
CIS 673: Lecture 9: Oct 4

Decision Problems

� For an STL formula �, the characteristic �-region

of K is the region

[[�]]K = fs 2 � j s j=K �g

of states in � that satisfy the formula �.

� K satis�es � if all initial states do: �I � [[�]]K

� Satis�ability: Is there an observation structure

that satis�es �?

� Validity: Do all observation structures satisfy �?

� Model Checking Problem:

{ Input: STL-formula � and a �-structure K

{ Output: Yes if K satis�es �, No otherwise
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� Veri�cation Problem:

{ Input: Reactive module P and STL-formula

� whose atomic formulas involve observable

variables of P

{ Output: Do all initial states of P satisfy �?

Answer to the model checking problem (KP ; �)

� All these de�nitions are applicable to all state

logics, logics that are interpreted at states of

observation structures
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Remarks on STL

� Safety: Semantics de�ned using only �nite

trajectories.

� The operator 83 (inevitably-eventually) is

missing

� Coming later: in�nite trajectories, fairness, full

logic CTL

� CTL model checkers: SMV, Mocha (C-version)

� Specifying properties that refer to events and

what happens during transitions: Event STL

� About notation:

{ Manna-Pnueli school: 93, 82,

{ Clarke-Emerson school: EF , AG,
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Model Checking

� Given an observation structure K and an STL-

formula �, do all initial states of K satisfy �?

� Compute the characteristic region [[�]]

� Model checking: checking a mathematical model

against a temporal-logic formula

� Introduced in the context of CTL in 1981

(Clarke-Emerson, Queille-Sifakis)
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Subformulas

� To compute [[�]], we will compute [[ ]] for every

subformula  of �.

� The set Sub(�) of subformulas of the Stl formula

� is de�ned inductively:

Sub(p) = fpg for an atomic formula p;

Sub( _�) = f _�g[Sub( )[Sub(�);

Sub(: ) = f: g [ Sub( );

Sub(9
  ) = f9
  g [ Sub( );

Sub( 9U�) = f 9U�g[Sub( )[Sub(�).

� Function OrderedSub(�): returns a queue with

the subformulas of � such that a formula appears

only after all its subformulas

� OrderedSub((p^ q)9U(:9
 r)) may return the

queue

(p; q; r; p^ q;9
 r;:9
 r; ((p^ q)9U(:9
 r))
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Enumerative Algorithm

� For each state s, maintain a set �(s) � Sub(�)

of subformulas of � that are satis�ed by s

� Initially all the sets �(s) are empty.

� Process subformulas one by one in the order given

by OrderedSub.

� Case analysis based on nature of the subformula

6



STL Model Checking

Input: an Stl formula �, and a �-structure

K whose reachable substructure is �nite.

Output: the answer to the model-checking

problem (K;�).

�R := Reach(K);

foreach s in �R do �(s) := EmptySet ;

foreach  in OrderedSub(�) do

case  of

....

end case

od;

foreach s in InitQueue(K) do

if not IsMember(�; �(s)) then

return No

return Yes.
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Case Analysis

case  = p for an atomic formula p:

foreach s in �R do

if AtomicCheck(s; p;K) then

�(s) := Insert(p; �(s))

case  = �1 _ �2:

foreach s in �R do

if IsMember(�1; �(s)) or IsMember(�2; �(s))

then �(s) := Insert( ; �(s))

case  = :�:

foreach s in �R do

if not IsMember(�; �(s))

then �(s) := Insert( ; �(s))

case  = 9
 �:

foreach s in �R do

foreach t in PostQueue(s;K) do

if IsMember(�; �(t)) then

�(s) := Insert( ; �(s))

case  = �19U�2: ......

end case
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Checking Until Formulas

� We know the states satisfying �1 and the states

satisfying �2, and wish to compute the states

satisfying �19U�2.

� De�ne a subgraph H of K:

{ A state s is an initial state ofH i� the formula

�2 belongs to �(s).

{ The graph H has an edge from s 2 � to

t 2 � i� (1) K has a transition from t to s

and (2) the formula �1 belongs to �(t).

� s j=K �19U�2 i� the vertex s is reachable in the

graph H .

� The set [[�19U�2]] can be computed by a depth-

�rst-search in H

� Of course, no need to constructH explicitly, only

on-the-
y
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Illustration of Model Checking

� Model checking � = (p _ q)9Ur

� First label states with p, q, and r. Then with

p _ q, and then compute [[�]]

s0

s1

s2

s3

p _ q

p _ q

p _ q

r

10



Algorithm for Checking Until

case  = �19U�2:

� := EmptySet ;

� := EmptyStack ;

foreach s in �R do

if IsMember(�2; �(s)) and not IsMember(s; �)

then � := Push(s; � );

� := Insert(s; �)

while not EmptySet(� ) do

t := Top(� );

� := Pop(� );

�(t) := Insert( ; �(t));

foreach u in PreQueue(t;K) do

if IsMember(�1; �(u)) and not IsMember(u; �)

then � := Push(u; � );

� := Insert(u; �)
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Complexity Analysis

� Processing of each subformula takes linear time

O(m + n)

� Total running time O(` �(n+m)), where ` is size

of formula

� Just like reachability, there exists a space-eÆcient

version: Nondeterministic algorithm that runs in

space O(` � log m).

� Structure complexity is NL

� Complexity of STL veri�cation (P; �): O(` �2jP j)

Alternatively, PSPACE

� Many of the heuristics for invariant veri�cation

continue to apply
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Symbolic Model Checking

Input: an Stl formula �, and a �-structureK.

Output: the answer to the model-checking

problem (K;�).

foreach  in OrderedSub(�) do

case  = p: [[ ]] = [[p]]

case  = �1 _ �2: [[ ]] = [[�1]] [ [[�2]]

case  = :�: [[ ]] = [[true]] n [[�]]

case  = 9
 �: [[ ]] = PreReg([[�]]; K)

case  = �19U�2:

� := [[false]];

� := [[�2]];

while � 6� � do

� := � [ � ;

� := PreReg(�;K) \ [[�1]]

end case

if InitQueue(K) � [[�]] then return Yes

else return No.
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Theory of Temporal Logics

� How do we compare two logics? e.g. fragments

of STL

� When do two states satisfy the same STL

formulas?

� Can we use quotients to model check STL?

� Distinguishing Power: a formula distinguishes

two states if true in one, and false in another

� Expressive Power: equivalence of formulas
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State Equivalences

� A state equivalence ' is a family of relations

which contains for each observation structure K

an equivalence 'K on the state space of K

� Examples:

{ state equality =

{ propositional equivalence �: two states with

identical observations are equivalent

{ Bisimilarity, similarity, trace equivalence

� The state equivalence '1 is as distinguishing as

'2, if for all K, the equivalence '1
K re�nes the

equivalence '2
K .

� The state equivalence '1 is more distinguishing

than '2, if '1 is as distinguishing as '2, but not

vice versa.
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Bisimilarity

� De�nition: Coarsest stable re�nement of the

observational equivalence

� The equivalence �= on the states of K is a

bisimulation of K if

{ hhsii = hhtii

{ if s ! s0, then there is a state t0 such that

t! t0 and s0 �= t0

{ if t ! t0, then there is a state s0 such that

s! s0 and s0 �= t0.

� Two states s and t of K are bisimilar i� there is

a bisimulation �= of K such that s �= t.

� Many alternative descriptions: games, greatest

�xpoints, as a limit of a sequence of less

distinguishing sequences

16



Game Formulation of Bisimilarity
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In�nite Hierarchy of Equivalences

� Two states are i-step bisimilar if in bisimilarity

game the adversary has no winning strategy that

requires at most i moves.

� De�ne �0=�.

� Given �i, let s �i+1
K t i�

{ hhsii = hhtii

{ if s ! s0, then there is a state t0 such that

t! t0 and s0 �i
K t0

{ if t ! t0, then there is a state s0 such that

s! s0 and s0 �i
K t0.

� The bisimilarity equivalence equals the

intersection of all i-step relations �i. Note: This

relaies on the fact that observation structures has

�nite nonobservable nondeterminism.
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Hierarchy

Theorem: For every i, the equivalence �i+1 is more

distinguishing than �i.
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Distinguishing Power of Logics

� Each logic � induces an equivalence '�: The

two states s and t of K are �-equivalent if for all

�-formulas �, s j=K � i� t j=K �.

� To compare two logics, compare the induced

equivalences.

� Any state equivalence that is as distinguishing as

'� is an abstract semantics for �.

� The equivalence '� is called the fully-abstract

semantics fro �.
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STL and Bisimilarity

� Thm: Bisimilarity is a fully-abstract semantics

of STL

{ Two bisimilar states satisfy the same set of

STL formulas

{ If two state are not bisimilar, then some STL

formula distinguishes them.

� Fragments of STL:

{ STL
: only next formulas (no until)

{ STLU : only until formulas (no next)

� If two state are not bisimilar, then some STL


formula distinguishes them.

� STL and STL
 have same distinguishing power
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Application to Model Checking

� To solve STL model checking problem (K;�):

{ Compute bisimilarity partition'B by solving

partition re�nement problem (K;�)

{ Check � on the quotient of K wrt 'B

� General stratgey: for a logic �, compute a

quotient with an abstract semantics ', and solve

model checking on quotients

� Subtlety: Logic should admit abstraction

{ For every �, and every equivalence ' as

distinguishing as'�, characteristic region [[�]]K
should equal

S
[[�]]K='.

{ All reasonable logics like STL admit

abstraction
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Stuttering

� A reactive module stutters when its observable

state stays unchanged.

� Perhaps number of rounds for which the

module stutters is not important

(e.g. asynchronous modules)

� Motivation: Perhaps we can get a coarser

equivalence if we ignore the stuttering

� Stutter Closure of an Observation Struture K:

{ let s !S t if there is an source-s trajectory

s0::m with sink t such that for all 0 � i < m,

hhsiii = hhsii

{ The stutter closure KS is obtained by

replacing ! with !S.
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Stutter Insensitive Equivalences

� For a state equivalence', de�ne its stutter-closure

as the equivalence �=:

{ Two states s and t of K are �=-equivalent if

they are '-equivalent in KS

� An equivalence is called stutter-insensitive if it

equals its stutter closure

� Bisimilarity is not stutter insensitive, its stutter

closure is called weak bisimilarity

� Stutter closure can make more states equivalent:

bisimilarity is more distinguishing than weak

bisimilarity
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Stutter Insensitive Logics

� A logic � is stutter insensitive if the induced

equivalence '� is.

� STL is not stutter insensitive: next-formulas can

distinguish between weakly-bisimilar states

� Are until-formulas stutter insensitive?

� Thm: Weak bisimilarity is a fully abstract

semantics for STLU

{ STLU is stutter insensitive

{ To check STLU formulas, we can take

quotients wrt weak bisimilarity (potentially

fewer classes)

� STL
 is more distinguishing than STLU .
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Expressive Power

� Can until be expressed using next and

eventually?

� The logic � is as expressive as the logic 	 if for

every formula � of 	, there exists a formula  

of � such that for every K, the characteristic

regions [[�]]K and [[ ]]K are identical.

� The logic � is more expressive than the logic 	

if � is as expressive as 	, but not vice versa.

� Greater distinguishing power implies greater

expressive power, but logics with di�erent

distinguishing powers can be equally expressive.
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Expressive Power of Fragments

� Thm1: The logic STL
 is not as expressive as

the logic STLU .

{ The formula 93p is not equivalent to any

formula of STL
.

� Thm2: The logic STLU is not as expressive as

the logic STL
.

{ The formula 9
 p is not equivalent to any

formula of STLU .

� Even though 
 is suÆcient to distinguish non-

bisimilar states, it cannot express until.
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