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ABSTRACT

We study a natural extension of classical evolutionary game
theory to a setting in which pairwise interactions are re-
stricted to the edgesof an undirected graph or network. We
generalize the de nition of an evolutionary stable strategy
(ESS), and show a pair of complemertary results that ex-
hibit the power of randomization in our setting: subject
to degree or edge density conditions, the classical ESS of
any game are preserved when the graph is chosenrandomly
and the mutation set is chosen adversarially, or when the
graph is chosenadversarially and the mutation setis chosen
randomly. We examine natural strengthenings of our gener-
alized ESSde nition, and show that similarly strong results
are not possible for them.
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1. INTRODUCTION

In this paper, we intro duce and examine a natural exten-
sion of classicalevolutionary gametheory (EGT) to asetting
in which pairwise interactions are restricted to the edgesof
an undirected graph or network. This extension generalizes
the classical setting, in which all pairs of organisms in an
in nite population are equally likely to interact. The clas-
sical setting can be viewed as the special casein which the
underlying network is a clique.

There are many obvious reasonswhy one would like to
examine more general graphs, the primary one being in that
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many scenariosconsideredin evolutionary game theory, all
interactions are in fact not possible. For example, geograph-
ical restrictions may limit interactions to physically proxi-
mate pairs of organisms. More generally, as evolutionary
gametheory has becomea plausible model not only for bio-
logical interaction, but also economic and other kinds of in-
teraction in which certain dynamics are more imitativ e than
optimizing (see[2, 16] and chapter 4 of [19]), the network
constraints may come from similarly more general sources.
Evolutionary gametheory on networks has been considered
before, but not in the generality we will do so here (see
Section 4).

We generalizethe de nition of an evolutionary stable strat-
egy (ESS) to networks, and show a pair of complemenrtary
results that exhibit the power of randomization in our set-
ting: subject to degreeor edgedensity conditions, the clas-
sical ESS of any game are preserved when the graph is cho-
senrandomly and the mutation set is chosen adversarially,
or when the graph is chosenadversarially and the mutation
set is chosenrandomly. We examine natural strengthenings
of our generalized ESS de nition, and show that similarly
strong results are not possible for them.

The work described here is part of recent e orts exam-
ining the relationship between graph topology or structure
and properties of equilibrium outcomes. Previous works in
this line include studies of the relationship of topology to
properties of correlated equilibria in graphical games[11],
and studies of price variation in graph-theoretic market ex-
change models [12]. More generally, this work contributes
to the line of graph-theoretic models for game theory inves-
tigated in both computer science[13] and economics[10].

2. CLASSICAL EGT

The fundamental concept of evolutionary game theory is
the evolutionarily stable strategy (ESS). Intuitiv ely, an ESS
is a strategy sudh that if all the members of a population
adopt it, then no mutant strategy could invade the popula-
tion [17]. To make this more precise, we describe the basic
model of evolutionary game theory, in which the notion of
an ESSresides.

The standard model of evolutionary game theory consid-
ers an in nite population of organisms, each of which plays
a strategy in a xed, 2-player, symmetric game. The game
is de ned by a tness function F. All pairs of members of
the in nite population are equally likely to interact with one
another. If two organisms interact, one playing strategy s



and the other playing strategy t, the s-player earnsa tness
of F (sjt) while the t-player earnsa tness of F(tjs).

In this in nite population of organisms, supposethere is a
1 fraction who play strategy s, and call these organisms
incumbents; and supposethere is an fraction who play t,
and call these organisms mutants. Assume two organisms
are chosen uniformly at random to play ead other. The
strategy s is an ESS if the expected tness of an organ-
ism playing s is higher than that of an organism playing t,
for all t 6 s and all su cien tly small Since an incum-
bent will meet another incumbent with probability 1
and it will meet a mutant with probability , we can calcu-
late the expected tness of an incumbent, which is simply
1 )JF(sjs) + F (sjt). Similarly, the expected tness of
a mutant is (1  )F(tjs) + F (tjt). Thus we come to the
formal de nition of an ESS[19].

Definition  2.1. A strategy S is an evolutionarily stable
strategy (ESS) for the 2-player, symmetric game given by
fitness function F, if for every strategy t 6 S, there exists
an t such that for all0< < ¢, (1 )F(sjs)+ F (sjt) >
@  )F(tjs) + F (tjt).

A consequenceof this de nition isthat for sto be an ESS,
it must be the casethat F(sjs) F(tjs), for all strategies
t. This inequality meansthat s must be a best response
to itself, and thus any ESS strategy s must also be a Nash
equilibrium. In general the notion of ESS is more restric-
tive than Nash equilibrium, and not all 2-player, symmetric
gameshave an ESS.

In this paper our interest is to examine what kinds of net-
work structure preserve the ESS strategies for those games
that do have a standard ESS. First we must of course gen-
eralize the de nition of ESSto a network setting.

3. EGT ON GRAPHS

In our setting, we will no longer assumethat two organ-
isms are chosen uniformly at random to interact. Instead,
we assumethat organismsinteract only with those in their
local neighborhood, as de ned by an undirected graph or
network. As in the classical setting (which can be viewed
as the special caseof the complete network or clique), we
shall assumean in nite population, by which we mean we
examine limiting behavior in afamily of graphs of increasing
size.

Before giving formal de nitions, some commens are in
order on what to expect in moving from the classicalto the
graph-theoretic setting. In the classical (complete graph)
setting, there exist many symmetries that may be brokenin
moving to the the network setting, at both the group and
individual level. Indeed, such asymmetries are the primary
interest in examining a graph-theoretic generalization.

For example, at the group level, in the standard ESSde -
nition, one neednot discussany particular set of mutants of
population fraction . Since all organisms are equally likely
to interact, the survival or fate of any speci ¢ mutant setis
identical to that of any other. In the network setting, this
may not be true: some mutant sets may be better able to
survive than others due to the speci ¢ topologiesof their in-
teractions in the network. For instance, foreshadaving some
of our analysis, if s is an ESShut F (tjt) is much larger than
F(sjs) and F(sjt), a mutant set with a great deal of \in-
ternal" interaction (that is, edgesbetweenmutants) may be

able to survive, whereas one without this may suer. At
the level of individuals, in the classicalsetting, the assertion
that one mutant dies implies that all mutants die, again by
symmetry. In the network setting, individual fates may dif-
fer within a group all playing a common strategy. These
obsenations imply that in examining ESS on networks we
face de nitional choicesthat were obscuredin the classical
model.

If G is a graph represerting the allowed pairwise interac-
tions between organisms (vertices), and u is a vertex of G
playing strategy s, then the tness of u is given by

ver(u) F (SUjSV) .

j(wj
Here s, is the strategy being played by the neighbor v, and
(u)=fv2V:(uv) 2 Eg. Onecanview the tness of
u as the average tness u would obtain if it played ead if
its neighbors, or the expected tness u would obtain if it
were assignedto play one of its neighbors chosen uniformly
at random.

Classical evolutionary game theory examines an in nite,
symmetric population. Graphs or networks are inherently -
nite objects, and we are speci cally interested in their asym-
metries, as discussedabove. Thus all of our de nitions shall
revolve around an innite family G = fG,gY, of nite
graphs G, over n vertices, but we shall examine asymptotic
(large n) properties of such families.

We rst give a de nition for a family of mutant vertex
setsin such an in nite graph family to contract.

Definition  3.1. Let G = fGngrZg be an infinite family
of graphs, where Gn has n wertices. Let M = fMygat,
be any family of subsets of wvertices of the Gn such that
iMnj  n for some constant > 0. Suppose all the vertices
of Mn play a common (mutant) strategy t, and suppose the
remaining vertices in Gn play a common (incumbent) strat-
egy S. We say that My, contracts if for sufficiently large n,
for all but o(n) of thej 2 Mn, j has an incumbent neighbor
i such that F(j) < F(i).

F(u) =

A reasonable alternativ e would be to ask that the con-
dition above hold for all mutants rather than all but o(n).
Note also that we only require that a mutant have one in-
cumbent neighbor of higher tness in order to die; one might
considering requiring more. In Sections 6.1 and 6.2 we con-
sider these stronger conditions and demonstrate that our
results can no longer hold.

In order to properly de ne an ESSfor anin nite family of
nite graphs in a way that recovers the classical de nition
asymptotically in the caseof the family of complete graphs,
we rst must give ade nition that restricts attention to fam-
ilies of mutant vertices that are smaller than someinvasion
threshold ’n, yet remain someconstant fraction of the pop-
ulation. This prevents \in vasions" that survive merely by
constituting a vanishing fraction of the population.

Definition  3.2. Let ' > 0, and let G = fGhgry, be
an infinite family of graphs, where Gn has n wvertices. Let
M = fMngi%o be any family of (mutant) vertices in Gy .
We say that M s '-linear if there exists an , ' > > 0,
such that for all sufficiently large n, 'n > jMnj> n.

We can now give our de nition for a strategy to be evo-
lutionarily stable when employed by organisms interacting
with their neighborhood in a graph.



Definition  3.3. Let G = fGngnlg be an infinite family
of graphs, where Gn has n vertices. Let F be any 2-player,
symmetric game for which S is a strategy. We say that S is
an ESS with respect to F and G if for all mutant strategies
t 6 s, there exists an + > 0 such that for any t-linear
family of mutant vertices M = fMnygnlo all playing t, forn
sufficiently large, M contracts.

Thus, to violate the ESS property for G, one must witness
a family of mutations M in which each M, is an arbitrarily
small but nonzero constant fraction of the population of G,,
but doesnot contract (i.e. every mutant set has a subset of
linear size that survivesall of its incumbent interactions).
In Section A.1 we show that the de nition given coincides
with the classical one in the casewhere G is the family of
complete graphs, in the limit of large n. We note that even
in the classical model, small sets of mutants were allowed to
have greater tness than the incumbents, aslong asthe size
of the set was o(n) [18].

In the de nition above there are three parameters: the
game F, the graph family G and the mutation family M.
Our main results will hold for any 2-player, symmetric game
F. We will also study two rather general settings for G and
M : that in which G is a family of random graphs and M is
arbitrary , and that in which G is nearly arbitrary and M is
randomly chosen. In both cases,we will seethat, subject to
conditions on degreeor edgedensity (essetially forcing con-
nectivity of G but not much more), for any 2-player, sym-
metric game,the ESSof the classicalsettings, and only those
strategies, are always preserved. Thus a common theme of
theseresults is the power of randomization: aslong as either
the network itself is chosenrandomly, or the mutation setis
chosenrandomly, classical ESS are preserned.

4. RELATED WORK

There has beenprevious work that analyzeswhich strate-
giesare resilient to mutant invasionswith respect to various
typesof graphs. What setsour work apart is that the model
we consider encompasses signi can tly more general classof
gamesand graph topologies. We will briey survey this lit-
erature and point out the di erences in the previous models
and ours.

In [8], [3], and [4], the authors consider specic families
of graphs, such as cycles and lattices, where players play
specic games,such as 2 2-gamesor k  k-coordination
games. In these papers the authors specify a simple, local
dynamic for players to improve their payos by changing
strategies, and analyze what type of strategies will grow to
dominate the population. The model we proposeis more
general than both of these, asit encompasses larger class
of graphs as well as a richer set of games.

Also related to our work is that of [14], where the authors
propose two models. The rst assumesorganisms interact
according to a weighted, undirected graph. However, the
tness of eadh organism is simply assignedand doesnot de-
pend on the actions of each organism's neighborhood. The
secondmodel has organisms arranged around a directed cy-
cle, where neighbors play a 2 2-game. With probabilit y
proportional to its tness, an organism is chosento repro-
duce by placing a replica of itself in its neighbors position,
thereby \killing" the neighbor. We consider more general
gamesthan the rst model and more general graphs than
the second.

Finally, the works most closelyrelated to ours are [7], [15],
and [6]. The authors consider 2-action, coordination games
played by players in a general undirected graph. In these
three works, the authors specify a dynamic for a strategy to
reproduce, and analyze properties of the graph that allow a
strategy to overrun the population. Here again, one can see
that our model is more general than these, as it allows for
organismsto play any 2-player, symmetric game.

5. NETWORKS PRESERVING ESS

We now proceedto state and prove two complemertary
results in the network ESSmodel de ned in Section 3. First,
we consider a setting where the graphs are generatedvia the
Gnp model of Erdps and Renyi [5]. In this model, every
pair of vertices are joined by an edge independertly and
with probabilit y p (where p may depend on n). The mutant
set, however, will be constructed adversarially (subject to
the linear size constraint given by De nition 3.3). For these
settings, we show that for any 2-player, symmetric game, s
is a classical ESS of that game, if and only if s is an ESS
for fGn;p 972, Wherep= (1 =n°) and 0 c< 1, and any
mutant family fM, gs2,, where each M, haslinear size. We
note that under these settings, if welet c= 1 for small

> 0, the expected number of edgesin G, isn'™ or larger
| that is, just superlinear in the number of vertices and
potentially far smaller than O(n?). It is easyto convince
oneselfthat once the graphs have only a linear number of
edges,we are irting with disconnectedness,and there may
simply belarge mutant setsthat can survivein isolation due
to the lack of any incumbent interactions in certain games.
Thus in somesensewe examine the minim um plausible edge
density.

The secondresult is a kind of dual to the rst, considering
a setting where the graphs are chosenarbitrarily (subject to
conditions) but the mutant sets are chosen randomly. It
states that for any 2-player, symmetric game, s is a clas-
sical ESS for that game, if and only if s is an ESS for any
fGn = (Vn; En)gnZg in which for all v 2 V,;deg(v) = ( n)
(for any constant > 0), and a family of mutant sets
fMnorl,, that is chosenrandomly (that is, in which ead or-
ganism is labeled a mutant with constant probability > 0).
Thus, in this setting we again nd that classicalESSare pre-
served subject to edgedensity restrictions. Sincethe degree
assumption is somewhat strong, we also prove another result
which only assumesthat jE,j n'* , and shows that there
must exist at least 1 mutant with an incumbent neighbor of
higher tness (as opposedto showing that all but o(n) mu-
tants have an incumbent neighbor of higher tness). As will
be discussed,this rules out \stationary" mutant invasions.

5.1 Random Graphs, Adversarial Mutations

Now we state and prove a theorem which shows that if s
is a classical ESS, then s will be an ESSfor random graphs,
where a linear sizedset of mutants is chosenby an adversary.

Theorem 5.1. Let F be any 2-player, symmetric game,
and suppose S is a classical ESS of F. Let the infinite
graph family fGnOrZo be drawn according to Gnyp , where
p= (@ =n° and 0 c< 1. Then with probability 1, S is
an ESS.

The main idea of the proof is to divide mutants into 2
categories, those with \normal" tness and those with \ab-



normal” tness. First, we show all but o(n) of the popula-
tion (incumbent or mutant) have an incumbent neighbor of
normal tness. This will imply that all but o(n) of the mu-
tants of normal tness have an incumbent neighbor of higher
tness. The vehicle for proving this is Theorem 2.15 of [5],
which givesan upper bound on the number of vertices not
connected to a su cien tly large set. This theorem assumes
that the size of this large set is known with equality, which
necessitatesthe union bound argument below. Secondly, we
show that there can be at most o(n) mutants with abnormal
tness. Sincethere are sofew of them, even if none of them
have an incumbent neighbor of higher tness, s will still be
an ESSwith respectto F and G.

Pr oof. (Sketch) Let t 6 s bethe mutant strategy. Since
sisaclassicalESS,there existsan  suchthat (1 )F(sjs)+
F(sjit) > (1 )F(tjs) + F (tjt), forall 0< < . Let M
be any mutant family that is -linear. Thus for any xed
value of n that is sucien tly large, there exists an such
that jMpj= n and (> > 0. Also, let I, = V, nM,, and
let I’ I, bethe setof incumbents that have tness in the
range (1 N@  )F(sjs) + F (sjt)] for someconstant
0< < 1=6. Lemma 5.1 below shows (1  )n  jl’j
@ Hn 241+§“. Finally, let

T.=fx2Vnl': (x)\1'6;9:

(For the sake of clarity we suppressthe subscript n on the
sets|’ and T.) The union bound givesus

(g n
Pr(jT,/j n) Pr(jT,/j

i (1_ yn_ 24logn
i=(1— )n o

nandijl’j=1i) (1)

Letting = n— for some > 0gives n = o(n). We will
apply Theorem 2.15of [5] to the summand on the right hand
side of Equation 1. If welet = (1 c¢)=2, and combine this
with the fact that 0 c¢< 1, all of the requirements of this
theorem will be satis ed (details omitted). Now when we
apply this theorem to Equation 1, we get

(¢ )n 1
Pr(jT,/j n) exp

L 24logn
i=(1—)n 7ﬁ
= o(1)

This is becauseequation 2 has only Q‘“Tog" terms, and

Theorem 2.15of [5] givesusthat C (1  )n'~¢ 2ilogn
Thus we have shown, with probabilit y tending to 1 asn !
1 , at most o(n) individuals are not attached to an incum-
bent which has tness in the range (1 N@  )F(sjs) +
F (sjt)]. This implies that the number of mutants of ap-
proximately normal tness, not attached to an incumbent
of approximately normal tness, is also o(n).

Now those mutants of approximately normal tness that
are attached to an incumbent of approximately normal t-
nesshave tness in the range (1 )[(1 )F(tjs)+ F (tjt)].
The incumbernts that they are attached to have tness in the
range(1 )[(1 )F(sjs)+ F (sjt)]. Sincesisan ESSof F,
weknow (1 )F(sjs)+ F (sjt) > (1 )F(tjs)+ F (tjt), thus
if we choose small enough, we can ensurethat all but o(n)
mutants of normal tness have a neighboring incumbent of
higher tness.

Finally by Lemma 5.1, we know there are at most o(n) mu-
tants of abnormal tness. Soevenif all of them are more t
than their respective incumbent neighbors, we have shown
all but o(n) of the mutants have an incumbent neighbor of
higher tness. [

We now state and prove the lemma used in the proof
above.

Lemma 5.1. For almost every graph Gnp with (1 )n
incumbents, all but 228N incumbents have fitness in the

range (1 )[(X )F(sjs)+ F (sjt)], wherep= (1 =n°) and

, and C are constants satisfying 0< < 1, 0< < 1=6,
0 c < 1. Similarly, under the same assumptions, all
but 28N mutants have fitness in the range (1 (2

JF(tjs) + F (tjt)].

Pr oof. We de ne the mutant degree of a vertex to be
the number of mutant neighbors of that vertex, and in-
cumbent degree analogously. Observe that the only way for
an incumbent to have tness far from its expected value of
(1 )F(sjs)+ F (sjt) isif it hasa fraction of mutant neigh-
bors either much higher or much lower than Theorem
2.14 of [5] gives us a bound on the number of such incum-
bents. It statesthat the number of incumbents with mutant
degreeoutside the range (1  )pjMj is at most Q'T"g” By
the sametheorem, the number of incumbents with incum-
bent degreeoutside the range (1  )pjl j is at most 121+§“.
From the linearity of tness as a function of the fraction
of mutant or incumbent neighbors, one can show that for
those incumbents with mutant and incumbent degreein the
expected range, their tness is within a constant factor of
(1 )F(sjs) + F (sjt), where that constant goesto 1 asn
tends to innit y and tendsto 0. The proof for the mutant
caseis analogous. [

We note that if in the statement of Theorem 5.1 we let
c = 0, then p= 1. This, in turn, makesG = fKngiZ,
where K, is a clique of n vertices. Then for any K, all
of the incumbents will have identical tness and all of the
mutants will haveidentical tness. Furthermore, sinces was
an ESSfor G, the incumbent tness will be higher than the
mutant tness. Finally, one can show that asn! 1, the
incumbent tness convergesto (1  )F(sjs) + F (sjt), and
the mutant tness convergesto (1  )F(tjs) + F (tjt). In
other words, s must be a classical ESS, providing a converse
to Theorem 5.1. We rigorously presert this argument in
Section A.1.

5.2 Adversarial Graphs, Random Mutations

We now move on to our secondmain result. Here we show
that if the graph family, rather than being chosenrandomly,
is arbitrary subject to a minimum degreerequirement, and
the mutation sets are randomly chosen, classical ESS are
again preserved. A modied notion of ESS allows us to
considerably weaken the degreerequirement to a minimum
edgedensity requirement.

Theorem 5.2. Let G = Gy = (Vn;En)0gn2o be an infi-
nite family of graphs in which for allv 2 Vn, deg(v) = ( n )
(for any constant > 0). Let F be any 2-player, symmetric
game, and suppose S is a classical ESS of F. Lett be any
mutant strategy, and let the mutant family M = fM,gr2, be
chosen randomly by labeling each vertex a mutant with con-
stant probability , where + > > 0. Then with probability
1, s is an ESS with respect to F, G and M .



Pr oof. Let t 6 s be the mutant strategy and let X be
the event that every incumbent has tness within the range
1 W@  )F(sjs) + F (sjt)], for someconstant > 0to
be specied later. Similarly, let Y be the event that every
mutant has tness within the range (1 M@ )F(tjs) +
F (tjt)]. SincePr(X \ Y)=1 Pr(: X[ :Y), weproceed
by showing Pr(: X [ : Y) = o(1).

: X isthe event that there exists anincumbent with tness
outside the range (1  )[(1 )F(sjs)+ F (sjt)]. If degy, (v)
denotes the number of mutant neighbors of v, similarly,
deg, (v) denotes the number of incumbent neighbors of v,

. ; degy (i) ; degpg (1) i
then anincumbent i has tness 25 F (sjs)+ 252 F (sjt).

Since F (sjs) and F (sjt) are xed quantities, the only varia-
tion in an incumbents tness can comefrom variation in the
terms d;eg;(ﬁ')) and djiéw(i()'). One can usethe Cherno bound
followed by the union bound to show that for any incumbent
I,

Pr(F(i)2(1 I )F(sis)+ F(sit)])

deg(i) 2

< 4exp 3

Next one can usethe union bound again to bound the prob-
ability of the event : X,

di 2

3

Pr(: X) 4nexp

1=2. An analogous

argument can be made to show Pr(: Y) < 4n exp( dg 2),

where dj = min;em deg(j) and 0 < 1=2. Thus, by the
union bound,

where di = min;cy\u deg(i), 0 <

d 2
3
where d = minyev deg(v), 0 < 1=2. Since deg(v) =

(n)foralv2V,and , and areall constants greater
than 0,

Pr(: X[ :Y)< 8nexp

n—occ exp(d 2=3) '

soPr(: X[ :Y)= o(1l). Thus,wecanchoose small enough
such that (1 + )[(1 JFE(tjs) + F (tjt)] < (1 N
)F (sjs)+ F (sjt)], and then choosen large enoughsuch that
with probability 1 o(1), every incumbent will have tness
intherange(1 )[(1 )F(sjs)+ F(sjt)], and every mutant
will have tness in therange (1  )[(1 )F(tjs)+ F (tjt)].
Sowith high probabilit y, every incumbent will have a higher
tness than every mutant. [

By arguments similar to those following the proof of The-
orem 5.1, if welet G = fK, g2, each incumbent will have
the same tness and eacdh mutant will have the same tness.
Furthermore, sinces is an ESSfor G, the incumbent tness
must be higher than the mutant tness. Here again, one
has to show show that asn ! 1, the incumbent tness
convergesto (1  )F(sjs) + F (sjt), and the mutant tness
convergesto (1  )F(tjs) + F (tjt). Observe that the exact
fraction mutants of V, is now a random variable. Soto prove
this convergencewe use an argument similar to one that is
used to prove that sequenceof random variables that con-
vergesin probabilit y also convergesin distribution (details
omitted). This in turn establishesthat s must be a classical

ESS, and we thus obtain a converseto Theorem 5.2. This
argument is made rigorous in Section A.2.

The assumption on the degree of eath vertex of Theo-
rem 5.2 is rather strong. The following theorem relaxes
this requirement and only necessitatesthat every graph have
n'* edges,for someconstant > 0, in which caseit shows
there will alway be at least 1 mutant with an incumbent
neighbor of higher tness. A strategy that is an ESS in
this weakened sensewill essemially rule out stable, static
sets of mutant invasions, but not more complex invasions.
An example of more complex invasionsare mutant setsthat
survive, but only by perpetually \migrating" through the
graph under some natural evolutionary dynamics, akin to
\gliders" in the well-known Game of Life [1].

Theorem 5.3. LetF be any game, and let s be a classical
ESS of F, and lett 6 s be a mutant strategy. For any graph
family G = 1Gn = (Vn;En)05%o in which JEnj n'T  (for
any constant > 0), and any mutant family M = fMn g7,
which is determined by labeling each vertex a mutant with
probability , where > > 0, the probability that there
exists a mutant with an incumbent neighbor of higher fitness
approaches 1 asn! 1 .

Pr oof. (Sketch) The main idea behind the proof is to
show that with high probabilit y, over only the choice of mu-
tants, there will be an incumbent-mutant edgein which both
vertices have high degree. If their degreeis high enough, we
can show that closeto an fraction of their neighbors are
mutants, and thus their tnesses are very closeto what we
expect them to be in the classical case. Since s is an ESS,
the tness of the incumbent will be higher than the mutant.

We call an edge(i; j) 2 En ag(n)-barbell if deg(i) g(n)
anddeg(j) g(n). SupposeG, hasat most h(n) edgesthat
are g(n)-barbells. This meansthere are at leastjE,j h(n)
edgesin which at least one vertex has degreeat most g(n).
We call these vertices light vertices. Let “(n) be the number
of light verticesin G,. Observethat JE,j h(n) “(n)g(n).
This is becauseead light vertex is incident on at most g(n)
edges. This givesus that

JEaj  h(n) + "(n)g(n)

So if we choose h(n) and g(n) such that h(n) + ng(n) =
o(n'*t ), then jE,j = o(n't ). This contradicts the as-
sumption that jEnj = ( n'™ ). Thus, subject to the above
constraint on h(n) and g(n), G, must contain at least h(n)
edgesthat are g(n)-barbells.

Now let H, denote the subgraph induced by the barbell
edgesof Gn. Note that regardless of the structure of Gp,
there is no reasonthat H, should be connected. Thus, let
m be the number of connected componernts of H,, and let

h(n) + ng(n):

nected components. Note that since H, is an edge-induced
subgraphwehavecy  2for all components k. Let us choose
the mutant set by rst ipping the verticesin H, only. We
now show that the probabilit y, with respect to the random
mutant set, that none of the components of H, have an
incumbent-mutant edgeis exponertially small in n. Let A,
be the event that every component of H, contains only mu-
tants or only incumbents. Then algebraic manipulations can
establish that

PrlAR] = i(+ (@ )™
4 )(1*532)2?:1 Ch




where isaconstant. Thusforp su cien tly small the bound
gecreasesexponertially with ~ ', cc. Furthermore, since
m

e 7 h(n) (with equality achieved by makirbg eath
componert a clique), one can show that =~ }'_, ¢« h(n).

Thus, aslong ash(n) ! 1 with n, the probability that all
componernts are uniformly labeled will goto 0.

Now assuming that there exists a non-uniformly labeled
component, by construction that component contains an
edge(i; j) wherei is an incumbent and j is a mutant, that
is a g(n)-barbell. We also assumethat the h(n) vertices
already labeled have been done so arbitrarily , but that the
remaining g(n) h(n) vertices neighboring i and j are la-
beled mutants independertly with probability . Then via
a standard Cherno bound argument, one can show that
with high probabilit y, the fraction of mutants neighboring
i and the fraction of mutants neighboring j is in the range
@ )Ll Similarly, one can show that the frac-
tion of incumbents neighboring i and the fraction of mutants
neighboring j is in the range 1 (1 )&l A0l

Since s is an ESS, there exists a > 0 such that (1
JF(sjs) + F(sjit) = (1 YJE(tjs) + F (tjt) + . If we
choose g(n) = n , and h(n) = o(g(n)), we can choose n
large enough and small enough to force F (i) > F(j), as
desired.

6. LIMIT ATIONS OF STRONGER MODELS

In this section we show that if one tried to strengthen
the model described in Section 3 in two natural ways, one
would not be able to prove results asstrong as Theorems 5.1
and 5.2, which hold for every 2-player, symmetric game.

6.1 Stronger Contraction for the Mutant Set

In Section 3 we alluded to the fact that we made certain
design decisionsin arriving at De nitions 3.1, 3.2 and 3.3.
One such decision was to require that all but o(n) mutants
have incumbent neighbors of higher tness. Instead, we
could have required that all mutants have an incumbent
neighbor of higher tness. The two theorems in this sub-
section show that if one were to strengthen our notion of
contraction for the mutant set, given by De nition 3.1, in
this way, it would beimp ossibleto prove theoremsanalogous
to Theorems 5.1 and 5.3.

Recall that De nition 3.1 gave the notion of contraction
for a linear sized subset of mutants. In what follows, we
will say an edge (i; j) contracts if i is an incumbert, j is a
mutant, and F(i) > F(j). Also, recall that Theorem 5.1
stated that if s is a classical ESS, then it is an ESS for
random graphs with adversarial mutations. Next, we prove
that if we instead required every incumbent-mutant edgeto
contract, this need not be the case.

Theorem 6.1. Let F be a 2-player, symmetric game that
has a classical ESS s for which there exists a mutant strat-
egy t 6 s with F(tjt) > F(sjs) and F(tjt) > F(sjt). Let
G = fGn gy, be an infinite family of random graphs drawn
according to Gnp , where p = (1 =n®) for any constant
0 c¢< 1. Then with probability approaching 1 asn! 1 |
there exists a mutant family M = fMnporZy, where (n >
jMnj> n and t; > 0, in which there is an edge that does
not contract.

Pr oof. (Sketch) With probabilit y approaching 1 asn !
1 , there exists a vertex j where deg(j) is arbitrarily close

to n. So label j mutant, label one of its neighbors in-
cumbent, denoted i, and label the rest of j's neighborhood
mutant. Also, label all of i's neighbors incumbent, with
the exception of j and j's neighbors (which were already
labeled mutant). In this setting, one can show that F(j)
will be arbitrarily closeto F (tjt) and F (i) will be a convex
combination of F(sjs) and F (sjt), which are both strictly
lessthan F(tjt). O

Theorem 5.3 stated that if s is a classical ESS, then for
graphs where jE,j n'" , for some > 0, and where each
organism is labeled a mutant with probability , one edge
must contract. Below we show that, for certain graphs and
certain games,there will always exist one edgethat will not
contract.

Theorem 6.2. Let F be a 2-player, symmetric game that
has a classical ESS S, such that there exists a mutant strat-
eqgy t 6 s where F(tjs) > F(sjt). There exists an infinite
family of graphs fGn = (Va;En)g5%o, where jEnj = ( n?),
such that for a mutant family M = fMpgrZg, which is de-
termined by labeling each verter a mutant with probability

> 0, the probability there exists an edge in En that does
not contract approaches 1 asn! 1 .

Pr oof. (Sketch) Construct G, as follows. Pick n=4 ver-

a cligue. Then, for eath u;, i 2 [n=4] add edges(ui;Vi),
(vi;wi) and (wi;xi). With probability 1asn! 1, there
exists an i such that u; and w; are mutants and v; and x;
are incumbents. Observe that F(vi) = F(xi) = F(sjt) and
F(wi)= F(tjs). O

6.2 Stronger Contraction for Individuals

The model of Section 3 requires that for an edge(i; j) to
contract, the tness of i must be greater than the tness ofj.
One way to strengthen this notion of contraction would be
to require that the mazimum tness incumbent in the neigh-
borhood of j be more t than the mazimum tness mutant
in the neighborhood of j. This models the idea that ead
organism is trying to take over eac place in its neighbor-
hood, but only the most t organism in the neighborhood
of a vertex gets the privilege of taking it. If we assumethat
we adopt this notion of contraction for individual mutants,
and require that all incumbent-mutant edgescontract, we
will next show that Theorems 6.1 and 6.2 still hold, and
thusit is still impossibleto get results such as Theorems 5.1
and 5.3 which hold for every 2-player, symmetric game.

In the proof of Theorem 6.1 we provedthat F (i) is strictly
lessthan F(j). Observe that maximum tness mutant in
the neighborhood of j must have tness at least F(j). Also
obsene that there is only 1 incumbent in the neighborhood
of j, namely i. Sounder this stronger notion of contraction,
the edge(i; j) will not contract.

Similarly, in the proof of Theorem 6.2, obsene that the
only mutant in the neighborhood of w; is w; itself, which
has tness F(tjs). Furthermore, the only incumbents in the
neighborhood of w; are v; and x;, both of which have tness
F (sjt). By assumption, F(tjs) > F(sjt), thus, under this
stronger notion of contraction, neither of the incumbent-
mutant edges,(vi;w;) and (Xi;w;), will contract.

7. REFERENCES
[1] Elwyn R. Berlekamp, John Horton Conway, and

Richard K. Guy. Winning Ways for Your



Mathematical Plays, volume 4. AK Peters, Ltd, March
2004.

[2] Jonas Bjornerstedt and Karl H. Schlag. On the
evolution of imitativ e behavior. Discussion Paper
B-378, University of Bonn, 1996.

[3] L. E. Blume. The statistical mechanics of strategic
interaction. Games and Economic Behavior,
5:387{424, 1993.

[4] L. E. Blume. The statistical mechanics of
best-response strategy revision. Games and Economic
Behavior, 11(2):111{145, November 1995.

[5] B. Bollobas. Random Graphs. Cambridge Univ ersity
Press, 2001.

[6] Michael Suk-Young Chwe. Communication and
coordination in social networks. Review of Economic
Studies, 67:1{16, 2000.

[7] Glenn Ellison. Learning, local interaction, and
coordination. Econometrica, 61(5):1047{1071, Sept.
1993.

[8] I. Eshel, L. Samuelson, and A. Shaked. Altruists,
egoists, and hooligans in a local interaction model.
The American Economic Review, 88(1), 1998.

[9] Georey R. Grimmett and David R. Stirzaker.
Probability and Random Processes. Oxford Univ ersity
Press, 3rd edition, 2001.

[10] M. Jackson. A survey of models of network formation:
Stability and e ciency . In Group Formation in
Economics; Networks, Clubs and Coalitions.
Cambridge University Press, 2004.

[11] S. Kakade, M. Kearns, J. Langford, and L. Ortiz.
Correlated equilibria in graphical games. ACM
Conference on Electronic Commerce, 2003.

[12] S. Kakade, M. Kearns, L. Ortiz, R. Pemartle, and
S. Suri. Economic properties of social networks.
Neural Information Processing Systems, 2004.

[13] M. Kearns, M. Littman, and S. Singh. Graphical
models for game theory. Conference on Uncertainty in
Artificial Intelligence, pages253{260, 2001.

[14] E. Lieberman, C. Hauert, and M. A. Nowak.
Evolutionary dynamics on graphs. Nature,
433:312{316, 2005.

[15] S. Morris. Contagion. Review of Economic Studies,
67(1):57{78, 2000.

[16] Karl H. Schlag. Why imitate and if so, how? Journal
of Economic Theory, 78:130{156, 1998.

[17] J. M. Smith. Evolution and the Theory of Games.
Cambridge Univ ersity Press, 1982.

[18] William L. Vickery. How to cheat against a simple
mixed strategy ESS. Journal of Theoretical Biology,
127:133{139, 1987.

[19] Jergen W. Weibull. Evolutionary Game Theory. The
MIT Press, 1995.

APPENDIX
A. GRAPHICAL AND CLASSICAL ESS

In this section we explore the conditions under which a
graphical ESSis also a classical ESS. To do so, we state and
prove two theorems which provide conversesto ead of the
major theorems in Section 3.

A.1 Random Graphs, Adversarial Mutations

Theorem 5.2 states that if s is a classical ESS and G =
fGnp g, wherep= (1 =n°) and 0 c< 1, then with prob-
ability 1asn! 1 ,sisan ESSwith respectto G. Here we
show that if sis an ESSwith respectto G, then s is a classi-
cal ESS. In order to prove this theorem, we do not needthe
full generality of s being an ESS for G when p = (1 =n°)
where0 c¢< 1. All we needis s to be an ESSfor G when
p = 1. In this casethere are no more probabilistic events
in the theorem statement. Also, since p = 1 ead graph in
G is a clique, soif one incumbent has a higher tness than
one mutant, then all incumbents have higher tness than all
mutants. This givesrise to the following theorem.

Theorem A.l. Let F be any 2-player, symmetric game,
and suppose S is a strategy for F and t 6 S is a mutant
strategy. Let G = TKngnly. If, asn! 1 | for any ¢-linear
family of mutants M = fMn0RZy, there exists an incumbent
i and a mutant j such that F(i) > F(j), then s is a classical
ESS of F.

The proof of this theorem analyzesthe limiting behavior
of the mutant population asthe sizeof the cliquesin G tends
to innit y. It also shows how the de nition of ESS given in
Section 5 recovers the classical de nition of ESS.

Pr oof. Since eadch graph in G is a clique, every incum-
bent will have the same number of incumbent and mutant
neighbors, and every mutant will have the same number of
incumbent and mutant neighbors. Thus, all incumbents will
have identical tness and all mutants will have identical t-
ness. Next, one can construct an (-linear mutant family
M, where the fraction of mutants convergesto for any ,
where ( > > 0. Sofor n large enough, the number of
mutants in K, will be arbitrarily closeto n. Thus, any
mutant subsetof size n will result in all incumbents having
tness (1 5)F(sjs) + ;L5F(sjt), and all mutants hav-
ing tness (1 ﬂ:ll)F(tjs)+ lelF(tjt). Furthermore, by
assumption the incumbent tness must be higher than the
mutant tness. This implies,

. n . n .
nlﬁnoo (1 ﬁ)F(315)+ - 1F(Sjt) >
n 1 . n 1 . _ 1.
(1 1 )F (tjs) + r— F(tjt) =1
This implies, (1 JE(tis)+ F (tjt),

YF(sjs)+ F (sjit) > (1
forall ,where > >0. O

A.2 Adversarial Graphs, Random Mutations

Theorem 5.2 states that if s is a classical ESS for a 2-
player, symmetric game F, where G is chosen adversarially
subject to the constraint that the degreeof eath vertex is
( n) (for any constant > 0), and mutants are chosen
with probability , then s is an ESS with respect to F, G,
and M . Here we show that if s is an ESSwith respect to F,
G, and M then s is a classical ESS.

All we will needto prove this is that s is an ESSwith re-
spectto G = fKygr2y, that is when eadh vertex has degree
n 1. Asin Theorem A.1, sincethe graphs are cliques, if
one incumbent has higher tness than one mutant, then all
incumbents have higher tness than all mutants. Thus, the
theorem below is also a converseto Theorem 5.3. (Recall
that Theorem 5.3 usesa weaker notion of contraction that



requires only one incumbent to have higher tness than one
mutant.)

Theorem A.2. Let F be any 2-player symmetric game,
and suppose S is an incumbent strategy for F and t 6 s
is a mutant strategy. Let G = fKn0i%o. If with probabil-
ity 1 asn! 1 ,sis an ESS for G and a mutant family
M = fM,gnlo, which is determined by labeling each vertex
a mutant with probability , where > > 0, then S is a
classical ESS of F.

This proof also analyzesthe limiting behavior of the mu-
tant population as the size of the cliquesin G tends to in-
nit y. Since the mutants are chosenrandomly we will use
an argument similar to the proof that a sequenceof random
variables that convergesin probabilit y, also convergein dis-
tribution. In this casethe sequenceof random variables will
be actual fraction of mutants in eat K.

Pr oof. Fix any value of , where , > > 0, and con-
struct each M, by labeling a vertex a mutant with probabil-
ity . By the sameargument asin the proof of Theorem A.1,
if the actual number of mutants in K, is denoted by .n,
any mutant subset of size nn will result in all incumbents
having tness (1 -2L)F(sjs) + -2&F(sjt), and in all mu-
tants having tness (1 2M=1)F(tjs) + =2=LF (tjt). This
implies

lim Pr(sis an ESSfor G, w.r.t.

n —oo

nN mutants) = 1)

lim Pr (1 n”—nl)F(sjs)+ n"an(sjt)>
I"In 1 . nn 1 . _
(1 1 F (tjs) + — F(tjit) =1,
. F(tjs) F(sjs)
M Pr 0> E G0 F(sis) F@D * F@9)
P9 P g -

By two simple applications of the Cherno bound and an
application of the union bound, one can show the sequence
of random variables f ,ga2, convergesto in probability.
Next, if we let X, = X = ;b= F(sjs)+ F(tjt);
and a = Fm)j ((ts‘|ss))i'|::<(st‘\f;+F(t|s)’ by Theorem A.3 be-
low, we get that lim,_. Pr(X, < a+ b=n) = Pr(X < a).
Combining this with equation 3, Pr( > a)= 1. O

The proof of the following theorem is very similar to the
proof that a sequenceof random variables that convergesin
probabilit y, also converge in distribution. A good explana-
tion of this can be found in [9], which is the basis for the
argument below.

Theorem A.3. Iff X0l is a sequence of random vari-
ables that converge in probability to the random variable X,
and @ and b are constants, then limp_ o Pr(Xn, < a+b=n) =
Pr(X < a).

Pr oof. By Lemma A.1 (seebelow) we have the following
two inequalities,

Pr(X <a+ b=n )

Pr(Xn < a+ b=n+ Pr(jX X,j> );

Pr(X, < a+ b=n)
Pr(X < a+ b=n+ )+ Pr(jX Xnj> ):

Combining these gives,

Pr(X <a+b=n ) Pr(jX Xpnj> )
Pr(X, < a+ b=n)
Pr(X < a+ b=n+ )+ Pr(jX Xaj> ):

There exists an no such that for all n > ng, jb=n < , so
the following statement holds for all n > ny.

Pr(X <a 2) Pr(jXxX Xnj> )
Pr(X, < a+ b=n)
Pr(X <a+2 )+ Pr(jX Xnj> ):
Take the lim,_ . of both sides of both inequalities, and
since X, convergesin probability to X,
Pr(X <a 2) n”i‘lo Pr(Xn < a+ b=n) 4
Pr(X < a+ 2 ): (5)

Recall that X is a contin uous random variable represerting
the fraction of mutants in an in nite sized graph. Soif we
let Fx (a) = Pr(X < a), we seethat Fx (a) is a cumulativ e
distribution function of a contin uous random variable, and
is therefore contin uous from the right. So

l'rﬂ)Fx (a )= |IT’(])F>< (a+ )= Fx(a):

Thus if we take the lim |, of inequalities 4 and 5 we get

Pr(X < a)= lim Pr(X, < a+ b=n):
n—oo
O

The following lemma is quite useful, as it expressesthe
cumulativ e distribution of one random variable Y, in terms
of the cumulativ e distribution of another random variable
X and the dierence betweenX and Y.

Lemma A.l. If X and Y are random wvariables, ¢ 2 <
and > 0, then

Pr(Y <c) Pr(X <c+ )+ Pr(jy Xj> ):

Pr oof.

Pr(Y < ¢
=Pr(Y<cX<c+ )+Pr(Y<cX c+ )
Pr(Y <cjX <c+ )Pr(X <c+ )
+ Pr(jy Xj> )
Pr(X < c+ )+ Pr(jy Xj> )



