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Abstract

Real-time periodic task scheduling has received wide attention from researchers in the scheduling
area. An efficient and optimal algorithm which statically prioritizes the tasks for scheduling is the rate
monotonic (RM) algorithm. Though RM algorithm provides a succinct linear time sufficient test for
deciding schedulability of a given task set, several efforts have been made to improve the test, while
trying to keep the computational complexity low. In this paper, we study a new test for deciding RM
schedulability. RM can naturally be extended to schedule tasks on multiprocessors globally, although no
good schedulability test is known. We study a new global multiprocessor scheduling algorithm based on
RM, which provides a sufficient test. Periodic servers can also be used to schedule aperiodic tasks without
jeopardizing periodic schedulability. Fixed-priority servers which add an additional task to the periodic
task set to serve the aperiodic tasks is a well-known strategy for the same. We study some new findings
regarding fixed-priority servers in this paper.

1 Introduction

The real-time scheduling of preemptive hard real-time periodic tasks has received wide attention from
scheduling community. Periodic tasks are tasks which recur after a fixed time period. The scheduling
algorithms for periodic tasks can be classified into two types : static priority algorithms which assign
priorities to tasks and all the recurrences of a task have the same priority, and dynamic priority algorithms
which assign priorities to each recurrence of a periodic task. The rate-monotonic (RM) scheduling algorithm
is a well-known static priority algorithm. The RM algorithm assigns priorities to tasks in the inverse ratio
of their periods : the task with the lowest period gets the highest priority. The RM algorithm was proved
to be optimal among all static-priority scheduling algorithms by Liu and Layland[17], which means that the
RM algorithm can schedule any set of tasks that is schedulable by any other static priority algorithm.

In the same paper[17], Liu and Layland gave a sufficient test for deciding schedulability of a periodic
task set. Let 7 = {71,...,7,} be a set of n periodic tasks with task 7; having a (worst-case) execution time
requirement of C;, a time period of T; and a deadline D; relative to the period. Then the utilization of =;
is defined as U; = C;/T;, and the utilization of 7 is defined as ) ;- | U;. The schedulability test of Liu and
Layland states that any task set satisfying

zn:Ui <n(2Y" 1) (1)

is schedulable by the RM algorithm. This means that the test declares any 7 with n tasks as schedulable by
RM if its utilization is bounded from above by the RHS of inequality (1). For large n, the bound is > 0.69,
which means any task set whose utilization is < 0.69 is accepted by this test as schedulable using RM. Note



that some task sets not satisfying this criteria might be schedulable by RM. Therefore, this is only a sufficient
but not a necessary test. After this work has been done to get a better sufficient test, that is, a test which
offers a higher bound. One such example of improvement is the Hyperbolic-Bound test (HB) proposed by
Bini et al.[5]. Another direction for research has been to provide ezact, that is, both necessary and sufficient
conditions for deciding schedulability. Lehoczky et al. [16] provided an exact test for schedulability which
requires pseudo-polynomial time. Tests equivalent to this test were also provided independently by Joseph
et al.[15] and Audsley et al.[3]. In this review, we study another recently proposed algorithm for testing RM
schedulability by Bini and Buttazzo[6]. The test is slightly novel in that it contains an exact schedulability
test which does not perform any worse than the previous well-known exact tests for schedulability, and on
the other hand is amenable to tuning via a parameter to yield sufficient tests for schedulability trading off
acceptance ratio with computational complexity.

Research has also been done for preemptive scheduling on multiprocessors. The rate monotonic algo-
rithm and some other uniprocessor scheduling algorithms can be naturally extended in the multiprocessor
case. The algorithms for multiprocessors can be divided into two categories : partitioned and global[2].
While partitioned algorithms require all instantiations of a task to run on a predestined processor, a global
algorithm places no such restrictions. Partitioned approaches can benefit from well-known uniprocessor
algorithms, but Andersson et al.[2] say that it is not clear what good global scheduling strategies should
be. Further, partitioned scheduling algorithms have been studied extensively[2]. Some results on global
scheduling algorithms such as the multiprocessor RM algorithm have also been produced : for eg. it has
been proved that the utilization bound for RM in the multiprocessor case is 1/m|[2]. In this paper, we
study an RM-based multiprocessor scheduling algorithm by Andersson et al.[2] that provides a sufficient
utilization based test for schedulability. The proof strategies are quite general and we will derive utilization
based bounds for two other algorithms : multiprocessor DM and multiprocessor EDF.

Another interesting area of research is fixed-priority aperiodic scheduling where hard real-time periodic
tasks are scheduled along with soft aperiodic tasks. That is, without compromising the schedulability of
periodic tasks, the algorithms seek to minimize the response time of the aperiodic tasks. Two well-known
algorithms in this area include the deferrable server (DS) algorithm discussed by Lehoczky et al.[13], and
the sporadic server (SS) algorithm. Both the algorithms have a special periodic task called the server task
along with the other periodic tasks, with a time period and a maximum capacity. SS and DS chiefly differ
in the way the server capacity is replenished. Since the SS provides a better utilization based bound for
schedulability of periodic tasks than DS(see [7]), SS is usually preferred to DS. However, Bernat et al. [4]
show that if the exact analysis with a new parameter selection technique is used, DS performance is similar
to that of SS. Based on extensive simulation experiments, they contend that DS should also be considered
while implementing fixed-priority servers.

The organization of the paper is as follows. In section 2, we define our model of periodic tasks, introduce
RM scheduling, and give a brief overview of the known schedulability tests. We also define DM, EDF and
PSS scheduling algorithms. We then introduce fixed-priority servers with examples. In section 3, we study
the results of Bini and Buttazzo[6]. In section 4, we study the results of Andersson et al.[2], and extend
their results to DM and EDF case. In section 5, we study the results of Bernat and Burns[4]. In section
6, we extend the test proposed by Bini and Buttazzo[6] for DM scheduling and deferrable servers. We also
propose a few models for fixed-priority multiprocessor scheduling.

2 Background and Notation

In this section, we introduce relevant notation and review some of the well-known results about hard real-
time uniprocessor scheduling. All algorithms are preemptive algorithms.

A periodic task set T is a set of n(> 1) tasks {m,...,7,} where each task 7; is characterized by
(Ci, T;, Dy, J;), where C; € IN(> 1) is the (worst-case) execution time of the task, and T; € IN(> C;)
is the period. Without loss of generality, let Vi : T; < T, 1. The j** (5 > 1) instance 7;; of 7; is an instantia-
tion of 7; at the beginning of the j** period. J; € IN(> 0) is the release time of the first instance of the task,



and the 7;; is released at r;; = J; + (j — 1) 7;. An instance which has been released but has not completed
execution is said to be active. D; € IN is the relative deadline of an instance : the absolute deadline of 7;;
is dijj = J; + ( — 1)T; + D;. Unless otherwise mentioned, D; = T; for all tasks. A task is given by (C;, T;)
if the release time is 0 and the deadline is equal to the period. Let f;; denote the time at which 7;; finishes
execution. The length of the time interval [r;;, fi;] is the response time of the instance 7;;. The utilization
of 7; is defined as U; = % and the utilization of 7 is defined as

U:;Uizgﬁ. (2)

7; is said to be schedulable by a scheduling algorithm A if Vj : f;; < d;;. 7 is said to be schedulable by
A if 7; is schedulable by A for all . One standard method of scheduling real-time tasks is priority driven
scheduling : each instance of a task 7; is assigned a priority p; € IN(> 1) and at any time ¢, the scheduler
schedules the instance with the highest priority among all active instances.

A static-priority scheduling algorithm is an algorithm which assigns priorities to tasks, that is, all in-
stances of the task have the same priority. On the other hand, a dynamic priority scheduling algorithm
assigns priorities to instances of tasks and so different instances of the same task may have different priori-
ties, and further, the priority assigned to an instance can also change with time. A scheduling algorithm is
said to be optimal if it can schedule any task set that is schedulable by any other algorithm.

Algorithm Schedule
RM 11172%3311172733711173273111+33*
EDF 11172%3311173372711173273111+33*

Table 1: Schedule produced by a static-priority and dynamic-priority assignment to the task
set {(3,6),(1,8),(4,12)}. i is used to indicate that an instance of task i executes in that unit-time
slot, and i* indicates that it completes execution in that time slot.

For example, consider the (periodic) task set {(3,6),(1,8),(4,12)}. All the tasks are released at time
t = 0. The utilizations of the tasks are respectively 1/2,1/8 and 1/3, and utilization of the task set is 23/24.
A static priority assignment to the tasks could be 1, 2,3 respectively, that is 7y has the highest priority and
73 has the lowest (call this the rate-monotonic (RM) assignment). The schedule produced using this priority
assignment from time ¢ = 0 to time ¢ = 24 is shown in table 1. Note that this schedule repeats after time
t = 24, since 24 is the LCM of the periods. There is no idle time in this schedule. A dynamic priority
assignment could be : schedule the instance which has the earliest deadline among all the active instances
(call this the earliest-deadline-first assignment (EDF)). The schedule produced by this algorithm is shown
in table 1. An example of an unschedulable task set is {(3,6), (1,8), (5,12)}. The utilization is 25/24 > 1;
therefore, since the total the total computation requirement in the interval [0,24] is greater than 24, no
algorithm can schedule this task set on a single processor.

A sporadic task set is same as a periodic task set except that the inter-arrival time of successive instances
is at least T; for every task 7.

2.1 Rate Monotonic (RM) Scheduling Algorithm

The rate-monotonic (RM) scheduling algorithm is a static-priority algorithm which assigns priorities to tasks
in inverse ratio of their periods, ties broken arbitrarily. So the highest priority is assigned to the task with
smallest period. Table 1 shows the schedule produced for a task set from time ¢t = 0 to time ¢ = 24.

A critical instant for 7; is an instant such that an instance released at that instant takes the longest
time to finish execution. Liu and Layland[17] showed that for tasks scheduled using RM, the critical instant



for any instance occurs when the instance is released simultaneously with all the higher priority instances.
One consequence of this is that schedulability of 7;; for any j can be decided by releasing 7; simultaneously
with all the higher priority tasks. The reason why this holds is that the interference produced by a higher
priority task on a lower priority instance can always be increased by advancing the release time of the higher
priority task to be in phase with the release time of the lower priority task.

It was shown that the RM algorithm is optimal among all static-priority scheduling algorithms. This can
be proved by taking a feasible static priority assignment and swapping the priorities until the priorities are
in rate-monotonic order, such that during each swap, no task misses its deadline.

2.1.1 Schedulability tests

Sufficient test for schedulability : We first note that while U < 1 is necessary for schedulability, it is not
enough. For example, consider the task set {(2,5),(7,12)}. Its utilization is 59/60, but the first instance of
(7,12) misses its deadline. In fact, no static priority algorithm can schedule this, because optimal scheduling
would require dynamic decisions : a task with a more immediate deadline should be executed before a task
with a farther deadline. Here, the first instance of (7,12) has its deadline at 12, but the algorithm schedules
the third instance of (2,5) at ¢ = 10.

Liu and Layland[17] derived a sufficient test for schedulability based on the concept of a task set fully-
utilizing the processor. Given a priority assignment, a task set is said to fully-utilize the processor if it is
schedulable, and if increasing the computation time of any task renders the task set unschedulable. It was
then proved that any task set which fully utilizes a processor must have a utilization at least n(21/ " —1),
where n is the number of tasks. Based on the property that the bound is a decreasing function of n, and
that any schedulable task set can be converted into a task set that fully-utilizes the processor by increasing
the computation time of the lowest priority task, it can be proved that any task set whose utilization is less
than this bound is schedulable using RM[9]. That is, a task set is schedulable using RM if it satisfies the
following condition :

n
Y Ui<n(2/m-1). (3)
i=1
We refer to (3) as the LL-test for schedulability and the bound as the LL-bound. A scheduler using the LL-
test can decide the schedulability in O(n) time. For example, consider the task set {(1,2), (1,20),(1,10)}.
The utilization of this task set is 0.65 while the LL-bound for n = 3 is > 0.779. Thus, this task set is clearly
schedulable by RM. Note that the example of table 1 is schedulable by RM although it would be declared
as unschedulable by the LL-test. The task set {(2,5),(7,12)} is declared as unschedulable by the LL-test,
and is actually unschedulable by RM.

Now, the LL-bound has a minimum value of In2 attained at n = oo. This value is slightly greater
than 0.69 : therefore, any task set regardless of the number of tasks in the set is schedulable by RM, if its
utilization is less than 0.69.

Exact test for schedulability : To our knowledge, it is not known if there is a polynomial time
exact test for schedulability, that is, the test concludes that a task set is schedulable if and only f it is
actually schedulable. We discuss below two pseudo-polynomial exact tests for schedulability.

Lehoczky-Sha-Ding (LSD) test for schedulability (Lehoczky et al.[16]) :  This test is based on the fol-
lowing fact.

Property : Let the first instance of 7; be released along with all the higher priority tasks at time ¢ = 0.
Then, 7;; is schedulable iff there exists an instant ¢ < 7; such that the computation time of all the higher
priority tasks released before ¢ plus C; is less than or equal to .

Proof : The sufficiency of the condition is obvious. For the necessary part, observe that if any higher pri-
ority task is released before 7;1, then the scheduler preempts 7;; and proceeds to execute the higher priority



instance to completion. Thus, if 7;; completes at ¢, that means all higher priority instances released before
t have been completed by t. O
Now, further observe that if there is any such instant ¢, then any instant ¢’ > ¢ such that there is no task
released in the interval [t,¢') is also an instant with the above property. More specifically, observe that the
first instant ¢ > ¢ such that a task is released at #' has the above property. Hence, if the task is schedulable,
then the above property holds at any instant t' < f; such that a higher priority task is released at t'. The
based based on this property is stated formally below.
Let
si:{rTj|j=1,...,i;7~:1,...,H-jj}. (@)
J

A task set is schedulable if and only if it satisfies the following condition :

- 5] 6

Vi: L; =
b (teS;} t =

(5)

We refer to (5) as the LSD-test for schedulability. Clearly, the time complexity of this test is pseudo-
polynomial in its input.

For example, consider the task set {(3,6),(1,8),(4,12)} discussed above which the LL-test decides as
unschedulable. The S; values for 7 = 1, 2,3 are respectively {11}, {T1,T2},{T1,2T1,T2,T3}. The L; values
for i = 1,2, 3 are respectively 1/2,2/3,7/12, and each of them is less than 1.

Response-Time-Analysis Test for schedulability (Audsley et al.[8]) : This test uses the same principle
as in the LSD-test, except that it explicitly calculates the response time of the first instance released at the
critical instant, and then checks to see if Vi : f; < D;. This test guesses the response time initially to be
equal to Cj;. It then corrects the guess by adding the computation times of all the tasks released before the
current guess to C;. It repeats this process until the sum is exactly equal to the current guess.

Formally, the response time R; is calculated using an iterative approach, as a fixed-point solution to the
following equation :

i—1 Rk
R =G4 3 [ﬂ e (6)
j=1177

where R) = C;. The fixed point is reached when RF™ = RF. We refer to (6) as the RTA (Response- Time-
Analysis) test for schedulability.

For example, for the task 73 = (4,12) in the above task set, R = 4, R} = 8, R3 = 11, R} = 12, R} = 12.
Thus, after four iterations, f31 is rightly calculated to be 12, as can be seen in table 1.

We may note here that if J; is not zero for all tasks, then RM is provably not optimal[10].

2.2 Deadline Monotonic Scheduling (DM)

Deadline monotonic scheduling algorithm is a static priority scheduling algorithm, which is an extension of
RM to deal with task sets where D; < T;. It schedules tasks in the inverse ratio of their relative deadlines
D;, regardless of their computation times and periods.

As an example, consider the task set {(3,8,6),(1,10,4),(4,16,12)}, Here, 7o has a shorter relative
deadline than 7;. The schedule for this task from ¢t = 0 to t = 24 is 2t11173333T112T1 T xxxx11172+333
(the notation is explained in table 1; x means the processor is idle in that slot).

The DM algorithm is optimal among all static priority algorithms where D; < T;. The schedulability
tests for DM algorithm are similar to those of RM.

We may note here that if J; is not zero for all tasks, then determining an optimal priority assignment
is NP-hard in the strong sense, that is, even a pseudo-polynomial time algorithm does not exist unless P =
NP.



2.3 Earliest Deadline First (EDF) Scheduling Algorithm

The earliest-deadline-first (EDF) scheduling algorithm is a dynamic priority algorithm. When either an
instance finishes execution or a new instance arrives, the EDF algorithm schedules that instance whose
absolute deadline is the earliest among all the active instances. Liu and Layland[17] showed that EDF is
optimal among all dynamic priority scheduling algorithms.

Ezact test for schedulability : Liu and Layland[17] also derived a necessary and sufficient test for schedu-
lability : 7 is schedulable iff

iUi <1. (7)

This test runs in time O(n). Table 1 shows the EDF schedule for a task set. It may be interesting to note
here that the earliest deadline first algorithm is optimal even in the non-preemptive case[12].

2.4 Processor Sharing Schedule (PSS)

The processor sharing schedule (see [18]) is an idealized scheduling algorithm which during any instant
assigns a fraction U; to task 7;. Clearly, any task set satisfying U < 1 is schedulable by this algorithm,
although, it might be almost impossible to implement in practice. This process model could be useful for
theoretical results.

2.5 Scheduling Aperiodic Tasks along with Periodic Tasks

Algorithms for scheduling aperiodic tasks along with periodic tasks are well-known. They are real-time-
scheduling algorithms which schedule a given periodic task set using some static priority algorithm (RM
in this paper) and also schedule aperiodic tasks in a soft manner, that is, they attempt to minimize the
response time of the aperiodic requests. An aperiodic task 74 is characterized by (C,, Dg, J,), where C, is
the execution time, D, is the absolute deadline, and J, is the release time of the task. For such algorithms,
the characteristics of the periodic task set are fully known, whereas those of the aperiodic task set are
unknown. All aperiodic requests are queued in FIFO order for processing. Implementation complexity and
aperiodic responsiveness are two important measures to evaluate the effectiveness of these algorithms.

We first mention two natural approaches to scheduling aperiodic tasks softly. The first approach called
background scheduling schedules the aperiodic tasks whenever there is no periodic task running. This naive
approach, though it can utilize all the free time available, suffers from bad aperiodic responsiveness. The
second approach is called the slack-stealing algorithm which utilizes the fact that a hard task instance can
be completed anytime before its deadline; in particular, there is no advantage in finishing it early and so its
execution can be delayed as long as it is completed before its deadline. This approach utilizes all free time
and has very good aperiodic responsiveness, but is clearly difficult to implement since whenever an aperiodic
task arrives, the scheduler would need to calculate the required slack-intervals, and this could entail forming
the exact periodic schedule for some interval of time.

Bandwidth preserving server is an approach to have reasonably good aperiodic responsiveness, and also
low implementation complexity. In this approach, there is an additional periodic task 7, = (Cs, T, Js) called
the server task, where C; is the maximum available bandwidth or capacity, Ts is the time period and J is the
release time of the server. While the periodic tasks are scheduled in the rate-monotonic order, generally, the
server has the highest priority regardless of its period. These are also known as fixed-priority aperiodic
servers, since the priority of the periodic tasks is statically determined (RM). Different algorithms differ in
the rules governing consumption and replenishment of the bandwidth.

Two well-known algorithms are the deferrable server introduced by Strosnider, Lehoczky, and Sha[14][13],
and the sporadic server introduced by Sprunt, Sha, and Lehoczky [23].

Let U, =) Ui and U, = %5 We demonstrate below the functioning of the deferrable server and the
sporadic server with the help of an example.
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Figure 1: Deferrable server operation

2.5.1 Deferrable server

The operation of the server task in the deferrable server obeys the following consumption and replenish-
ment rules :

o After its release, in any period, as long as its capacity is non-zero, 75 executes aperiodic tasks, if any.
The server cannot execute any aperiodic task if its capacity is zero.

e Regardless of the capacity used in a period by aperiodic tasks, the capacity of 7, is increased to be C;
at the beginning of the next period.

For example, consider the periodic task set {(2,8), (1, 10), (1,20)}, where the server 7, = (2,10). Figure
1 shows a series of aperiodic requests, and the operation of deferrable server (DS). The arrows indicate the
beginning of a period or the arrival of an aperiodic task. Since there is no aperiodic request at time ¢ = 0,
DS is idle, and lets 71 executes. The first aperiodic request arrives at time ¢ = 2 with execution time 1, and
the DS serves it for one time unit and then becomes idle. At time ¢t = 4, another similar aperiodic request
arrives, and DS serves the task. After that, DS capacity is extinguished for the first time period. Again
at time ¢ = 10, the DS capacity is replenished to 2 units, but DS becomes idle since there is no aperiodic
request. At time ¢ = 18 an aperiodic request of 4 units of execution arrives, and DS executes from ¢ = 18 to
t = 20 for 2 time units. At time ¢ = 20 its capacity is replenished to 2 units, and DS continues to execute
till time ¢ = 22.

Some of the key properties discussed by Buttazzo[7] are :

e The server can execute consecutively for 2C time units. This can be seen in figure 1 where the DS
executes from ¢ = 18 to t = 22. Therefore, the critical instant for a periodic task w.r.t the deferrable
server occurs when the task is released at the start of a double-hit, and then the DS executes for its
fully capacity at the beginning of every period.

e A sufficient test, derived using the above fact, for determining the server utilization is

2 —elp
Us < 2¢Ur — 1 (8)

For eg., in the above task set, U, = 0.4. The corresponding bound for Uy is 0.256.
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2.5.2 Sporadic server

The operation of the server task in the sporadic server is given by the following consumption and replen-
ishment rules :

o After its release, 7, is idle if its capacity is zero, or it has a non-zero capacity, but there are no aperiodic
requests.

e If it is idle with non-zero capacity, and an aperiodic task arrives at time ¢, then the server becomes
active at ¢, and the next replenishment time of the server is decided to be t + T5.

e After becoming active at time ¢, suppose the server executes continuously from ¢ to #. Then the
amount of replenishment at time ¢ + T is t' — t. Note that the maximum value of t' — ¢ is Cs.

o If the server is idle with zero capacity, and an aperiodic task arrives, the server has to wait till the
next replenishment time before it starts serving the task.

Thus, the sporadic server can have several points at which its capacity is replenished and the amounts
can vary. Note that the server capacity is never more than C; at any point in time.

For example, consider the same task set {(2,8),(1,10),(1,20)} with server task 7, = (3,10), whose
operation for a series of aperiodic requests is shown in figure 2. There is no aperiodic request at time
t = 0 and so the SS becomes idle, while allowing 71 to execute. At ¢t = 2, a request arrives with 1 unit
requirement. SS serves the request, and a replenishment instant at time ¢ = 2 + 10 = 12 is scheduled,
with 1 unit replenishment. Similarly, at time ¢ = 4 a task arrives with 2 units requirement arrives, and a
replenishment of 2 unit is scheduled for time ¢t = 4 + 10 = 14. The fourth aperiodic request of 3 units at
t = 18 can only be served for 2 units because the sporadic server does not have enough capacity. It must
wait till ¢ = 23 to get a replenishment of 1 unit. It then completes the task at ¢t = 24.

Some of the key properties of the sporadic server discussed by Buttazzo [7] are :

e The sporadic server can be treated as a regular periodic task for schedulability purposes. This is
because the worst case interference that a sporadic task can produce is when it is invoked as quickly
as possible, and to its full capacity.

e A sufficient schedulability test for the periodic tasks is
2
Us < P 1 9)

For eg., for the above task set, the corresponding bound for Uy is 0.34.



3 The Space of Rate-Monotonic Schedulability

In this section, we study the results derived by Bini and Buttazzo [6], and discuss some of their implications
for deciding real-time schedulability. The paper gives a new exact schedulability test for the RM algorithm.
This new test explores only a subset of S; defined in (4) for deciding schedulability of 7;, and the number of
points explored is independent of (C;,T;, J;) for all i - however, the test is exponential in n. Furthermore,
the test can also be tuned via a parameter to derive a sufficient test for schedulability similar to the LL-test,
but whose bound on the RHS of (3) can be greater than n (2'/* — 1). The bound depends on the tuning
parameter used, and the higher the bound that is desired, the greater the computational complexity of the
test.

In the following discussion, all tasks are assumed to be released at their critical instants, that is, Vi :
Ji = 0. Further, let 7;; be active in (ry;, fi;) instead of [ry;, fi;] as it makes the discussion easier. Let I'; =
{71,...,7i} be the set of the first i tasks. We will be using the task set 7., = {(1,5), (2,10), (5,25), (29, 80)}
as a running example for all illustrations in this section. This task set is schedulable using RM, but its
utilization 0.9625 is greater than 0.7568, the schedulability bound for 4 tasks using LL-test.

We say the processor is i-active at time ¢ if any task of ['; is active at ¢, that is, has been released but has
not yet completed execution. For eg., first instance of (29, 80) finishes at ¢ = 75; so the processor is 4-active
in (0,75) but not 4-active in [75,80]. Let W;(b) denote the total amount of time the processor is i-active
in the interval [0,b]. For eg., W4(80) = 75. Similarly, it can be verified that W5(10) = 9. By definition,
0 < W;(b) <b.

Let 1;(b) denote the last instant in [0,b] at which the processor is not i-active, that is, all the tasks
released before 1;(b) have been executed by ;(b), and the processor is i-active throughout the interval
(1;(b),b]. For example, the processor becomes free for the first time after ¢ = 0 at ¢ = 75. Therefore, for
all 0 < b < 75, the processor is 4-active, and so 14(b) for such b is ¢ = 0. For b = 75, it is 75 since the
processor is idle at 75. For b = 76, it is 75. Since the intervals during which the processor is busy are all
open intervals, 1;(b) is well-defined.

We first observe that

7

Vt € [0,0] : W;(b) < Z [%-‘ Cj+ (b—1t) (10)

Jj=1

The above equation holds because the total amount of i-active time in [¢, b] is upper bounded by the interval
length (b — t), and the i-active time in [0,%] can’t exceed the sum of the computation times of the tasks
released before t. Now, further observe that

Wi =3 [W(b)} Gy + (b— (b)) (11)

T.
j=1 J

Equation (11) holds because ;(b) € [0,b], the amount of time processor is i-active after 1;(b) is exactly
(b — 1;(b)) by definition of 1;(b), and the amount of time processor is i-active before 1;(b) is exactly the
sum of the computation times of all tasks released before 1);(b) because otherwise the processor cannot be
idle at ;(b).

Now, 7 is schedulable if and only if I'; is schedulable for all 7, and I'; is schedulable if and only if C; +
W;_1(T;) < T; for all i. This is just rephrasing the RTA-test(6). From (11), all that is required now is to
find ;(b). The following lemma helps us to find ;(b) :

Lemma 3.1 Let I'; be schedulable by RM and let P;(b) be defined as follows :

Po(b) = {b}
{ Pi(b) = Pi-1 ([T%J Tz) UPi-1(b)



Then
Pi(b) € Pi(b)-

Proof (from [6]): We prove this by induction on 3.
Initial Step : We have to prove that 1;(b) € P1(b) for all b. Now,

P1(b) = Po Q%J T1> UPo®) = { {%J Tl,b}.

Since 7 is schedulable, 11 (b) is either
e |2 | Ty, if the last instance of 7; in [0, 4] is active at b, or
T
o b

Thus, 91 (b) € P1(b).
Induction Step : If 9;(b) € P;(b) for all b, we have to prove that, given a schedulable set I';;1,
'Qbi—l—l(b) S Pi.H(b) for all b.

Consider the time interval [|b/T;41]|T;+1,b]. In this interval, two things can happen :

1. The processor is (i + 1)-active throughout the interval : Then 1;11(b) = ¥i+1(|b/Ti+1]Ti+1) because
the processor is (i + 1)-active in [|b/T;4+1]T541,b]. Now, for any z, 1¥;11(x) < v¥;(z), because I';14
has one additional task compared to I';. Further, it must be the case that v;11([b/Tit1]|Ti+1) =
¥i(|b/Ti+1]Ti+1). Suppose, on the contrary, it is a strict inequality. Then, the last instance of 7,14
would miss its deadline at |b/T;+1|T;+1 contradicting the fact that 7,1 is schedulable.

2. There exists an instant of time at which the processor is not (i + 1)-active : Let x € [|b/T41|Tit1,0]
be an instant of time where no tasks in I';;; are active. Since at time x the (|b/T;11] + 1) job of
Ti+1 has finished execution, 7;41 is never active in [z, b]. This implies that 1;11(b) = 1;(b).

Since by induction hypothesis, 9;(|b/Tit+1]Ti+1) € Pi([b/Tit+1]|Ti+1) and ¥;(b) € P;(b),

$ip1(b) € Pi|b/Tis1)Ti41) | JPi(b) = Piy1(b) by definition.

From lemma 6.1, it is easy to see that the exact-test for schedulability (5) can now be written as :

s 4] e
Vi: Li=| min @ <1 (12)
{tePi(T3)} 3

The authors call this the HET-test. It follows from the definition of P;(b) that P;(T;) C S;. Further,
it can be verified that the total number of points in P;(T;) is < 2'~!. Thus, verifying (12) would cost at
most O(2™). Therefore, the time complexity of deciding schedulability is changed from pseudo-polynomial
to exponential. Clearly, while the HET test would always perform better than the traditional exact test (or
the RTA-test), the difference between the two tests would be more visible in task sets where |T;/T}] is large
for several pairs (i,7). For example, consider the task set in table 2. The table shows that the number of
points explored by (5) is 40, whereas that by the HET test is only 15.
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Test used Number of points explored | Schedulability result
LSD-exact test Z;j |Si| = 40 Schedulable

HET SEHP(T)| = 15 Schedulable
0.2-HET S=HP(T;, 6 =0.2) =7 | Not schedulable
0.3-HET S P(T;, 6 = 0.3)] = 8 Not schedulable
0.39-HET = P(T;, 6 = 0.39)] = 12 | Schedulable

Table 2: Number of points explored and schedulability results for {(1,4), (2, 10), (5, 25), (29, 80)}.
The utilization of the task set of the task set is 0.9625.

3.1 The /-HET Test

Bini and Buttazzo tune the HET-test using a parameter 0 < § < 1 as follows :
P()(b, 5) =b )
Pi(b, 8) Piz1 ([%J Tm) UPi—1(b,6) ifbs > T;
1\Uy -
Pi1 ([%J :q,5)

The authors call this test the §-HET test. This test throws away the search points for 7; > b4, and retains
them if bd > T;. We note from (12) that each ¢t € P;(b) represents a region in an n-dimensional space, namely

otherwise

the region given by 23:1 [Ti]-| C; < t, where the n dimensions are the n possible C'; values. Clearly, since
we want at least one inequality to be satisfied, the space of valid C; tuples is represented by the union of
those regions. If we discard some of the regions, then we get a sufficient schedulability test. The above test
discards some of the regions based on .

The following properties can be easily observed :

e §; < d9 <= Pi(b,01) C Pi(b,d02). Thus, by choosing a larger §, we can increase the set of points to be

explored.
e Define
(%) ~ [
W2 (b) = i —| Ci+(b—1). 13
0= i, X[ 7| oo (13
From (10), and from the above observation, it is clear that W'i(dl)(b) > Wi(dz)(b) <= §; < &9 and

2 Wz-(l)(b) = W;(b) < VVZ-(J)(b)-

The 6-HET test is designed to guarantee more tasks as schedulable if a larger ¢ is chosen. If § = 1, then
0-HET test is the HET-test. Note that the tuning is based on the actual time period of the tasks, and thus
will vary for different task sets having the same number of tasks.

For example, table 2 shows the number of points explored for different values of § and the corresponding
schedulability results. As delta is increased, it can be seen that the number of points increases. While the
test declares the task set to be unschedulable for § < 0.3, it rightly declares it schedulable for § = 0.39
though exploring smaller number of points than the HET test.

3.2 Performance of HET and 5-HET

We discuss three experiments used to evaluate the performance of HET and §-HET.
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Figure 3: Acceptance as a function of average number of steps taken by J-HET (log scale)

1. The first test evaluates HET against two other exact-schedulability tests : the RTA-test and an
improved version of the RTA-test which they call the RTI-test[21]. Simulations are performed using 108
task sets, each composed of 8 tasks. The periods of the tasks are chosen uniformly from [0, 1000000] and
the computation times C; are chosen uniformly from [0,7;]. The results are displayed as a probability
density function, of the number of steps.

2. The second test measures the average number of steps taken by RTA, RTI and HET, as the number of
tasks in the set was varied. While the complexity of HET grows exponentially as the number of tasks
is increased, its growth rate is much smaller than that of RTA and RTI. This is because the HET test
is independent of the actual periods, while the RTA test is.

3. The third test plots the acceptance ratio as a function of average number of steps taken by §-HET.
The acceptance ratio of a test is

No. of tasks decided as schedulable by the test
No. of tasks decided as schedulable by an exact test

The plot, taken from the paper itself[6], is shown in figure 3!.

The §-HET test performs better than the LIL-test for § > 0.5. As § increases, the acceptance also
increases steadily, and the acceptance for 6 = 1 is 1 as expected. As can be seen in the figure, a
wide-range of acceptance can be achieved by varying 4.

4 Static-Priority Scheduling on Multiprocessors

In this section, we study the results derived by Andersson, Baruah and Jonsson[2]. We first give some
background of multiprocessor scheduling, state two preliminary results that we will use in the proof for
schedulability, and then study a static-priority scheduling algorithm DM-US[m/(3m —2)], which is a slightly
adapted version of the RM-US[m/(3m — 2)] algorithm[2]. We then show that the algorithm is also easily
adaptable to derive a dynamic priority scheduling algorithm EDF-US.

4.1 Multiprocessor Scheduling : Background

The system consists of m (> 2) identical multiprocessors, and a set 7 of n periodic tasks. Instances can
be preempted, as in the case of uniprocessor systems. It is assumed that there is no interaction between

!The HB-test (Hyperbolic Bound test) is another sufficient schedulability test[5].
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instances on different processors. A run-time multiprocessor scheduler, at each instant, assigns a priority to
all the active instances, and allocates the available processors to the instances having the highest priority.
Run-time scheduling algorithms can be classified into two types : partitioned scheduling algorithms and global
scheduling algorithms. A partitioned scheduling algorithm assigns tasks to processors, and all instances of a
task should be executed on the assigned processor. In contrast, a global scheduling algorithm can schedule
an instance on any available processor. However, instances are not allowed to be parallelized.

A static priority run-time algorithm assigns priorities to tasks, and all instances of a task have the same
priority as the task. A dynamic priority algorithm assigns priorities to instances of tasks. An example of
a global static-priority scheduling algorithm is the multiprocessor RM algorithm which assigns priorities
to tasks rate-monotonically, and at each instant executes the m highest priority instances on each of the
m processors. An example of a global dynamic-priority scheduling algorithm is the multiprocessor EDF
algorithm, which, at any instant, schedules m instances having the earliest deadline among all instances, on

each of the m processors?.

4.2 Two Preliminary Results

We briefly discuss two results used by the authors in their paper.

4.2.1 Resource augmentation

Let I = {I; | j > 0} denote any (not necessarily finite) set of instances. For any algorithm A and
time instant ¢ > 0, let W(A,m,s,I;,t) denote the amount of computation that has been performed by
A on instance I; in the time interval [0,t] on m processors each running at a speed of s per time unit.
Clearly, 0 < W(A,m,s,I;,t) < C;. Let W(A,m,s,I,t) =3 ;W(A,m,s,Ij,t). Define a work-conserving
algorithm to be an algorithm which never idles a processor if an instance is active. Then the following
theorem, first discussed by Phillips et al.[20] and slightly adapted by the Andersson et al. [2], holds:

Theorem 4.1 For any set of instances I, any time instant t > 0, any work-conserving algorithm A, and
any algorithm (in particular, whether work-conserving or not) A, it is the case that

W(A,m, (2= L).5,1,8) > W(A',m,s,1,1).
m

Discussion : First note that two work-conserving algorithms need not do the same amount of work by
time ¢. For example, consider a set of 3 tasks, all released at time ¢ = 0 with computation times 1, 2 and 3
respectively, to be executed on two processors. One algorithm assigns priorities as 1, 2 and 3 respectively,
while another algorithm assigns them priorities as 1, 3 and 2 respectively. While the work done by the
second algorithm by ¢t = 3 is 6, the work done by the first algorithm is 5. This means all work-conserving
algorithms need not do the same work by time ¢. However, if a work-conserving algorithm is provided with
processors (2—1/m) times faster processors, then regardless of the scheduling strategy used, it can beat any
other work-conserving algorithm. Since it holds for any set of instances, it also holds for periodic instances.

The proof of this theorem can be found in a technical report[1] by Andersson et al. It basically relies on
the restriction that parallelization of tasks is disallowed.

4.2.2 Predictability of a scheduling algorithm

Let I ={I; | j >0, 1; = (C},Dj,J;)} be a set of instances with execution time exactly C;, deadline D;
and release time R;. Let A being an algorithm scheduling I, and let the finishing time of I; be f;. Let
I'={1; | j >0, I; = (C},Dj, J;)} be a set of instances derived from I such that Vj : C} < Cj. Then A
is said to be predictable if Vj : f]’- < fj. In other words, if a task executes for a time less than its worst
case execution time, then its finishing time will be no later than its finishing time had it executed for its
worst-case duration.

%If there are [ < m instances active, then there is no priority assignment necessary
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Figure 4: Predictability does not hold when preemption is disallowed

An algorithm A is said to be priority-driven if it satisfies the condition that for any two instances
I, I}, if at some point of time I; has a higher priority than I, then I; has a higher priority than I at
any point of time. In other words, once the relative priority of an instance is decided, it is never changed
during execution. For example, RM and DM are priority-driven static-priority algorithms, whereas EDF is
a priority-driven dynamic-priority algorithm. An example of an algorithm that is not priority-driven is the
least-slack-time-first algorithm|[19].

The following theorem by Ha and Liu[11] holds:

Theorem 4.2 Any priority-driven scheduling algorithm is predictable.

Discussion : Note that the theorem does not hold if preemption were disallowed. For example, consider the
task set {(2,3,3,0),(2,3,3,0),(2,4,4,0),(2,6,1), (2,4,2)} scheduling using EDF. The task set is schedulable.
However, if 71 and 79 execute for only 1 time unit instead of 2, 75 misses its deadline at ¢t = 4. This is shown
in figure 4.

4.3 Algorithm DM-US[m/(3m-2)]

Andersson et al.[2] present an algorithm called RM-US[m/(3m — 2)], which can schedule any 7 such that
U <m?/(3m — 2). We now present the algorithm DM-US[m/(3m — 2)], which is a slightly adapted version
of RM-US[m/(3m — 2)] and derive a utilization based test which guarantees schedulability of any task set
7 satisfying U4 < m?/(3m — 2). Our proof strategy and presentations will parallel those by Andersson et
al.[2]. We will first prove that a special category of the above task sets, which we call “light sets”, are
schedulable by multiprocessor DM algorithm, which is same as the multiprocessor RM algorithm, except
that it prioritizes the tasks by their relative deadlines D;. We then define the DM-US[m/(3m —2)] algorithm,
and proceed to derive the utilization based test.

4.3.1 Light sets

Definition 4.1 Light set : A task set 7 is said to be a “light set” if it satisfies the following properties:

Property 1: Uf < BT

Property 2: U?< ?ﬂ’r’iz

Let 7 be a “light set” of tasks, and let k) = {71,..., 7} be the set of the k highest priority tasks of 7.
Clearly, 7(%) is a “light set”. We will prove that 7(¥) is schedulable for any k, and therefore 7 is schedulable.
We first prove a lemma, which would help us in proving the schedulability of 7(*) by algorithm DM.

Lemma 4.1 The task set 7¥) is schedulable on a set of m processors each of computing capacity (27;’11).
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Proof : First note that since 3m — 2 > 2m — 1, and by property 1,

m
Ud <
T 2m -1
and therefore, since U; > Ul-d,
m
U; < 14
f T 2m -1 (14)
Further, note that by property 2,
2
m
Y vt
rieT(k) 2m =1
and therefore
2
m
> Ui < g (15)
T,'ET(k')

Since a processor-sharing schedule (PSS) can schedule any set of instances, each of whose utilization U; is

< 1 and the sum of whose utilizations U is < m, on a set of m unit-speed processors, by (14) and (15), 7

m
2m—1

can be scheduled on m ( )—speed processor by using PSS. O

Now, since the algorithm DM is work-conserving,
W (DM, m, (2 — 1/m),7®) 1) > W (PSS, m,1,7%) t).
In other words

W (DM, m,1,7® 1) > W (PSS, m, ML_I,TU%) (16)

for all t > 0. Thus, algorithm DM, on m unit-speed processors, performs at least as much work on 7F)

the work done by PSS on m 5 "= -speed processors.

as

We now prove the key lemma of the paper :
Lemma 4.2 7¥) is schedulable by DM on m unit speed processors.

Proof : The proof here is a replica of the proof by Andersson et al.[2], adapted for the DM case.

Let us assume that the first (I — 1) instances of 75 have met their deadlines under the algorithm DM;
we will prove that the [** instance of 7; also meets its deadline. The lemma will then follow by induction
starting from [ = 1.

The I*" instance of 7 arrives at time-instant (I — 1)T}, has a deadline at time-instant (I — 1)T} + Dy,
and needs Cy units of execution. The key idea is to use the resource augmentation theorem to establish a
lower bound on the amount of work done on the higher priority tasks till time (I — 1) Ty, and thus derive an
upper bound on the amount of work to be done in the 1** interval. This leads a lower bound on the time
available to process the I*" instance of 7. It is sufficient if the lower bound is at least C.

From (16), and the fact that PSS schedules each task 7; for (I—1) T},.U; units over the interval [0, (I—1)T}),
we have

k
W(DM,m,1,7® (1 - )Tx) > (- DT [ > U; | - (17)
7j=1
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Also at least (I —1).T%. (Zf;ll Uj) units of this execution by Algorithm DM was of tasks in 7 1) because

exactly (I — 1)T}, Uy, units of work was generated by 7 prior to (I — 1)T} - so the remainder of the work must
have been generated by 7(*~1).

Now, the cumulative execution requirement of all instances generated by 7~ that arrive prior to
(I — 1)T} + Dy, the deadline of 74’s I"* instance, is bounded from above by

k-1 [(z — )Ty +Dﬂ .
1 T !

= lTkZUj -l-ZCj (18)

Since at least (I —1)T} Z?;ll U; amount of work gets done prior to (I — 1)T}, the amount of work to be done
in [(I — 1)T}, (I — 1)T}, + Dy,) on tasks in 7(*~1) is at most

k—1 k—1
Ty Uj; + Cj (19)
j=1 j=1
k—1 k—1
<> Ui+>c|. (20)
=1 =1

The last inequality holds because U]‘-i > Uj. Therefore, the total processor capacity left unused by r(k=1)

during the interval [(I — 1)Tk, (I — 1)Ty + Dy) is at least

k—1 k—1
mTy— [T Y Uf+>C (21)
=1 =1

Since there are m processors available, the cumulative length of the intervals over [(I—1)T}, (I—1)Tx+Dy) dur-
ing which 7(k=1) leave at least one processor idle is minimized if the different processors tend to idle simulta-
neously (in parallel); hence, a lower bound on this cumulative length of the intervals over [(I—1)T%, (I—1)T+

D;,) during which 7(¥=1) leave at least one processor idle is given by (m.Tk — (Tk Z?;ll UJd + 25;11 Cj)) /m,
which equals

k—1 k—1
1
T——TEU‘-i §C- 22
k= kj_lj—lrj_lj (22)

For the I*" instance of 7, to meet its deadline, it suffices that this cumulative interval length be at least as
large as 71’s execution requirement; that is,

k—1 k—1
1
T, — — TE:U‘-i E:C- >C
kT m kj—1 J—l_j—l il £Vk
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1 .
e G 1 vt 39 < 1,
T, m J %
J=1 J=1
and since Vj < k : T}, > T}, it is enough if
k-1 k-1
1 d
m \ 4 ,
Jj=1 Jj=1
Further, since Vj : U; < Uj‘-i, it is enough if
1 k—1
d d
Ui + — 2y Ui <1 (23)
j=1

Now,
U+ % (2551 Uf)

=Uf+ L (25h, uf - 20p)
< (By property 2)

U/? (1 - %) + 33{22

< (By property 1)

?w;n——2 (1_ %) + 372,{22

0.
Therefore, since 7() is schedulable for any k by algorithm DM, ™ =71 a “light set” is schedulable by
algorithm DM.

4.3.2 Arbitrary sets

In this section, we relax property 1, and prove that any task system satisfying property 2 alone is schedulable
by algorithm DM-US[m/(3m — 2)]. Let 7 be any task set satisfying

d m?

—3m -2

(24)

For such systems, the algorithm DM-US[m/(3m — 2)] assigns static priorities to tasks as follows :

o IfUY > 325, then 7; has the highest priority (ties broken arbitrarily).

o If U< 35, then 7; has deadline-monotonic priority.
Theorem 4.3 Any task set T satisfying U? < m?/(3m—2) is schedulable by algorithm DM-US[m/(3m—2)].

Sketch of Proof : We first observe that since U? < m?/(3m — 2), at most (m — 1) tasks can have
utilization > m/(3m — 2). Let the number of such tasks be k,. Let m, = m — k,. Let 7 be the set of tasks,
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each having UJ‘-i < m/(3m — 2), and 7(ko) be the rest of the tasks. It can be proved by using the above
inequalities that for each ; € 7, we have

m
Ud < 3'm70—2 (25)
and
d(a d m%
T; €T °

Therefore, since 7 is a “light set” of tasks, it is schedulable by algorithm DM on m,, processors.

Now, there are k, processors left, and k, tasks € 7(k) remaining. Consider the task system 7 obtained
from 7 by replacing each task in 7(*¢) by a task that has the same deadline, but whose computation time is
equal to the deadline. Clearly, algorithm DM-US[m/(3m — 2)] will devote k, processors exclusively to the
tasks having UJd = 1, and will schedule the remaining tasks on m, processors by algorithm DM. Thus, 7
is schedulable. Now, consider the task set 7 : it can be considered as a task set obtained from 7, where
the tasks with U]'-i = 1 do not execute to their full capacity, but execute only to their original capacities.
Clearly, by Ha-Liu’s theorem 4.2, 7 is schedulable. O

As an illustration of the use of the test, consider the following periodic task set containing 8 tasks of type
(2,8), and 1 task of type (8,9), and where m = 8. The utilization of this task set is 26/9 < 82/(3.8 — 2).
Therefore, this task set is schedulable on 8 processors. Since 8/9 > 8/(3.8 — 2), the task (8,9) is allocated to
a single processor, and the rest of the tasks are scheduled on the remaining 7 processors. Now, note that this
task set is not schedulable using the RM algorithm. This is because the algorithm would first execute the 8
tasks of type (2,8) on each of the 8 processors for 2 time units. This would render (8, 9) not schedulable. In
fact, for certain task sets containing tasks with large utilization such as the above, RM would not be able
to schedule them, but RM-US would be able to. The authors[2] call this effect, the Dhall effect, as a similar
example was first given by Dhall and Liu[22].

4.3.3 m = 2 case

The RM-US[m/(3m-2)] algorithm[2] can schedule any task set whose utilization is < 1. Andersson et al.[2]
also mention that it was shown that some partitioning algorithms can schedule any task set with utilization
< (V2 —1) (m + 1) which is < 1.242 for m = 2.

It was shown by Andersson et al.[2] that no static priority multiprocessor algorithm (used to schedule
tasks for any m), whether partitioned or global, can offer a bound greater than m/2. We can adapt their
proof slightly to prove that for m = 2 case : no static priority algorithm, whether partitioned or global, can
offer a bound greater than 1.5. Consider the task set {(L,2L —1),(L,2L —1),(L,2L — 1)} where L > 2.
The utilization of this task set is 3L/2L — 1 > 1. No partitioned algorithm can schedule this because any
two tasks have utilization greater than 1. No global algorithm can either because at least one task would
take time 2L to finish. Thus this task set is not schedulable. As L — oo, the utilization — 1.5. This means
no algorithm can offer a bound b greater than 1.5 because if it does, we can choose L large enough so that
its utilization is less than b.

4.4 EDF-US[m/(2m —1)]

We saw in the previous section that the proof technique for RM-US[m/(3m-2)] [2] is quite adaptable to the
DM case. Indeed, it turns out that it is also adaptable to the EDF case : we present a dynamic priority
algorithm EDF-US[m/(2m — 1)] that schedules any task set whose utilization U < m?/(2m —1).3

3This result was published by Srinivasan and Baruah[24]. We had a glance at the abstract, which stated the schedulability
result, and at the paper, whose organization and proof strategies were similar to those for the RM-US[m/(3m — 2)][2]. That
motivated us to derive the result presented in this subsection. The reader may refer to the paper by Srinivasan and Baruah [24]
for a complete proof.
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We only define “light sets” here, and show the proof of a lemma similar to lemma 4.2. Rest of the
lemmas and their proofs are similar to their counterparts in the RM-US[m/(3m — 2)] case, and do not use
EDF-scheduling as a key point in the proof.

Definition 4.2 Light set : A task set 7 is said to be a “light set” if it satisfies the following properties:
Property 3 : U; < 5%

2

Property 4: U < 57—~

Let 7 be a “light set” of n tasks. We will prove that 7 is schedulable by algorithm EDF.
It can be proved, in lines similar to the proof of lemma, 4.1 that

W(EDF,m,1,7® . t) > W(PSS,m, #,T(k),t) (27)

We now prove the key lemma which states that :

Lemma 4.3 7 is schedulable by EDF on m unit speed processors.

Proof :

We will prove that 7 is schedulable for any 1 < k£ < n - it will then follow that 7 is schedulable.

Let us assume that the first (I — 1) instances of 7, have met their deadlines under the algorithm EDF;
we will prove that the I** instance of 7, also meets its deadline. The lemma will then follow by induction
starting from [ = 1.

The ' instance of 7 arrives at time-instant (I — 1)T}, has a deadline at time-instant [T}, and needs Cj
units of execution. From (27), and the fact that PSS schedules each task 7; for (I — 1) T}.U; units over the
interval [0, (I — 1)T}), we have

n
W(EDF,m,1,7,(1 - 1)Tx) > (1 — )T [ D _U; | - (28)
7j=1

Also at least (I —1).T. (Z?:Lj;ék Uj) units of this execution by algorithm EDF was of tasks in 7/ = 7/{7}

because ezactly (I — 1)T;Uy units of work was generated by 73 prior to (I — 1)T) - so the remainder of the
work must have been generated by 7’.

Now, the cumulative execution requirement of all instances generated by 7’ that arrive prior to IT}, and
whose deadline is < [T}, is bounded from above by

" |,
7o
j=lj#k =77
n
1T},
< 2 (7;?) G
j=Lj#k 7

=T}, jf: U; (29)

=1k
Since at least (I —1)T 37, ;4 U; amount of work gets done prior to (I — 1)T}, the amount of work to be
done in [(I — 1)T,IlT}) on tasks in 7/ is at most

T Y U (30)

j=Li#k
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Therefore, the total processor capacity left unused by 7' during the interval [(I — 1)T},IT}) is at least

n
'm.Tk - Tk Z Uj (32)
J=Lj#k
Since there are m processors available, the cumulative length of the intervals over [(I — 1)T%,{T}) during

which 7/ leave at least one processor idle, is minimized if the different processors tend to idle simultaneously
(in parallel); hence, a lower bound on this cumulative length of the intervals over [(I — 1)T},lT}) during

which 7/ leave at least one processor idle is given by (m.T k— (T kD1 otk Uj)) /m, which equals

1 n
T, — — .
B Tk. E Uj (33)
J=1j#k

For the I** instance of 71, to meet its deadline, it suffices that this cumulative interval length be at least as
large as 7;’s execution requirement; that is,

1 n

— | T >

m Tk E Uj | > Cy
Jj=Lj#k

Ty —

Now,

Ur(l - 2) + % (S5 03)
< (By property 4)
Ur(l — =) + 52
< (By property 3)
e T
=1
The rest of the lemmas and proofs are similar to the RM-US[m/(3m — 2)] case.

4.5 Performance Evaluation : Some Notes

Andersson et al. [2] discuss the performance of RM-US[m/(3m — 2)] algorithm, for m = 32 processors.
They found that even though the utilization bound provided by the algorithm is low (34%) compared to
previous multiprocessor scheduling algorithms (one algorithm provided 41%), it nevertheless performs better
than other algorithms in practice. Some task sets having utilization close to 80% were schedulable by RM-
US[m/(3m—2)], whereas the multiprocessor RM failed to schedule task sets having much smaller utilizations
due to the Dhall effect.
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5 New Results on Fixed-Priority Aperiodic Servers

In this section, we study some new results derived for fixed-priority aperiodic servers by Bernat and Burns[4].
The main contention of the authors is that the DS server is as efficient as the SS server, if not better, though
the traditional view has been otherwise because the utilization-based sufficient test for schedulability for
SS server offers a higher bound than the bound offered by the test for DS server. The authors show using
response-time-based analysis and experimental results that choosing the server parameters using a new
method gives the same utilization for both DS and SS. Further, they show that both DS and SS can achieve
the same aperiodic responsiveness.

5.1 Review of Erstwhile Methods used in Aperiodic Servers

Let 7 be a given set of periodic tasks. The response time based analysis for DS and SS was presented by
Strosnider et al.[13], and it was based on computing the maximum interference that the server can produce
on the periodic tasks. For all periodic tasks, J; is assumed to be zero. In the following section, we will use
superscripts of DS and SS for the parameters of deferrable and sporadic servers respectively.

5.1.1 Response time based tests

For a DS server, because of the double hit phenomenon, the critical instant for an instance of a periodic task
is at the beginning of a double hit period. Therefore, the worst-case interference that the DS server 7°°
can introduce in any periodic task in the interval [0, w] is

w—CP% DS
(1 + ’V TDS co”.
Therefore, the worst-case response time of a periodic task 7; is given by R;, the fixed-point solution to the
following recursive equation, starting with RY = chs .

i—1
R} RE - ODS
RIF =Ci+ ) [?;-‘ Cj + (1 + [71 TSDSS D cbs (34)
i=1

A periodic task is schedulable if R; < D;.
Now, for a sporadic server, since 7°°

.~ can be treated as a periodic task, the interference it produces is
simply

w SS
[ﬁ Cs

and therefore, the response-time equation is

R’?+1:C-+§ By Cj + i Ccos (35)
v b

where R? =0.
Equations 34 and 35 have solutions if U, + UPS <1, and Up + U9 < 1. Note that the time complexity
of using this approach for schedulability analysis is pseudo-polynomial in the input size.

5.1.2 Server parameter selection

Here, we discuss the criteria used by erstwhile methods to decide the server task parameters.
Two key factors determine selection of parameters for the server task :

1. The schedulability of the periodic task set : this should not be compromised.
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2. The response time of aperiodic requests : this should be minimized as much as possible.
The properties desirable of the server task parameters for both SS and DS are :
1. Cs/Ts must be as large as possible.

2. Cs must be as large as possible. This reduces the probability of the aperiodic task exhausting the
server capacity. This is useful if there are critical sections present during execution, because then the
probability of the aperiodic task remaining in the critical section after server capacity is exhausted
and thereby introducing additional interference to lower priority tasks, is probably reduced.

3. 7, must have as high priority as possible.

The above three properties together try to ensure good aperiodic responsiveness. Toward these ends, Bernat
and Burns mention[4] that the traditional methods followed the following heuristics :

1. Select T as large as possible, usually the same as 77, so that the tasks are still in rate-monotonic
order.

2. Then select C as large as possible, either using the sufficient tests, or if possible, using the above
mentioned RTA test.

3. Strosnider et al.[13] discuss that by choosing T to be less than 77 can result in higher utilization,
when judged based on the RTA test, because of favorable phasing with the rest of the tasks.

Performance analysis : Performance analysis to compare relative performance of DS and SS were
performed by Strosnider et al.[13] and Sprunt et al.[23] using the above criteria for choosing parameters.
Bernat and Burns mention that the simulations, however, were not extensive, and did not consider aperiodic
task sets whose computation times exceeded the capacity of the server. The conclusions that were arrived
from these experiments, and previous known properties about SS were

e SS can be treated as a periodic task, and DS not; therefore, analysis of SS is easier.
e SS has a higher utilization than DS and allows larger capacities.

Bernat and Burns propose that these are not quite correct and in the following subsections, we shall see
some of their conclusions.

5.2 New Results Concerning DS and SS[4]

Bernat and Burns[4] actually include two additional parameters for characterizing a task 7; : the blocking
factor B; due to lower priority tasks, and the worst-case time C;; that the task can spend in critical section
b. They then discuss the double-blocking problem* which occurs when an aperiodic task remains in a critical
section after the server capacity is exhausted. However, in the experiments, they do not mention about
the blocking factor, nor do they explicitly discuss about selecting parameters so that the blocking effect is
minimized. The results seem valid even if this is not considered and therefore, we omit discussing this in
this paper.

5.2.1 DS as a periodic task

For purposes of showing DS as a periodic task, we change our periodic model slightly. We make a distinction
between release of any instance of 7; and the time by which it becomes ready, that is, it is recognized by the
scheduler, and put into the scheduler queue for execution. The maximum delay that any instance of 7; can
experience after its arrival and before it becomes ready is defined as the release jitter RJ;.

4To be distinguished from double-hit phenomenon.
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Audsley et al. [3] showed that the response time analysis equation (6) changes to the following if release
jitter is taken into account :

k
R = ¢ +Z [R +RJW C; (36)

We now note that the worst-case response time for a periodic task occurs when it is released at the
double-hit instant, and when the server task executes to its fully capacity at the beginning of each of its
periods. Therefore, for purposes of schedulability analysis, we can treat the DS as a periodic task having a
release jitter RJP¥ = Ty — Cy, and the worst case scenario for periodic tasks is when the first instance of 7,
executes at time Ty — Cs and every other instance executes at the beginning of its period. All the periodic
tasks have a release jitter of RJ = 0.

If 7, is considered as the 0 periodic task 7y, the equation for calculating the response time of any task
Ti,'i > 0 is

k
R = +Z [R +RJW C; (37)

Thus, the DS too can be considered as a periodic task, and its exact schedulability analysis is same as
that for periodic tasks.

5.2.2 Maximum utilization of DS and SS servers

The authors show that appropriate selection of server parameters can make DS perform similar to that of
SS.

The authors reverse the procedure of selecting the parameters : they first select Cs and then decide T5.
They show that there is a range from which C; can be chosen : [1,C*], where C* is the value corresponding
to the amount of time the highest priority task could run without making any lower priority task miss its
deadline, i.e., the minimum of the total amount of idle time at each priority level. For DS, actually, the
maximum capacity becomes C*/2 because of double hit, whereas for SS it is C*. Now, for each possible
Cs in this range, we can determine a corresponding 7 such that the task set is schedulable (decided using
exact schedulability analysis) and the utilization is maximized. For the range of T}, the fact that the total
utilization must be less than 1 gives a lower bound. For the upper bound, we can choose a sufficiently large
value so that the task set becomes schedulable (for eg. 10 times the largest period).

Example of server parameter selection : We illustrate the server parameter selection using the old
methods and using the method used by the authors. Consider the task set {(2,8),(1,10),(1,20)} used in
section 2 to illustrate operation of DS and SS. The utilization of this task set is 0.4. The corresponding
bounds for DS and SS utilizations using the sufficiency tests are 0.256 and 0.34. Now, the old methods fix
TPS = 755 = 8. The sufficiency tests fix the upper bounds on the capacities to be CP%* = 2 and C75* = 2
yielding a utilization of 0.25 for both the servers.

When the response time analysis test is used, the parameters remain as (2,8) with a utilization of 0.25
for DS, but change to (4,8) for SS with a utilization of 0.5. So using the exact tests improves SS utilization.

We now use the method of the authors. The maximum value for which a task can execute from ¢ = 0 to
t = C* at the highest priority without making any lower priority task (any of the three periodic tasks) miss
its deadline is 5. Thus, the C* values for DS and SS are 5/2 = 2 and 5 respectively, that is C”° can lie in
the range [1,2] and CS can lie in the range [1,5]. Both (1,2) and (2,4) can be feasible parameters for the
DS server, both at a utilization of 0.5. For SS, the possible parameters at the highest possible utilization of
0.5 are (1,2),(2,4),(3,6), (4,8), (5,10). These were derived by manually simulating the task sets from ¢t = 0
to t = 40, when the periodic tasks are released at their critical instants.

The results are summarized in table 3. The results for this example indicate the following :
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Server Possible Server Parameters for Maximum Utilization
Sufficient tests | Old RTA method | New method

DS (2,8) (2,8) (1,2),(2,4)

SS (2,8) (4,8) (1,2),(2,4), (3,6), (4,8), (5,10)

Table 3: The server parameters for DS and SS using various methods for the periodic task
set {(25 8)5 (13 10)7 (15 20)}'

Exact and upper bounded aperiodic utilisation for DS and SS
1 D T T T T T T T T T
‘ Max possible Us (Us+Up=1) i—
oo Max exact server Us (DS) o
i : Max exact server Us (SS) | +
S L.east server-Us bound. (SS) -
Least server Us bound (DS) :-

Max server Utilisation

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Periodic Utilisation

Figure 5: Maximum possible utilizations for DS and SS servers

e Using the new method, much higher utilization can be achieved for the DS server. The maximum
utilizations are the same for both DS and SS.

e The maximum utilizations are achieved at periods different from T7.
e The maximum utilizations are achieved at more than one value of the capacity of the server.

Experimental evaluation by the authors : The figure 5 is taken from the paper[4]. The maximum
utilizations possible for DS and SS using the above technique was found for a fairly large set of periodic
tasks (about 50). The diamonds and crosses are the points of maximum utilizations of the DS and SS
servers for each of the task sets. As it can be seen, the values are always above the bounds determined
by the sufficient utilization based tests - this shows that the new analysis test actually does quite well in
practice compared to utilization based tests. Further, it can be observed that the maximum values for DS
and SS servers were almost the same, although the authors note that they were attained at different server
capacities. Server capacity does play an important role in aperiodic responsiveness, and therefore needs to
be taken into account. However, the figure shows that based on the mazimum-achievable-utilization alone,
distinguishing SS and DS is not correct.
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5.2.3 Server Capacity Selection

We study here the effect of the server capacity on the maximum possible utilization and the aperiodic
responsiveness (measured as the average response time of the aperiodic tasks).

Max server utilisation for different capacities

0.25
maximum SS utilisation ——
maximum DS utilisation -----
0.2 LM L
»
1~
3 0.15
c
=]
T
N
5
g 0.1
@
(%}
0.05
0 i
0 50 100 150 200 250

Server capacity (Cs)

Figure 6: Maximum server utilizations possible at various capacities

The authors derived the maximum utilization possible for various server capacities, for a given task set;
the graph in figure 6 shows their results. We can see that the utilization drops to zero for DS after about
110, while for SS it continues to about 220, as expected since the C* value for DS is half that for SS. Further,

e The maximum possible utilization is slightly lower for DS than for SS.

e While, in general, the maximum possible utilization decreases for DS as the capacity increases, for SS,
it can be attained for a number of capacities.

The authors also measured the aperiodic responsiveness at various possible server capacities for many
aperiodic task requests. The graph in figure 7 shows their results. We can observe that

e The response time of DS is always smaller than that of SS for a given capacity.
e Both, however, do attain the same responsiveness at different capacities.

Based on the above results, we can infer that it is best to choose largest capacity possible provided we can
attain the mazimum utilization at that capacity. Since the server utilization is a non-monotonic function of
capacity, we can instead choose the largest possible capacity at a local maximum of the server utilization.

For the example in table 3, the best parameters we can choose for DS are (2,4) and that for SS are
(5,10).

5.3 Comparison between DS and SS
We compare DS and SS based on the light of the above results :
1. Both DS and SS can be treated as a periodic task in an appropriate task model.

2. Mazimum achievable utilization is the same for both tasks though achieved at different capacities.
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Average response time for different capacities. Up=0.6, C1=20, T1=100

70

60

50 \{\x
H
40

Response time

\
\
\
A
.
‘
30 !
\
\
\

A

20

10

N
N

VA \J \J
I
k i n
s b
AN AN AN
NN T
MRV
J oA
i
|
|
|

Figure 7: Average aperiodic response time for a particular periodic task set

3. Server Parameters : Though SS can have double the capacity of DS, the aperiodic response is the
same. DS covers up the lack due to double-hit. However, SS can function at large capacities, whereas

DS cannot.

4. Parameter selection procedure is very costly, since it involves determining the periods for each possible

Cs in [1,C%].

5. Ease of implementation :

Server capacity (Cs)

100 150

comparable in performance with SS, it may be wiser to use DS.

200

6 Combining the Results/Concepts in the Papers

In this section, we attempt to combine the results presented in the three papers. We first derive the HET
test for deadline-monotonic case and then for the deferrable server. We then propose models for deferrable

and sporadic servers on multiprocessors.

6.1 HET tests for Other Static/Fixed Priority Algorithms

In this section, we will adapt the definitions and conventions used in section 3.

6.1.1 HET test for DM algorithm

Let W;(b) and 1);(b) defined as in section 3. Clearly, (10) and (11) hold in the DM case also. That is

vt € [0,5] : Wi(h) < Z %1 Ci+ (b—t)

26

250

DS is easier to implement because replenishment times are known in
advance. SS is comparatively difficult to implement since we need to store the replenishment times
and amounts. These could be O(Ts) in number in worst case. Because of this overhead, since DS is



and

7
_ VT(b)W C; + (b — (D). (39)
g=t'
Now, I'; is schedulable if and only C; + W;_1(D;) < D; for all 5. It can be seen that lemma (6.1) holds in this
case also, with a very slight modification of the proof (in the induction step, in case (1), the last instance
of 7,1 misses its deadline at (|b/Tj+1] — 1)T541 + Djiy1 which is < |b/T;41] Ti+1).- We now derive the final
statement of the theorem. Now the task set is schedulable iff

Vi:Ci+ Y %ﬁ’)] Cj + (Di — 4i(D;)) < D;
& Yi:Ci+ ’471 M] Cj < i(Dy)
& ViiYi, M(Dw)] Cy < $i(Dy)

J

o1 [—%(TPZ) Cj

) J
& Vi =l <1(i(b) > 0)
P 2 Yol
& Vil = | minep,p,) ——r ILTJ ) <1

6.1.2 HET test for Deferrable Server Algorithm

Here, we modify the definition of ¢-active. The processor is i-active at ¢ if any instance of either 7, or I';
is active at t. The definitions of W;(b) and ;(b) use the new definition of i-active. We also say that the
processor is s-active at ¢ if an instance of 7, is active at t. We define Wy (b) to be the total time for which
the processor is s-active in [0, b], and 15(b) is the last instant in [0, b] for which the processor is not s-active.

We assume that the periodic tasks and DS are invoked as in the worst case scenario. In this case, the
equations (10) and (11) have to be slightly modified. We now have (for b > 0)

b fort=0

Wi(b)g{zi [ ]C + 0, +[t CS-|CS+(b—t) for t € (0, b] (40)

7j=1

The above equation holds because for t = 0, W;(b) can at most be b. Now, for ¢ > 0, the same reasoning as
for (10) holds except that we now have to include the server task. Here we assume that the ceiling of any z
for -1 <z2<0is0.

Now, the following equation holds since v;(b) is the last instant in [0,b] at which the processor is not
i-active, that is, all the instances released before 1;(b) have been executed by ;(b).

b for 1;(b) =
Wi(b) = S [42] i+ G+ [BGEE] Oyt (b - 0iB) for i(b) >

Now, I'; | J{7s} is schedulable if and only if Vi : C; + W;_1(T;) < T;. Since we have an expression for
Wi;(b) in terms of 1;(b), all that remains is to find 1);(b). The following lemma helps us to find 1);(b) :

(41)

Lemma 6.1 Let I';|J{7s} be schedulable by DS and let P;(b) be defined as follows :

( 0 if b < Cy
oy ny s




Then
Pi(b) € Pi(b)-

Proof : We first prove that the definition of Ps(b) is correct. Suppose b < Cs. Then since 75 executes
from ¢t = 0 to t = Cy, t = 0 is the last instant at which the processor is not s-active. Therefore, 15(b) = 0 in
this case. Suppose b > C;. Then, since 7, is invoked for an interval of C; at the beginning of every period
starting from t = C§, there are two cases depending on whether the processor is s-active or not at b. If
the processor is not, then 15(b) = b. If it is, then 14(b) is the last instant at which an instance of 75 was

released, that is, 1,(b) = [%J T,.
We now prove that the definition of P;(b) is correct by induction on 4.

Initial Step : We have to prove that 11(b) € P1(b) for all b. Now, consider the interval [|b/T1 | T1,b]. In
this interval, two things can happen :

1. The processor is 1-active throughout the interval : Then 1 (b) = 11(|b/T1]T1) because the proces-
sor is l-active in [|b/T1]T1,b]. Now, for any z, ¢¥1(z) < 1s(z). Further, it must be the case that
Pi(|b/Th|Th) = s(|b/T1]|T1). Suppose, on the contrary, it is a strict inequality. Then the last
instance of 7 would miss its deadline at |b/7T7 |T}.

2. There exists an instant of time at which the processor is not 1-active : Let x € [|[b/T1]|T,b] be an
instant of time where no tasks in I'; | J{7,} are active. Since at time z the (|b/T} ] + 1)** job of 7| has
finished execution, 7 is never active in [z, b, that is, the only task that can be active in that interval
is 7s. This implies that 1 (b) = 1,(b).

Induction Step : If 9;(b) € P;(b) for all b, we have to prove that, given a schedulable set T';i1,
’l,[)i_|_1(b) € 'PZ'_H(b) for all b.
Consider the time interval [|b/Tj+1]Ti41,b]. In this interval, two things can happen :

1. The processor is (i + 1)-active throughout the interval : Then 1);11(b) = ¥;+1(|b/Ti+1]Ti+1) because
the processor is (i + 1)-active in [|b/Tj4+1]T541,b]. Now, for any z, 1¥;11(x) < vi(x), because I';1;
has one additional task compared to I';. Further, it must be the case that ;i1 (|b/Tit1]Ti+1) =

¥i(|b/Ti4+1]Ti+1). Suppose, on the contrary, it is a strict inequality. Then the last instance of 7,1,
would miss its deadline at [b/Tj41]Tj41.-

2. There ezists an instant of time at which the processor is not (i + 1)-active : Let x € [|b/Tiy1]|Ti+1,0]
be an instant of time where no tasks in T';;1 are active. Since at time z the (|b/Tj11] + 1) job of
Ti+1 has finished execution, 741 is never active in [z,b]. This implies that 1;11(b) = 1;(b).

Since by induction hypothesis, 1;(|b/Ti+1]Tit1) € Pi(|b/Tix1]Ti+1) and 1;(b) € P;(b),
$ir1(b) € Pi(|b/Tis1)Ti41) | Pi(b) = Piy1(b) by definition.

a

We now derive the final form of the test. We first note that ;(7;) cannot be 0 for any 7; since that
would mean 7; misses its deadline at T;, contradicting the fact that 7; is schedulable. Now, we need

V'C+mﬂ0<T

& ViiCi+ X [ 04 0+ [RUEC ] 6, 1 (T — gu(Ty) < T
@vmq+gﬂﬁgﬂc+c+ﬁLLﬁc<%()
¢>W:2LJWWWC+C4{WW) ] G, < (T

[ i [0 | oy [ 2= o,
& Vil = mingep; (1) 7 <1.
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6.2 Fixed-Priority Servers on Multiprocessors

In this section, we propose models for fixed-priority servers on multiprocessors.

6.2.1 Partitioned task sets

In this case, we could have one deferrable/sporadic server on each of the m processors. Since the periodic
tasks on each processor are scheduled using RM, the server parameters could be determined by the method
used in section 5. The aperiodic tasks, which are queued in FIFO manner, can be scheduled globally on any
of the available deferrable servers.

Several heuristics could be used to assign the aperiodic tasks to the processors. Since the deferrable
server on each processor is of the highest priority, given the aperiodic execution time requirement, we can
precisely determine the time at which the task would be completed because we know the current capacity of
the server and the replenishment times along with the replenishment amounts, though this could be slightly
complex for the sporadic server because of its replenishment scheme. Therefore, we can assign a task to that
processor which can give the shortest response time. However, in a model where the aperiodic tasks have
soft deadlines, and the criterion for good responsiveness is the fraction of the soft deadlines met, it could
be better to assign a task to the processor which, in spite of having a large response time, can still meet its
deadline. In other words, we can delay the execution of the aperiodic task as long as it meets its deadline.

6.2.2 Global task sets

In this case, we can have a single deferrable or a sporadic server at the highest priority which can execute on
any of the m processors. The replenishment rules and amounts remain the same. The replenished capacity
can be used to execute on any of the platforms. For scheduling the periodic tasks, we could use either RM
or RM[m/(3m — 2)]. However, it is not clear how to determine the parameters for the server in this case.

7 Conclusion

In this paper, we studied three papers dealing with static- and fixed- priority preemptive real-time scheduling.

In the first paper by Bini and Buttazzo[6], we saw a new exact schedulability test for RM scheduling on
uniprocessors. The test always performed better than the classical RTA test, and can potentially perform
much better than RTA on task sets with large variations in periods of the tasks. The exact test could also
be tuned based on a parameter to be faster although it then accepts fewer tasks as schedulable.

In the second paper by Andersson, Baruah and Jonssonn[2], we saw a sufficient utilization based schedu-
lability test for static-priority multiprocessor scheduling. We noted that the proof strategies for the test
were quite general, that is, they did not greatly depend on the RM algorithm which the authors used as the
basis, and therefore, we could adapt it to the DM case, and the EDF case. We also saw that even though
the bound of the test was lower than known algorithms, the algorithm in practice was able to schedule tasks
with much larger utilization. We also proved a negative result for schedulability bound on 2 processors.

In the third paper by Bernat and Burns [4], we discussed the performance of the DS and SS servers.
We found that the traditional methods did not explore all possibilities for the parameters of the server
tasks and preferred SS to DS because the schedulability bound of SS was larger. A new parameter selection
strategy was proposed, and it was found from the simulations in the paper that both DS and SS achieve
high utilizations, and have equal aperiodic responsiveness, though at different capacities.
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