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ABSTRACT. A hybrid system is a dynamical system with both discrete and continuous state changes.
For analysis purposes, it is often useful to abstract a system in a way that preserves the properties
being analyzed while hiding the details that are of no interest. We show that interesting classes of
hybrid systems can be abstracted to purely discrete systems while preserving all properties that are
definable in temporal logic. The classes that permit discrete abstractions fall into two categories.
Either the continuous dynamics must be restricted, as is the case for timed and rectangular hybrid
systems, or the discrete dynamics must be restricted, as is the case for o-minimal hybrid systems. In

this paper, we survey and unify results from both areas.

1. INTRODUCTION

Hybrid systems combine both digital and analog components, in a way that is useful for the analysis
and design of distributed, embedded control systems. Hybrid systems have been used as mathemat-
ical models for many important applications, such as automated highway systems [40, 50, 79], air
traffic management systems [49, 51, 74], embedded automotive controllers [12, 59], manufacturing
systems [64], chemical processes [28], robotics [6, 71], real-time communication networks, and real-
time circuits [53]. Their wide applicability has inspired a great deal of research from both control
theory and theoretical computer science [1, 2, 7, 9, 10, 29, 31, 52, 75].

Many of the above motivating applications are safety critical, and require guarantees of safe operation.
Consequently, much research focuses on formal analysis and design of hybrid systems. Formal analysis
of hybrid systems is concerned with verifying whether a hybrid system satisfies a desired specification,
like avoiding an unsafe region of the state space. The process of formal design consists of synthesizing
controllers for hybrid systems in order to meet a given specification. Both directions have received
large attention in the hybrid systems community, and the reader is referred to [3, 11, 23, 25, 33, 42,

55, 73] for expositions to much of the research in the field.

In this paper, we are interested in the formal analysis of hybrid systems. The formal analysis of
large scale, hybrid systems is typically a very difficult process due to the complexity and scale of the
system. This makes the use of computational or algorithmic approaches to the verification of hybrid
systems very desirable, whenever possible. We are therefore interested in developing computational

procedures which, given a hybrid system and a desired property, will verify in a finite number of
1
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steps whether the system satisfies the specification or not. Given a class of hybrid systems 7, and
a class of desired properties P, a class of verification problems is called decidable, if there exists a
computational procedure which, given any system H € H, and any property P € P, will decide in
a finite number of steps whether H satisfies P. Decidability is not an issue in the verification of
purely discrete systems modeled by finite state machines, since in the worst case verification can be
performed by exhaustively searching the whole state space. However, in the case of hybrid systems,
decidability is a central issue in algorithmic analysis, because of the uncountability of the state space.

The main focus of this paper is on identifying decidable verification problems for hybrid systems.

A natural way to show that a class of analysis problems is decidable, is the process of abstraction.
Given a hybrid system and some desired property, one extracts a finite, discrete system while pre-
serving all properties of interest. This is achieved by constructing suitable, finite and computable
partitions of the state space of the hybrid system. By obtaining discrete abstractions which are fi-
nite, and preserve properties of interest, analysis can be equivalently performed on the finite system,
which requires only a finite number of steps. Checking the desired property on the abstracted system
should be either equivalent to or sufficient for checking the property on the original system. Only
if no equivalent abstraction can be found, one may be content with a sufficient abstraction, where
checking the desired property on the abstracted system is sufficient for checking the property on the
original system [20].

In this paper, we focus on equivalent discrete abstractions of hybrid systems along with the classes
of properties they preserve. We show that there are many interesting classes of hybrid systems
which can be abstracted by finite systems for analysis purposes. Properties about the behavior of a
system over time are naturally expressible in temporal logics, such as Linear Temporal Logic (LTL)
and Computation Tree Logic (CTL) [26]. Preserving LTL properties leads to special partitions of
the state space given by language equivalence relations, whereas CTL properties are abstracted by
bisimulations. A detailed exposition to the use of various logics in hybrid systems can be found
in [23]. Similar concepts and constructions, but from a hierarchical control perspective, can be found
in [16, 61, 62, 63]. There is also a body of work on sufficient abstractions of hybrid systems, for
which the reader is referred to [18, 21, 34, 30, 60, 67, 70].

There are immediate obstacles due to undecidability. For example, in [37] it was shown that checking
reachability (whether a certain region of the state space can be reached) is undecidable for a very
simple class of hybrid systems, where the continuous dynamics involves only variables that proceed
at two constant slopes. These results immediately imply that more general classes of hybrid systems
cannot have finite bisimulation or language equivalence quotients. Therefore, our search for discrete
abstractions of hybrid systems is limited by this result. Given this limit, we show that hybrid systems

that can be abstracted fall into two classes. In the first class, the continuous behavior of the hybrid
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system must be restricted, as in the case of timed automata [5], multirate automata [4, 58], and
rectangular automata [37, 68]. In the second class, the discrete behavior of the hybrid system must

be restricted, as in the case of order-minimal hybrid systems [44, 45, 46].

In this paper, we present in a unified way all these results which collectively define a very tight
boundary between decidable and undecidable questions about hybrid systems. We do not focus on
complexity issues or the implementation of these algorithms by verification tools like KRONOS [24],
CosPAN [8], UrPAAL [48], and HYTECH [35]. It should be noted that, in practice, the algorithms
implemented by the above tools work directly on the original system, and do not construct an
equivalent finite abstraction first. However, the decidability results presented in this paper for finite
abstractions provide correctness and termination arguments for the algorithms implemented by the
tools [37, 38, 39]. Therefore, the approach described in this paper should be understood as theoretical

background underlying the implementations.

More specifically, in Section 2, we introduce the reader to the notion of transition systems which
should be thought of as graphs with a possibly infinite number of nodes (representing states) and
edges (representing transitions). Desired properties of transition systems will be expressed as for-
mulas in various temporal logics. We will review the important notions of language equivalences
and bisimulations of transition systems, along with temporal logic properties they preserve, namely,
Linear Temporal Logic and Computation Tree Logic. In Section 3, after a general definition of hybrid
systems, we describe the transition systems generated by our hybrid system model. This allows us
to apply the framework of Section 2 to the various classes of hybrid systems we consider in this
paper. We then immediately present some undecidability results, which provide a clear boundary
for applying the framework of Section 2. As a result, our search for decidable classes of hybrid
systems is limited by this boundary. This forces us to consider hybrid systems with either simple
continuous dynamics (Section 4), or simple discrete dynamics (Section 5). The latter are based on

various first-order logical theories. A brief introduction to first order logic is given in Appendix A.

2. TRANSITION SYSTEMS

Transition systems are graph models, possibly with an infinite number of states or transitions.

Definition 2.1 (Transition Systems). A transition system T = (Q,II, —, =, Qo) consists of:

A (possibly infinite) set Q of states,
A finite alphabet II of propositions,

A transition relation - C Q X @, and
A satisfaction relation |=C Q x II, and
A set Qg C Q of initial states.
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A state ¢ is predecessor of a state ¢o, and ¢o is a successor of ¢, written ¢ — ¢o, if the transition
relation — contains the pair (g1,92). A state ¢ satisfies a proposition m, written ¢ = =, if the
satisfaction relation |= contains the pair (g, 7). The transition system T is finite if the cardinality of
Q is finite, and it is infinite otherwise. We assume that every transition system is deadlock free, that

is, for every state g € ), there exists a state ¢’ € @ such that ¢ — ¢'.
A region is a subset P C () of the states. The sets of predecessor and successor states of P are
(2.1) Pre(P) = {¢q€@ | I3pe P.q— p}
(2.2) Post(P) = {qe€@ | IpeP.p—q}

The set of states that are accessible from P in two transitions is Post(Post(P)), and is denoted
Post?(P). In general, Post'(P) consists of the states that are accessible from P in i transitions.
Pre!(P) is defined similarly. Then

(2.3) Pre*(P) = UPrei(P)
1€EN

(2.4) Post*(P) = | ] Post'(P)
1€EN

are the set of states that are backward and forward reachable from P, that is, accessible in any number
of transitions. In particular, Post*(Qy) is the set of reachable states of the transition system 7', and
is denoted by Reach(T).

A problem that is of great interest for transition systems is the reachability problem. Given a

proposition w € II, we write [7] = {q € Q | ¢ | 7} for the set of states that satisfy .

Problem 2.2 (Reachability Problem). Given a transition system T = (Q,II, —, =, Qo) and a propo-
sition m € 11, is Reach(T)N[x] #0 ¢

If the proposition 7 encodes an undesirable or unsafe region of the state space, then solving reacha-
bility corresponds to checking if the system is safe. In this paper, we are interested in computational
approaches to the solution of the reachability problem. The following algorithm computes the reach-

able space until either a state satisfying 7 is reached, or no more reachable states can be added.

Algorithm 1 (Forward Reachability Algorithm)

initially R := Qo;

while true do
if RN [x] # 0 then return “unsafe” end if;
if Post(R) C R then return “safe” end if;
R := RU Post(R)
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end while

A backward reachability algorithm which starts with [7] and checks whether Pre*([#]) N Qo # 0
can be similarly constructed. Such iterative algorithmic approaches to checking system properties
are guaranteed to terminate if the state space of the transition system is finite, since in the worst
case they can only visit a finite number of states. If the state space is infinite, then there is, in
general, no guarantee that the forward reachability algorithm will terminate within a finite number
of iterations of the loop. It could continue adding states forever without ever reaching the target
region [7] or a fixed point R such that Post(R) C R. In this paper, our goal is to find classes
of infinite transition systems whose analysis can be performed on equivalent but finite transition
systems. This is accomplished by constructing suitable finite quotients or discrete abstractions of the

original system in the sense that they preserve the properties of interest while omitting detail.

In addition to reachability, the desired system specification may require more detailed system prop-
erties. For example, one may wish to encode the requirement that a system failure is eventually
followed by a return to the normal mode of operation. More abstractly, if the transition system
visits a region Pj, encoding a failure, then eventually it will reach a region Ps, encoding normal
operation. Such properties can be encoded as formulas in temporal logic [65]. Formulas of tem-
poral logic are thus used to formally specify properties of systems, such as reachability, invariance,
or response properties. In the sequel, after defining the notion of quotient transition systems, two
kinds of equivalence relations, language equivalences and bisimulations, are considered along with
two popular temporal logics, Linear Temporal Logic (LTL) and Computation Tree Logic (CTL),

whose properties they preserve.

An equivalence relation ~ C ) X Q on the state space is proposition preserving if for all states p,q € Q
and all propositions © € II, if p ~ ¢ and p |= =, then ¢ = m; that is, the region [r] is a union of
equivalence classes. Given a proposition-preserving equivalence relation ~, the definition of quotient
transition system T/. is natural. Let @ /. denote the quotient space, that is, the set of equivalence
classes. For a region P, we denote by P/. the collection of all equivalence classes which intersect P.
The transition relation —. on the quotient space is defined as follows: for P;, P, € Q/., we have
P, —. P, iff there exist two states ¢ € P; and g9 € P, such that g; — go. The satisfaction relation
=~ on the quotient space is defined as follows: for P € Q/., we have P |=. = iff there exists a state
q € P such that ¢ = 7. The quotient transition system is then 7'/, = (Q/~,II, =, F~, Qo/~)-

2.1. Language equivalences preserve linear temporal properties. Let ¢ € @ be a state of
the transition system 7" = (Q,II, =, =, Qo). Given a state ¢ € Q, let II, = {w € I1 | ¢ |= 7} be
the set of propositions that are satisfied by g. A trajectory generated from ¢ is an infinite sequence

G0q192 - - - such that qo = ¢ and for all ¢+ € N, we have ¢; — ¢;41. This trajectory defines the word
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T4 g, g, . .. The set of words that are defined by trajectories generated from ¢ is denoted by L(g),
and called the language of the state g. The set |J 4€Q0 L(q) of words that are defined by trajectories

generated from initial states is denoted by L(T'), and called the language of the transition system 7.

Definition 2.3 (Language Equivalences). Let T be a transition system with state space Q. An equiv-

alence relation ~r on Q is a language equivalence of T if for all states p,q € Q, if p ~1 q, then
L(p) = L(q)-

Note that every language equivalence is proposition preserving. Every language equivalence ~p,
partitions the state space and gives rise to the quotient transition system 7'/.,, which is called a
language equivalence quotient of T. The formulas of Linear Temporal Logic (LTL) are interpreted over

words, and hence the properties expressed in LTL are preserved by language equivalence quotients.

Definition 2.4 (Linear Temporal Logic [66, 54]). The formulas of Linear Temporal Logic (LTL) are
defined inductively as follows:

e Propositions FEvery proposition w is a formula.

e Formulas If ¢1 and ¢o are formulas, then the following are also formulas:

P11V P2 —¢1 Odh Pl

The formulas of LTL are interpreted over infinite sequences of sets of propositions. Consider a
word w = TIgIl{II5..., where each II; is a set of propositions. The satisfaction of a proposition
7 at position ¢ € N of word w is denoted by (w,) = m (which should not be confused with the
satisfaction relation = which tells us whether a state satisfies a proposition), and holds iff = € II;.

We can then recursively define the semantics for any LTL formula as follows:

e (w,i) L ¢1 V ¢ if either (w,i) =L ¢1 or (w,i) L do

) L g1 if (w,4) ErL ¢

1) Fr Odr if (w,i +1) | ¢

,1) L ¢1de if there is a j > i such that (w,j) Er ¢2 and for all i < k < j, we have

7k) IZL ¢1

A word w satisfies an LTL formula ¢ if (w,0) =1 ¢. From — and V, which stand for negation and

L ] 51

(
(
*
(
(

~

g & &8 & €

disjunction, respectively, we can also define conjunction A, implication =, and equivalence <. The
temporal operators () and U are called the next and until operators. The ()¢ formula holds for a
word IIgII{I1; ... iff the subformula ¢; is true for the suffix ITI;1l5... The formula ¢1U ¢y intuitively
expresses the property that ¢; is true until ¢ becomes true. Using the next and until operators, we

can also define the following temporal operators in LTL:

e Eventually: O¢ = true Ug
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e Always: O¢ = =g

Therefore, ¢¢ indicates that ¢ becomes eventually true, whereas O¢ indicates that ¢ is true at all
positions of a word. The LTL formula OC¢ is true for words that satisfy ¢ infinitely often, whereas

a word satisfies CO¢ if ¢ becomes eventually true and then stays true forever.

A transition system T satisfies an LTL formula ¢ if all words in the language L(T') satisfy ¢. For
example, if 7 is a proposition encoding an unsafe region, then safety can be simply expressed as O—,
or equivalently, as =<On. The more elaborate requirement that visiting region [7;] will eventually be

followed by visiting region [m2], is expressed by the formula O(m; = Om).

Problem 2.5 (LTL Model Checking Problem). Given a transition system T and an LTL formula ¢,
determine if T satisfies ¢.

Since reachability can be expressed by an LTL formula of the form <, it is immediate that Problem
2.2 is contained in Problem 2.5. Given the definition of language equivalence, the following theorem

should come as no surprise.

Theorem 2.6 (Language equivalences preserves LTL properties). Let T be a transition system and
let ~1, be a language equivalence of T'. Then T satisfies the LTL formula ¢ if and only if the language

equivalence quotient T/, satisfies ¢.

Therefore, given a transition system 7" and an LTL formula ¢, we can equivalently perform the model
checking problem on 7'/..,. In general, language equivalence quotients are not finite. If, however,
we are given a finite language equivalence quotient of a transition system 7', then using the above
theorem, LTL model checking can be decided for T

2.2. Bisimulations preserve branching temporal properties. We now define a different way

of partitioning the state space along with a class of properties it preserves.

Definition 2.7 (Bisimulations [57]). LetT = (Q,II,—, =, Qo) be a transition system. A proposition
preserving equivalence relation ~p on Q is a bisimulation of T if for all states p,q € Q, if p ~B q,

then for all states p' € Q, if p — p', then there exists a state ¢’ € Q such that ¢ — ¢’ and p' ~p ¢'.

If ~p is a bisimulation, then the quotient transition system T'/.., are called a bisimulation quotient of
T. The crucial property of bisimulations is that for every equivalence class P € @/, the predecessor
region Pre(P) is a union of equivalence classes. Therefore, if Pi, P, € Q/~,, then Pre(P;) N P, is
either the empty set or all of P». It is not difficult to check that every bisimulation is a language

equivalence, but a language equivalence is not necessarily a bisimulation.



8 R. ALUR, T. HENZINGER, G. LAFFERRIERE, AND G. PAPPAS

Computation Tree Logic (CTL) is a temporal logic, which contrary to LTL, contains existential

quantifiers that range over trajectories.

Defi (Computation Tree Logic , )

The 1 erence etween the semantics o LTL an CTL is that LTL ormulas are interprete over

wor s, whereas CTL ormulas are interprete over the tree o trajectories generate rom a given

state o a transition system. ore precisely, the state =~ o the transition system  satisfies the
proposition i , as usual, an the semantics o any CTL ormula is then recursively efine
as ollows
i either or
i
i there exists a state such that an
i there exists a trajectory generate rom  such that or all , We
have
i there exists a trajectory generate rom  such that or some
,an or all , we have
s in LTL, we can efine , ,an rom an . The temporal operators , ,an are
calle , , an , as they re er to the existence o a trajectory
rom a given state. The operator is efine as . itional temporal

operators, which re er to all trajectories rom a given state, can e efine as ollows

nevita ly next
nevita ly always
nevita ly eventually

nevita ly until

transition system an CTL ormula i all initial states o satisy . or example,
reacha ility can e capture in CTL y the ormula . The CTL ormula enco es the
requirement that rom every reacha le state there must exist a trajectory lea ing to a state where

is satisfie .
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