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Abstract. We study languagesof nested trees|structures obtained by
augmenting trees with sets of nested jump-edges. These graphs can nat-
urally model branching behaviors of pushdown programs, so that the
problem of branching-time software model checking may be phrased as a
membership question for such languages.We de¯ne ¯nite-state automata
accepting such languages|these automata can pass states along jump-
edgesas well as tree edges.We ¯nd that the model-checking problem
for these automata on pushdown systems is EXPTIME-complete, and
that their alternating versions are expressively equivalent to NT- ¹ , a
recently proposed temporal logic for nested trees that can expressa va-
riety of branching-time, \con text-free" requirements. We also show that
monadic secondorder logic (MSO) cannot exploit the structure: MSO on
nested trees is too strong in the sensethat it has an undecidable model
checking problem, and seemstoo weak to capture NT- ¹ .

1 In tro duction

Regular languagesof in¯nite trees, acceptedby ¯nite-state tree automata, have
been studied in detail and found many applications in the last thirt y years.
Such languagesare known to be closed under all interesting operations and
enjoy decidablemembership and emptinessquestions[10]. A cornucopia of other
results are known: parit y tree automata are equivalent to monadic second-order
logic (MSO) on trees, their bisimulation-closed subclassis exactly captured by
the modal ¹ -calculus [13], parit y games and their zero-memory determinacy
provide crucial steps that simplify the decidability proof, etc. [9,13,20,8,10].
Moreover, various decidability results for monadic logics on in¯nite graphs have
beenobtained using interpretations on the binary tree [7,10,24].

Our interest in regular tree languagesstems from the application of these
results to program veri¯cation. In its traditional phrasing, the branching-time
model-checking problem is to determine, given a program P and a regular tree
languageS de¯ning the speci¯cation, whether the execution tree of P is a mem-
ber of S. Here, S may be given as a tree automaton or a formula in a temporal
logic such as the ¹ -calculus [14]. In classicalmodel checking, P is a ¯nite state
program modeling, for instance,hardware or network protocols. Recently , in or-
der to analyze software, this problem was generalizedto the casewhen P is a
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pushdown system. Such pushdown models can capture control °ow in typical
imperative programming languageswith recursive calls, have a decidablemodel-
checking problem against regular branching speci¯cations, and are central to
interprocedural data°ow analysis [22] and a number of software model-checking
platforms [5,11]. In this paper, we ¯x them as our program models.

Here, our focus is on speci¯cation formalisms. The motivating observation
is that regular tree languagesare not expressive enough for many interesting
speci¯cations. For example, the ¹ -calculus cannot argue about the \matc hing"
between calls and returns in a program, and, by implication, about pre/p ost-
conditions, interproceduraldata°ow requirements, and many accesscontrol prop-
erties involving the stack. While context-free speci¯cations areexpressiveenough
for these purposes,they are not closed under intersection or complement and
have an undecidablemodel-checking problem on pushdown systems.

In this paper, we identify an alternativ e phrasing of the branching-time
model-checking problem that is decidablebut is capableof expressing\context-
free" speci¯cations as above. Inspired by recent work on automata on nested
words [3,4], we model a program unfolding not by a tree, but by a directed
acyclic graph known asa nested tree that is obtained by adding a set of properly
nestedjump-edgesto a tree (seeFig. 1; the jump-edgesare dashed).Basedon the
structure of jump-edges,we can classify nodes in a nestedtree as calls (sources
of jumps), returns (their targets), and locals (the remaining nodes). In nested
trees generatedfrom programs, calls and returns model call and return sites in
the program, and jump-edgescorrespond to summary edges. Now we investigate
¯nite-state automata and logics that de¯ne regular languagesof such structures.
Then the model-checking problem is to determine if the nested tree generated
by a program belongsto a regular languageof nestedtrees.

We begin our study by consideringnondeterministic parit y automata on in-
¯nite, ordered nestedtrees (NP-NT As). An NP-NTA can sendstates along tree
edgesand jump edges,so that its state while reading a node depends on the
states at its parent and the jump-predecessor(if one exists). Since there is an
explicit jump-edge from a call to its matching return in a nestedtree, theseau-
tomata are naturally capableof matching calls with returns. Pleasantly , they are
also closedunder intersection. However, they are not closedunder complement,
so that they are unlikely to have an attractiv e logical characterization. This mo-
tivates us to consider alternating parit y automata on nested trees (AP-NT As).
These automata, more naturally de¯ned on unordered nested trees, are closed
under all Boolean operations (though not under projection). While they have
an undecidableemptinessproblem, their model-checking problem is EXPTIME-
complete, matching that for alternating tree automata on pushdown systems.

Our candidate for a canonical temporal logic for nestedtrees is NT- ¹ , a ¯x-
point calculus intro duced in our previous work [1] under the name VP-¹ and
a di®erent but equivalent interpretation. The logic NT- ¹ is evaluated over sub-
trees of a nested tree summarizing procedural contexts and can reason about
concatenationof such trees. Earlier, we establishedthat it can expressa variety
of interesting requirements not expressibleby regular tree languages,that its



¯xp oints naturally correspond to interprocedural summary computations, and
that its model-checking problem on pushdown systemsis EXPTIME-complete
(and thus no more costly than that of weaker logics such as CTL). In this pa-
per, we demonstrate that it de¯nes a robust classof languagesby proving that
it has the same expressive power as AP-NT As. Our proof1 o®erspolynomial
translations from AP-NT As to NT- ¹ and vice versa, as well as insights about
the connectionbetweenruns of AP-NT As and the notion of summariesin NT- ¹ .
This result is especially intriguing as the model-checking algorithms for NT- ¹
and AP-NT As are very di®erent in °avor|while the latter reducesto pushdown
games,the former seemsto have no connection to the various previously known
results about trees, context-free languages,and pushdown graphs.

Given the appealing trinit y of automata, ¹ -
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calculus, and MSO for regular tree languages,
we study MSO-logic over nested trees, which
extends standard MSO-logic over trees with a
predicate (x ,! y) that can check the existence
of a jump-edge between two nodes. We show
that MSO-logic is strictly more expressive than
NP-NTAs, and that the matching predicate is
too powerful leading to undecidablesatis¯abil-
it y and model checking problems.The undecid-
abilit y proof shows that the di±cult y lies with
combining second-orderexistential quanti¯ca-
tion with the matching predicate. On the other

hand, there seemsto be no way to encode setsof summariesin MSO-logic over
nestedtrees, and we conjecture that NT- ¹ cannot be translated to MSO-logic.

The paper is organized as follows. Sec. 2 de¯nes nested trees and nested
pushdown trees (nested trees generated by pushdown systems). In Sec. 3, we
de¯ne and study NP-NTAs and AP-NT As. Sec.4 describesNT- ¹ and provesits
expressive equivalencewith AP-NT As. In Sec.5, we intro duce MSO-logic over
nestedtrees,prove it to be undecidable,and show that it cannot be captured by
NT- ¹ . Sec.6 has someconcluding remarks.

2 Nested trees

We now de¯ne nestedtrees, which are directed acyclic graphs obtained by aug-
menting a tree with a set of jump-edgesrepresenting non-trivial forward jumps.
Jump-edgesdo not cross,and can capture the nesting of calls and returns in pro-
grams. We also model the intuition that if a call does not return, then neither
doesany of the calls pending up to it.

Formally, let T = (S; r; ! ) be an unordered in¯nite tree with node set S,

root r and edge relation ! µ S £ S. Let +¡ ! denote the transitiv e (but not
re°exive) closure of the edge relation, and let a path in T from node s1 be a
sequence¼= s1s2 : : : sn : : : over S, where n ¸ 2 and si ! si +1 for all 1 · i . In
this paper, we only consider trees where all maximal paths are in¯nite.
1 In the current version, we only o®erproof sketchesfor the more important theorems.

Full proofs are available in a technical report [2].



An unordered nested tree is a directed acyclic graph (T; ,! ), where,!µ T £ T
is a set of jump-edgessatisfying:

1. if s ,! t, then s +¡ ! t, and we do not have s ! t;
2. if s ,! t and s ,! t0, then neither t +¡ ! t0 nor t0 +¡ ! t;
3. if s ,! t and s0 ,! t, then s = s0;
4. if there is a path ¼such that for nodess; t; s0; t0 lying on ¼we have s +¡ ! s0,

s ,! t, and s0 ,! t0, then either t +¡ ! s0 or t0 +¡ ! t;
5. if s +¡ ! t +¡ ! s0, s ,! s0, and t ,! t0 for somet0, then there is somet00such

that t ,! t00and t00 +¡ ! s0.

We are also interested in ordered, binary nested trees (although, by default,
nestedtreesare assumedto be unordered). Let T = (S; r; ! 1; ! 2) be an ordered
binary tree, where S is a set of nodes, r is the root, and ! 1; ! 2µ S £ S are
the left and right edgerelations. Then (T; ,! ) is an ordered, binary nestedtree
if ((S; r; ! 1 [ ! 2); ,! ) is an unordered nestedtree.

For an alphabet § , a § -labeled(ordered or unordered) nestedtree is a struc-
ture T = (T; ,! ; ¸ ), where(T; ,! ) is a nestedtree with nodesetS, and ¸ : S ! §
is a node-labeling function. All nestedtrees in this paper are § -labeled.

A node s in a nestedtree such that s ,! t (t ,! s) for somet is a call (return)
node; the remaining nodes are said to be local. We note that the sets of call,
return and local nodesare disjoint. If s ,! t, then we call s the jump-predecessor
of t and t the jump-successorof s. Edgesfrom a call node and to a return node
are known as call and return edges;the remaining edgesare local. The fact that

an edge (s; t) exists and is a call, return or local edge is denoted by s cal l¡ ! t,

s ret¡ ! t, or s loc¡ ! t. For an ordered or unordered nested tree T = (T; ,! ; ¸ )
with edge set E , the structured tree of T is the node and edge-labeled tree
Struct (T ) = (T; ¸; ´ : E ! f call ; ret; locg), where ´ (s; t) = a i® s a¡ ! t.

The bisimulation relation » for nested trees is de¯ned as: two (ordered, un-
ordered) nested trees T1 and T2 are bisimilar (we write T1 » T2) if Struct (T1)
and Struct (T2) are bisimilar by the usual de¯nition of bisimulation on trees.
The bisimulation closure of a set L of nested trees is the set L » = fT 0 : T 0 »
T for someT 2 Lg. We call L bisimulation-closed if L » = L.

A few observations: ¯rst, the sets of call, return and local edgesde¯ne a
partition of the set of tree edges.Second,if s ret¡ ! s1 and s ret¡ ! s2 for distinct s1

and s2, then s1 and s2 have the samejump-predecessor.Third, the jump-edgesin
a nestedtree are completely captured by the edgelabeling in the corresponding
structured tree, so that we can reconstruct a nestedtree T from Struct (T ).

Fig. 1 depicts part of a nested tree. The jump-edgesare dashed,and call,
return, and local nodesare drawn in di®erent styles.

Nested pushdo wn trees We are particularly interested in nestedtrees gener-
ated by pushdownsystems(pushdown automata without accepting conditions),
or, equivalently , recursive state machines or Boolean programs.



Consider a pushdown system P with a set of states V , a stack alphabet
B , and initial state v0. Transitions are of the form v ¡ ! v0 (local moves),

v
push (b)
¡ ! v0 (pushes), and v

pop (b)
¡ ! v0 (pops). We assumethat if there is a push-

move (similarly , pop-move) from state v, then there are no local movesor pops
(similarly , pushes)from v. Let · : V ! § label states by an alphabet § .

A con¯guration of P is a pair (v; w), where v 2 V is a state and w 2 B ¤

is the stack; let CP be the set of con¯gurations of P. Let the con¯guration
c0 = (v0; ²) be the initial con¯guration. The con¯guration graph of P has these
con¯gurations as vertices, and an edgerelation 99Kµ CP £ CP that is the least
relation satisfying: (1) (v; w) 99K(v0; w), for w 2 B ¤, if v ¡ ! v0 is a transition in

P, (2) (v; w) 99K(v0; b:w) if v
push (b)
¡ ! v0, and (3) (v; b:w) 99K(v0; w) if v

pop (b)
¡ ! v0.

We assumethat there is an outgoing edgefrom every c 2 CP . The con¯guration
tree of P is the unordered tree TP = (SP ; c0; ¡ ! P ), whereSP µ C¤

P and ¡ ! P µ
SP µ SP are the least node set and edgerelation constructed by the rules: (1)
c0 2 SP , and (2) if s:c 2 SP and c 99Kc0 for somes 2 C¤

P and c;c0 2 CP , then we
have s:c:c0 2 SP and s:c ¡ ! P s:c:c0. Also, let us de¯ne a map Stack : SP ! B ¤

such that if a node is of the form s = s0:(v; w) for s0 2 C¤
P , then Stack(s) = w.

The nested pushdown tree generated by P is the structure CTree(P) =
(TP ; ,!µ SP £ SP ; ¸ : SP ! § ), where¸ is such that for any node s = s0:(u; w),
we have ¸ (s) = · (u), and the jump-edge relation ,! is such that s ,! t

i® Stack(s) = Stack(t) and there no node t0 such that s +¡ ! t0 +¡ ! t and
Stack(t0) = Stack(s). It is easily veri¯ed that CTree(P) is a nested tree. Intu-
itiv ely, the call and return nodes model push and pop sites in the branching
behavior of the pushdown system, and the jump-edgesmodel summary edges
relating pusheswith matching pops.

While nested trees generatedby programs are naturally unordered, we will
also consider the ordered, binary nested pushdowntree CTreeor d (P) of P. This
tree may be obtained by ordering the moves of P, lifting this order to the
(bounded-degree)con¯guration tree of P, encoding this ordered tree by a bi-
nary tree, and adding jump-edgesin the natural way. We skip the details.

3 Automata on nested trees

In this section, we study ¯nite-state automata operating on nestedtrees. Recall
that for tree automata, the state while reading a (non-root) tree node depends
on its state at the node's parent. The state of a nested tree automaton (NTA) at
a node in a nestedtree dependson its statesat the node's parent and the node's
jump-predecessor(if it exists). Wede¯ne theseautomata in nondeterministic and
alternating °avors; the natural semantics of theseare respectively over ordered
and unordered nestedtrees.

Formally, a (top-down) nondeterministic parity nested tree automaton (NP-
NTA) over § is a structure A = (Q; q0; ¢; ­ ) where Q is a ¯nite set of states,
q0 2 Q is the initial state, ¢ µ Q£ § £ (TT £ TT ), whereTT = Q[ (Q£ Q)[ f?g ,
is a transition relation, and ­ : Q ! f 0; 1; : : : ; ng, for somen 2 N, is the parity
accepting condition that assignsa priority to each automaton state.



A run of A on an ordered, binary nestedtree T = ((S; r; ! 1; ! 2); ,! ; ¸ ) is a
labeling ½: S ! Q of nodesof T by automaton states such that: (1) ½(r ) = q0,
and (2) if for some s we have ½(s) = q and ¸ (s) = ¾, and s1 and s2 are the
left and right children of s (set s1 or s2 to ? if the left or right child does not
exist), then for some(q; ¾; (¿1; ¿2)) 2 ¢ , we have: (a) if si , for i 2 f 1; 2g, is a call
or local node, then ¿i = ½(si ), (b) if si is a return node, then ¿i = (½(t); ½(si )),
where t ,! si , and (c) if si = ? , then ¿i = ? .

Let ¼i denotethe i -th vertex in a path ¼in T . A run ½of A on T is accepting
if for all in¯nite paths ¼in T , µ0 = maxf µ : ­ (½(¼i )) = µ for in¯nitely many ig
is even. An ordered, binary nested tree T is accepted if A has an accepting run
on it. The languageL(A) of A is the set of nestedtrees it accepts.

Fig. 2 illustrates part of a run of an NP-NTA on
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a nestedtree (assumethat the label of every node is
¾and that every node has a left child). Transitions
include (q1; ¾; ((q0; q2); ? )) and (q0; ¾; (q1; q2)).

Note that we can de¯ne an equivalent semantics
of NP-NTAs by letting the automaton manipulate a
stack rather than consult a node's jump-predecessor.
In this case,A pushesthe current state while taking
a call edge, pops on a return edge, and leaves the
stack unchangedon a local edge.As jump-edgesare
nested, the top of the automaton stack at a return
node stores the state at the node's matching call.

As we shall see,NP-NTAs do not have robust closure properties, so that
de¯ning alternating nestedtree automata will be worthwhile. It is more natural
to interpret theseautomata on unorderednestedtrees.Also, their semantics are
de¯ned more easily if we let them manipulate stacks of states.

Formally, for a ¯nite set Q, de¯ne the set TT (Q) of transition terms whose
members f are of the form f := tt j ® j f _ f j f ^ f j hloci q j [loc]q j hcall i q j
[call ]q j hret; q0i q j [ret; q0]q, where q; q0 2 Q. An alternating parity nested tree
automaton (AP-NT A) over § is a structure A = (Q; q0; ¢; ­ ; qf ), where Q is a
¯nite set of states,q0 2 Q is the initial state, ¢ : Q£ § ! TT (Q) is a transition
function, and ­ : Q ! f 0; 1; : : : ; ng is the parit y accepting condition.

We de¯ne the semantics of an AP-NT A A = (Q; q0; ¢; ­ ) via a parit y game.
The acceptancegame G(A ; T ) of a § -labeled nested tree T = (T; ,! ; ¸ ) by A
is played by two players A and E. The vertex set of the game graph is V =
T £ Q £ Q¤ £ TT , and the set of moves) µ V £ V is the least set such that:

{ for all v 2 V of the form (s;q; ®; f 1 _ f 2) or (s;q; ®; f 1 ^ f 2) for somev0 2
V [ f ²g, we have v ) (s;q; ®; f 1) and v ) (s;q; ®; f 2);

{ for all v 2 V of the form (s;q; ®; hloci q0)) or (s;q; ®; [loc]q0)), and for all s0

such that s loc¡ ! s0, we have v ) (s0; q0; ®; f ), where f = ¢ (q0; ¸ (s0));
{ for all v 2 V of the form (s;q; ®; hcall i q0) or (s;q; ®; [call ]q0), and for all s0

such that s cal l¡ ! s0, we have v ) (s0; q0; q:®; f ), where f = ¢ (q0; ¸ (s0));
{ for all v 2 V of the form (s;q; q00:®; hret; q00i q0) or (s;q; q00:®; [ret; q00]q0), and

for all s0 such that s ret¡ ! s0, we have v ) (s0; q0; ®; f ), wheref = ¢ (q0; ¸ (s0));



The vertex set V is partitioned into two setsVE and VA corresponding to the two
players.The setVA comprisesverticesof the form (s;q; ®; f ), wheres;q and ®are
arbitrary and f hasthe form tt , [call ]q, [loc]q, [ret; q0]q, or (f 1^ f 2). The remaining
verticesconstitute VE. We also lift the priorit y map ­ to ­ V : V ! f 0; 1; : : : ; ng
by de¯ning ­ V (s;q; ®; f ) = ­ (q) for all s;q; ®, and f .

The two players A and E play on the graph starting from the initial position
vin = (s0; q0; ²; ¢ (q0; ¸ (s0))) by moving a token along edgesof the gamegraph.
Whenever the token is in a position v, the player who owns the vertex must
move the token. Formally, a play of G is a non-empty, ¯nite or in¯nite sequence
® = v1v2 : : : that is a path in the game graph, where v1 = vin . A ¯nite play is
winning for player A if the last position is a player E vertex from which there
is no move; analogously, we de¯ne winning ¯nite plays for player E. An in¯nite
play ® is winning for player E if µ0 = maxf µ : ­ V (vi ) = µ for in¯nitely many ig
is even; otherwise A wins the play. A strategy for player E (or A) is a subset of
edgesStr µ ) such that all theseedgesoriginate in a vertex in VE (or VA)2. A
play is according to a strategy Str if all edgesin the play are in Str . A strategy
is winning if all maximal plays according to the strategy are winning.

An AP-NT A A acceptsa nestedtree T if E hasa winning strategy in G(A ; T ).
The languageL(A) of A is the set of nestedtrees acceptedby A .

We also consider automata that accept by the weaker ¯nal-state condition.
For nondeterministic versionsof such automata, a nested tree is accepted if a
special ¯nal state qf is seenalong every path in somerun on it. In alternating
versions, all in¯nite plays are won by A, and if a play reaches a game vertex
(s;qf ; ®; f ) for somes, ®, and f , then the gameterminates and E is the winner.

Closure prop erties Easy constructions show that AP-NT As are closedunder
union and intersection and that NP-NTAs are closedunder union. A product
construction su±ces to show that NP-NTAs are also closedunder intersection.
Also, AP-NT As are closedunder complement sinceone can take the dual of the
transition functions and add 1 to each priorit y, making the odd priorities even
and vice versa.This automaton will accept the complement sinceparit y games
are determined (if a nested tree is not accepted by an AP-NT A, then player
A has a winning strategy in the acceptancegame that translates to a winning
strategy for E in the dual game). Hence:

Theorem 1. AP-NT As are closed under union, intersection, and complement.
NP-NTAs are closed under union and intersection.

Observe that by our de¯nition, languagesacceptedby AP-NT As are closed
under bisimulation, while those accepted by NP-NTAs are not in general. To
compare the expressivenessof an AP-NT A and an NP-NTA meaningfully, we
need to consider the languageobtained by starting with the languageL of the
NP-NTA, stripping the order betweentree edgeso®nestedtreesin L , and closing

2 Strategies are often de¯ned in a more generalway that refer to the history of the play.
This de¯nition su±ces as parit y gamesalways admit zero-memory strategies [10].
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Fig. 3. (a) Expressivenessof AP-NT As and NP-NT As (b) Gadget for undecidabilit y

it under bisimulation.3 Formally, for a languageL of ordered nested trees, we
de¯ne Unord(L ) as the bisimulation closure of the set of nested trees ((S; r; !
); ,! ; ¸ ) such that ! = ! 1 [ ! 2 for some((S; r; ! 1; ! 2); ,! ; ¸ ) 2 L .

Now considerorderednestedtreesof the form in Fig. 3-a,where§ = f 0; 1; $g,
and ai ; bij 2 § for all i; j (while the structure in the ¯gure is not binary, it can
be encoded as such; also, the jump-edges,omitted to keepthe ¯gure clean, can
be reconstructed). Let L gap be the language of such structures where for all
i · n, there is somek · m such that an ¡ i +1 = bk i . First, we note that L gap

cannot be recognizedby an NP-NTA A N with N states. To seewhy, take a
structure as above where n = m > N , and for each 1 · i · n, there is a distinct
branch k such that an ¡ i +1 = bk i . In any run, A N must enter two branches in
the samestate; also, the sequenceof states at calls unmatched till thesepoints
are the same. We can replace one of these branches with the other to get an
accepting run on a structure not in L gap . Note that Unord(L gap ) is recognized
by AP-NT A. Hence:

Theorem 2. There is a languageL of ordered, binary nested treess.t. (1) there
is no NP-NTA accepting L , and (2) there is an AP-NT A accepting Unord(L ).

We note that the complement of the language L gap is accepted by an NP-
NTA A 0

N , which guessesthe i such that ai cannot be matched along any of
the branches,and sendsa state to each branch to check this is true. Hence:

Theorem 3. NP-NTAs are not closed under complementation.

The projection over § 1 of a languageL of (ordered, unordered) nestedtrees
over § 1 £ § 2 is the languageobtained by replacing every label (a;b) in every
nested tree T 2 L by a. For NP-NTAs, closure under projection is easy; an
NP-NTA can guessthe secondcomponent of each label and mimic the moves.
However, we can show that AP-NT As are not closedunder projection:

Theorem 4. NP-NTAs are closed under projection, but AP-NT As are not.

3 Alternativ ely, we could de¯ne AP-NT As on ordered nested trees. Under this de¯ni-
tion as well, AP-NT As are strictly more powerful than NP-NT As.



Decision problems The model-checking problem for AP-NT As on pushdown
systemsis the problem of deciding, given an AP-NT A A and a pushdown system
P, whether CTree(P) 2 L (A). An EXPTIME-hardness result for this problem
follows from the known hardnessof the model-checking problem for alternating
tree automata on pushdown systems[23].

We get an EXPTIME procedurefor this problem via a reduction to a push-
down parity game. A two-player pushdown parit y gameis a parit y gameplayed
on the con¯guration graph of a pushdown system. It is known that pushdown
parit y gamesare solvable in EXPTIME [23]. Now, given an AP-NT A A and
P, CTree(P) 2 L (A) i® player E wins the acceptancegame of A . Now recall
that call-edges(or return-edges) in CTree(P) encode push-moves(pops) of P|
however, theseedgesare also where the stack of states in the semantics of A is
pushed(popped). Thus, the stack of P is \synchronized" with the implicit stack
of A , so that the graph of the acceptancegameof CTree(P) by A happensto be
the con¯guration graph of a pushdown systemthat is roughly the \synchronized
product" of P and A. Using this, we get:

Theorem 5. The model-checking problem for AP-NT As on pushdownsystems
is EXPTIME -complete.

While model-checking for alternating NTAs is decidable,emptinessis not4.
This is provedby a reduction from the Post's CorrespondenceProblem (PCP) [12].
Consider a tuple ((u1; : : : ; uk ); (v1; : : : ; vk )), where the ui 's and vi 's are ¯nite
words over an alphabet A; the PCP is to determine if there is a sequence
i 1; : : : ; i m , where i j · k, such that ui 1 ui 2 : : : ui m = vi 1 vi 2 : : : vi m = w. Now
consider nested trees of the form in Fig. 3-b (again, jump-edgesare omitted)
such that the initial call-chain is of length m and is labeledby symbols from the
alphabet f 1; : : : ; kg, and the symbols wi on the \stem" of local nodessucceeding
this chain form the string w. Now supposethe sequenceof input symbols on the
call chain is ci m : : : ci 1 . There are two kinds of return chains hanging from the
stem|the onesmarked with the symbol ¤ (similarly $) are exactly at the points
where w may be possibly factored into ui 1 ; ui 2 ; : : : ; ui m (similarly vi 1 ; : : : ; vi m ).
Also, the i -th return chain (counting from left) of either type is of length i . Then
such a nested tree is a witness for an instance of PCP being positive. We can,
however, show that there is an alternating NTA accepting by ¯nal state that
acceptsthe set of nestedtrees bisimilar to such witnesses.In fact, we can show
that there is a nondeterministic ¯nal-state NTA that acceptsany nestedtree not
of the above form (under someordering of edges).Hence:

Theorem 6. Universality for nondeterministic NTAs and emptinessfor alter-
nating NTAs are undecidable problems,even for acceptance by ¯nal state.

However, we can prove the emptiness problem of NP-NTAs to be solvable in
EXPTIME by reducing it to that for pushdown tree automata [15].

4 This result was obtained independently by LÄoding [16].



4 A ¯xp oin t calculus for nested trees

Now we study a ¯xp oint calculus for nested trees, presented in our previous
work [1] under the name VP-¹ and a di®erent but equivalent semantics as a
speci¯cation languagefor procedural programs. This logic, which we call NT- ¹ ,
turns out to have the sameexpressive power as AP-NT As.

Formally, let AP be a ¯nite set of atomic propositions, Var be a ¯nite set of
variables, and R1; R2; : : : be a countable, ordered set of markers. For p 2 AP ,
X 2 Var , and m ¸ 0, formulas ' of NT- ¹ are de¯ned by:

'; Ãi := p j : p j X j hreti (Ri ) j [ret](Ri ) j ' _ ' j ' ^ ' j ¹X :' j º X :' j
hcall i (' )f Ã1; Ã2; :::; Ãm g j [call ](' )f Ã1; Ã2; :::; Ãm g j hloci ' j [loc] ':

The arity of a formula ' is the maximum m such that ' has a subformula
hcall i ' 0f Ã1; : : : ; Ãm g or [call ]' 0f Ã1; : : : ; Ãm g. Also, we de¯ne the constants tt
and ® in the standard way.

Formulasareevaluated at structures known assummaries. Let T = (T; ,! ; ¸ )
be an unordered nested tree labeled by § = 2AP . A node t of T is said to be
a matching exit of a node s if there is an s0 such that s0 +¡ ! s and s0 ,! t, and
there are no s00; t00such that s0 +¡ ! s00 +¡ ! s +¡ ! t00, and s00 ,! t00. Intuitiv ely,
a matching exit of s is the ¯rst \unmatc hed" return along somepath from s.
The set of matching exits of s is denoted by ME (s). For a non-negative integer
k, a summary s in T is a tuple hs;U1; U2; : : : ; Uk i , where s 2 T, k ¸ 0, and
U1; U2; : : : ; Uk µ ME (s). The set of summariesin a structured tree T is denoted
by SummS .

Let the free variables in a formula ' be denoted by Free(' ). Then ' is
interpreted in an environment E : Free(' ) ! 2Summ S

that maps variables to
setsof summaries.Someof the clausesthat de¯ne the truth of a formula ' at a
summary s = hs;U1; : : : ; Uk i are:

{ s; E j= p i® p 2 ¸ (s); s; E j= X i® s 2 E(X )
{ s; E j= ' 1 _ ' 2 i® s; E j= ' 1 or s; E j= ' 2

{ s; E j= hcall i (' 0)f Ã1; Ã2; :::; Ãm g i® there is a t 2 S such that s cal l¡ ! t, and
also a summary t = ht; V1; V2; : : : ; Vm i satisfying (1) t ; E j= ' 0, and (2) for
all i and all s0 2 Vi , hs0; U1 \ ME (s0); U2 \ ME (s0); : : : ; Uk \ ME (s0)i ; E j= Ãi .

{ s; E j= hloci ' 0, i® there is a t 2 S such that s loc¡ ! t, and also a summary
t = ht; V1; V2; : : : ; Vk i such that (1) Vi = ME (t) \ Ui , and (2) t ; E j= ' 0

{ s; E j= hreti (Ri ) i® there is a t 2 S such that s ret¡ ! t and t 2 Ui

{ s; E j= ¹X :' 0, i® s 2 S for all S µ SummS such that: for all t such that
t ; E[X 7! S] j= ' 0, t 2 S

Here E[X 7! S] is the environment E0 such that (1) E0(X ) = S, and (2)
E0(Y ) = E(Y ) for all variables Y 6= X .

Consider the unique empty environment E? : ; ! SummS . A nested tree T
with initial node s0 satis¯es a formula ' i® hs0; ; ; :::; ;i ; E j= ' . The languageof
' , denoted by L (' ), is the set of nestedtrees satisfying ' .



Now consider the problem of model-checking NT- ¹ over nested pushdown
trees, i.e. determining, given a pushdown system P and an NT- ¹ formula ' ,
whether CTree(P) satis¯es ' . We previously gave an EXPTIME procedurefor
this problem [1]. Interestingly, this procedure involves a ¯xp oint computation
over equivalenceclassesof summaries,mirroring symbolic model-checking algo-
rithms for the ¹ -calculus, and has no direct connection to pushdown games.We
also establishedthat the satis¯abilit y problem for NT- ¹ is undecidable.

Relation between NT- ¹ and NT As We now establish our main theorems,
which show that AP-NT As are exactly as expressive as NT- ¹ .

Theorem 7. Given any closed NT- ¹ formula ' , one can construct an AP-NT A
A ' such that for any nested tree T , T 2 L (' ) i® T 2 L(A ' ). The size of A ' is
polynomial in the size of ' .

Proof. (Sketch) The AP-NT A A ' is over an input alphabet 2AP . For every
subformula Ã of ' , A ' has a state qÃ . The initial state is q' .

For any variable X in ' , let ª (X ) be the subformula of form ¹X :' 0 or º X :' 0

that binds X (we assumethat each variable in ' is bound at most once). For
instance,if ' = hcall i (¹X :(p_ X )) f qg, then ª (X ) = ¹X :(p_ X ). For each bound
variable X in ' , the state qX is identi¯e d with the state qª (X ) .

Let p 2 AP , and ¾2 2AP . The transition relation ¢ of A ' is de¯ned induc-
tiv ely over the structure of ' :

¢ (qp; ¾) = tt if p 2 ¾, else®
¢ (q' 1 ^ ' 2 ; ¾) = ¢ (q' 1 ; ¾) ^ ¢ (q' 2 ; ¾)
¢ (q' 1 _ ' 2 ; ¾) = ¢ (q' 1 ; ¾) _ ¢ (q' 2 ; ¾)
¢ (q¹X :' 0; ¾) = ¢ (q' 0; ¾)
¢ (qº X :' 0; ¾) = ¢ (q' 0; ¾)
¢ (qhcal l i ( ' 0) f Ã1 ;:::;Ã k g; ¾) = hcall i q' 0

¢ (q[cal l ]( ' 0) f Ã1 ;:::;Ã k g; ¾) = [call ]q' 0

¢ (qhloci ' 0; ¾) = hloci q' 0

¢ (q[loc]' 0; ¾) = [loc]q' 0

¢ (qhret i R i ; ¾) = _Á0;Ã 1· j · k (hret; qhcal l i (Á0) f Ã1 ;:::;Ã k g i qÃ i _ hret; q[cal l ]( Á0) f Ã1 ;::: ;Ã k g i qÃ i )
¢ (q[ret ]R i ; ¾) = _Á0;Ã 1· j · k ([ret; qhcal l i Á0f Ã1 ;:::;Ã k g]qÃ i _ [ret; q[cal l ]Á0f Ã1 ;::: ;Ã k g]qÃ i )

The proof is similar in spirit to a known translation from the ¹ -calculus to
alternating tree automata [9]. The main di®erence,of course,is in the call and
r et clauses.At a call in a nestedtree, the state of A ' contains information about
the return conditions that ' asserts.When a matching return (jump-successor)
is reached, A ' consults this state and checks that the return assertionshold.

The priorit y of states of the form q¹X :' and qº X :' are respectively odd and
even, and roughly equal to the alternation depth of ' . The priorit y for all other
states is 0. The correctnessproof for parit y acceptanceis along the lines of [9].

Theorem 8. Given any AP-NT A A, one can construct an NT- ¹ formula ' A

such that for any nested tree T , T 2 L (' A ) i® T 2 L(A). The size of ' A is
polynomial in the size of ' .



Proof. (Sketch) We skip the full proof and establish the above for alternating
nestedtree automata A accepting by a ¯nal state qf . We write the formula ' A

using a set of equationsrather than in the standard form. Translation from this
equational form to the standard form is as for the modal ¹ -calculus [10].

Let Q = f q1; : : : ; qn g and TT respectively be the setsof statesand transition
conditions of A . For each q 2 Q, we have a marker Rq; for each pair of states
q; q0 2 Q, we have a variable X q;q0. Intuitiv ely, a summary hs;Uq1 ; : : : ; Uqn i is
collected in X q;q0 i® A has a way to start at node s at state q, and end up at a
return s0 2 Uqj in state qj , having checked that q0 wasthe state of the automaton
in the current play at the jump-predecessorof s0. Now for each pair of states
q; q0 2 Q, we de¯ne a map Fq;q0 : TT ! ©, where© is the set of NT- ¹ formulas:

Fq;q0(tt ) = tt Fq;q0(®) = ®
Fq;q0(f 1 ^ f 2) = Fq;q0(f 1) ^ Fq;q0(f 2)
Fq;q0(f 1 _ f 2) = Fq;q0(f 1) _ Fq;q0(f 2)
Fq;q0(hcall i q00) = hcall i (X q00;q)f X q1 ;q0; : : : ; X qn ;q0g
Fq;q0([call ]q00) = [call ](X q00;q)f X q1 ;q0; : : : ; X qn ;q0g
Fq;q0(hloci q00) = hloci X q00;q0 Fq;q0([loc]q00) = [loc]X q00;q0

Fq;q0(hret; qi q00) = hreti (Rq00) Fq;q0([ret; q]q00) = [ret]Rq00

Then the formula ' A is the formula corresponding to X q0 ;° 0 when taking the
least ¯xp oint of the following equations:

X q;q0 =
½

tt if q = qfW
¾µ AP ((^ p2 ¾p) ^ (^ p =2 ¾: p) ^ Fq0;q(¢ (q; ¾) _ ¢ r (q; ¾))) otherwise.

5 Monadic second-order logic on nested trees

We now study monadic second-order (MSO) logic interpreted on orderednested
trees.Formulas in MSO-logic are built over a set of ¯rst-order variables(x; y : : :)
and a set of second-ordervariables (X ; Y; : : :), ranging over nodes and sets of
nodes in a nested tree T . For each ¾ 2 § , the signature of MSO-logic has a
unary predicate Q¾, where Q¾(s) is true at a node s i® s is labeled by ¾; we
also have a binary equality predicate x = y. There are also left and right edge
predicatesx ! 1 y and x ! 2 y, and a jump-edgepredicate x ,! y.

The syntax of MSO-logic is: ' := Q¾(x) j : ' j ' _ ' j x = y j x ! 1 y j x ! 1

y j x ,! y j 9x:' j 9X :' j X (x): The semantics is the natural one on ordered
nestedtrees.The languageL(' ) of ' is the set of nestedtreesthat satisfy it; ' is
said to be bisimulation-closedif L (' ) is bisimulation-closed.The model-checking
problem is: given ' and a pushdown system P, doesCTreeor d (P) satisfy ' ?

While MSO-logic over trees is decidable, MSO-logic over nested tree struc-
tures is not. To see why, note that the gadget S used to prove Theorem 6
(Fig. 3-b) may be embeddedin the ordered nestedpushdown tree T of a simple
pushdown system. Using existential set quanti¯cation, MSO-logic can select S
from T , so that there is a ' that holds on T i® gadgetsas above exist. Hence:



Theorem 9. The model-checking problemfor (eventhe bisimulation-closed frag-
ment of) MSO-logic on nested pushdowntrees is undecidable.

The satis¯abilit y problem for MSO on nestedtrees is also undecidable.Further:

Theorem 10. There is a bisimulation-closed MSO-logic formula ' such that
there is no AP-NT A A satisfying L (A) = Unord(L (' )) .

It is natural to askif MSO-logic is moreexpressive than nestedtree automata.
It indeed turns out that runs of any NP-NTA A can be encoded by an MSO-
logic formula ' A . The latter usesexistential quanti¯cation over sets to \guess"
a global labeling of the nodes of a nested tree by states of A , and uses the
predicates¡ ! and ,! to check the consistencyof this guess.We can show that:

Theorem 11. For every NP-NTA A, there is an MSO-logic formula ' A such
that L (A ) = L (' ).

However, a \jump-edge" predicate seemstoo weak to capture the interplay of
recursion and Boolean closure in AP-NT As; higher-order quanti¯cation seems
necessary. We conjecture that there is a languageL recognizedby an AP-NT A
such that there is no MSO formula ' that recognizesL or d , whereUnord(L or d ) =
L , making MSO neither lessnor more expressive than AP-NT As.

6 Conclusions

This paper intro duces nested trees, a class of graphs that naturally abstract
branching behaviors of structured programs. Di®erent ways to de¯ne languages
over nestedtreesare explored. Of these,alternating automata and the logic NT-
¹ are found to have attractiv e closure and decidability properties. The central
result, the equivalence of NT- ¹ and AP-NT As, is the analog of the the well-
known expressive equivalencebetweenthe ¹ -calculusand alternating parit y tree
automata. On the other hand, nondeterministic automata and MSO-logic turn
out to be lessrobust here than in the classicalsetting.

It is interesting to contrast the bene¯ts of modeling programs by nested
structures rather than word or tree structures for linear-time and branching-time
model-checking. In the linear-time case,model checking correspondsto language
inclusion, and the frontier of checkable speci¯cations expandsfrom regular word
languagesto nested word languages[3,4]. In the branching-time case,model
checking corresponds to membership, and the answer to this question changes
from regular tree languagesto languagesof nested trees. This is becausein the
world of nested tree languages,alternation adds to the power of acceptors,and
interacts with the abilit y to \jump" to create a new decidability frontier.

Open theoretical questions include establishing that MSO-logic on nested
trees cannot capture the third-order ¯xp oints of NT- ¹ . Also, we believe that
nestedtreesare conceptually fundamental and merit further study. Applications
beyond program veri¯cation are possible: nested word structures are already
known to have connectionswith XML query languages,since XML documents
have a natural matching tag structure that can be modeled by jump-edges.
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