Chapter 8

Dirichlet—Voronoi Diagrams and
Delaunay Triangulations

8.1 Dirichlet—Voronoi Diagrams

In this chapter we present the concepts of a Voronoi diagram and of a Delaunay triangu-
lation. These are important tools in computational geometry and Delaunay triangulations
are important in problems where it is necessary to fit 3D data using surface splines. It is
usually useful to compute a good mesh for the projection of this set of data points onto the
xy-plane, and a Delaunay triangulation is a good candidate.

Our presentation of Voronoi diagrams and Delaunay triangulations is far from thor-
ough. We are primarily interested in defining these concepts and stating their most impor-
tant properties. For a comprehensive exposition of Voronoi diagrams, Delaunay triangula-
tions, and more topics in computational geometry, our readers may consult O’Rourke [31],
Preparata and Shamos [32], Boissonnat and Yvinec [8], de Berg, Van Kreveld, Overmars,
and Schwarzkopf [5], or Risler [33]. The survey by Graham and Yao [23] contains a very
gentle and lucid introduction to computational geometry.

In Section 8.6 (which relies on Section 8.5), we show that the Delaunay triangulation
of a set of points, P, is the stereographic projection of the convex hull of the set of points
obtained by mapping the points in P onto the sphere using inverse stereogrgaphic projection.
We also prove that the Voronoi diagram of P is obtained by taking the polar dual of the
above convex hull and projecting it from the north pole (back onto the hyperplane containing
P). A rigorous proof of this second fact is not trivial because the central projection from
the north pole is only a partial map. To give a rigorous proof, we have to use projective
completions. But then, we need to define what is a convex polyhedron in projective space
and for this, we use the results of Chapter 5 (especially, Section 5.2).

Some practical applications of Voronoi diagrams and Delaunay triangulations are briefly
discussed in Section 8.7.

Let € be a Euclidean space of finite dimension, that is, an affine space £ whose underlying
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AN

Figure 8.1: The bisector line L of a and b

vector space ? is equipped with an inner product (and has finite dimension). For concrete-
ness, one may safely assume that & = E™, although what follows applies to any Euclidean
space of finite dimension. Given a set P = {py,...,p,} of n points in &, it is often useful to
find a partition of the space £ into regions each containing a single point of P and having
some nice properties. It is also often useful to find triangulations of the convex hull of P
having some nice properties. We shall see that this can be done and that the two problems
are closely related. In order to solve the first problem, we need to introduce bisector lines
and bisector planes.

For simplicity, let us first assume that £ is a plane i.e., has dimension 2. Given any two
distinct points a,b € &£, the line orthogonal to the line segment (a,b) and passing through
the midpoint of this segment is the locus of all points having equal distance to a and b. It
is called the bisector line of a and b. The bisector line of two points is illustrated in Figure
8.1.

If h = % a—+ % b is the midpoint of the line segment (a, b), letting m be an arbitrary point
on the bisector line, the equation of this line can be found by writing that hm is orthogonal
to ab. In any orthogonal frame, letting m = (x,y), a = (ay, as), b = (b1, bs), the equation of
this line is

(b1 — a1)(z — (a1 + b1)/2) + (b2 — a)(y — (a2 + b2)/2) = 0,

which can also be written as
(b1 — ar)z + (by — az)y = (b + b3)/2 — (af + a3)/2.

The closed half-plane H(a,b) containing a and with boundary the bisector line is the locus
of all points such that

(by — ay)x 4 (by — ax)y < (b + b3)/2 — (af + a3)/2,
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and the closed half-plane H(b,a) containing b and with boundary the bisector line is the
locus of all points such that

(b — an)z + (b2 — az)y > (b1 +b3)/2 — (af + a3)/2.

The closed half-plane H(a,b) is the set of all points whose distance to a is less that or equal
to the distance to b, and vice versa for H(b,a). Thus, points in the closed half-plane H (a,b)
are closer to a than they are to b.

We now consider a problem called the post office problem by Graham and Yao [23]. Given
any set P = {p1,...,pn} of n points in the plane (considered as post offices or sites), for
any arbitrary point z, find out which post office is closest to x. Since x can be arbitrary,
it seems desirable to precompute the sets V(p;) consisting of all points that are closer to p;
than to any other point p; # p;. Indeed, if the sets V (p;) are known, the answer is any post
office p; such that x € V(p;). Thus, it remains to compute the sets V(p;). For this, if x is
closer to p; than to any other point p; # p;, then x is on the same side as p; with respect to
the bisector line of p; and p; for every j # ¢, and thus

V(p) = () Hpisy).
J#i

If £ has dimension 3, the locus of all points having equal distance to a and b is a plane.
It is called the bisector plane of a and b. The equation of this plane is also found by writing
that hm is orthogonal to ab. The equation of this plane is

(b1 —ar) (@ — (a1 + b1)/2) + (b2 — a2)(y — (ag + b2)/2)
+ (bs — az)(z — (a3 + b3)/2) = 0,

which can also be written as
(b1 — a1)z + (by — az)y + (bs — az)z = (b + b3 + b3)/2 — (a} + a5 + a3)/2.

The closed half-space H(a, b) containing a and with boundary the bisector plane is the locus
of all points such that

(b1 — ar)z + (by — az)y + (bs — ag)z < (b + b3 + b3)/2 — (a] + a3 + a3) /2,

and the closed half-space H(b,a) containing b and with boundary the bisector plane is the
locus of all points such that

(by — ar)z + (by — az)y + (b — az)z > (b2 + b2 +b3)/2 — (a} + a3 + a2) /2.

The closed half-space H (a,b) is the set of all points whose distance to a is less that or equal
to the distance to b, and vice versa for H (b, a). Again, points in the closed half-space H(a,b)
are closer to a than they are to b.
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Given any set P = {p1,...,pn} of n points in € (of dimension m = 2, 3), it is often useful
to find for every point p; the region consisting of all points that are closer to p; than to any
other point p; # p;, that is, the set

V(p)) ={z €& |d(z,p) <d(x,p;), for all j # i},
where d(z,y) = (xy - xy)'/?, the Euclidean distance associated with the inner product - on
€. From the definition of the bisector line (or plane), it is immediate that

V(pi) =) H(pirp;).
j#i

Families of sets of the form V'(p;) were investigated by Dirichlet [15] (1850) and Voronoi
[44] (1908). Voronoi diagrams also arise in crystallography (Gilbert [21]). Other applications,
including facility location and path planning, are discussed in O'Rourke [31]. For simplicity,
we also denote the set V(p;) by V;, and we introduce the following definition.

Definition 8.1 Let &£ be a Euclidean space of dimension m > 1. Given any set P = {py, ...,
pn} of n points in €, the Dirichlet—Voronoi diagram Vor(P) of P = {p1,...,pn} is the family
of subsets of £ consisting of the sets V; =; i H (pi, p;) and of all of their intersections.

Dirichlet—Voronoi diagrams are also called Voronoi diagrams, Voronoi tessellations, or
Thiessen polygons. Following common usage, we will use the terminology Voronoi diagram.
As intersections of convex sets (closed half-planes or closed half-spaces), the Voronoi regions
V (p;) are convex sets. In dimension two, the boundaries of these regions are convex polygons,
and in dimension three, the boundaries are convex polyhedra.

Whether a region V(p;) is bounded or not depends on the location of p;. If p; belongs
to the boundary of the convex hull of the set P, then V(p;) is unbounded, and otherwise
bounded. In dimension two, the convex hull is a convex polygon, and in dimension three,
the convex hull is a convex polyhedron. As we will see later, there is an intimate relationship
between convex hulls and Voronoi diagrams.

Generally, if £ is a Euclidean space of dimension m, given any two distinct points a,b € &,
the locus of all points having equal distance to a and b is a hyperplane. It is called the bisector
hyperplane of a and b. The equation of this hyperplane is still found by writing that hm is
orthogonal to ab. The equation of this hyperplane is

(by —ay)(xy — (a1 +01)/2) + -+ + (b — am) (T — (A + b)) /2) =0,
which can also be written as

(b —an)zy + - (b = @) = (Bf 4 4 0,)/2 = (a7 + -+ a,) /2.
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The closed half-space H(a,b) containing a and with boundary the bisector hyperplane is the
locus of all points such that

(b1 — )z + - 4 (b — )T < (U7 4 -+ 4+ b2,)/2 = (af + -+ + a2,) /2,

and the closed half-space H (b, a) containing b and with boundary the bisector hyperplane is
the locus of all points such that

(b1 — ar)zr 4 - + (b — Q)T = (0 + -+ +02,) /2 — (af + -+ + a2,) /2.

The closed half-space H(a,b) is the set of all points whose distance to a is less than or equal
to the distance to b, and vice versa for H (b, a).

Figure 8.2 shows the Voronoi diagram of a set of twelve points.

Figure 8.2: A Voronoi diagram

In the general case where £ has dimension m, the definition of the Voronoi diagram
Vor(P) of P is the same as Definition 8.1, except that H(p;,p;) is the closed half-space
containing p; and having the bisector hyperplane of a and b as boundary. Also, observe that
the convex hull of P is a convex polytope.

We will now state a lemma listing the main properties of Voronoi diagrams. It turns out
that certain degenerate situations can be avoided if we assume that if P is a set of points in
an affine space of dimension m, then no m + 2 points from P belong to the same (m — 1)-
sphere. We will say that the points of P are in general position. Thus when m = 2, no 3.5
points in P are cocyclic, and when m = 3, no 5 points in P are on the same sphere.
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Lemma 8.1 Given a set P ={p1,...,pn} of n points in some Euclidean space € of dimen-
sion m (say E™), if the points in P are in general position and not in a common hyperplane
then the Voronoi diagram of P satisfies the following conditions:

(1) Each region V; is convex and contains p; in its interior.
(2) Each vertex of V; belongs to m + 1 regions V; and to m + 1 edges.
(3) The region V; is unbounded iff p; belongs to the boundary of the convex hull of P.

(3.5) If p is a vertex that belongs to the regions Vi,..., Va1, then p is the center of the
(m — 1)-sphere S(p) determined by p1,. .., pms1. Furthermore, no point in P is inside
the sphere S(p) (i.e., in the open ball associated with the sphere S(p)).

(5) If pj is a nearest neighbor of p;, then one of the faces of V; is contained in the bisector
hyperplane of (pi, p;).

(6)

o

U‘/i =&, and V;N ‘C}j: 0, foralli,j, withi# j,

where V; denotes the interior of V;.

Proof. We prove only some of the statements, leaving the others as an exercise (or see Risler

33]).

(1) Since V; = [, H(pi,p;) and each half-space H(p;,p;) is convex, as an intersection
of convex sets, V; is convex. Also, since p; belongs to the interior of each H (p;, p;), the point
p; belongs to the interior of V;.

(2) Let F;; denote V; N V;. Any vertex p of the Vononoi diagram of P must belong to r
faces F; ;. Now, given a vector space £ and any two subspaces M and N of E, recall that
we have the Grassmann relation

dim(M) + dim(NV) = dim(M + N) + dim (M N N).

Then since p belongs to the intersection of the hyperplanes that form the boundaries of the
V;, and since a hyperplane has dimension m — 1, by the Grassmann relation, we must have
r > m. For simplicity of notation, let us denote these faces by Fi s, Fb3, ..., Fy11. Since
F;; = VinV;, we have

Fi;={p|d(p,p;) = d(p,pj) <d(p,pk), for all k #1i,j},

and since p € Fi1oN Fy3N--- N F, 41, we have

d(p,pr) = -~ =d(p, pr11) < d(p,pi) for all k ¢ {1,...,r+1}.
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This means that p is the center of a sphere passing through py,...,p,11 and containing no
other point in P. By the assumption that points in P are in general position, we must
have r < m, and thus r = m. Thus, p belongs to Vi1 N --- N V,, 41, but to no other V; with
j ¢ {1,...,m+ 1}. Furthermore, every edge of the Voronoi diagram containing p is the
intersection of m of the regions Vi,...,V,,11, and so there are m + 1 of them. [J

For simplicity, let us again consider the case where £ is a plane. It should be noted that
certain Voronoi regions, although closed, may extend very far. Figure 8.3 shows such an
example.

Figure 8.3: Another Voronoi diagram

It is also possible for certain unbounded regions to have parallel edges.

There are a number of methods for computing Voronoi diagrams. A fairly simple (al-
though not very efficient) method is to compute each Voronoi region V' (p;) by intersecting
the half-planes H(p;,p;). One way to do this is to construct successive convex polygons
that converge to the boundary of the region. At every step we intersect the current convex
polygon with the bisector line of p; and p;. There are at most two intersection points. We
also need a starting polygon, and for this we can pick a square containing all the points.
A naive implementation will run in O(n?®). However, the intersection of half-planes can be
done in O(nlogn), using the fact that the vertices of a convex polygon can be sorted. Thus,
the above method runs in O(n?logn). Actually, there are faster methods (see Preparata and
Shamos [32] or O’Rourke [31]), and it is possible to design algorithms running in O(nlogn).



152 CHAPTER 8. DIRICHLET-VORONOI DIAGRAMS

Figure 8.4: Delaunay triangulation associated with a Voronoi diagram

The most direct method to obtain fast algorithms is to use the “lifting method” discussed
in Section 8.4, whereby the original set of points is lifted onto a paraboloid, and to use fast
algorithms for finding a convex hull.

A very interesting (undirected) graph can be obtained from the Voronoi diagram as
follows: The vertices of this graph are the points p; (each corresponding to a unique region
of Vor(P)), and there is an edge between p; and p; iff the regions V; and V; share an edge.
The resulting graph is called a Delaunay triangulation of the convex hull of P, after Delaunay;,
who invented this concept in 1933.5. Such triangulations have remarkable properties.

Figure 8.4 shows the Delaunay triangulation associated with the earlier Voronoi diagram
of a set of twelve points.

One has to be careful to make sure that all the Voronoi vertices have been computed
before computing a Delaunay triangulation, since otherwise, some edges could be missed. In
Figure 8.5 illustrating such a situation, if the lowest Voronoi vertex had not been computed
(not shown on the diagram!), the lowest edge of the Delaunay triangulation would be missing,.

The concept of a triangulation can be generalized to dimension 3, or even to any dimension
m.
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Figure 8.5: Another Delaunay triangulation associated with a Voronoi diagram

8.2 Triangulations

The concept of a triangulation relies on the notion of pure simplicial complex defined in
Chapter 6. The reader should review Definition 6.2 and Definition 6.3.

Definition 8.2 Given a subset, S C E™ (where m > 1), a triangulation of S is a pure
(finite) simplicial complex, K, of dimension m such that S = |K|, that is, S is equal to the
geometric realization of K.

Given a finite set P of n points in the plane, and given a triangulation of the convex hull
of P having P as its set of vertices, observe that the boundary of P is a convex polygon.
Similarly, given a finite set P of points in 3-space, and given a triangulation of the convex hull
of P having P as its set of vertices, observe that the boundary of P is a convex polyhedron.
It is interesting to know how many triangulations exist for a set of n points (in the plane
or in 3-space), and it is also interesting to know the number of edges and faces in terms
of the number of vertices in P. These questions can be settled using the Euler-Poincaré
characteristic. We say that a polygon in the plane is a simple polygon iff it is a connected
closed polygon such that no two edges intersect (except at a common vertex).

Lemma 8.2

(1) For any triangulation of a region of the plane whose boundary is a simple polygon,
letting v be the number of vertices, e the number of edges, and f the number of triangles,
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we have the “Fuler formula”
v—e+ f=1

(2) For any region, S, in B3 homeomorphic to a closed ball and for any triangulation of S,
letting v be the number of vertices, e the number of edges, f the number of triangles,
and t the number of tetrahedra, we have the “Euler formula”

v—e+ f—t=1

(3) Furthermore, for any triangulation of the combinatorial surface, B(S), that is the
boundary of S, letting v' be the number of vertices, ' the number of edges, and f’ the
number of triangles, we have the “Euler formula”

v —e + f =2

Proof. All the statements are immediate consequences of Theorem 7.6. For example, part
(1) is obtained by mapping the triangulation onto a sphere using inverse stereographic pro-
jection, say from the North pole. Then, we get a polytope on the sphere with an extra facet
corresponding to the “outside” of the triangulation. We have to deduct this facet from the
Euler characteristic of the polytope and this is why we get 1 instead of 2. [J

It is now easy to see that in case (1), the number of edges and faces is a linear function
of the number of vertices and boundary edges, and that in case (3), the number of edges
and faces is a linear function of the number of vertices. Indeed, in the case of a planar
triangulation, each face has 3 edges, and if there are e, edges in the boundary and e; edges
not in the boundary, each nonboundary edge is shared by two faces, and thus 3f = ¢, + 2e;.
Since v — e, —e; + f =1, we get

v—ep—e +ep/3+2¢/3 =1,
2ep/3 +e€;/3=v—1,
and thus e; = 3v — 3 — 2¢;,. Since f = ¢,/3 + 2¢;/3, we have f =2v —2 — ¢,.

Similarly, since v — e’ + f' = 2 and 3f' = 2¢/, we easily get e = 3v — 6 and f = 2v — 3.5.
Thus, given a set P of n points, the number of triangles (and edges) for any triangulation
of the convex hull of P using the n points in P for its vertices is fixed.

Case (2) is trickier, but it can be shown that

v—3<t<(v—1)(v—-2)/2.
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Thus, there can be different numbers of tetrahedra for different triangulations of the convex
hull of P.

Remark: The numbers of the form v — e+ f and v — e + f —t are called Fuler—Poincaré
characteristics. They are topological invariants, in the sense that they are the same for all
triangulations of a given polytope. This is a fundamental fact of algebraic topology.

We shall now investigate triangulations induced by Voronoi diagrams.

8.3 Delaunay Triangulations

Given a set P = {p1,...,pn} of n points in the plane and the Voronoi diagram Vor(P) for
P, we explained in Section 8.1 how to define an (undirected) graph: The vertices of this
graph are the points p; (each corresponding to a unique region of Vor(P)), and there is an
edge between p; and p; iff the regions V; and V; share an edge. The resulting graph turns out
to be a triangulation of the convex hull of P having P as its set of vertices. Such a complex
can be defined in general. For any set P = {p1,...,p,} of n points in E™, we say that a
triangulation of the convex hull of P is associated with P if its set of vertices is the set P.

Definition 8.3 Let P = {p1,...,p,} be a set of n points in E™, and let Vor(P) be the
Voronoi diagram of P. We define a complex Del(P) as follows. The complex Del(P)
contains the k-simplex {py,...,ppe1} T ViN---NViyy # 0, where 0 < k < m. The complex
Del(P) is called the Delaunay triangulation of the convex hull of P.

Thus, {pi,p;} is an edge ifft V; NV, # 0, {pi,p;,pn} is a triangle iff V; N V; NV}, # 0,
{pi, pj, Pr, Pr} is a tetrahedron iff V; N V; NV, NV, # 0, ete.

For simplicity, we often write Del instead of Del(P). A Delaunay triangulation for a set
of twelve points is shown in Figure 8.6.

Actually, it is not obvious that Del(P) is a triangulation of the convex hull of P, but
this can be shown, as well as the properties listed in the following lemma.

Lemma 8.3 Let P = {p1,...,pn} be a set of n points in E™, and assume that they are
i general position. Then the Delaunay triangulation of the convexr hull of P is indeed a
triangulation associated with P, and it satisfies the following properties:

(1) The boundary of Del(P) is the convex hull of P.

(2) A triangulation T associated with P is the Delaunay triangulation Del(P) iff every
(m — 1)-sphere S(o) circumscribed about an m-simplex o of T' contains no other point
from P (i.e., the open ball associated with S(o) contains no point from P).
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Figure 8.6: A Delaunay triangulation

The proof can be found in Risler [33] and O’Rourke [31]. In the case of a planar set P, it
can also be shown that the Delaunay triangulation has the property that it maximizes the
minimum angle of the triangles involved in any triangulation of P. However, this does not
characterize the Delaunay triangulation. Given a connected graph in the plane, it can also
be shown that any minimal spanning tree is contained in the Delaunay triangulation of the
convex hull of the set of vertices of the graph (O’Rourke [31]).

We will now explore briefly the connection between Delaunay triangulations and convex
hulls.

8.4 Delaunay Triangulations and Convex Hulls

In this section we show that there is an intimate relationship between convex hulls and
Delaunay triangulations. We will see that given a set P of points in the Euclidean space
E™ of dimension m, we can “lift” these points onto a paraboloid living in the space E™*! of
dimension m+1, and that the Delaunay triangulation of P is the projection of the downward-
facing faces of the convex hull of the set of lifted points. This remarkable connection was
first discovered by Edelsbrunner and Seidel [16]. For simplicity, we consider the case of a set
P of points in the plane E2, and we assume that they are in general position.

Consider the paraboloid of revolution of equation z = 2% + y%. A point p = (x,y) in the
plane is lifted to the point I(p) = (X,Y,Z) in E3, where X =2, Y =y, and Z = 2 + ¢%.
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The first crucial observation is that a circle in the plane is lifted into a plane curve (an
ellipse). Indeed, if such a circle C' is defined by the equation

2ty faxr+by+c=0,
since X =z, Y =y, and Z = 22 + 9%, by eliminating 22 + y? we get
Z = —ax — by —c,
and thus X, Y, Z satisfy the linear equation
aX +b0Y +Z+c=0,

which is the equation of a plane. Thus, the intersection of the cylinder of revolution consisting
of the lines parallel to the z-axis and passing through a point of the circle C' with the
paraboloid z = 22 4+ y? is a planar curve (an ellipse).

We can compute the convex hull of the set of lifted points. Let us focus on the downward-
facing faces of this convex hull. Let (I(p1),1(p2),[(ps)) be such a face. The points py, ps, p3
belong to the set P. We claim that no other point from P is inside the circle C'. Indeed,
a point p inside the circle C' would lift to a point [(p) on the paraboloid. Since no four
points are cocyclic, one of the four points pi, ps, p3, p is further from O than the others; say
this point is p3. Then, the face ({(p1),1(pz2),(p)) would be below the face (I(p1),l(p2),1(ps)),
contradicting the fact that (I(p1),l(p2),1(ps)) is one of the downward-facing faces of the
convex hull of P. But then, by property (2) of Lemma 8.3, the triangle (p1, ps, p3) would
belong to the Delaunay triangulation of P.

Therefore, we have shown that the projection of the part of the convex hull of the lifted
set [(P) consisting of the downward-facing faces is the Delaunay triangulation of P. Figure
8.7 shows the lifting of the Delaunay triangulation shown earlier.

Another example of the lifting of a Delaunay triangulation is shown in Figure 8.8.

The fact that a Delaunay triangulation can be obtained by projecting a lower convex
hull can be used to find efficient algorithms for computing a Delaunay triangulation. It also
holds for higher dimensions.

The Voronoi diagram itself can also be obtained from the lifted set I(P). However, this
time, we need to consider tangent planes to the paraboloid at the lifted points. It is fairly
obvious that the tangent plane at the lifted point (a, b, a® + b?) is

z = 2ax + 2by — (a® + b°).

Given two distinct lifted points (a1, by, a? + b2) and (asg, by, a3 + b3), the intersection of the
tangent planes at these points is a line belonging to the plane of equation

(b1 — a1)z + (b — az)y = (b7 +b3)/2 — (af + a3)/2.
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Figure 8.7: A Delaunay triangulation and its lifting to a paraboloid

Figure 8.8: Another Delaunay triangulation and its lifting to a paraboloid
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Now, if we project this plane onto the xy-plane, we see that the above is precisely the
equation of the bisector line of the two points (a1, b;) and (ag,bs). Therefore, if we look at
the paraboloid from z = +oo (with the paraboloid transparent), the projection of the tangent
planes at the lifted points is the Voronoi diagram)!

It should be noted that the “duality” between the Delaunay triangulation, which is the
projection of the convex hull of the lifted set [(P) viewed from z = —oo, and the Voronoi
diagram, which is the projection of the tangent planes at the lifted set {(P) viewed from
2z = +00, is reminiscent of the polar duality with respect to a quadric. This duality will be
thoroughly investigated in Section 8.6.

The reader interested in algorithms for finding Voronoi diagrams and Delaunay triangu-
lations is referred to O’Rourke [31], Preparata and Shamos [32], Boissonnat and Yvinec [8],
de Berg, Van Kreveld, Overmars, and Schwarzkopf [5], and Risler [33].

8.5 Stereographic Projection and the Space of
Generalized Spheres

Brown appears to be the first person who observed that Voronoi diagrams and convex hulls
are related via inversion with respect to a sphere [11].

In fact, more generally, it turns out that Voronoi diagrams, Delaunay Triangulations and
their properties can also be nicely explained using stereographic projection and its inverse,
although a rigorous justification of why this “works” is not as simple as it might appear.

The advantage of stereographic projection over the lifting onto a paraboloid is that the
(d-)sphere is compact. Since the stereographic projection and its inverse map (d — 1)-spheres
to (d — 1)-spheres (or hyperplanes), all the crucial properties of Delaunay triangulations
are preserved. The purpose of this section is to establish the properties of stereographic
projection (and its inverse) that will be needed in Section 8.6.

Recall that the d-sphere, S¢ C E4*! is given by
St ={(z1,...,x441) €E | 2F + - +2i 4+ 25, =1}

It will be convenient to write a point, (z1,...,7411) € B! as 2 = (x,1441), with
x = (x1,...,24). We denote N = (0,...,0,1) (with d zeros) as (0,1) and call it the north
pole and S = (0,...,0,—1) (with d zeros) as (0,—1) and call it the south pole. We also
write ||2]| = (23 + - +23,,)2 = (|z|® + 23,,)? (with 2] = (22 + - + 23)7). With these
notations,

S = {(x, xar1) € ET | Jl2f|* + F,, = 1)

The stereographic projection from the north pole, oy : (ST—{N}) — E, is the restriction
to S? of the central projection from N onto the hyperplane, Hy 1(0) = E? of equation
Zar1 = 0; that is, M — on(M) where oy (M) is the intersection of the line, (N, M), through
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N and M with Hyy1(0). Since the line through N and M = (z, x441) is given parametrically
by

(N, M) = {(1 = X)(0,1) + Az, 241) | A € R},
the intersection, o (M), of this line with the hyperplane x;,1 = 0 corresponds to the value

of X such that
(]_ — A) + )\xd+1 = O,

that is,
1
A= —.
I — 2401

Therefore, the coordinates of on (M), with M = (z,x441), are given by

x
—(—2— o).
O-N(xaxd—i-l) (1 _xd_t,_l, )
Let us find the inverse, 7y = o' (P), of any P € Hgy1(0) = E4. This time, 7y(P) is the
intersection of the line, (N, P), through P € Hy,1(0) and N with the sphere, S¢. Since the
line through N and P = (z,0) is given parametrically by

(N, P)={(1—=X)(0,1) + A(z,0) | A € R},

the intersection, 7 (P), of this line with the sphere S¢ corresponds to the nonzero value of
A such that
N lzf* 4+ (1= A)? =1,

that is
AA(|z])* + 1) = 2) = 0.
Thus, we get
B 2
z]” + 1

from which we get

2x 2
v(x) = < 1 — )
lz]|” + 1 |z ||” + 1
( o ||xy|2—1>
2 ’ 2 :
)"+ 1 [lz]]" +1

We leave it as an exercise to the reader to verify that 7y o oy = id and oy o 7y = id.
We can also define the stereographic projection from the south pole, og: (S — {S}) — E%,
and its inverse, 7. Again, the computations are left as a simple exercise to the reader. The
above computations are summarized in the following definition:
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Definition 8.4 The stercographic projection from the north pole, on: (S* — {N}) — E?, is
the map given by

on(,7441) = [ ———.0 (Tat1 # 1).
(=)

Y
I =240

The inverse of oy, denoted 7y : E¢ — (S¢—{N}) and called inverse stereographic projection
from the north pole is given by

() 2z z]|* — 1
TN \T) = N .
2l + 17 fl]* + 1

Remark: An inversion of center C' and power p > 0 is a geometric transformation,
fi (B —{C}) — E4, defined so that for any M # C, the points C, M and f(M) are
collinear and

ICM|[|CEM)]| = p.
Equivalently, f(M) is given by

p
F(M) =C + CM.
(M) [CMIP

Clearly, f o f = id on E®*! — {C}, so f is invertible and the reader will check that if we

pick the center of inversion to be the north pole and if we set p = 2, then the coordinates of
f(M) are given by

2z;
Yi = —3 2 IQ ) l<i<d

af 4 taitag, 1
Y+l i+t aitan, — 204 + 1

where (x1,...,x441) are the coordinates of M. In particular, if we restrict our inversion to
the unit sphere, S%, as % + -+ + 23 + 23, =1, we get
x.
yi = ———, 1<i<d
I —2q1
Yd+1 = 07

which means that our inversion restricted to S¢ is simply the stereographic projection, oy
(and the inverse of our inversion restricted to the hyperplane, z4.; = 0, is the inverse
stereographic projection, 7y ).

We will now show that the image of any (d — 1)-sphere, S, on S? not passing through the
north pole, that is, the intersection, S = S¢N H, of S? with any hyperplane, H, not passing
through N is a (d — 1)-sphere. Here, we are assuming that S has positive radius, that is, H
is not tangent to S<.
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Assume that H is given by
1T+ -+ agrg + agr1xqr + 0 =0.

Since N ¢ H, we must have agy 1 +b # 0. For any (x,z4,1) € S¢, write on(x, z441) = (X, 0).
Since .

X=—,
1 — %441
we get © = X (1 — z441) and using the fact that (z,x441) also belongs to H we will express
Zgp1 in terms of X and then find an equation for X which will show that X belongs to a

(d — 1)-sphere. Indeed, (z,z441) € H implies that

d
Z a; Xi(1 — 2441) + @Ga41Z411 +b =0,
i=1
that is,
d
Z CLZ‘XZ‘ + (ad+1 — Z anj)xd+1 +b=0.
i=1 j=1

If ijl a; X; = aqy1, then agyq + b = 0, which is impossible. Therefore, we get

d

—b—> i aiX;
d

Ad+1 — Zi:1 a; X;

Td+1 =

and so, )
Qd+1 +

Qg1 — 25:1 aiXi'
Plugging = = X (1 — 2441) in the equation, ||z|* + x4, =1, of §% we get

I —2qp1 =

(1= @ar)’ |IXII* + 23y = 1,

and replacing z441 and 1 — x4,1 by their expression in terms of X, we get
d d
(ager +b)* [|X]* + (=b— ZaiXi)2 = (agt1 — Zaz‘Xi)2
i=1 i=1
that is,

d d
(agir + 0P IIXIP = (age — Y aiX)? = (b+ > a;X,)?
=1 =1

d
= (ad+1 + b) (ad—H —b—-2 Z CLZXZ)

=1
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which yields

d
(ags1 +0)* [IX 1 + 2(aa1 + ) (O a:iXi) = (aas1 + b)(agr1 —b),

=1

that is,

ad+1—b
X 22 - =0
H “ * 1+b agi1+ 0 ’

which is indeed the equation of a (d — 1)-sphere in E?. Therefore, when N ¢ H, the image
of S =S54NH by oy is a (d — 1)-sphere in Hy,(0) = E%.

If the hyperplane, H, contains the north pole, then a;,1 +b = 0, in which case, for every
(7,24:1) € STN H, we have

d

E a;T; + Agy1Tq41 — g1 = 0,
=1

that is,
d

Z a;T; — ad+1(1 — xd+1) = 0,

i=1

and except for the north pole, we have

5 aj———— — ag4+1 = 0,

I =gy
which shows that

d
E a; X; — agp =0,
i=1

the intersection of the hyperplanes H and H,,,(0) Therefore, the image of SN H by oy is
the hyperplane in E? which is the intersection of H with Hy(0).

We will also prove that 7y maps (d — 1)-spheres in Hy.1(0) to (d — 1)-spheres on S¢
not passing through the north pole. Assume that X € E¢ belongs to the (d — 1)-sphere of

equation
d d
SOXPHD ;X +b=0.
i=1 j=1

For any (X,0) € Hy:1(0), we know that (z,z4y1) = 75 (X) is given by

( ) 2X |X|1° -1
T, Tq = s .
XU X P41
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Using the equation of the (d — 1)-sphere, we get

2X
x = y
—b+ 1-— ijl CLij
and .
P -1 05K

d+1 = .

T 1= X,
Then, we get

Y

d
d 2 Zj:l anj
Z ;i = d
i=1 —-b+1-— Z anj

Jj=1

which yields
d

(—=b+ 1)(2 a;z;) — (Z aixi)(z a; X;) =2 Z a; X;.

Jj=1

From the above, we get

d
Z X — (=b+ DXL, air:)
i<Nq p

Plugging this expression in the formula for x4, above, we get

—b—1-— Z?:l a;T;
—b+1 ’

Td+1 =

which yields

d
> a4 (=b+ Dwgp + (b+1) =0,
=1

the equation of a hyperplane, H, not passing through the north pole. Therefore, the image
of a (d — 1)-sphere in Hy,(0) is indeed the intersection, H N S9, of S? with a hyperplane
not passing through N, that is, a (d — 1)-sphere on S¢.

Given any hyperplane, H', in Hy,(0) = E?, say of equation

d
D aXi+b=0,

=1

the image of H' under 7y is a (d—1)-sphere on S%, the intersection of S¢ with the hyperplane,
H, passing through N and determined as follows: For any (X,0) € Hy4(0), if 73(X) =

('Ta derl)u then

o T
I —2qn
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and so, (x,r4.1) satisfies the equation

d
ZCLZ‘IZ' + b(l - $d+1) = O,

i=1

that is,

d
Z a;x; —bxrgy +0=0,

i=1
which is indeed the equation of a hyperplane, H, passing through N. We summarize all this
in the following proposition:

Proposition 8.4 The stercographic projection, on: (S¢ — {N}) — E?, induces a bijection,
oy, between the set of (d—1)-spheres on S and the union of the set of (d— 1)-spheres in E4
with the set of hyperplanes in E; every (d — 1)-sphere on S not passing through the north
pole is mapped to a (d — 1)-sphere in E¢ and every (d — 1)-sphere on S passing through
the north pole is mapped to a hyperplane in ES. In fact, o maps the (d — 1)-sphere on S¢
determined by the hyperplane

a1y + -+ agry + Ad+1Td+1 +b6=0

not passing through the north pole (agz.1 4+ b # 0) to the (d — 1)-sphere

d d
a; agy1 — b
X242 X; — =0
; ’ ;adﬂ—i‘b g1+ 0

and the (d — 1)-sphere on S determined by the hyperplane

d

5 a;T; + Ag41Td+1 — Qa1 =0
=1

through the north pole to the hyperplane
d
Z%’Xi —agy1 = 0;
i=1

the map Ty = o' maps the (d — 1)-sphere

d d

Y OXZ4+D ;X +b=0

i=1 j=1

to the (d — 1)-sphere on S determined by the hyperplane
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not passing through the north pole and the hyperplane

d
=1

to the (d — 1)-sphere on S determined by the hyperplane

d
ZCLZ{L'Z‘ - bId+1 + b=0

i=1

through the north pole.

Proposition 8.4 raises a natural question: What do the hyperplanes, H, in E*! that do
not intersect S? correspond to, if they correspond to anything at all?

The first thing to observe is that the geometric definition of the stereographic projection
and its inverse makes it clear that the hyperplanes corresponding to (d — 1)-spheres in E4
(by 7n) do intersect S¢. Now, when we write the equation of a (d — 1)-sphere, S, say

d d
Y OXZ4+D> aXi+b=0
=1 =1

we are implicitly assuming a condition on the a;’s and b that ensures that S is not the empty
sphere, that is, that its radius, R, is positive (or zero). By “completing the square”, the
above equation can be rewritten as

d anz 1l
7 _ - 2
S (x+F) =72 a o
=1 =1

and so the radius, R, of our sphere is given by

d

RQ:iZa?—b

i=1

whereas its center is the point, ¢ = —%(al, ...,aq). Thus, our sphere is a “real” sphere of
positive radius iff
d
Z a? > 4b
i=1

or a single point, ¢ = —1(ay, ..., aq), iff S a2 = 4b.

=1 """

What happens when

d
> af <4
=1
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In this case, if we allow “complex points”, that is, if we consider solutions of our equation

d d
Y OXZ4+D> aXi+b=0
=1 =1

over C¢, then we get a “complex” sphere of (pure) imaginary radius, %\/419 — Z?Zl a?. The
funny thing is that our computations carry over unchanged and the image of the complex

sphere, S, is still the intersection of the complex sphere S¢ with the hyperplane, H, given
d
> aiwi+ (=b+ Dage + (b+1) =0.
i=1

However, this time, even though H does not have any “real” intersection points with S%, we
can show that it does intersect the “complex sphere”,

St={(21,-2a01) €CTH [ 2+ 420 = 1)

in a nonempty set of points in C**+1.

It follows from all this that oy and 7y establish a bijection between the set of all hy-
perplanes in E4*! minus the hyperplane, Hy,; (of equation x4, = 1), tangent to S? at the
north pole, with the union of four sets:

1) The set of all (real) (d — 1)-spheres of positive radius;

(1)
(2) The set of all (complex) (d — 1)-spheres of imaginary radius;
(3) The set of all hyperplanes in E%;

(4)

4) The set of all points of E¢ (viewed as spheres of radius 0).

Moreover, set (1) corresponds to the hyperplanes that intersect the interior of S* and do not
pass through the north pole; set (2) corresponds to the hyperplanes that do not intersect S¢;
set (3) corresponds to the hyperplanes that pass through the north pole minus the tangent
hyperplane at the north pole; and set (4) corresponds to the hyperplanes that are tangent
to S¢, minus the tangent hyperplane at the north pole.

It is convenient to add the “point at infinity”, oo, to E¢, because then the above bijection
can be extended to map the tangent hyperplane at the north pole to co. The union of these
four sets (with oo added) is called the set of generalized spheres, sometimes, denoted S(E?).
This is a fairly complicated space. For one thing, topologically, S(IE?) is homeomorphic to the
projective space P! with one point removed (the point corresponding to the “hyperplane
at infinity”), and this is not a simple space. We can get a slightly more concrete “‘picture”
of S(E4) by looking at the polars of the hyperplanes w.r.t. S¢ Then, the “real” spheres
correspond to the points strictly outside S? which do not belong to the tangent hyperplane
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at the norh pole; the complex spheres correspond to the points in the interior of S%: the
points of E?U {co} correspond to the points on S¢; the hyperplanes in E¢ correspond to the
points in the tangent hyperplane at the norh pole expect for the north pole. Unfortunately,
the poles of hyperplanes through the origin are undefined. This can be fixed by embedding
E*+! in its projective completion, P4*!, but we will not go into this.

There are other ways of dealing rigorously with the set of generalized spheres. One
method described by Boissonnat [8] is to use the embedding where the sphere, S, of equation

d d
Y XP-2) aX;+b=0
=1 =1

is mapped to the point
QO(S) = ((11, oo Ad, b) S Ed+1'

Now, by a previous computation we know that

d
b=>Y a;— R’

=1

where ¢ = (ay,...,aq) is the center of S and R is its radius. The quantity Z?:l a? — R?
is known as the power of the origin w.r.t. S. In general, the power of a point, X € E9, is
defined as p(X) = ||cX||* — R?, which, after a moment of thought, is just

d d
p(X)=> X7 —2) a;X;+b.
=1 =1

Now, since points correspond to spheres of radius 0, we see that the image of the point,
X =(Xy,...,Xy), is

d
Z(X) = (Xla"'aXdainQ)'
=1

Thus, in this model, points of E¢ are lifted to the hyperboloid, P C E**!, of equation

d

2

Td+1 = E Xy
=1

Actually, this method does not deal with hyperplanes but it is possible to do so. The
trick is to consider equations of a slightly more general form that capture both spheres and
hyperplanes, namely, equations of the form

d d
) X7+ aXi+b=0.
=1 =1
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Indeed, when ¢ = 0, we do get a hyperplane! Now, to carry out this method we really
need to consider equations up to a nonzero scalars, that is, we consider the projective space,
P(S(E%)), associated with the vector space, S(IE?), consisting of the above equations. Then,
it turns out that the quantity

d

1 2
o) = 33 o — )
(with @ = (a1, .. ., aq)) defines a quadratic form on S(E?) whose corresponding bilinear form,

d
1
p((a,b,c), (a',V,)) = Z(Z a;a; — 2bc" —2V'¢c),

i=1
has a natural interpretation (with a = (ay,...,aq) and o’ = (a},...,a};)). Indeed, orthogo-
nality with respect to p (that is, when p((a,b,c), (¢/,V',)) = 0) says that the corresponding
spheres defined by (a, b, ¢) and (a’, V', ¢') are orthogonal, that the corresponding hyperplanes
defined by (a,b,0) and (a’,¥’,0) are orthogonal, etc. The reader who wants to read more
about this approach should consult Berger (Volume II) [6].

There is a simple relationship between the lifting onto a hyperboloid and the lifting onto
S? using the inverse stereographic projection map because the sphere and the paraboloid are
projectively equivalent, as we showed for S? in Section 5.1.

Recall that the hyperboloid, P, in E%*! is given by the equation

d

2

Tay1 = g Z;
=1

and of course, the sphere S? is given by
d+1

Z zi = 1.
i=1

Consider the “projective transformation”, ©, of E?*! given by

x.
2z = — 1<i<d
I —xqp1
; _ Zaprt1
d+1 170 P

Observe that © is undefined on the hyperplane, Hy, 1, tangent to S¢ at the north pole and
that its first d component are identical to those of the stereographic projection! Then, we
immediately find that

Tig+1 =
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Consequently, © is a bijection between Et — Hy, and E4H — Hy 1 (—1), where Hyq(—1)
is the hyperplane of equation x4, = —1.

The fact that © is undefined on the hyperplane, H;,1, is not a problem as far as mapping
the sphere to the paraboloid because the north pole is the only point that does not have
an image. However, later on when we consider the Voronoi polyhedron, V(P), of a lifted
set of points, P, we will have more serious problems because in general, such a polyhedron
intersects both hyperplanes Hy, 1 and Hy1(—1). This means that © will not be well-defined
on the whole of V(P) nor will it be surjective on its image. To remedy this difficulty, we
will work with projective completions. Basically, this amounts to chasing denominators and
homogenizing equations but we also have to be careful in dealing with convexity and this is
where the projective polyhedra (studied in Section 5.2) will come handy.

So, let us consider the projective sphere, S C P4*!, given by the equation

d+1

2 2
Z Ty = Taq2
i=1
and the paraboloid, P C P!, given by the equation
d
TaTape = 7.
i=1

Let 0: P! — P41 he the projectivity induced by the linear map, 8: R2 — R2, given
by

2d41 = Td41 T Tay2
Zd+2 = Td+2 — Ld+1,
whose inverse is given by
_ Rd4l T Rd+2
Tg+1 = - 9
_ Zd4+1 T Zd+2
Ty = — 5

If we plug these formulae in the equation of S9, we get

A0 " 20) + (2ar1 — 2as2)” = (2ag1 + Zas2)’
=1

which simplifies to
d

2
Zd+1%d+2 = E Zi -

=1
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Therefore, 0(S%) = P, that is, # maps the sphere to the hyperboloid. Observe that the north
pole, N = (0: ---:0:1: 1), is mapped to the point at infinity, (0: ---: 0: 1: 0).

The map © is the restriction of 6 to the affine patch, Uy, and as such, it can be fruitfully
described as the composition of § with a suitable projection onto E4*!. For this, as we have
done before, we identify E4*! with the hyperplane, Hy o C E?*2 of equation x40 = 1 (using
the injection, i4.5: B! — E42 where i;: E¥ — E%™? is the injection given by

(1, s 1) = (@1, @1, L@, Tag)

for any (x1,...,24.1) € E¥1). For each i, with 1 <i < d+2, let m;: (E4*2 — H;(0)) — E4+!
be the projection of center 0 € E4*2 onto the hyperplane, H; C E4*2, of equation z; = 1
(H; =2 E*! and H;(0) C E4*? is the hyperplane of equation x; = 0) given by

T Ti—1 Tit1 Td+2
7Ti(ZE1,...,ZL‘d+2): (;,..., ; > ; geeey - ) (ZEZ%O)
i i i i

Geometrically, for any x ¢ H;(0), the image, m;(x), of x is the intersection of the line through
the origin and x with the hyperplane, H; C E%*? of equation z; = 1. Observe that the map,
70 (ET2 — Hy,9(0)) — E?*! s an “affine” version of the bijection,

;1 Uy — R of Section 5.1. Then, we have

© = Tg42000ig4s.

If we identify Hy o and E9*!, we may write with a slight abuse of notation, © = 7 .5 o 0.

Besides #, we need to define a few more maps in order to establish the connection between
the Delaunay complex on S and the Delaunay complex on P. We use the convention of
denoting the extension to projective spaces of a map, f, defined between Euclidean spaces,

by f.
The Euclidean orthogonal projection, p;: R*! — R?, is given by
pi(T1, . 1) = (T, Tty Tig 1y -+, Tas)
and p;: P41 — P? denotes the projection from P! onto P4 given by
Di(xy: ot mgie) = (T1: o0 DTy Tyt e Tage),

which is undefined at the point (0: ---: 1: 0: ---: 0), where the “1” is in the i slot. The
map 7y (P! — {N}) — P% is the central projection from the north pole onto P¢ given by

Tn(T1: o i Tgr Tago) = (X1 -+ Xy Tgyo — Taua) -

A geometric interpretation of 7x will be needed later in certain proofs. If we identify P?
with the hyperplane, Hy,1(0) C P! of equation z4,1 = 0, then we claim that for any,
x # N, the point 7y(x) is the intersection of the line through N and = with the hyperplane,
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H;11(0). Indeed, parametrically, the line, (N, x), through N = (0: ---:0:1: 1) and = is
given by
(N x) ={(pay: -+ pwg: A4 pZgir: A+ pZare) [ M p €R, A #A0 or  pu#0}.

The line (N, z) intersects the hyperplane z4,; = 0 iff

A+ g =0,
so we can pick A = —z4,1 and p = 1, which yields the intersection point,
(10 -+t 2g: 00 Zgpo — Tay),

as claimed.

We also have the projective versions of ox and Ty, denoted oy : (S — {N}) — P? and
Tn: P — 8¢ C P4t given by:

on(T1: -+t Tgpe) = (Ty: o+ 1 XTgt Tagro — Tay1)
and
d d
~ ) ) _ ) ) ) 2 2 . 2 2
Tn(T1: o xgr) = | 22 @y o 2090 g Tp — Ty E Ty + x5, |
i1 i=1

It is an easy exercise to check that the image of S¢ — {N} by &y is Uzy1 and that oy and
7~ | Ugyr are mutual inverses. Observe that oy = 7 | S9. the restriction of the projection,
7n, to the sphere, S¢. The lifting, [: E¢ — P C P4*! is given by

d
T(xl,...,xd): (mlz el Tt me 1)
i=1

and the embedding, ¥4, 1: E¢ — P9, (the map 1441 defined in Section 5.1) is given by
Yar1(x1, .. xq) = (w1 -+ xg: 1).
Then, we easily check

Proposition 8.5 The maps, 0,7y, ?N,ﬁdﬂj and V411 defined before satisfy the equations

Il = 0oTyovin
N = ﬁd+1 of
TNOYay1 = Pgr20TN
7 = g0l

Il = Ooty.
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Proof. Let us check the first equation leaving the others as an exercise. Recall that 6 is
given by

(9(1‘12 cee $d+2) = (Z’li sl Xgl Tg+1 +$d+2: T+ — xd—i—l)-
Then, as
d d
TN 0 Ygi1(xy,. .., xq) = <2x1: cee 2myt fo —1: Zx?—i—l) ,
i=1 i=1
we get

d
OoTnotgi(ry,...,xq) = <2w1: ~-:2xd:22x?:2>
i=1

d
= (:L‘li ceenxgt Za:? 1> :Rxl,...,xd),

as claimed. [J

We will also need some properties of the projection 74,5 and of © and for this, let
HY = {(z1,...,24) €E' |24 >0} and H? = {(2,...,24) € E? | 24 < 0}.

Proposition 8.6 The projection, w42, has the following properties:
(1) For every hyperplane, H, through the origin, mq.o(H) is a hyperplane in Hy o.
(2) Given any set of points, {ai,...,a,} C B2 if {a1,...,a,} is contained in the open
half-space above the hyperplane xqi0 =0 or {ay,...,a,} is contained in the open half-

space below the hyperplane x40 = 0, then the image by w410 of the convex hull of the
a;’s is the convex hull of the images of these points, that is,

Taro(conv({ay, ..., a,})) = conv({mgia(al), ..., mara(a,)}).

(3) Given any set of points, {ai,...,a,} C B if{ay,... a,} is contained in the open
half-space above the hyperplane Hy, 1 or{ay,...,a,} is contained in the open half-space
below Hyy1, then

O(conv({ay,...,a,})) = conv({O(ay),...,0(a,)}).

(4) For any set S C E4L if conv(S) does not intersect Hy,,, then

O(conv(S)) = conv(O(9)).
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Proof. (1) The image, mq12(H), of a hyperplane, H, through the origin is the intersection
of H with H,yo, which is a hyperplane in Hy, 5.

(2) This seems fairly clear geometrically but the result fails for arbitrary sets of points
so to be on the safe side we give an algebraic proof. We will prove the following two facts
by induction on n > 1:

(1) For all Ay,..., A, € R with Ay +---+ )\, = L and \; > 0, for all ay,...,a, € H?
(resp. € H*™?) there exist some jy, ..., g, € R with gy + -+ + p, = 1 and p; > 0, so
that

Tar2(Aar + -+ Anan) = umara(ar) + - + pnTara(an).

(2) For all py,...,pun € R with gy + -+ + p,, = 1 and p; > 0, for all a4,...,a, € Hff“z
(resp. € Hf”) there exist some A,..., A\, € R with A\ +---+ X, =1 and \; > 0, so
that

Tara(Arar + -+ Auap) = imaralar) + -+ + pnTayra(an).

(1) The base case is clear. Let us assume for the moment that we proved (1) for n = 2
and consider the induction step for n > 2. Since \; + -+ 4+ \,41 = 1 and n > 2, there is
some ¢ such that \; # 1, and without loss of generality, say A; # 1. Then, we can write

A An
)\1(11+"‘+>\n+1an+1:/\16L1+<1—)\1) 2 a2+--~+—+1an+1
1—-)\ 1—-)\
and since A\; + Ao + - + A\,1 = 1, we have
)\2 )\n—‘,—l
AU U
—N TN

By the induction hypothesis, for n = 2, there exist a; with 0 < a; < 1, such that

A An
Taro(A1a1 + -+ + Aps1Gni1) = Taio ()\16L1 +(1=X\) (1 2)\ as + -+ ﬁan—i—l))
— A1 — A1

>\2 )\TL+1
I Ve R B Ve

= (1 — a1)mgsa(ar) + a1 mage (

Again, by the induction hypothesis (for n), there exist s, ..., B,11 with o+ 4+ f11 =1
and 8; > 0, so that

A An
Td+2 2 as + -+ Lt ant1 | = Pomtara(az) + -+ + Buy1Tara(@ni1),
1—X) 1—X)

so we get

Taro(A1ar + -+ App1ang1) = (1 —aq)mapa(ar) + a1 (Bomase(az) + - - - + Brs1Tar2(ani1))

= (1 —ay)mare(ar) + a1fomara(az) + - - - + a1 Bpi1mara(ani1)
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and clearly, 1 —a; + a1 8o+ +a1fpp1 =1las o+ -+ By =1, 1—ag > 0; and a3 > 0,
as 0 < a; <1 and ; > 0. This establishes the induction step and thus, all is left is to prove
the case n = 2.

(2) The base case n = 1 is also clear. As in (1), let us assume for a moment that (2) is
proved for n = 2 and consider the induction step. The proof is quite similar to that of (1)
but this time, we may assume that p; # 1 and we write

pTaro(ar) + - 4 pny1Tap2(An1)

— rasa(an) + (1= ) (2 ana(an) 4 L2 ) )
By the induction hypothesis, there are some «q, ..., a,11 With ag+---+a,11 = land a; > 0
such that
o Mn41
Tara(oas + -+ - + apy1an41) = Taro(az) + -+ + Tat2(@n1)-
L= L=

By the induction hypothesis for n = 2, there is some ; with 0 < 8; < 1, so that

Tar2((1—0B1)ar1+ 51 (agas+- - -+ani1an11)) = pumare(ar)+(1—p)Tapa (oo +- - -+ ni1an41),

which establishes the induction hypothesis. Therefore, all that remains is to prove (1) and
(2) for n = 2.

As 7,0 is given by

L1 Ld+1
Tat2(T1, - Taya) = <$d+27”"1‘d+2) (Ta+2 # 0)
_l’_

it is enough to treat the case when d = 0, that is,

a
7T2(Cl,b) = g

To prove (1) it is enough to show that for any A, with 0 < XA < 1, if b1by > 0 then

ﬂ<(1—)\)a1+)\a2<% a2

by = (L= A)by + My — by b = by
and

%<(1—)\)a1+)\a2<% i %<%7

by = (L= A)by + Moz — by by = by

where, of course (1—\)b; +Aby # 0. For this, we compute (leaving some steps as an exercise)

(1 — )\)al + /\CLQ aq o /\(a2b1 — a1b2)

(T=Nby+ Ao by (1= A)by + Aby)by
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and
(1 — /\)Cll + )\CLQ a9 (1 - )\)(agbl — Cllbg)

(1—=XNby+Aby by (1= N)by + Abo)by
Now, as b1by > 0, that is, b; and b, have the same sign and as 0 < A < 1, we have both
((1 — )\)bl + )\bg)bl > 0 and ((]_ — )\)bl + )\bg)bg > 0. Then, if asb; — a;by > 0, that is % < Z—;
(since biby > 0), the first two inequalities hold and if asb; — a1bs < 0, that is Z—; < % (since
b1by > 0), the last two inequalities hold. This proves (1).

In order to prove (2), given any p, with 0 < p < 1, if byby > 0, we show that we can find
A with 0 < X <1, so that

a1 a2 (1 — )\)&1 + Aag

1— )8 4,22 .

i s v
If we let a s
e 1 — e e
a=( “)m'+“by

we find that \ is given by the equation
/\(a2 —ap + Oé(bl - bg)) = Oébl — a.
After some (tedious) computations (check for yourself!) we find:

(1 — )by + pby)(azby — arby)
blbg
Mbl(azlh - @152)
b1by '

If asby — a1by = 0, then % = Z—j and A = 0 works. If ash; — a1by # 0, then

as — aq +Oé(b1 —bg) =

Oébl — ay

by

A= - a .
(L=pba+pubr (1= p)+p

Since b1by > 0, we have z—f > 0, and since 0 < p < 1, we conclude that 0 < A < 1, which
proves (2).

(3) Since

© = 420004449,

as tqyo and 0 are linear, they preserve convex hulls, so by (2), we simply have to show that

either 0 o i4.2({ai,...,a,}) is strictly below the hyperplane, x4, = 0, or strictly above it.
But, R

O(z1,. s Tar2)dre = Tayz — T
and id+2($1, e ,l’d_H) = (Il, ey g, 1), SO

(O oidgro)(w1,. ., Ta1)are = 1 — Tag1,
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and this quantity is positive iff 4,1 < 1, negative iff x4, > 1; that is, either all the points
a; are strictly below the hyperplane Hy,q or all strictly above it.

(4) This follows immediately from (3) as conv(S) consists of all finite convex combinations
of points in S. [

@ If a set, {ai,...,a,} C E¥2 contains points on both sides of the hyperplane, x4.2 = 0,
then my o(conv({ay,...,a,})) is not necessarily convex (find such an example!).

8.6 Stereographic Projection, Delaunay Polytopes and
Voronoi Polyhedra

We saw in an earlier section that lifting a set of points, P C E?, to the paraboloid, P, via
the lifting function, [, was fruitful to better understand Voronoi diagrams and Delaunay
triangulations. As far as we know, Edelsbrunner and Seidel [16] were the first to find the
relationship between Voronoi diagrams and the polar dual of the convex hull of a lifted set
of points onto a paraboloid. This connection is described in Note 3.1 of Section 3 in [16].
The connection between the Delaunay triangulation and the convex hull of the lifted set of
points is described in Note 3.2 of the same paper. Polar duality is not mentioned and seems
to enter the scene only with Boissonnat and Yvinec [§].

It turns out that instead of using a paraboloid we can use a sphere and instead of the
lifting function [ we can use the composition of 14,1 with the inverse stereographic projection,
7n. Then, to get back down to E?, we use the composition of the projection, 7y, with g1,
instead of the orthogonal projection, pg.1.

However, we have to be a bit careful because © does map all convex polyhedra to convex
polyhedra. Indeed, © is the composition of 74,5 with some linear maps, but 74,2 does not
behave well with respect to arbitrary convex sets. In particular, © is not well-defined on
any face that intersects the hyperplane Hyyq (of equation x4y1 = 1). Fortunately, we can
circumvent these difficulties by using the concept of a projective polyhedron introduced in
Chapter 5.

As we said in the previous section, the correspondence between Voronoi diagrams and
convex hulls via inversion was first observed by Brown [11]. Brown takes a set of points, .S,
for simplicity assumed to be in the plane, first lifts these points to the unit sphere S? using
inverse stereographic projection (which is equivalent to an inversion of power 2 centered at
the north pole), getting 7n(S), and then takes the convex hull, D(S) = conv(7y(S5)), of
the lifted set. Now, in order to obtain the Voronoi diagram of S, apply our inversion (of
power 2 centered at the north pole) to each of the faces of conv(ry(.S)), obtaining spheres
passing through the center of S? and then intersect these spheres with the plane containing
S, obtaining circles. The centers of some of these circles are the Voronoi vertices. Finally, a
simple criterion can be used to retain the “nearest Voronoi points” and to connect up these
vertices.
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Note that Brown’s method is not the method that uses the polar dual of the polyhedron
D(S) = conv(rn(5)), as we might have expected from the lifting method using a paraboloid.
In fact, it is more natural to get the Delaunay triangulation of S from Brown’s method, by
applying the stereographic projection (from the north pole) to D(.S), as we will prove below.
As D(S) is strictly below the plane z = 1, there are no problems. Now, in order to get
the Voronoi diagram, we take the polar dual, D(S)*, of D(S) and then apply the central
projection w.r.t. the north pole. This is where problems arise, as some faces of D(S)* may
intersect the hyperplane H,;,; and this is why we have recourse to projective geometry.

First, we show that # has a good behavior with respect to tangent spaces. Recall from
Section 5.2 that for any point, a = (a;: -+ : agye) € P4, the tangent hyperplane, T,5%, to
the sphere S¢ at a is given by the equation

d+1
E a;T; — Ag42Tq42 = 0.

i=1
Similarly, the tangent hyperplane, T, P, to the paraboloid P at a is given by the equation

d

2 E ;T — Aqi2Tay1 — Aa41Tq4+2 = 0.
=1

If we lift a point a € E? to S¢ by Ty 0 ¢g41 and to P by Z it turns out that the image of the
tangent hyperplane to S% at Ty o 1441(a) by 0 is the tangent hyperplane to P at I(a).

Proposition 8.7 The map 0 has the following properties:
(1) For any point, a = (ay,...,aq) € E4, we have
0(Tryorsir(@)S?) = Tio)P;
that is, 6 preserves tangent hyperplanes.
(2) For every (d — 1)-sphere, S C E?, we have
(T © ar1(5)) = 1(S),
that is, 0 preserves lifted (d — 1)-spheres.
Proof. (1) By Proposition 8.5, we know that
I=007y0thg
and we proved in Section 5.2 that projectivities preserve tangent spaces. Thus,

0<T7~'N0’¢’d+1(a)sd> = TGO?NowdH(a)e(Sd) = Tf(a),P’



8.6. STEREOGRAPHIC PROJECTION AND DELAUNAY POLYTOPES 179

as claimed.
(2) This follows immediately from the equation I=0oFyo Yay1. O

Given any two distinct points, a = (ay,...,aq) and b= (by, ..., by) in E4, recall that the
bisector hyperplane, H,;, of a and b is given by

(br = a)wy + -+ (ba — aa)za = (b + -+ +07)/2 = (ai + -+ + ag) /2.
We have the following useful proposition:

Proposition 8.8 Given any two distinct points, a = (ay, . ..,aq) and b = (by, ..., by) in E?,
the image under the projection, T, of the intersection, Tryop,., 1 (a)S® N Tryopas:v)S% of the
tangent hyperplanes at the lifted points T o1bgy1(a) and Ty oa1(b) on the sphere ST C P+
is the embedding of the bisector hyperplane, H,y, of a and b, into P?, that is,

~ d d

7r]\f(7—‘?1\]0’[,[%[4',1(CL)‘S' m T;Nowd+1(b)5 ) = wd-ﬁ-l (Ha,b)
Proof. In view of the geometric interpretation of 7y given earlier, we need to find the
equation of the hyperplane, H, passing through the intersection of the tangent hyperplanes,
Tryopyri(a) and T oy, (v and passing through the north pole and then, it is geometrically
obvious that

%N(T?No¢d+1(a)8d N T‘FNOwdH(b)Sd) =1 N Haa(0),

where Hyi1(0) is the hyperplane (in P!) of equation zq411 = 0. Recall that T, oy, (a)S*
and Ty oy, (1v)S* are given by

d d

d
E, = ZZaixi + (Z a? — Dag — (Z a? 4+ 1)xg49 =0
i=1

i=1 i=1
and

d d d
By =2 b+ ()b = Dag — O b2+ 1)zase =0.
=1 =1 i=1

wdﬂ(a)Sd N1k

vovasa (S are given by an equation of

The hyperplanes passing through 7%,
the form

AE) 4+ pEsy =0,

with A\, 4 € R. Furthermore, in order to contain the north pole, this equation must vanish
for x = (0: ---:0:1: 1). But, observe that setting A = —1 and p = 1 gives a solution since
the corresponding equation is

d d d d d

2 Z(bl —a;)T; + (Z b? — Z a?)rgp1 — (Z b7 — Z a?)rgyn =0

i=1 i=1 =1 i=1 =1
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and it vanishes on (0: ---: 0: 1: 1). But then, the intersection of H with the hyperplane
Hy11(0) of equation z4,7 = 0 is given by

d

d d
2 Z(b’ —a;)T; — (Z b? — Z a?) T = 0.
i=1 i=1

i=1

Since we view P? as the hyperplane Hg,1(0) € P4™! and since the coordinates of points
in Hyy1(0) are of the form (xy: -+ : z4: 0: x440), the above equation is equivalent to the
equation of ¥y4q(H,p) in P? in which x4y, is replaced by zg4s. O

In order to define precisely Delaunay complexes as projections of objects obtained by
deleting some faces from a projective polyhedron we need to define the notion of “projective
(polyhedral) complex”. However, this is easily done by defining the notion of cell complex
where the cells are polyhedral cones. Such objects are known as fans. The definition below
is basically Definition 6.8 in which the cells are cones as opposed to polytopes.

Definition 8.5 A fan in E™ is a set, K, consisting of a (finite or infinite) set of polyhedral
cones in E™ satisfying the following conditions:

(1) Every face of a cone in K also belongs to K.

(2) For any two cones o1 and oy in K, if 01 N oy # (), then oy N oy is a common face of
both ¢; and o5.

Every cone, 0 € K, of dimension k, is called a k-face (or face) of K. A 0-face {v} is called
a vertex and a 1-face is called an edge. The dimension of the fan K is the maximum of the
dimensions of all cones in K. If dim K = d, then every face of dimension d is called a cell
and every face of dimension d — 1 is called a facet.

A projective (polyhedral) complex, KK C P?, is a set of projective polyhedra of the form,
{P(C) | C € K}, where K C R¥*! is a fan.

Given a projective complex, the notions of face, vertex, edge, cell, facet, are dedined in
the obvious way.

If K C R?is a polyhedral complex, then it is easy to check that the set
{C(0) | 0 € K} C R is a fan and we get the projective complex

K ={P(C(0)) | 0 € K} C P

The projective complex, K , is called the projective completion of K. Also, it is easy to check
that if f: P — P'is an injective affine map between two polyhedra P and P’, then f extends
uniquely to a projectivity, f: P — P’, between the projective completions of P and P’.

We now have all the facts needed to show that Delaunay triangulations and Voronoi
diagrams can be defined in terms of the lifting, 7y o 14,1, and the projection, 7y, and to
establish their duality via polar duality with respect to S¢.
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Definition 8.6 Given any set of points, P = {py,...,p,} C E? the polytope, D(P) C R,
called the Delaunay polytope associated with P is the convex hull of the union of the lifting
of the points of P onto the sphere S¢ (via inverse stereographic projection) with the north
pole, that is, D(P) = conv(ry(P) U {N}). The projective Delaunay polytope, D(P) C
P2+ associated with P is the projective completion of D(P). The polyhedral complex,
C(P) C R called the lifted Delaunay complex of P is the complex obtained from D(P)

by deleting the facets containing the north pole (and their faces) and C(P) §~]P’d+1 is the
projective completion of C(P). The polyhedral complex, Del(P) = @41 o 7n(C(P)) C E,

is the Delaunay complex of P or Delaunay triangulation of P.

The above is not the “standard” definition of the Delaunay triangulation of P but it is
equivalent to the definition, say given in Boissonnat and Yvinec [8], as we will prove shortly.
It also has certain advantages over lifting onto a paraboloid, as we will explain. Furthermore,
to be perfectly rigorous, we should define Del(P) by

Del(P) = SOd-l—l(%N(CN(P)) NUat1),

but Tn(C(P)) C Uyyq because C(P) is strictly below the hyperplane Hgy, .
It it possible and useful to define Del(P) more directly in terms of C(P). The projection,

7n: (P —{N}) — P comes from the linear map, T : R¥2 — R4 given by

ﬁN(iﬂl, cen 795d+17$d+2) = (:131, <oy gy Tgyo — $d+1)-

~ —_—~—

Consequently, as C(P) = C(P) = P(C(C(P))), we immediately check that

~ —_—

Del(P) = ¢ar107Tn(C(P)) = a1 0 Tn(C(C(P))) = @asr o Tn(cone(C(P))),

where C/(]?) ={u|uelC(P)}and u = (u,l).
This suggests defining the map, 7y : (R¥* — Hy,1) — RY, by

TN = Q441 © TN © lgia,
which is explicity given by
1

1—Id+1< 1, ; d)

TN (T, . Ty, Tgr) =

Then, as C(P) is strictly below the hyperplane Hy, 1, we have

Del(P) = gar1 0 Fn(C(P)) = mn (C(P)).

First, note that Del(P) = w411 0 Ty (C(P)) is indeed a polyhedral complex whose geo-
metric realization is the convex hull, conv(P), of P. Indeed, by Proposition 8.6, the images
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of the facets of C(P) are polytopes and when any two such polytopes meet, they meet along
a common face. Furthermore, if dim(conv(P)) = m, then Del(P) is pure m-dimensional.
First, Del(P) contains at least one m-dimensional cell. If Del(P) was not pure, as the
complex is connected there would be some cell, o, of dimension s < m meeting some other
cell, 7, of dimension m along a common face of dimension at most s and because ¢ is not
contained in any face of dimension m, no facet of 7 containing o N 7 can be adjacent to any
cell of dimension m and so, Del(P) would not be convex, a contradiction.

For any polytope, P C E?, given any point, x, not in P, recall that a facet, F, of P is
wisible from x iff for every point, y € F, the line through x and y intersects F' only in y. If
dim(P) = d, this is equivalent to saying that x and the interior of P are strictly separated
by the supporting hyperplane of F'. Note that if dim(P) < d, it possible that every facet of
P is visible from z.

Now, assume that P C E¢ is a polytope with nonempty interior. We say that a facet,
F, of P is a lower-facing facet of P iff the unit normal to the supporting hyperplane of F
pointing towards the interior of P has non-negative x4, i-coordinate. A facet, F', that is not
lower-facing is called an upper-facing facet (Note that in this case the x4, coordinate of the
unit normal to the supporting hyperplane of F' pointing towards the interior of P is strictly
negative).

Here is a convenient way to characterize lower-facing facets.

Proposition 8.9 Given any polytope, P C K9, with nonempty interior, for any point, c,
on the Oxg-axis, if ¢ lies strictly above all the intersection points of the Oxq4-axis with the
supporting hyperplanes of all the upper-facing facets of F', then the lower-facing facets of P
are exactly the facets not visible from c.

Proof. Note that the intersection points of the Ox4-axis with the supporting hyperplanes
of all the upper-facing facets of P are strictly above the intersection points of the Oz4-axis
with the supporting hyperplanes of all the lower-facing facets. Suppose F' is visible from c.
Then, F' must not be lower-facing as otherwise, for any y € F', the line through ¢ and y has
to intersect some upper-facing facet and F' is not be visible from ¢, a contradiction.

Now, as P is the intersection of the closed half-spaces determined by the supporting
hyperplanes of its facets, by the definition of an upper-facing facet, any point, ¢, on the
Oz 4-axis that lies strictly above the intersection points of the Ox4-axis with the supporting
hyperplanes of all the upper-facing facets of F' has the property that ¢ and the interior
of P are strictly separated by all these supporting hyperplanes. Therefore, all the upper-
facing facets of P are visible from c. It follows that the facets visible from ¢ are exactly the
upper-facing facets, as claimed. O

We will also need the following fact when dim(P) = d.

Proposition 8.10 Given any polytope, P C E¢, if dim(P) = d, then there is a point, c, on
the Oxg4-axis, such that for all points, x, on the Oxg4-axis and above c, the set of facets of



8.6. STEREOGRAPHIC PROJECTION AND DELAUNAY POLYTOPES 183

conv(PU{z}) not containing x is identical. Moreover, the set of facets of P not visible from
x 1is the set of facets of conv(P U {x}) that do not contain x.

Proof. If dim(P) = d then pick any ¢ on the Oz4-axis above the intersection points of the
Oxg4-axis with the supporting hyperplanes of all the upper-facing facets of F. Then, c is in
general position w.r.t. P in the sense that ¢ and any d vertices of P do not lie in a common
hyperplane. Now, our result follows by lemma 8.3.1 of Boissonnat and Yvinec [8]. O

Corollary 8.11 Given any polytope, P C E?, with nonempty interior, there is a point, c,
on the Ozg4-axis, so that for all x on the Ox4-axis and above c, the lower-facing facets of P
are ezactly the facets of conv(P U {x}) that do not contain x.

As usual, let eqy 1 = (0,...,0,1) € R4FL,

Theorem 8.12 Given any set of points, P = {p1,...,pn} C E?, let D'(P) denote the
polyhedron conv(l(P)) + cone(eqr1) and let D'(P) be the projective completion of D'(P).
Also, let C'(P) be the polyhedral complex consisting of the bounded facets of the polytope
D/(P) and let C'(P) be the projective completion of C'(P). Then

0(D(P)) =D'(P) and 0(C(P))=C(P).
Furthermore, if Del'(P) = a1 © pas1(C/(P)) = pas1(C'(P)) is the “standard” Delaunay
complex of P, that is, the orthogonal projection of C'(P) onto E¢, then

Del(P) = Del'(P).

Therefore, the two notions of a Delaunay complex agree. If dim(conv(P)) = d, then the
bounded facets of conv(I(P))+ cone(eqy1) are precisely the lower-facing facets of conv(l(P)).

Proof. Recall that
D(P) = conv(ry(P)U{N})

and D(P) = P(C(D(P))) is the projective completion of D(P). If we write 7y (P) for

—

{7~ (p:) | pi € P}, then - A
C(D(P)) = cone(ry(P)U{N}).

By definition, we have

~ ~

0(D) = P(9(C(D))).
Now, as 9 is linear,

~

0(C(D)) = B(cone(ry (P) U{N})) = cone(d(rn(P)) U{B(N)}).
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We claim that

o~ ~ o~ —

cone(0(tn(P))U{O(N)}) = cone(l(P)U{(0,...,0,1,1)})
C(D'(P)),
where
D'(P) = conv(l(P)) + cone(egi1).
Indeed,

9@17 cen ,fﬁd+2) = (931, sy Xy Tar1 + Tdy2, T2 — fﬁd+1),

and for any p; = (z1,...,24) € P,

— 2 24 S a1
TN(pi) = (Z Cey 2 d 1 1

?:1x12+1,' ch'lzlxi—{'l’Zi:lx?_l'l’

d d
1
=1 i=1

241

=11

so we get

d
~ 2
Otn(pi) = —— | x1,..., 24, x?,l
O = ey (e )

2 —

= — (p;).
Z?:lx?‘{'l 20

Also, we have

~ ~

O(N) =6(0,...,0,1,1) = (0,...,0,2,0) = 2e7:1,
and by definition of cone(—) (scalar factors are irrelevant), we get

cone(f(7n(P)) U{O(N)}) = cone(l(P)U{(0,...,0,1,1)}) = C(D'(P)),

with D'(P) = conv(l(P)) + cone(eqy1), as claimed. This proves that

0(D(P)) = D'(P).

Now, it is clear that the facets of conv(ry(P)U{N}) that do not contain N are mapped
to the bounded facets of conv(l(P)) + cone(eqy1), since N goes the point at infinity, so

6(C(P)) =C'(P).
As Ty = pay1 © 0 by Proposition 8.5, we get

Del/(P) = 0441 ° Pa41(C'(P)) = @at1 © (Pay1 0 0)(C(P)) = @ay1 0 %N(g(P)) = Del(P),
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as claimed. Finally, if dim(conv(P)) = d, then, by Corollary 8.11, we can pick a point, ¢, on
the Ox441-axis, so that the facets of conv(I{(P)U{c}) that do not contain ¢ are precisely the
lower-facing facets of conv(l(P)). However, it is also clear that the facets of conv({(P)U{c})
that contain ¢ tend to the unbounded facets of D'(P) = conv(l(P))+ cone(eqy 1) when ¢ goes
to +oo. O

We can also characterize when the Delaunay complex, Del(P), is simplicial. Recall that
we say that a set of points, P C E? is in general position iff no d 4+ 2 of the points in P
belong to a common (d — 1)-sphere.

Proposition 8.13 Given any set of points, P = {p1,...,pn} C E?, if P is in general
position, then the Delaunay complex, Del(P), is a pure simplicial complex.

Proof. Let dim(conv(P)) = r. Then, 7y (P) is contained in a (r — 1)-sphere of S?, so we may
assume that r = d. Suppose Del(P) has some facet, F', which is not a d-simplex. If so, F is
the convex hull of at least d + 2 points, pq,...,pr of P and since F = WN(ﬁ), for some facet,
F, of C(P), we deduce that 7n(p1),...,7n(px) belong to the supporting hyperplane, H, of
F. Now, if H passes through the north pole, then we know that pi,...,p, belong to some
hyperplane of E?, which is impossible since p1, ..., py are the vertices of a facet of dimension
d. Thus, H does not pass through N and so, pi, ..., px belong to some (d — 1)-sphere in E9.
As k > d + 2, this contradicts the assumption that the points in P are in general position.

|

Remark: Even when the points in P are in general position, the Delaunay polytope, D(P),
may not be a simplicial polytope. For example, if d + 1 points belong to a hyperplane in
E?, then the lifted points belong to a hyperplane passing through the north pole and these
d + 1 lifted points together with N may form a non-simplicial facet. For example, consider
the polytope obtained by lifting our original d + 1 points on a hyperplane, H, plus one more
point not in the the hyperplane H.

We can also characterize the Voronoi diagram of P in terms of the polar dual of D(P).
Unfortunately, we can’t simply take the polar dual, D(P)*, of D(P) and project it using 7y
because some of the facets of D(P)* may intersect the hyperplane, Hyyq, and 7y is undefined
on H,y1. However, using projective completions, we can indeed recover the Voronoi diagram

of P.

Definition 8.7 Given any set of points, P = {pi,...,p,} C E? the Voronoi polyhedron
associated with P is the polar dual (w.r.t. S? C R V(P) = (D(P))* C R of
the Delaunay polytope, D(P) = conv(ry(P) U {N}). The projective Voronoi polytope,
lj(P) C P?*!) associated with P is the projective completion of V(P). The polyhedral

complex, Vor(P) = oa1(An(V(P)) N Uygy1) C E2 is the Voronoi complex of P or Voronoi
diagram of P.
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Given any set of points, P = {pi,...,p,} C E% let V'(P) = (D'(P))* be the polar dual
(W r.t. PC Rd“) of the “standard” Delaunay polyhedron defined in Theorem 8.12 and let

V(P) =V ( ) C P4 be its projective completion. It is not hard to check that
pasi(V'(P)) = a1 (Pass(V'(P)) N Ugi)
is the “standard” Voronoi diagram, denoted Vor’'(P).
Theorem 8.14 Given any set of points, P = {p1,...,p.} C E¢, we have
0(V(P)) =V'(P)

and

Vor(P) = Vor'(P).

Therefore, the two notions of Voronoi diagrams agree.

Proof. By definition,
and by Proposition 5.12,

SO
By Proposition 5.10,
and by Theorem 8.12,
so we get

But, by Proposition 5.12 again,

—_— * —_— —_——

(D(P)) = (D(P)) = (D(P)* =V(P) = V(P).

Therefore,

o(V(P)) =V'(P),
as claimed.

As Ty = pay1 © 0 by Proposition 8.5, we get

Vor'(P) = ¢a1(Pani(V'(P)) N Ugsr)
Par1(Pd +1OQ( V(P)) N Ugsr)

= @an1(Fv(V(P) N Uss1)
= Vor(P),
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finishing the proof. O

We can also prove the proposition below which shows directly that Vor(P) is the Voronoi
diagram of P. Recall that that V(P) is the projective completion of V(P). We observed in
Section 5.2 (see page 86) that in the patch Ugyq, there is a bijection between the faces of
17(P) and the faces of V(P). Furthermore, the projective completion, H, of every hyperplane,
H C RY, is also a hyperplane and it is easy to see that if H is tangent to V(P), then H is
tangent to V(P).

Proposition 8.15 Given any set of points, P = {py,...,pn} CE%, for everyp € P, if F is
the facet of V(P) that contains Tn(p), if H is the tangent hyperplane at Tx(p) to S¢ and if
F is cut out by the hyperplanes H, Hy, ..., Hy,, in the sense that

F=HNH)_-N---N(HNH,)-,

where (H N H;)_ denotes the closed half-space in H containing Tn(p) determined by H N H;,
then o o
V(p) = a1 (Tn(HOH)-N---Nay(H N Hy,)- N Ugp)

is the Voronoi region of p (where godﬂ(%N(ﬁﬂﬁi),ﬂUdH) is the closed half-space containing
p). If P is in general position, then V(P) is a simple polyhedron (every vertex belongs to
d+1 facets).

Proof. Recall that by Proposition 8.5,

TN © Ygp1 = Vay2 © TN

Each H; = Ty, (,)S? is the tangent hyperplane to S¢ at 7y(p;), for some p; € P. Now,
by definition of the projective completion, the embedding, V(P) — ]7(P), is given by
a — Ygio(a). Thus, every point, p € P, is mapped to the point ¥y.2(7n(p)) = T (Yar1(p))
and we also have H; = Tryouu (p)S* and H = Tryouui (S By Proposition 8.8,

%N(T?NOWH(P)Sd N T?Nowdﬂ(pi)sd) = Ya+1 (Hpapi)

is the embedding of the bisector hyperplane of p and p; in P, so the first part holds.

Now, assume that some vertex, v € V(P) = D(P)*, belongs to k > d + 2 facets of
V(P). By polar duality, this means that the facet, F', dual of v has k > d + 2 vertices
~(p1), ..., Tn(pi) of D(P). We claim that 7n5(p1),...,7n(pr) must belong to some hy-
perplane passing through the north pole. Otherwise, Tx(p1),...,7n(pr) would belong to
a hyperplane not passing through the north pole and so they would belong to a (d — 1)
sphere of S¢ and thus, pi,...,p, would belong to a (d — 1)-sphere even though k > d + 2,
contradicting that P is in general position. But then, by polar duality, v would be a point
at infinity, a contradiction. [J



188 CHAPTER 8. DIRICHLET-VORONOI DIAGRAMS

Note that when P is in general position, even though the polytope, D(P), may not be
simplicial, its dual, V(P) = D(P)*, is a simple polyhedron. What is happening is that V(P)
has unbounded faces which have “vertices at infinity” that do not count! In fact, the faces
of D(P) that fail to be simplicial are those that are contained in some hyperplane through
the north pole. By polar duality, these faces correspond to a vertex at infinity. Also, if
m = dim(conv(P)) < d, then V(P) may not have any vertices!

We conclude our presentation of Voronoi diagrams and Delaunay triangulations with a
short section on applications.

8.7 Applications of Voronoi Diagrams and Delaunay
Triangulations

The examples below are taken from O’Rourke [31]. Other examples can be found in Preparata
and Shamos [32], Boissonnat and Yvinec [8], and de Berg, Van Kreveld, Overmars, and
Schwarzkopf [5].

The first example is the nearest neighbors problem. There are actually two subproblems:
Nearest neighbor queries and all nearest neighbors.

The nearest neighbor queries problem is as follows. Given a set P of points and a query
point ¢, find the nearest neighbor(s) of ¢ in P. This problem can be solved by computing the
Voronoi diagram of P and determining in which Voronoi region ¢ falls. This last problem,
called point location, has been heavily studied (see O'Rourke [31]). The all neighbors problem
is as follows: Given a set P of points, find the nearest neighbor(s) to all points in P. This
problem can be solved by building a graph, the nearest neighbor graph, for short nng. The
nodes of this undirected graph are the points in P, and there is an arc from p to ¢ iff p is
a nearest neighbor of ¢ or vice versa. Then it can be shown that this graph is contained in
the Delaunay triangulation of P.

The second example is the largest empty circle. Some practical applications of this
problem are to locate a new store (to avoid competition), or to locate a nuclear plant as
far as possible from a set of towns. More precisely, the problem is as follows. Given a set
P of points, find a largest empty circle whose center is in the (closed) convex hull of P,
empty in that it contains no points from P inside it, and largest in the sense that there is no
other circle with strictly larger radius. The Voronoi diagram of P can be used to solve this
problem. It can be shown that if the center p of a largest empty circle is strictly inside the
convex hull of P, then p coincides with a Voronoi vertex. However, not every Voronoi vertex
is a good candidate. It can also be shown that if the center p of a largest empty circle lies
on the boundary of the convex hull of P, then p lies on a Voronoi edge.

The third example is the minimum spanning tree. Given a graph G, a minimum spanning
tree of GG is a subgraph of GG that is a tree, contains every vertex of the graph G, and minimizes
the sum of the lengths of the tree edges. It can be shown that a minimum spanning tree
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is a subgraph of the Delaunay triangulation of the vertices of the graph. This can be used
to improve algorithms for finding minimum spanning trees, for example Kruskal’s algorithm
(see O'Rourke [31]).

We conclude by mentioning that Voronoi diagrams have applications to motion planning.
For example, consider the problem of moving a disk on a plane while avoiding a set of
polygonal obstacles. If we “extend” the obstacles by the diameter of the disk, the problem
reduces to finding a collision—free path between two points in the extended obstacle space.
One needs to generalize the notion of a Voronoi diagram. Indeed, we need to define the
distance to an object, and medial curves (consisting of points equidistant to two objects)
may no longer be straight lines. A collision—free path with maximal clearance from the
obstacles can be found by moving along the edges of the generalized Voronoi diagram. This
is an active area of research in robotics. For more on this topic, see O'Rourke [31].

Acknowledgement. 1 wish to thank Marcelo Siqueira for suggesting many improvements
and for catching many bugs with his “eagle eye”.
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