Properties

Suppose that we are given a GSMP The locations ofA are partitioned into two
sets:Qs andQ, which are called the sets shfeandunsafelocations, respectively.
Furthermore, a subs€ly of Qg is called the set aflestination locations

Let [ be a set of histories of length less than or equal,tand such that

forevery 2 [, alllocationsof belongtoQs and the only location that belongs
toQqislast( );let umi = [n>o0 Sntil .
Given two parameters — a real numipe2 [0; 1]and an integem > 0, we consider

thebounded until problem
— Is the probability that a run of A has a history 2 [ . greater thamp?

until

Algorithm 1 is a generic algorithm to solve this problem. Tigorithm works on
tuples(;f ;p ), the rst element of a tuple is a history, the second element is the
ecv densityf of , and the last elememt is the occurrence probability of. Given
f andp , we assume (and we will prove later) that for any successotyi ° of

, we are able to compute ° andp o (which is the occurrence probability of°
conditioned on the probabilistic event thahas happened).

HistorySet is the set of tuples that the algorithm has to process. Ths itialized
with the tupleq L;f °;p 1), where § = (G;Op;Ng) for locationsg of A, such that
init (g) > 0. The algorithm also sets to zero two real numbysandP,, which are
the lower bounds of reaching a destination location and aaferiocation, respectively.
In the main loop, the algorithm picks a history frafistorySet and checks if its last
location is a destination or an unsafe location. If this s ¢hse then it increas®g or
Py. If the last location is a safe location but not a destinakimation and the length of
the history is less tham, then the algorithm computés0 andp o forevery successor
history %of and update$istorySet with the computed tuples. When the loop is
completed, the algorithm output¥ES” if P4 > p and “NO” otherwise.

Suppose that in addition to the numbpEndn, we are given a positive real number
T. Then, applying our algorithm, we can also solve tloended timed-until problem



Algorithm 1 Genereric iterative algorithm

forall g:qg 2 Q~ init (g) > 0do
HistorySet  ( b:f o;p 0)

end for

Ps  0,Py 0

while HistorySet 6 ;» P4 p~" Py (1 p) do
pick (;f ;p )in HistorySet
if last( ) 2 Qq then

Pas Pa+p
elseiflast( ) 2 Qu then
Po Pu+p

else iflength of <n then
forall s: sis asuccessor of do
computef s andp
add ( s;f s;p p,j )to HistorySet
end for
end if
end while
if P4 > p then
return YES
else
return NO
end if

— Is the probability that a run of A has a history 2 [, andT; j( ) <T
greater thanp?

The bounded timed-until problem can be reduced to the bauadgl problem by
introducing a new everg and a new unsafe absorbing locat@gpnThe random variable
that models ring time distribution foe, is equal toT with probability one. For every
locationg and every set of evenks, such thak, 2 E, next(q; E) returns a probability
measure concentrated gn Thus, if a destination location is reached then it is redche
before timeT has elapsed.

3.1 A Sample Computation

Consider the GSMRs from Example 1 of Section 2. Given a history = ¢! feud

(u;fexg;fer;es0), o=(0;;;fer; eq), wewantto computp , andf *.
Later, in Section 4, we will prove thatto ngd , andf * we need to compute three

formulas: 7 Z.,
fm1i(tp) = dens(ey)(t1 + tp)dens(e;)(t1) dtq; p,= = 1(tp) dty;
0 0
f~i(t
F o (titits) = dens(en)(ty) — 2 dens(es)(ta):

1
Intuitively, the rst formula captures the necessary imf@tion on the distribution
of values of the clock o0&, in g1, given thate; has red beforee,. The second formula
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Fig. 1. Computingf *

shows that we can ngb , by integrating™ *(t2) over all possible values. And the last
formula gives an expression fbr 1 (t1; t2; t3) as a product of three density functions,
each corresponds to an active cloclgpfEven though the formulas above use integrals
we will not use numerical computations, but instead we wbiiain the formulas in an
explicit form. This suitability for symbolic computatioisa distinctive property of the
expolynomial functions and we will use it throughout the @ap

We show two ways to compute the rst formula. Léf,«, ; denote a
function of t, which is1 if a < t < b and 0 otherwise. We know that
deﬂs(el)(tl) = Dtie "ljpg,<q anddens(ﬁa)(tz) = Z1jo<t ,< 2), thusf~ 1(tp) =

+1 1 :
B0 tie "l cglpa + ez dts = 3 S tie Mg 4 t,< 2 dtz. We consider
two cases: Rl

— if t2 2 (0; 1), thenf~ 1(tp) =
—ift, 2 (1;2), thenf~ 1(tp) = tie tdty = B(tpe2 2 32 2+1).

Note that computing™ * (t2) requires analysis of different possible cases and the
number of cases quickly becomes intractable with the irseréa the number of ac-
tive events in a location and complexity of ring time didiutions. To deal with these
dif culties we present now a more convenient “geometric’ywa computd™ * (t2).

In Figure 1(a), the support for the functiolens(e;)(t2)dens(e;)(t1) is shown. It
consists of two squares andB (without the borders), and in each of these squares
the function is equal t(%tle 1 Now consider a linear transformation= f}, t, =
fy + f5. Under this transformation the squarksand B are transformed into areas
A9 A9 andB? respectively (see Figure 1(b)). The original function dat depend
ont,, and after the transformation the function will not depemd‘p either — it is
equal to2fie f in the areas\}, A3 andBY and it isO in C. Now it is easy to see
that if f, 2 (0;1) then we have to compute two integrals, one dB&rmand the other

R
overAY: f1(fy) = 5 01 & fie fidfy + o 11 ¢, fie frdfy = L;andiffy 2 (1;2)

then we need to compute only one integral o&gr f~:(f;) = 2 02 bpe gl =

D(fhefz 2 3ef2 2+1).



Now, using the second formula and renaming the varifibleack tot,, we obtain
that

ZZ le DZZ
p,= fi(ty)dt= Zdt,+ —  (tp€'z 2 362 2+1)dt,
0 0 2 2 1
1 D 1
= Z+ — :
>+ 5 (e 1) 07

Finally,f *(t1;t2;ts) = Dt1€ "“Ljoat,<1) (55— Lot ;< 1y 53— (t2€7 2 36tz 2+
D11« ,<2)) o<t 5< 13- Again, for this function we can have a convenient geometric
representation but this time in three dimensions.

4 Multidimensional Expolynomial Region Distributions

In this section we introduce multidimensional expolynomémgion distributions. We
are interested in this class because it is closed under digcxboputations that we will
use. It follows that if the ring time distributions of the emts are (one-dimensional)
ERDs then all the distributions that we will encounter wil@be ERDs. Before giving

a formal de nition, we describe a class of partitions of theck valuation space that
we will call diagonal mesh partitionsThese partitions serve as domains for the ERDs
— in each region of a diagonal mesh partition, an ERD is giwea lmultidimensional
expolynomial expression

4.1 Diagonal and Inverse Diagonal Mesh Partitions

a2 Nis a partition ofR} into regions such that each region is described by:
— mesh constraintdor each variablé, by a constraint of the formh 1<t<b (we
say that such a constraintisunded, ort = b, ort > a (anunboundedonstraint),
whereb2 N andb a;
— diagonal constraintsfor every pair of different variablesandt®, such that both of
them have bounded mesh constraints in the region, by aniogdan the fractional
parts of the variables, i.e. by a constraint of the fqitm b tc) (t° b t%),
where 2 f <;>; =g. Equivalently, if there are constraints 1 <t < b and
¢ 1<t9%<c,then the diagonal constraint can be writtert ast’+ (b ¢).
Given a regionr of an n-dimensional diagonal mesh partitiédty, let m be the
number of independent constraints of the farm bort = t°+ b, then we say that the
dimension of isn m. The regions that have dimensinrare calledull dimensional
regions and regions that have less thadimensions are callehass regions

For technical reasons, we will be also interested initiverse diagonal mesh par-
titions. Compared to the diagonal mesh partitions these partitiame one designated
variablet , which cannot form diagonal constraints with any otherafale but, instead,

n-dimensional inverse diagonal mesh partit®p of widtha 2 N is a partition ofR?
into regions such that each region is described by:



described in the de nition of diagonal mesh partition;

— diagonal constraintsfor every pair of different variables6 t andt®6 t with
bounded mesh constraints, by a diagonal constraint, asildeddn the de nition
of diagonal mesh patrtition;

— inverse diagonal constraintdor every pair of variables andt , such that for
each of them there is a bounded mesh constraint, by a cartstfahe form(t
bte)+(t btc 1, where2f <;>; =g.Equivalently, if there are constraints
b 1<t<b andc 1<t < c,thentheinverse diagonal constraint can be
writtenast+t +1 b+ c

Note that the number of the regions in every diagonal or sweéiagonal mesh par-
tition is nite, and exponential in the number of variablékte also that the constraints
can be seen as hyperplane&i.

Next we will consider an important linear transformationR} ! RI. Letp =
(t1;::::ty 1;t ) be apointthat mapsto apoinp= (f1;::::f, 1;f), then coordi-

andt = f' . We have seen an applicationloin Section 3.1. The properties of the par-
titions are given by the following lemmas. Due to the lackmdse, we omit the proofs.

Lemma 1. Let R, be ann-dimensional diagonal mesh partition of widéh ThenL
transformsR, into ann-dimensional inverse diagonal mesh partitiéla of the same

I-dimensional region iR 5.

Lemma 2. LetR, be ann-dimensional inverse diagonal mesh partition with the vari

ables(ty;:::;t, 1;t ), then the projectioR? of R, on the subspac®? * that corre-
sponds to the variablg$y;:::;ty 1) is(n 1)-dimensional diagonal mesh partition
of widtha.

Our interest in diagonal and inverse diagonal mesh panttis justi ed by the follow-
ing example. Let us revisit the GSMR; from Example 1. In Section 3.1 we have com-
putedp , andf :(t;;ty;t3) and showed thdt * had its support on cubes RE . Now
we want to show that it is necessary to have diagonal consério. Consider the his-

' (a57131). Weguant to comput .

tory »,whichis asuccessorofi: ;=

Similarly to the formula fof™ 1 (t,), we can writed™ 2 (t1;t,) = o+ Lt 1(ty+ ta;ty +
t3; t3) dtz. Evaluating this formula using, for example AMLE we will see that in two
regions(0 <t; < 1;0<t, < Lty <tz)and(0<t; < 1;0<t, < 1;t; >t5),

f~2(t1;t2) is given by twodifferentexpolynomial expressions.

4.2 Expolynomial Expressions, Functions, and Distributios

We sgy thate(xi;:::;Xn) is an expolynomial expression if it is of the
form = | axT¥t xMe g kXt * o X where G k1iiii ok 2 R,
Mg1;::;Mky 2 Noforallk =1;:::;r. By Expr(Xy;:::;Xn) we denote the class of

all expolynomial expressions in the variables:::; X;.



Expr(x1;:::;Xn) such that if a poin(xy;:::;Xn) 2 r, r is a region inR,, then
f(Xe500%n) = Mg (P)(X15:055%n).
Given an expolynomial functioh(x) = f (X1;:::;Xn) and anm-dimensggnal re-

gionr 2 R;,1  m n,we wantto de ne the integral df onr (denoted as, f). It
is easy to see that due to the region's constraints, each ipaircan be determined by

B = Pr(Xa <tiiinXe <th) = 0 o1 et s ) Ta0) Y+

.....

X1<t 1;5X n<t n
higrl]erlin Ra, andPg, is the set of all zero-dimensional regions (points).
R
We callf 5(x) the pdf ofX . Note, that for every region2 R,, Pr(X 2r) = f.
Let us give a simple example. Consider two one-dimensigmpendent random

variables with ERDs given by their density functions:

_ Oifx=0o0orx=1 . _ 0 ify=0 )
fa(x) = 1ifo<x< 1 : fa(y) = 1=2;if 0<y< lory=1"

The rst random variableX is uniformly distributed on(0; 1). The second random
variableY is uniformly distributed or(0; 1) and has a mass pointat= 1. Then the
random variabl& = XY is a two-dimensional random variable with the pdf

E%O; if(x=hy=j)or(x=1i;0<y< 1),i;j =0;1
fa(xy) = 1=2;if O<x< 1;0<y< Lix y);2f <>g¢g
OY)= 5 1=21if (y=1;0<x < 1)

"0 if(0<x< L,0<y< Lix=y)or(y=0;0<x< 1)

We see that3(x;y) is not zero in both full dimensional regions and in one magiore
(y=1;0<x< 1).

5 Image Computation

In this section we will prove our main technical result.

Theorem 1. Let A be a GSMP, such that the ring time distributions of all eveate
ERDs of widtha. Let 2  be a history ofA, f be the pdf of the ecv of, ©=

15 (go: 010 Nyo) be a successor of, f ° be the pdf of the ecv of?, andm®be the
number of active events gp, then:

1. f "is anm®dimensional ERD of width;



2. givenf | f ° can be computed symbolically.

The theorem will follow from the steps described below.
To simplify complex expressions we will use a convenienttand notation. Sup-

we will write f 25 (Xp;y). We will also slightly abuse notation by writirfg,, g (Xp +
Z;y) (wherez is a variable) instead of writinBy, g (%p;Y), Rp = Xp + Z.
Suppose a non-negatimedimensional random variab} with pdff (x) is divided

into two random variableX ; ang,‘xz, such thatX; 2 RS andX, 2 R} 5. Thenthe
+1 + 1

pdf of X1 isfx,(x1) = o F(yiiiiniysiysariiiiiyn)dyss1  dyn. The
functionf x , (x1) is called amarginal pdfof X .

Analysis off °: Notice thaf ’ can be written as

Y

0 0

fe20 o jo(te) = feoo o(te) deng(e)(te);
e2N o

wheref ezoo |o(t9) is the joint density function of the clock values of the eeintOjo.

.. 0. . . 0 . .
Thous, obtaining  is suf cient for the constructlop of . Itis also easy to see that if
f s an expolynomial function of width, thenf " is also an expolynomial function
of width a (but of a higher dimension).

Computation of ¢ : Let us pick any evengé 2 E and let(g; O;; N|) be the last
tuple of . Suppose thaf has followed and now ising. LetG = ftg te |
e 2 (O [N ) nfe ggbe a probabilistic event that the clock of the evenexpires
before or simultaneously with the other clocks @&G) be its probability. Then let
fj;;(ol[N Dnfe g(f‘e) be the pdf of clock values of all events(®, [N |) nfe gatthe
moment wherie = 0, conditioned on occurrence 6.

Letf,=te to anddene

ez nfe glferte )= faaioim ynre g(fe + te ste ): 1)

Theng can be seen as the joint density functiortof and thedifferencesetween the
values of the other event clocks at;g (these differences may be positive or negative).
+1 ;
Now let g, o, e o(fe) = o~ Ge2(oiv nfe g(feite ) dte be a marginal
pdf. Then, given the de nition ofz that states that all differencés should be non-
negative we obtain that

71
Je2 (0[N |)nfe g(f\ le ) dte

0
fie 9o gnre olfe) o

e2(0,IN e glte) = PI(G) - Pr(G) @

If we know how to computg’, it is easy to comput®r(G). Sincef™¢ is a pdf
then if we integrate over all its variables we should obfaiHence, from (2):
z +1 Z +1

Pr(G) = . . 98i2(0|[N )nfe g(f\ei)df\el dfe,, .



wherem is the number of active eventsdin
It remains to show how, givef, o, ) (te), we can computg® and to examine

properties of this computation. Let us introduce a new e, = te , then from (1)
we see that to computgfrom f  we need to apply the linear transformatiorfrom
Section 4.1. The expolynomial expressions are closed dimaéar transformations, and
we also saw that diagonal mesh partitions are transformednerse diagonal mesh
partitions of the same width (Lemma 1). So we conclude thet an expolynomial
function on an inverse diagonal partitié‘g.

Now we have to obtaing® from g. First, notice that by Lemma 2°is de ned on a
diagonal partitiong0 of the dimension one less thé‘g and of the same widta. As in
the example of Section 3.1, at each regidtis given as a sum of integrals of expolyno-
mial expressions of regions &g tha§ are projected on These integgals can be com-
puted symbolically using the formulaDx ™ e®* dx = D(%xm ex ooxm 1 dx),
which can be easily derived by applying the integration bysgmethod. Thusgg® (and
thereforef™¢ ) are computable expolynomial functions of width

Computation of °. First, we “integrate out” of ¢ all clocks that were cancelled
upon transition frong to go:
Z,, Z.,

=e _ ~;€ .
fgzo ,o(te) - 0 0 feZ(O| [N )nfe g(tE) dtel dteS’

that it is also an expolynomial function of widéh

We are almost done. It is left to extract frdi information that is pertinent only
to the transition that was caused by ring of the eveatsand not to the transitions that
are triggered by the sets of events that properly corifainLetE = E nfe g, then

we construct °fromf=¢ by extracting exactly those regions that have a constraint
of the formte = 0 if and only ife 2 E . For example, ife is the only eventirg ,

thenE = ; and we obtairf °fromf~¢ by setting to zero all regions that have a
constraintte = 0 for any evente. Similarly, if E = fe;g then we extract all those
regions that are de ned by the constratgf = 0 (and set to zero the expolynomial
expressions for regions that in additionttg = 0 have a constrainte = O for any
other event?).

Note, thatf °constructed fronfi® may no longer be a pdf, so we have to divide
it by a normalizing constari< H < 1, which is easily computable.

Computation of o : As a consequence of our previous computations, we obtain the
formula forp o :
pog =Pr(G) H next(q;E ;qo).

6 lllustrative Example

We are developing a tool called EHV (Event Horizon Veri ehjat implements the
algorithm of Section 5. The tool is written imvA and relies on JSIENCE open source
library for the symbolic computations.



As an application of our method we consider a queueing pnoblehe producer
generates messages and the consumer processes them. $hgendisat await process-
ing are stored in a buffer of capacity (initially the buffer is empty). The interar-
rival time between successive messages is modeled by ERTXvetpdf:f 1 (t) is p if
t 2 (0;1),isa(p) + b(p)x if t 2 (1;2), andO otherwise, where 2 (0;1) is a parame-
ter. Withf 1(t) we can model a situation when the interval between any twoessive
messages are at most two time units, the probability thatssage arrives during the
rst time unit is uniform and the probability that a messageuld arrive during the
second time unit is “skewed” towards the end of the interval.

The time that the consumer needs to process a message isnlgittstributed on
(0; 1). Itis also known that the producer can produce at mbstK messages and we
want to nd the probabilityPo.erow that the buffer exceeds its capacity.

Notice, that if the difference betwedwh andK is small, thenPgerow Can also
be very small. Simulation techniques to estimate small alodllies are involved, they
require a large number of simulations and give only stati$tjuarantees. To the con-
trary, the running time of our method does not depend on thelate value oPoyer ow
and, in fact, performance improves if there are only a fewp#tat lead to the unsafe
locations.

The problem can be reduced to the bounded until problem &GBMPB de ned

received so far. The locatid; 0) is the initial location. For anmp, the locationgK +
1;n) are “unsafe”, and all locatior(®% n%9, suchthaN n® K kCare destinations
(if B is in such a location then the buffer cannot over oB).has two eventg, and
e. Foralln=0;:::;N 1, the locationg0; n) havee, as their only active event and
upon ring of that eventB moves to the locatiofil;n + 1) . Unsafe and destination
locations are absorbing, and all the other locations hate ¢goande. as their active
events. WherB is in such a locatior{i;j ), ring of g, or e causes a transition to
(i+1;j+2) or(i 1;j), respectively.

We performed experiments for some sets of parameters. Thpuer that we used
for our experiments was a Linux server equipped with duatiBemlll processors op-
erating att400MHz and with2 GB of RAM. For each set of parameters we analyzed
all histories in g (the total number of them is in the “Dest. reached” column) an
all histories that end in an unsafe location (the “Unsafeled” column). Below is the
summary of results.

Results
Parameter values:(K;N);p Pover ow Running timgDest. reached)nsafe reached
(5;11); 1=2 9:0897 10 *|1min.23sec 2380 1040
(7;11); 1=2 7:5504 10 °© 36sec. 560 185
(7;11); 1=5 4:1124 10 ° | 3min. 7 sec. 560 185
(7;11); 1=10 1:9335 10 !|3min.17sec 560 185
(30; 31); 1=10 1:2161 10 *| 23sec. 30 1
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